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A Word from the Authors 


From the Desks of Ron Larson and Anne Hodgkins... 


Do you have students who are taking college algebra as their last college 
math course, or students who are majoring in subjects such as biology and 
business and plan to go on to applied calculus? 


The truth is, many of us are teaching both types of students in one classroom. 


We realized that we had to change the way we thought about this course in order 
to reach this diverse audience more effectively and ensure their success. 
The result: College Algebra with Applications for Business and the Life Sciences. 


We’re excited about this new textbook because it acknowledges where students 
are when they enter the course . . . and where they should be when they complete 
it. We review the basic algebra that students have studied previously (in Chapter 0 
and in the exercises, notes, study tips, and study sheets throughout the text), and 
we present a solid college algebra course that balances understanding of concepts 
with the development of strong problem-solving skills. When students have 
finished with this text, they will be fully prepared to study—and succeed in— 
applied calculus. 


This new textbook program helps students learn the math in the ways we have 
found most effective for our students, by practicing their problem-solving skills 
and reinforcing their understanding in the context of actual problems they 
may encounter in their lives and their careers. 


And we’re also excited about this textbook program because it is being published 
as part of a whole series of textbooks tailored to the needs of college algebra and 
applied calculus students majoring in business, biology, and related courses. 


College Algebra with Applications for Business and the Life Sciences 
Calculus: An Applied Approach, 8e 
Brief Calculus: An Applied Approach, 8e 
Calculus with Applications for the Life Sciences 
College Algebra and Calculus: An Applied Approach 


We hope you and your students enjoy College Algebra with Applications for 
Business and the Life Sciences. Feel free to tell us what you think about it. Over 
the years, we have received many useful comments from both instructors and 


students, and we value these comments very much. 


Ron Larson 


Anne V. Hodgkins 
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Goals for This Text 


Establish a Solid Foundation in College Algebra 


To help students master algebra concepts, many effective tools are incorporated 
throughout the text. These features help students evaluate and reinforce their 
understanding of the math. 

m After each worked-out Example, a Checkpoint offers the opportunity for 
immediate practice. 

m At the end of each section and before the Section Exercises, a Concept Check 
poses noncomputational questions designed to test students’ basic understand- 
ing of that section’s concepts. 

m Each exercise set begins with a Skills Review of cumulative exercises that test 
prerequisite skills from earlier sections. 

mu The Mid-Chapter Quiz offers frequent opportunities for self-assessment so 
students can discover any topics they might need to study further before they 
progress too far into the chapter. 

m= The Chapter Summary summarizes skills presented in the chapter and corre- 
lates each skill to Review Exercises for extra practice. 

mu The Study Strategies provide invaluable tips for overcoming common study 
obstacles. 

m= The Chapter Test enables students to identify and strengthen any weaknesses 
before taking an exam. 


Present Real-World Problems to Motivate Interest and 
Understanding 


Applications have been culled from news sources, current events, industry data, 
world events, and government data. Students see algebra as relevant to the world 
around them; if they plan to continue their study of math and go on to calculus, 
the extensive opportunities to create and interpret models from real data provide 
solid preparation. 


Enhance Understanding Using Technology 


Students can visualize the math by using powerful technology, such as graphing 

calculators and spreadsheet software, and so develop a deeper comprehension of 

mathematical concepts. 

m Optional Technology boxes feature exercises that offer students opportunities 
to practice using these tools. 

m The ® icon in the exercises suggests when a graphing calculator or other tech- 
nology tool can be used. 


m The © icon appears when spreadsheet software, such as Excel, especially rel- 
evant to business students, can be incorporated. 
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Preface 


Prepare for Success in Applied Calculus and Beyond 


Several text features pique students’ interest by using everyday examples to extend 

practice in modeling. Honing these skills will improve students’ proficiency and 

help ensure success in their future careers. 

mu Make a Decision exercises ask students open-ended questions as they apply 
concepts to real-world problems. 

= Business Capsules highlight business situations in actual companies and 
encourage students to include research as part of their problem solving. 

um Extended Applications are in-depth, applied exercises requiring students to 
work with large data sets. They often involve work in creating or analyzing mod- 
els. These exercises are offered online at college.hmco.com/info/larsonapplied. 
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Features 


Your Textbook Features 


Establish a Solid Foundation in College Algebra 


CHAPTER OPENERS 


Each opener has an applied example of 

a core topic from the chapter. The section 
outline provides a comprehensive 
overview of the material being presented. 


Graphs of Equations 
Lines in the Plane 


Linear Modeling and 
Direct Variation 


Functions 
Graphs of Functions 


Transformations of 
Functions 


The Algebra of 
Functions 


Inverse Functions 


Functions and Graphs 


‘The first Ferris wheel stood about 264 feet tall. It was designed by George 
Washington Gale Ferris Jr. for the World's Columbian Exposition in Chicago, 
Illinois, in 1893. You can use the standard form of the equation of a circle to 
model the shape of a Ferris wheel. (See Section 2.1, Exercises 111 and 112.) 


Applications 


Functions and graphs are used to model and solve many real-life 
applications. The applications listed below represent a sample of 
the applications in this chapter. 

m Make a Decision: Yahoo! Inc. Revenue, Exercise 101, page 181 
m Path of a Salmon, Exercise 74, page 205 

m Earnings-Dividend Ratio, Exercise 73, page 247 


A bulleted list of learning 
objectives enables you to preview 
what will be presented in the 
upcoming section. 


Features 
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182 Functions and Graphs 


E a Use a mathematical model to approximate a set of data points. 
Linear Modeling Construct a linear model to relate quantities that vary directly. 
. Construct and use a linear model with slope as the rate of change. 
and Direct > 


Variation 


Use a scatter plot to find a linear model that fits a set of data. 


The primary objective of applied mathematics is to find equations or 
mathematical models that describe real-world situations. In developing a 
mathematical model to represent actual data, you should strive for two (often 
conflicting) goals—accuracy and simplicity. That is, you want the model to be 
simple enough to be workable, yet accurate enough to produce meaningful 


results. 


You have already studied some techniques for fitting models to data. For 
instance, in Section 2.2, you learned how to find the equation of a line that 
passes through two points. In this section, you will study other techniques for 
fitting models to data: direct variation, rates of change, and linear regression. 


. What can you say about the functions m and rn given that m(n(x)) = x for 
every x in the domain of n and n(m(x)) = x for every x in the domain of m? 


. Given that the functions g and h are inverses of each other and (a, b) is a 
point on the graph of g, name a point on the graph of h. 


Explain how to find an inverse function algebraically. 


. The line y = 2 intersects the graph of f(x) at two points. Does f have an 
inverse? Explain. 


These noncomputational 
questions appear at the end of 
each section and are designed to 
check your understanding of the 
concepts covered in that section. 


All definitions and theorems 
are highlighted for emphasis 
and easy recognition. 


Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
y=mx+t+b 


is a line whose slope is m and whose y-intercept is (0, b). 


Intermediate Value Theorem 


such that f(a) # f(b), then, in the interval [a, b], f takes on every value 
between f(a) and f(b). 


Let a and b be real numbers such that a < b. If fis a polynomial function 


xii Features 


EXAMPLES 


There is a wide variety of relevant examples 


in the text, each titled for easy reference. 


Many of the solutions are presented graphically, 
analytically, and/or numerically to provide 
further insight into mathematical concepts. 


Examples using real-life situations are 
identified with the icon (R). 


232 CHAPTER 2 


Andy Wi 


D.C. is where each state's 


difficult to pass legislation 


a0 ONE 


sae 


The Capitol building in Washington, 


Congressional representatives convene 
In recent years, no party has had a 
strong majority, which can make it 


Functions and Graphs 


Applications 


EESLEA Political Makeup of the U.S. Senate (R) 


Consider three functions R, D, and / that represent the numbers of Republicans, 
Democrats, and Independents, respectively, in the U.S. Senate from 1967 to 2005. 
Sketch the graphs of R, D, and / and the sum of R, D, and / in the same coordinate 
plane. The numbers of senators from each political party are shown below. 


Year | R D I Wear) | Re) | 2) I 
1967 | 36 | 64 0 1987 | 45 | 55 | 0 
1969 | 42 | 58 0 1989 | 45 | 55 | 0 
1971 | 44 | 54 2 1991 | 44 | 56] 0 
1973 | 42 | 56 2 1993 | 43 | 57 | 0 
1975 | 37 | 61 2 1995 | 52 | 48 | 0 
1977 | 38 | 61 1 1997 | 55 | 45 | 0 
1979 | 41 | 58 1 1999 | 55 | 45 | 0 
1981 | 53 | 46] 1 2001 | 50 | 50 | 0 
1983 | 54 | 46 0 2003 | S51 | 48 1 
1985 | 53 | 47] 0 2005 | 55 | 44] 1 


SOLUTION The graphs of R, D, and / are shown in Figure 2.66. Note that the 
sum of R, D, and /is the constant function R + D + J = 100. This follows from 


the fact that the number of senators in the United States is 100 (two from each 
state). 


‘Number of senators 


FIGURE 2.66 


100) eee ee 
a R+D+1 Democrats 

60 
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20 Independents Republicans 
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Numbers of U.S. Senators by Political Party 


/ CHECKPOINT 7 


In Example 7, consider the function f given by f = 100 — (R + D). What does 
jf represent in the context of the real-life situation? 


DISCOVERY 


These projects appear before selected 
topics and allow you to explore concepts 
on your own. These boxed features 

are optional, so they can be omitted 
with no loss of continuity in the 
coverage of material. 


DISCOVERY 


The point (2, 4) is on the 
graph of f(x) = x. Predict 
the location of this point if 
the following transformations 
are performed. 


a. fae —4) 
bs fix 1 
ce fe +1)-2 


Use a graphing utility to 
verify your predictions. Can 
you find a general description 
that represents an ordered pair 
that has been shifted horizon- 
tally? vertically? 


CHECKPOINT 


After each example, a similar problem 
is presented to encourage immediate 
practice and to provide further 
reinforcement of your understanding 
of the concepts just learned. 


Features 


Enhance Your Understanding Using Technology 


These boxes appear throughout the text and provide guidance 
on using technology to ease lengthy calculations, present 
graphical solutions, or discuss where using technology can 
lead to misleading or wrong solutions. 


Many exercises in the text can be solved with or 
without technology. The (T) icon identifies exercises 
for which students are specifically instructed to use a 
graphing calculator or a computer algebra system 

to solve the problem. Additionally, the (S) icon 
denotes exercises best solved by using a spreadsheet. 


xill 
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Prepare for Success in Applied Calculus and Beyond 


MAKE A DECISION 


Multi-step exercises reinforce students’ problem-solving skills 
and mastery of concepts, as well as taking a real-life application 
further by testing what they know about a given problem to make 


101. MAKE A DECISION: YAHOO! INC. REVENUE In 2000, 
Yahoo! Inc. had revenues of $1110.2 million. In 2003, their 
revenues were $1625.1 million. Assume the revenue 
followed a linear trend. What would the approximate 
revenue have been in 2005? The actual revenue in 2005 was 
$5257.7 million. Do you think the yearly revenue followed 
a linear trend? Explain your reasoning. (Source: 
Yahoo! Inc.) 


a decision within the context of the problem. 


Business Capsule 


AP/Wide World Photos 


unPower Corporation develops and manu- 

factures solar-electric power products. Sun- 
Power's new higher efficiency solar cells 
generate up to 50% more power than other 
solar technologies. SunPower's technology was 
developed by Dr. Richard Swanson and _ his 
students while he was Professor of Engineering 
at Stanford University. SunPower’s 2006 reve- 
nues are projected to increase 300% from its 
2005 revenues. 


69. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information about an alternative energy business 
experiencing strong growth similar to the example 
above. Write a brief report about the company or 
small business. 


APPLICATIONS INDEX 


This list, found on the front and back endsheets, 
is an index of all the applications presented in the 
text Examples and Exercises. 


EXTENDED APPLICATIONS 


These in-depth applied exercises require students to 
work with large data sets and often involve work in 
creating or analyzing models. These exercises are 


offered online at college. hmco.com/info/larsonapplied. 


BUSINESS CAPSULES 


Business Capsules appear at the ends of numerous sections. 
These capsules and their accompanying exercises deal with 
business situations that are related to the mathematical concepts 
covered in the chapter. 


Applications 


Biology and Life Sciences 
Air pollution 

smokestack emissions, 328, 339 
Antler spread of an elk, 399 


Blue oak, height of, 103 

Body mass index (BMD), 414 
Body temperature, 137 

Bone graft procedures, 379 
Botany, 525 

Calories burned by exercise, 495 
Carbon dating, 386, 392 

Carbon dioxide in the atmosphere, 426 
Carbon dioxide emissions, 99 
Cardiovascular device sales, 562 
Carnivorous plants, 531 

Clinical trial, 19 

Cricket chirps, 569 

Crop spraying mixture, 437 

Diet supplement, 450 
Dissections, 578 

Endangered species, 393 
Erosion, 38 


Galloping speeds of animals, 370 
Genders of children, 591, 609 
Genetically modified soybeans, 438 
Genetics, 608 

Gypsy moths, 525 

Healing rate of a wound, 353 
Health and wellness, 481 

Heart rate, 450 

Human height, 78, 137 


Human memory model, 332, 333, 339, 360, 362, 381, 


399, 400, 402 
Hydroflourocarbon emissions, 103 
Kidney donation, 574 
Lab practical, 579 
Lead concentration in human bones, 247 
Leaming curve, 392, 401 
Liver transplants, 268 
Lung volume, 217 
Metabolic rate, 113 
Native prairie grasses, 381 
Nutrition, 447 
Optimal area of an archaeological dig site, 336 
Orthopedic implant sales, 562 
Oxygen level, 61 
Path of a salmon, 205 
Peregrine falcons, 450 
Pest management in a forest, 191 
Plant biology lab, 579 
Population 
of bears, 402 


of deer, 191, 332, 390 
of elk, 332 
of fish, 339 
of sparrows, 

Radioactive de: 

Ratio of reptile: 

Recycling plan, 589 

Research study, 19 

Respiratory diseases, 584 

Skill retention model, 363 

Spread of a virus, 388 

Stocking a lake with fish, 392 

Suburban wildlife, 381 

Water pollution, 332 

Weight of a puppy, 182, 189 


y, 349, 352, 392, 400, 402 


Wildlife management, 401 
Wind chill, 38 
Zebrafish embryos, 608 


Business 
Advertising, 192 
expenses, 278, 297, 301, 303 
Annual 
operating cost, 136 
payroll of new car dealerships, 544 
sales 
Abercrombie & Fitch Company, 414 
Dell, Inc., 450 
Guitar Center, Inc., 352 
Intuit Corporation, 251 
Microsoft Corporation, 78 
St. Jude Medical, Inc., 562 
Steve Madden, 338 
Stryker Corporation, 562 
Timberland Company, 414 
Average cost, 205, 206, 332, 339 
Book value per share 


Break-even analysis, 136, 152, 410, 414, 440, 462 
Budget variance, 7, 9 

Company profits, 146, 153 

Comparing profits, 235 

Comparing sales, 236, 254 

Competing restaurants, 579 

Consumer Price Index, 189 

Consumer and producer surplus, 446, 449, 464 
Contract bonuses, 495 

Cost, 235, 247 

Cost-benefit model, 328 

Cost equation, 111 

Cost, revenue, and profit, 204, 236 


nces depreciation, 37 
Defective units, 588, 591, 609, 611 
Demand function, 302, 351, 372, 381, 400 
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Tools To Help You Learn and Review 


Scattered throughout the text, study tips address special cases, 
expand on concepts, and help you to avoid common errors. 


Note in Step 3 of the guidelines 
for finding inverse functions that 
it is possible for a function to 
have no inverse function. For 
instance, the function given 

by f(x) = x? has no inverse 
function. 


1.1, 1.5, and 2.4. 


In Exercises 1-4, find the domain of the function. 


The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.4, 


These exercises at the beginning of 
each exercise set help students review 
skills covered in previous sections. The 
answers are provided at the back of the 


In Exercises 9 and 10, solve for x in terms of y. 


peat 
= SES 10. y= ¥Y2x—4 


text to reinforce understanding of the 
skill sets learned. 


These exercises offer opportunities for practice 
and review. They progress in difficulty from 
skill-development problems to more challenging 
problems, to build confidence and understanding. 


204 CHAPTER 2 Functions and Graphs 
In Exercises 45-52, find all real values of x such that 


49. f(x) = 


50. flx) = 28 — 3x2 


4x + 12 


In Exercises 53-66, find the domain of the function. 
53. g(x) = 1-22 54, f(x) = 5x2 + 2-1 


70. 


(a) Write the volume V of the box as a function of its 
height x. 


25-5 (b) What is the domain of the function? 
3x 46. f(x) == — 
(c) Determine the volume of a box with a height of 
9 48. f(x) = 2x? — lx + 5 4 inches. 


Height of a Balloon A balloon carrying a transmitter 
ascends vertically from a point 2000 feet from the 
receiving station (see figure). Let d be the distance between 
the balloon and the receiving station. Write the height h of 
the balloon as a function of d. What is the domain of 
this function? 


7 4 2 3y 
58. h(t) => 56. s(y) = Receiving 
Sr — station 
57. g(y) = Vy — 10 58. f(t) = Yr +4 
59. f(x) = YI 60. g(x) = Vx F1 
13 7 10 - 
61. 8) => - sha 62. hx) = Sa 71. Cost, Revenue, and Profit A company produces a 
product for which the variable cost is $11.75 per unit and 
63. (x) = 44 64. fp = the fixed costs are $112,000. The product sells for $21.95 
x—2 s per unit. Let.x be the number of units produced and sold. 
65. f(x) =*—4 66. f(x) = (a) Add the variable cost and the fixed costs to write 
vx v the total cost Cas a function of the number of units pro- 


67. Consider f(x) = /x— 2 and g(x) = 3/x— 2. Why are 
the domains of f and g different? 
68. A student says that the domain of 


vx +1 
x-3 


f(x) = 


is all real numbers except x = 3. Is the student correct? 
Explain 


69. Volume of a Box An open box is to be made from 
a square piece of material 18 inches on a side by cutting 
equal squares from the corners and turning up the sides (see 
figure). 


72. 


duced. 
(b) Write the revenue R as a function of the number of 
units sold. 
(c) Use the formula 
P=R-C 
to write the profit P as a function of the number of units 


sold. 


Cost, Revenue, and Profit A company produces a 

product for which the variable cost is $9.85 per unit and the 

fixed costs are $85,000. The product sells for $19.95 per 
unit, Let x be the number of units produced and sold. 

(a) Add the variable cost and the fixed costs to write 
the total cost C as a function of the number of units pro- 
duced. 

(b) Write the revenue R as a function of the number of 
units sold. 


(c) Use the formula 
P=R-C 
to write the profit P as a function of the number of units 
sold. 
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Appearing in the middle of each chapter, this 
one-page test allows you to practice skills and 
concepts learned in the chapter. This opportunity 
for self-assessment will uncover any potential 
weak areas that might require further review of 
the material. 


Year, x | Number, y 


0 40.1 

1 40.5 

2 41.2 

3 41.9 

4 42.5 
Table for 10 


Systems of Equations and Inequalities 


CaleChi 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-4, solve the system algebraically. Use a graphing utility to verify 
your solution. 


In Exercises 5 and 6, find the number of units x that need to be sold to break 
even. 


5. C = 10.50x + 9000, R = 16.50x 
6. C = 3.79x + 400,000, R = 4.59x 


In Exercises 7 and 8, solve the system by substitution or elimination. 


7. f25x- y=6 8. fixt+iy= 1 
3x + 4y =-2 


9, Find the point of equilibrium for the pair of supply and demand equations. Verify your 
solution graphically. 


Demand: p = 50 — 0.002x 
Supply: p = 20 + 0.004x 
10. 


The total numbers y (in millions) of Medicare enrollees in the years 2001 to 2005 
are shown in the table at the left. In the table, x represents the year, with x = 0 


corresponding to 2001. Solve the following system for a and b to find the least 


squares regres 
and Medicaid Services) 


ion line y = ax + b for the data. (Source: U.S. Centers for Medicare 


5b + 10a = 206.2 
10b + 30a = 418.6 


In Exercises 11-13, solve the system of equations. 


Year, x | Average price, y 


V1. [2x + 3y 257 12, [ x+y —2z= 12 13. | 3x + 2y+z=17 
x 10 2x—y 6 a+ y 
2y 1 y 6 L—- yrs= 3 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


2 50.06 
14, The average prices y (in dollars) of retail prescription drugs for the years 2001 to 2005 
1 55.37 are shown in the table at the left. In the table, x represents the year, with x = 0 
0 59.52 corresponding to 2003. Solve the following system for a, b, and ¢ to find the least 
= squares regression parabola y = ax? + bx +c for the data. (Source: National 
Chapter Test 255 59 Association of Chain Drug Stores) 

86 Se + 10a = 293.40 

10b = 37.82 

Chapter Test ut solutions to 10e + 34a = 578.64 


In Exercises 1 and 2, find the distance between the points and the midpoint 
‘ of the line segment connecting the points. 


t 1. (-3, 2), (5, —2) 2. (3.25, 7.05), (~2.37, 1.62) 
3. Find the intercepts of the graph of y = (x + 5)(x — 3) 


x 4, Describe the symmetry of the graph of y = 


5. Find an equation of the line through (3, 5) with a slope of 3. 


6. Write the equation of the circle in standard form and sketch its graph. 


Figure for 9 x? + y? — 6x + 4y —3 =0 


y In Exercises 7 and 8, decide whether the statement is true or false. Explain. 


7. The equation 2x 5 identifies y as a function of x. 


8. If A = {3,4, 5} and B = {—1, —2, —3}, the set {(3, —9), (4, —2), (5, -3)} 
represents a function from A to B. 


In Exercises 9 and 10, (a) find the domain and range of the function, (b) 
x determine the intervals over which the function is increasing, decreasing, or 

constant, (c) determine whether the function is even or odd, and (d) approx- 

imate any relative minimum or relative maximum values of the function. 


Figure for 10 9 flx) =2— 2x2 (See figure.) 10. g(x) = J —4 (See figure.) 


In Exercises 11 and 12, sketch the graph of the function. 


rh £0 
IL. ex) = 41, x=0 
et Le SO: 


Year | Population, P 12. A(x) = (x - 32 +4 
2010 214 1 = x2 = i ‘i 
In Exercises 13-16, use f(x) = x? + 2 and g(x) = 2x — 1 to find the function. 
2015 22.4 13. (f — g)(x) 
2020 22.9 14. (fg)(x) 
15. (f° g)(x) 
2025 23.5 Mik 
16. g(x) 
2030 24.3 
= = 17. A business purchases a piece of equipment for $30,000. After 5 years, the equipment 
2035 25.3 


will be worth only $4000. Write a linear equation that gives the value V of the equip- 
2040 26.3 ment during the 


J) 18. Population The projected populations P (in millions) of children under the age of 

5 in the United States for selected years from 2010 to 2050 are shown in the table. Use 
2050 28.1 a graphing utility to create a scatter plot of the data and find a linear model for the 
data. Let r represent the year, with t = 10 corresponding to 2010. (Source: U.S. 
Table for 18 Census Bureau) 


2045 27.2 


Appearing at the end of each chapter, this test is 
designed to simulate an in-class exam. Taking 
these tests will help you to determine what 
concepts require further study and review. 


Features XVII 


The Chapter Summary reviews the skills covered 
in the chapter and correlates each skill to the 
Review Exercises that test the skill. Following 
each Chapter Summary is a short list of Study 
Strategies for addressing topics or situations 
specific to the chapter. 


334 CH Polynomial and Rational Functions 


Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 336. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Sketch the graph of a quadratic function and identify its vertex and intercepts. 
Find a quadratic function given its vertex and a point on its graph. 


Construct and use a quadratic model to solve an application problem. 7 


Determine right-hand and left-hand behavior of graphs of polynomial functions. 13-16 
When n is odd and the leading coefficient is positive, 
fix) > - 


When n is odd and the leading coefficient is negative, 


0 as x —co and f(x) 900 as x3.00. 


(x) — 00 asx 


fx) 00 as x» — 00 and ; 


When n is even and the leading coefficient is positive, 
f(x) 300 as x» — 00 and f(x) 3 00 as x 00. 
When n is even and the leading coefficient is negative, 


fx)» 06 as x —00 and f(x)» 00 as x00. 


17-20 


Find the real zeros of a polynomial function, 


Chapter Summary and Study Strategies 


= Find the complex conjugate of a complex number 49-52 
= Perform operations with complex numbers and write the results in standard form. 53-68 
(a + bi) + (c + di) = (a + c) + (b + d)i 
(a + bi) — (c + di) = (a—c) + (b- di 
(a + bi)(e + di) = (ac — bd) + (ad + be)i 
# Solve a polynomial equation that has complex solutions 69-72 
= Plot a complex number in the complex plane. 
= Use the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem to write a polynomial as the product of linear factors. 
= Find a polynomial with real coefficients whose zeros are given. 81, 82 
= Factor a polynomial over the rational, real, and complex numbers. 83, 84 
= Find all real and complex zeros of a polynomial function. 85-88 
= Find the domain of a rational function. 89-92 
= Find the vertical and horizontal asymptotes of the graph of a rational function 89-92 
‘ oben a cif n 
He). Ceicech ree ty a,x + d 
Let f(x) = = a Olba 0. 
f Aes) Eeeeae Uae aes > Calpe ant, 
1. The graph of f has vertical asymptotes at the zeros of q(x). 
2. The graph of f has one or no horizontal asymptote determined by comparing 
the degrees of p(x) and q(x). 
a. Ifn < m, the graph of f has the line y = 0 (the x-axis) as a horizontal asymptote. 
b. If n = m, the graph of f has the line y = a, /b,, (ratio of the leadi 
coefficients) as a horizontal asymptote. 
ec. If n > m, the graph of fhas no horizontal asymptote. 
= Sketch the graph of a rational function, including graphs with slant asymptotes. 93-98 
= Use a rational function model to solve an application problem. 99-103 
a Use a Graphing Utility A graphing calculator or graphing software for a computer can help you in this course in 
two important s. As an exploratory device, a graphing utility allows you to learn concepts by allowing you to compare 
graphs of functions. For instance, sketching the graphs of f(x) = x3 and f(x) 3 helps confirm that the negative 
ct of reflecting the graph about the x-axis. As a problem-solving tool, a graphing utility frees you 
from some of the difficulty of sketching complicated graphs by hand. The time you can save can be spent using mathematics 
to solve real-life problems. 
a Problem-Solving Strategies If you get stuck when trying to solve a real-life problem, consider the strategies below. 


if, 


2 


Draw a Diagram. If feasible, draw a diagram that represents the problem. Label all known values and unknown 
the diagram. 


Solve a 


asked to find the dimensions that will produce a maximum area, t 


calculating the areas of several examples. 
Rewrite the Problem in Your Own Words. Rewriting a problem can help you understand it better. 


Guess and Check. Try gues 
your guesses, you may be able to think of a general strategy for solving the problem 


impler Problem. Simplify the problem, or write several simple examples of the problem. For instance, if you are 


ing the answer, then check your guess in the statement of the original problem. By refining 


m= Divide one polynomial by a second polynomial using long division. 

= Simplify a rational expression using long division. 

= Use synthetic division to divide two polynomials. 

m Use the Remainder Theorem and synthetic division to evaluate a polynomial. 

= Use the Factor Theorem to factor a polynomial. 29, 30 

= Find all possible rational zeros of a function using the Rational Zero Test. 33, 34 

= Find all real zeros of a function. 35-42 
real zeros of a polynomial function using the Intermediate 43, 44 

B35 H pone p js 

real zeros of a polynomial function using a graphing utility. 45, 46 
s for approximating real zeros to solve an application problem. 47, 48 


lvaluable study aids to help you master the material in this chapter. The Student 
ludes step-by-step solutions to all odd-numbered exercises to help you review 
fient website at college.hmco.convinfo/larsonapplied offers algebra help and a 
1y Guide. The Graphing Technology Guide contains step-by-step commands 
wide variety of graphing calculators, including the most recent models. 


values on 


xviii Supplements 


Get more value from your textbook with these additional resources! 


Supplements for the Instructor Supplements for the Student 

Online Instructor Solutions Manual Found on the | Student Solutions Manual 

instructor website, this manual contains the complete, (ISBN: 978-0-547-07003-2) This guide contains com- 
worked-out solutions for all of the exercises in the text. plete solutions to all odd-numbered exercises in the text. 
HM Testing (powered by Diploma™) CalcChat For students who work best in groups or 


(ISBN: 978-0-547-06465-9) HM Testing (powered by whose schedules don’t allow them to come to office 
Diploma) provides instructors with a wide array of new hours, CalcChat (available at www.CalcChat.com) offers 
algorithmic exercises, along with improved functionality | detailed, step-by-step solutions to textbook exercises 


and ease of use. Instructors can create, customize, and as well as an online forum for students to discuss with 
deliver multiple types of tests—including authoring other students any issues they may be having with 
and editing algorithmic questions. their college algebra homework. 


Instructional DVDs Ve] (ISBN: 978-0-547-06466-6) Hosted by Dana Mosely and captioned for the hearing- 
impaired, these DVDs cover all sections of the text and provide explanations of key concepts, examples, exercises, 
and applications in a lecture-based format. Ideal for promoting individual study and review, these comprehensive 
DVDs also support students in online courses or those who have missed a lecture. 


EM [math] SPACE. 


Powerful online tools. Premium content. 


HM MathSPACE® encompasses the interactive online products and services integrated with Houghton Mifflin 
textbook programs. Students and instructors can access HM MathSPACE content through text-specific websites and 
via Houghton Mifflin’s online course management system. HM MathSPACE now includes homework powered by 
WebAssign®; a new Multimedia eBook; videos, tutorials, and SMARTHINKING®. 


* NEW! WebAssign® Developed by teachers, for teachers, WebAssign allows instructors to create assignments 
from an abundant ready-to-use database of algorithmic questions or to write and customize their own exercises. 
With WebAssign, instructors can create, post, and review assignments 24 hours a day, 7 days a week; deliver, 
collect, grade, and record assignments instantly; offer more practice exercises, quizzes, and homework; 
assess student performance to keep abreast of individual progress; and capture the attention of online or 
distance-learning students. 


NEW! Online Multimedia eBook breaks the physical constraints of a traditional text and links a number of 
multimedia assets and features to the text itself. Students can read the text, watch videos when they need extra 
explanation, and more. The eBook supports multiple learning styles and provides students with an engaging 
learning experience. 

SMARTHINKING® Provides an easy-to-use and effective online, text-specific tutoring service. A dynamic 
Whiteboard and a Graphing Calculator function enable students and e-structors to collaborate easily. 


Student Website 


Instructor Website 


Online Course Content for Blackboard®, WebCT®, and eCollege® Deliver program- or text-specific 
Houghton Mifflin content online using your institution’s local course management system. Houghton Mifflin 
offers homework, tutorials, videos, and other resources formatted for Blackboard, WebCT, eCollege, and other 
course management systems. Add to an existing online course or create a new one by selecting from a wide 
range of powerful learning and instructional materials. 


For more information, visit college.hmco.com/info/arsonapplied or contact your Houghton Mifflin sales representative. 


Fundamental Concepts 
of Algebra 


Jeff Schultz/AlaskaSt 


The Iditarod Sled Dog Race includes a stop in McGrath, Alaska. Part of the 
challenge of this event is facing temperatures that reach well below zero. 

To find the range of a set of temperatures, you must find the distance between 
two numbers. (See Section 0.1, Exercise 81.) 


Applications 


The fundamental concepts of algebra have many real-life 
applications. The applications listed below represent a sample 
of the applications in this chapter. 


m College Costs, Exercise 75, page 28 


m Escape Velocity, Example 11, page 35 
m Oxygen Level, Exercise 72, page 61 


Real Numbers: Order 
and Absolute Value 


The Basic Rules of 
Algebra 


Integer Exponents 


Radicals and 
Rational Exponents 


Polynomials and 
Special Products 


Factoring 


Fractional 
Expressions 


2 CHAPTER 0 _ Fundamental Concepts of Algebra 


Classify real numbers as natural numbers, integers, rational numbers, or 


Real Numbers: irrational numbers. 


Order real numbers. 
Order and 
Absolute Value 


Give a verbal description of numbers represented by an inequality. 
Use inequality notation to describe a set of real numbers. 
Interpret absolute value notation. 

Find the distance between two numbers on the real number line. 


Use absolute value to solve an application problem. 


Real Numbers 


The formal term that is used in mathematics to refer to a collection of objects is 
the word set. For instance, the set 


{1, 2, 3} 


contains the three numbers 1, 2, and 3. Note that a pair of braces {  } is used to 
enclose the members of the set. In this text, a pair of braces will always indicate 
the members of a set. Parentheses ( ) and brackets [ ] are used to represent 
other ideas. 

The set of numbers that is used in arithmetic is the set of real numbers. The 
term real distinguishes real numbers from imaginary or complex numbers. 

A set A is called a subset of a set B if every member of A is also a member 
of B. Here are two examples. 


e {1, 2,3} is a subset of {1, 2, 3, 4}. 
¢ {0, 4} is a subset of {0, 1, 2, 3, 4}. 


One of the most commonly used subsets of real numbers is the set of 
natural numbers or positive integers 


{l, 2,3,4,.. ae Set of positive integers 


Note that the three dots indicate that the pattern continues. For instance, the set 
also contains the numbers 5, 6, 7, and so on. 

Positive integers can be used to describe many quantities that you encounter 
in everyday life—for instance, you might be taking four classes this term, or you 
might be paying $700 a month for rent. But even in everyday life, positive inte- 
gers cannot describe some concepts accurately. For instance, you could have a 
zero balance in your checking account, or the temperature could be — 10° (10 
degrees below zero). To describe such quantities, you need to expand the set of 
positive integers to include zero and the negative integers. The expanded set is 
called the set of integers, which can be written as follows. 


Zero 


Cen <=, OG; -1,9,3,, 1 
—————SS _—_—_—_—SS—— 
Negative integers Positive integers 


STUDY TIP 


Make sure you understand that 
not all fractions are rational 
numbers. For instance, the 


: Ds : 
fraction a is not a rational 


number. 
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The set of integers is a subset of the set of real numbers. This means that every 
integer is a real number. 

Even with the set of integers, there are still many quantities in everyday life 
that you cannot describe accurately. The costs of many items are not in whole 
dollar amounts, but in parts of dollars, such as $1.19 or $39.98. You might work 
85 hours, or you might miss the first half of a movie. To describe such quantities, 
the set of integers is expanded to include fractions. The expanded set is called the 
set of rational numbers. Formally, a real number is called rational if it can be 
written as the ratio p/q of two integers, where g # 0. (The symbol # means not 
equal to.) For instance, 

2= * 0.333...= > 0.125 = > and 1.126126. ..= 2 
are rational numbers. Real numbers that cannot be written as the ratio of two 
integers are called irrational. For instance, the numbers 


J2 = 14142135... and m= 3.1415926... 


are irrational numbers. The decimal representation of a rational number is either 
terminating or repeating. For instance, the decimal representation of 


4 = 0.25 


Terminating decimal 


is terminating, and the decimal representation of 


~+ = 0.363636. . . = 0.36 


is repeating. (The line over “36” indicates which digits repeat.) 

The decimal representation of an irrational number neither terminates nor 
repeats. When you perform calculations using decimal representations of nonter- 
minating decimals, you usually use a decimal approximation that has been 
rounded to a certain number of decimal places. For instance, rounded to four 
decimal places, the decimal approximations of 2 and 7 are 


Repeating decimal 


i 0.6667 and 7 ~ 3.1416. 


The symbol ~ means approximately equal to. 
The Venn diagram in Figure 0.1 shows the relationships between the real 
numbers and several commonly used subsets of the real numbers. 


Real Numbers 


Rational Numbers Irrational Numbers 
39 
a -17 V2 
: v3 
Natural Numbers T 
a 2 4) i oi 
0.67 8 


FIGURE 0.1 


CHAPTER 0 


Fundamental Concepts of Algebra 


The Real Number Line and Ordering 


The picture that is used to represent the real numbers is the real number line. It 
consists of a horizontal line with a point (the origin) labeled as 0 (zero). Points 
to the left of zero are associated with negative numbers, and points to the right 
of zero are associated with positive numbers, as shown in Figure 0.2. The real 
number zero is neither positive nor negative. So, when you want to talk about 
real numbers that might be positive or zero, you can use the term nonnegative real 
numbers. 


Origin 
f t f f t f f > 


—2 =I 0 1 yi 


-3 3 
< Negative numbers Positive numbers » 


FIGURE 0.2 The Real Number Line 


Each point on the real number line corresponds to exactly one real number, 
and each real number corresponds to exactly one point on the real number line, 
as shown in Figure 0.3. The number associated with a point on the real number 
line is the coordinate of the point. 


3 0.75 T 
t {-e—} t+} t }@—> 
=. 2, =i 0 1 2 3 


FIGURE 0.3 _ Every real number corresponds to a point on the real number line. 


The real number line provides you with a way of comparing any two real 
numbers. For instance, if you choose any two (different) numbers on the real 
number line, one of the numbers must be to the left of the other number. The 
number to the left is less than the number to the right, and the number to the right 
is greater than the number to the left. 


Definition of Order on the Real Number Line 


If the real number a lies to the left of the real number b on the real number 
line, a is less than b, which is denoted by 


a<b 


as shown in Figure 0.4. This relationship can also be described by saying that 
b is greater than a and writing b > a. The inequality a < b means that a is 
less than or equal to b, and the inequality b = a means that b is greater than 
or equal to a. 


a<b 
FIGURE 0.4 © ais to the left of b. 


—2<x<3 
E44 -: 
—2 -l 0 1 2 3 
(b) 

38S =) 


(c) 
FIGURE 0.5 


/ CHECKPOINT 2 


Use inequality notation to describe 
each subset of real numbers. 


a. x is at least 5. 


b. y is greater than 4, but no more 
than 11. © 


STUDY TIP 


Be sure you see from the defini- 
tion that the absolute value of a 
real number is never negative. 
For instance, if a = —5, then 
|-5] = —(-5) =5. 
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The symbols <, >, <, and = are called inequality symbols. Inequalities are 
useful in denoting subsets of real numbers, as shown in Examples | and 2. 


settee Interpreting Inequalities 


a. The inequality x < 2 denotes all real numbers that are less than or equal to 2, 
as shown in Figure 0.5(a). 


b. The inequality —2 < x < 3 means that x = —2 and x < 3. This double 
inequality denotes all real numbers between — 2 and 3, including — 2 but not 
including 3, as shown in Figure 0.5(b). 


c. The inequality x > —5 denotes all real numbers that are greater than —5, as 
shown in Figure 0.5(c). 


/ CHECKPOINT 1 


Give a verbal description of the subset of real numbers represented by x = 7. © 


In Figure 0.5, notice that a bracket is used to include the endpoint of an 
interval and a parenthesis is used to exclude the endpoint. 


Inequalities and Sets of Real Numbers 


a. “c is nonnegative” means that c is greater than or equal to zero, which you can 
write as c = 0. 


b. “bis at most 5” can be written as b < 5. 


c. “d is negative” can be written as d < 0, and “d is greater than —3” can be 
written as —3 < d. Combining these two inequalities produces —3 < d < 0. 


d. “x is positive” can be written as 0 < x, and “x is not more than 6” can be 
written as x < 6. Combining these two inequalities produces 0 < x < 6. 


The following property of real numbers is called the Law of Trichotomy. As the 
“tri” in its name suggests, this law tells you that for any two real numbers a and 
b, precisely one of three relationships is possible. 


a< b, a=b, or a>b Law of Trichotomy 


Absolute Value and Distance 


The absolute value of a real number is its magnitude, or its value disregarding its 
sign. For instance, the absolute value of — 3, written |— 3}, has the value of 3. 


Definition of Absolute Value 


Let a be a real number. The absolute value of a, denoted by |al, is 
_ |e ifa=0 
lal = 


—a, itfa<0 
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/ CHECKPOINT 4 


Place the correct symbol 
(<, >, or =) between the two 
real numbers. 


a. —|—6| — —|6| 
b. —|5| MN |—5| = 


Fundamental Concepts of Algebra 


The absolute value of any real number is either positive or zero. Moreover, 0 
is the only real number whose absolute value is zero. That is, |0| = 0. 


Finding Absolute Value 


a. |-7| =7 b. [3] =3 
c. |-4.8| = 4.8 d. —|-9| = -@) =-9 


/ CHECKPOINT 3 


Evaluate |—12|. m 


Comparing Real Numbers 


Place the correct symbol (<, >, or =) between the two real numbers. 


a. |—4| |4| b=] : e=|>1| |=] 
SOLUTION 
a. |—4| = [4], because both are equal to 4. 


b. |—5| > 3, because |—5| = 5 and 5 is greater than 3. 


ce. —|—1| < |—1], because —|—1] = —1 and |—1] = 1. 


= ae == 


Properties of Absolute Value 
Let a and b be real numbers. Then the following properties are true. 


1. ja] > 0 2. |—al = |a| 
| 


3. |ab| = al |b| 4. 


Absolute value can be used to define the distance between two numbers on 
the real number line. To see how this is done, consider the numbers — 3 and 4, as 
shown in Figure 0.6. To find the distance between these two numbers, subtract 
either number from the other and then take the absolute value of the difference. 


(Distance between —3 and 4) = |—3 — 4| = |-7| =7 
3 4 
a 7 2 
-3 -2 -1~— oO : 3 4 


FIGURE 0.6 The distance between —3 and 4 is 7. 


Distance Between Two Numbers 
Let a and b be real numbers. The distance between a and J is given by 


Distance = |b — al = |a — DI. 


/ CHECKPOINT 5 


Find the distance between 
—5 and 3. & 


=> 
SuperStock/Jupiter Images 
Math plays an important part 
in keeping your personal finances 
in order as well as a company’s 
expenses and budget. 


/ CHECKPOINT 6 


In Example 6, the company 
budgeted $28,000 for medical 
supplies, but actually paid 
$30,100. Is this within budget 
restrictions? 
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Finding the Distance Between Two Numbers 


a. The distance between 2 and 7 is |2 — 7| = |—5| = S. 
b. The distance between 0 and —4 is |0 — (—4)| = |4] = 4. 


c. The statement “the distance between x and 2 is at least 3” can be written as 
je 2) 3. 


Application 


Example 6 
FV ¢ay Sb) ACO) Budget Variance ® 


You monitor monthly expenses for a home health care company. For each type of 
expense, the company wants the absolute value of the difference between the 
actual and budgeted amounts to be less than or equal to $500 and less than or 
equal to 5% of the budgeted amount. By letting a represent the actual expenses 
and b the budgeted expenses, these restrictions can be written as 


la — b| < 500 and |a—bd| < 0.05b. 


For travel, office supplies, and wages, the company budgeted $12,500, $750, and 
$84,600. The actual amounts paid for these expenses were $12,872.56, $704.15, 
and $85,143.95. Are these amounts within budget restrictions? 


SOLUTION One way to determine whether these three expenses are within budg- 
et restrictions is to create the table shown. 


Budgeted Actual 

Expense, b Expense, a la — b| 0.05b 
Travel $12,500 $12,872.56 $372.56 $625.00 
Office supplies $750 $704.15 $45.85 $37.50 
Wages $84,600 $85,143.95 $543.95 $4230.00 


From this table, you can see that travel expenses pass both tests, so they are 
within budget restrictions. Office supply expenses pass the first test but fail the 
second test, so they are not within budget restrictions. Wage expenses fail the first 
test and pass the second test, so they are not within budget restrictions. 


Is the statement true? If not, explain why. 
1. There are no integers in the set of rational numbers. 
2. The set of integers is a subset of the set of natural numbers. 


3. The expression x < 5 describes a subset of the set of rational numbers. 


4. When a is negative, |a| = —a. 


The symbol ® indicates an example that uses or is derived from real-life data. 
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Exercises 0.1 


Fundamental Concepts of Algebra 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, determine which numbers in the 
set are (a) natural numbers, (b) integers, (c) rational 
numbers, and (d) irrational numbers. 


7 2 

—9, -4,5,3, V2, 0.1} 
— , -4,0, 3.12, 3} 

2 = 1, V4, V6, 3} 
3, _ Isa - —}/2, - 7.5} 
oS 10, —4, 9, a 
B11 4/9 JS V8) 
In Exercises 7-10, use a calculator to find the 
decimal form of the rational number. If the number 


is a nonterminating decimal, write the repeating 
pattern. 


i 
“_— 


2 9 

7 = — 
3 8S 40 
14 49 

9, qd. 10. 160 


In Exercises 11 and 12, approximate the two plotted 
numbers and place the correct symbol (< or >) 
between them. 


11. 


In Exercises 13-18, plot the two real numbers on the 
real number line and place the appropriate inequality 
symbol (< or >) between them. 


13. 3,7 14. —4, -8 
15. 1, —3.5 16. ~ 
17. 2,2 18. —§, -3 


In Exercises 19-22, use a calculator to order the 
numbers from least to greatest. 


204 31 
19. 223, 3, 3.45, a > 


559 J5 115 23 
20. S00" 112-3 > “99° 20 
7071 584 3 Ai 127 
5000’ 413’ ~~ 33’ 90 


381 
0" 


21. 


2. = — 2 3, 1.7320, 10- /2 


In Exercises 23-26, write an inequality that describes 
the graph. 


=§ 4 23) 221 


In Exercises 27-36, give a verbal description of the 
subset of real numbers that is represented by the 
inequality, and sketch the subset on the real number 
line. 


27. x < 0 28. x < 
29. x <5 30. x => -2 
31..x > 3 32,.x = 
33. -2<x<2 34.0 <x<5 
35. -l1<x<0 36.0<x<6 


In Exercises 37-44, use inequality notation to describe 
the subset of real numbers. 


37. x is positive. 

38. tis no more than 20. 

39. y is greater than 5 and less than or equal to 12. 
40. m is at least —5 and at most 9. 

41. The person’s age A is at least 35. 

42. The yield Y is no more than 42 bushels per acre. 


43. The annual rate of inflation r is expected to be at least 
3.5%, but no more than 6%. 


44. The price p of unleaded gasoline is not expected to go 
below $2.13 per gallon during the coming year. 


In Exercises 45-54, evaluate the expression. 


45. |— 10| 46. |0| 
=o (25) 48. |—1| — |-2| 
49. —3|-3} 50. —5|—5| 
—5 —4| 
51. [5] 52. “4 
53. |3 — a| 54. |4 — a 
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In Exercises 55-60, place the correct symbol (<, >, or =) 
between the two real numbers. 


55. |-7| || 56.-5  —|5| 
57. |-3|  —|-3] 58. —|-6| — |—6| 
59, —|-2|  —|2| 60. -(-2)  -2 


In Exercises 61-70, find the distance between a and b. 


61. a=-1 b=3 
-1 0 1 2 3 
62. a= —5 b=0 
-3 -2 -1 0 
63. a= —4,b = -3 64.a=4,b=4 
65. a = —3,b =0 66. a=3,b=3 
67. a = 126,b = 75 68. a = —126,b = —75 
6.a=85=12 70. a = 9.34, b = —5.65 


In Exercises 71-78, use absolute value notation to 
describe the sentence. 


71. The distance between z and 3 is greater than 1. 
72. The distance between x and 5 is no more than 3. 
73. The distance between x and — 10 is at least 6. 
74, The distance between z and 0 is less than 8. 

75. y is at least six units from 0. 

76. x is less than eight units from 0. 

77. x is more than five units from m. 


78. y is at most two units from a. 


79. Travel While traveling on the Pennsylvania Turnpike, 
you pass milepost 57 near Pittsburgh, then milepost 236 
near Gettysburg. How far do you travel during that time 
period? 


80. Travel While traveling on the Pennsylvania Turnpike, 
you pass milepost 326 near Valley Forge, then milepost 
351 near Philadelphia. How far do you travel during that 
time period? 


Temperature In Exercises 81 and 82, the record 
January temperatures (in degrees Fahrenheit) for a 
city are given. Find the distance between the numbers 
to determine the range of temperatures for January. 


81. McGrath, Alaska: lowest: —75°F 
highest: 54°F 

82. Flagstaff, Arizona: lowest: — 22°F 
highest: 66°F 
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MAKE A DECISION: BUDGET VARIANCE In Exercises 
83-88, the accounting department of an Internet 
start-up company is checking to see whether various 
actual expenses differ from the budgeted expenses by 
more than $500 or by more than 5%. Complete the 
missing parts of the table. Then determine whether 
the actual expense passes the “budget variance test.” 


Budgeted Actual 
Expense, b Expense, a la — D| 0.05b 
83. $30,000 $29,123.45 
84. $125,500 $126,347.85 
85. $12,000 $11,735.68 
86. $8300 $8632.59 
87. $40,800 $39,862.17 
88. $2625 $2196.89 


MAKE A DECISION: QUALITY CONTROL In Exercises 
89-94, the quality control inspector for a tire factory is 
testing the rim diameters of various tires. A tire 
is rejected if its rim diameter varies too much from its 
expected measure. The diameter should not differ by 
more than 0.02 inch or by more than 0.12% of the 
expected diameter measure. Complete the missing 
parts of the table. Then determine whether the tire is 
passed or rejected according to the inspector’s guide 
lines. 


Expected Actual 
Diameter, b Diameter, a la — D| 0.0012b 
89. 14 in. 13.998 in. 
90. 15 in. 15.012 in. 
91. 16 in. 15.973 in. 
92. 17 in. 16.992 in. 
93. 18 in. 18.027 in. 
94, 19 in. 18.993 in. 


95. Think About It Consider |u + v| and |u| + |v]. 


(a) Are the values of the expressions always equal? If not, 
under what conditions are they unequal? 


(b) If the two expressions are not equal for certain values 
of u and v, is one of the expressions always greater than 
the other? Explain. 


96. Think About It Is there a difference between saying 
that a real number is positive and saying that a real number 
is nonnegative? Explain. 


97. Describe the differences among the sets of natural num- 
bers, integers, rational numbers, and irrational numbers. 


98. Think About it Can it ever be true that |a| = —a fora 
real number a? Explain. 
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The Basic Rules 
of Algebra 


Identify the terms of an algebraic expression. 
Evaluate an algebraic expression. 

Identify basic rules of algebra. 

Perform operations on real numbers. 


Use a calculator to evaluate an algebraic expression. 


Algebraic Expressions 


One of the basic characteristics of algebra is the use of letters (or combinations 
of letters) to represent numbers. The letters used to represent numbers are called 
variables, and combinations of letters and numbers are called algebraic 
expressions. Some examples of algebraic expressions are 


5x, 2x = 3, and 7x + y. 


xv+2 


Algebraic Expression 


A collection of letters (called variables) and real numbers (called constants) 
that are combined using the operations of addition, subtraction, multiplica- 
tion, and division is an algebraic expression. (Other operations can also be 
used to form an algebraic expression.) 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, the algebraic expression x7 — 5x + 8 has three terms: x7, 


— 5x, and 8. Note that — 5x, rather than 5x, is a term, because 
x? -— 5x+ 8 = 3x2 4+ (—5x) 4+ 8. 


The terms x? and —5x are the variable terms of the expression, and 8 is the 
constant term of the expression. The numerical factor of a variable term is the 
coefficient of the variable term. For instance, the coefficient of the variable term 
—5x is —5, and the coefficient of the variable term x? is 1. 


Identifying the Terms of an Algebraic Expression 


Algebraic Expression Terms 
a. 4x — 3 4x, —3 
b. 2x + 4y — 5 2x, 4y, —5 


/ CHECKPOINT 1 


Identify the terms of each algebraic expression. 
a. 8 — 15x 
b. 4x? — 3y -—7 


STUDY TIP 


When you evaluate an expres- 
sion with grouping symbols 
(such as parentheses), be 
careful to use the correct 
order of operations. 


TECHNOLOGY 


=\ To evaluate the expression 
3 + 4x for the 
values 2 and 5, use the last 
entry feature of a graphing 
utility. 


1. Evaluate 3 + 4: 2. 


2. Press ENTRY |(recalls 


previous expression to the 
home screen). 


. Cursor to 2, replace 2 with 


5, and press (ENTER). 


For specific keystrokes for the 
last entry feature, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


/ CHECKPOINT 3 


Evaluate 3y + x? when x = 4 
and y = —2. & 


SECTION 0.2 _ The Basic Rules of Algebra 11 


Symbols of Grouping 


2) =7-3(2)=7 
bh. 4=3)-G—6) = (-1) 


6=1 
= 


1+3=2 


/ CHECKPOINT 2 


Simplify the expression 5(7 — 3) + 9. @ 


The Substitution Principle states, ff a= b,then acan be replaced by 
b in any expression involving a.” You use this principle to evaluate an 
algebraic expression by substituting numerical values for each of the variables in 
the expression. In the first evaluation shown below, 3 is substituted for x in the 
expression —3x + 5. 


Value of Value of 
Expression Variable Substitution Expression 
—3x4+ 5 x=3 —3(3) + 5 -9+5=-4 
3x7 + 2x — 1 x= 1 3(-1)? + 2(-1) - 1 3-2-1=0 
—2x(x + 4) x=-2 =2(=2)(—2 + 4) —2(—2)(2) = 8 
1 1 

a, x=2 7_9 Undefined 

Evaluating Algebraic Expressions 

Evaluate each algebraic expression when x = —2 and y = 3. 

a. 4y — 2x b 54+ x ce 5-—y° 

SOLUTION 

a. When x = —2 and y = 3, the expression 4y — 2x has a value of 


4(3) — 2(-2) = 12 + 4 = 16. 

b. When x = —2, the expression 5 + x? has a value of 
5+ (-2=5+4=9., 

c. When y = 3, the expression 5 — y’ has a value of 
5— (3)? =5-9=—4, 


Basic Rules of Algebra 


The four basic arithmetic operations are addition, multiplication, subtraction, 
and division, denoted by the symbols +, x or:, —, and +, respectively. Of these, 
addition and multiplication are considered to be the two primary arithmetic oper- 
ations. Subtraction and division are defined as the inverse operations of addition 
and multiplication, as follows. 


The symbol ® indicates when to use graphing technology or a symbolic computer algebra system 
to solve a problem or an exercise. The solutions of other exercises may also be facilitated by use of 
appropriate technology. 
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Subtraction: Add the opposite Division: Multiply by the reciprocal 


a-b=a+(-b) Ifb #0,then a + b= a(t) = 4 


In these definitions, — b is called the additive inverse (or opposite) of b, and 1/b 
is called the multiplicative inverse (or reciprocal) of b. In place of a + b, you 
can use the fraction symbol a/b. In this fractional form, a is called the numera- 
tor of the fraction and b is called the denominator. 

The basic rules of algebra, listed below, are true for variables and algebraic 
expressions as well as for real numbers. 


Basic Rules of Algebra 
Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property Example 


Commutative Property of Addition 
atb=b+a Ax +x? =x? + 4x 


Commutative Property of Multiplication 


ab = ba (4 — x)x? = x2(4 — x) 
Associative Property of Addition 
(bd te—at(b +c) (=x+5) +27 = 
—x + (5 + 2x?) 


Associative Property of Multiplication 


(ab)c = a(bc) (2x + 3y)(8) = (2x)(y - 8) 
Distributive Property 

a(b + c) =ab+ac 3x(5 + 2x) = 3x-5 + 3x- 2x 

(a> be —ae be (y+ 8)y=y-yt8-y 


Additive Identity Property 


a+0O=a 5y* + 0 = 5y? 
Multiplicative Identity Property 

a-l=a (4x7)(1) = 4x? 
Additive Inverse Property 

a+ (—a) =0 5x3 + (—52x3) = 0 
Multiplicative Inverse Property 

possi a#0 o2+4(sty)=1 

a Xai 


Because subtraction is defined as &dding the opposite,’the Distributive 
Property is also true for subtraction. For instance, the Subtraction form’ of 
alb + c) = ab + ac is a(b — c) = alb + (—c)] = ab + a(—c) = ab — ac. 
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Identifying the Basic Rules of Algebra 


Identify the rule of algebra illustrated by each statement. 
a. (4x7)5 = 5(4x?) 

b. (2y3 + y) — Qy + y) =0 

c. (4 + x2) + 3x2 = 4 + (x? + 3x?) 

d. (x — 5)7 + & — 5)x = (&« — 5)(7 + x) 


1 
. xe — =) 
e. 2x a , x #0 
SOLUTION 


a. This equation illustrates the Commutative Property of Multiplication. 
b. This equation illustrates the Additive Inverse Property. 
c. This equation illustrates the Associative Property of Addition. 
d. This equation illustrates the Distributive Property in reverse order. 
ab + ac = a(b + c) Distributive Property 
(& -—5)7 + @%-—5)x=(@-—5)(7 +x) 


e. This equation illustrates the Multiplicative Inverse Property. Note that it is 
important that x be a nonzero number. If x were allowed to be zero, you would 
be in trouble because the reciprocal of zero is undefined. 


/ CHECKPOINT 4 


Identify the rule of algebra illustrated by each statement. 
a. 3x2 + 1 = 3x? 
bx+5=5+x 8 
The following three lists summarize the basic properties of negation, zero, 
and fractions. When you encounter such lists, you should not only memorize a 


verbal description of each property, but you should also try to gain an intuitive 
feeling for the validity of each. 


Properties of Negation 


Let a and b be real numbers, variables, or algebraic expressions. 


Property Example 
1. (-l)a = —-a (Ni = 7 
2. -(=a) =a —(—6) =6 
3. (—a)b = —(ab) = a(—b) (—5)3 (5 3) — 3(—3) 
4. (—a)(—b) = ab (—2)(-6) = 2-6 
5. —(a + b) = (—a) + (—b) =( + 8) = (=3) + (= 8) 
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Be sure you see the difference between the opposite of a number and a 
negative number. If a is negative, then its opposite, —a, is positive. For instance, 
ifa = —5, then —a = —(—5) =5. 


Properties of Zero 


Let a and b be real numbers, variables, or algebraic expressions. Then the 
following properties are true. 


l.a+O=a and a—-O=a 
2.a:-0=0 


bk 


4. - is undefined. 


5. gro-Factor Property: If ab =@hen a= b=0. 


The &r’in the ¢ro-Factor Property includes the possibility that both 
factors are zero. This is called an inclusive or, and it is the way the word dr’is 
always used in mathematics. 


Properties of Fractions 


Let a, b, c, and d be real numbers, variables, or algebraic expressions such 
that b # 0 and d # O. Then the following properties are true. 


1. Equivalent fractions: = a and only if ad = be. 


@  =@ a =@ _ @ 
2. Rul ES 1S re er — => 
ules of signs 5 b = and — f= 5 
: F @ We 
3. Generate equivalent fractions: ie c#0 
+ 
4, Add or subtract with like denominators: - a ee D e 


5. Add or subtract with unlike denominators: ae d = 


bd 
. ie Ue a ES 
6. Multiply fractions: Be ae 
ne ~.4@,¢€_a d_ad 
7. Divide fractions: eri ec pe Ge pe c#O0 


In Property 1 (equivalent fractions) the phrase ff and only if implies two 
statements. One statement is: If a/b = c/d,then ad = bc.The other statement 
is: If ad = bc,where b # Oand d ¥ 0,then a/b = c/d. 


/ CHECKPOINT 5 


x. 2x 
— + 


Simplify the expression a Be 


STUDY TIP 


To find the LCD, first factor the 
denominators. 


WS a5 
9 = 3 
5S 5 


The LCD is the product of the 
prime factors, with each factor 
given the highest power of its 
occurrence in any denominator. 
So, the LCD is 


32-5 = 45, 
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i> eter}e)(- yy Properties of Zero and Properties of Fractions 


a. x — ; =x-O0O=x Properties 3 and 1 of zero 

b. * = aa! = ae Generate equivalent fractions. 
5 3:5 15 

Cc. - + cca ae a Ss Add fractions with unlike denominators. 
3. 5 15 15 

d. i : ieee A Divide fractions. 
x 2 x 3 3x 


If a, b, and c are integers such that ab = c, then a and b are factors or 
divisors of c. For example, 2 and 3 are factors of 6 because 2 - 3 = 6. A prime 
number is a positive integer that has exactly two factors: itself and 1. For 
example, 2, 3, 5, 7, and 11 are prime numbers, whereas 1, 4, 6, 8, 9, and 10 are 
not. The numbers 4, 6, 8, 9, and 10 are composite because they can be written as 
the products of two or more prime numbers. The number | is neither prime nor 
composite. The Fundamental Theorem of Arithmetic states that every positive 
integer greater than | isa prime number or can be written as the product of prime 
numbers in precisely one way (disregarding order). For instance, the prime 
factorization of 24 is 


24=2+:2+2:3. 


When you are adding or subtracting fractions that have unlike denominators, 
you can use Property 4 of fractions by rewriting both of the fractions so that they 
have the same denominator. This is called the least common denominator 
method. 


Adding and Subtracting Fractions 


2 5 4 
—-=+-e, 
Evaluate i595 


SOLUTION Begin by factoring the denominators to find the least common 
denominator (LCD). Use the LCD, 45, to rewrite the fractions and simplify. 
2 3,4 293 35°35 4:9 


is OS 1833. 9-5 5-0 


iy Dae Ba 
45 
ait 
45 


/ CHECKPOINT 6 


3 2 1 
~4+5-— 
Evaluate A +3 om 
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Equations 
An equation is a statement of equality between two expressions. So, the statement 
at+b=ct+d 


means that the expressions a + b and c + d represent the same number. For 
instance, because | + 4 and 3 + 2 both represent the number 5, you can write 
1 + 4 = 3 + 2. Three important properties of equality follow. 


Properties of Equality 

Let a, b, and c be real numbers, variables, or algebraic expressions. 
1. Reflexive: a =a 

2. Symmetric: If a = b,then b = a. 


3. Transitive: If a = band b = c,then a =. 


In algebra, you often rewrite expressions by making substitutions that are 
permitted under the Substitution Principle. Two important consequences of the 
Substitution Principle are the following rules. 


1. Ifa=b,thena+c=b+c. 2. If a = b, then ac = be. 


The first rule allows you to add the same number to each side of an equation. The 
second allows you to multiply each side of an equation by the same number. The 
converses of these two rules are also true and are listed below. 


1. Ifa+c=b+c,thena = b. 2. If ac = bc andc # O, thena = b. 


So, you can also subtract the same number from each side of an equation as well 
as divide each side of an equation by the same nonzero number. 


Calculators and Rounding 


The table below shows keystrokes for several similar functions on a standard 
scientific calculator and a graphing calculator. These keystrokes may not be 
the same as those for your calculator. Consult your user’s guide for specific 


keystrokes. 
Graphing Calculator Scientific Calculator 
© 
x1 1/x 


For example, you can evaluate 13* on a graphing calculator or a scientific 
calculator as follows. 


Graphing Calculator Scientific Calculator 


13 () 3 ENTER) 13 (ey 3) 
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Using a Calculator 


Scientific Calculator 


Expression Keystrokes Display 
TECHNOLOGY a. 7 — (5 + 3) 705836 8 
=\ Be sure you see the differ- b. — 127 — 100 12) G50 1008) — 244 
ence between the change c. 24 + 23 24 © 2 36 3 
ea d. 3(10 — 47) + 2 300004090820 -9 
Example 7(0). e. 37% of 40 37 © 40 © 14.8 


Graphing Calculator 


Expression Keystrokes Display 
/ CHECKPOINT 7 a. 7 — (5+ 3) 7© 5 & 3 ENTER) —8 
Write the keystrokes you can b. —12? — 100 (©) 12 &) © 100 (ENTER) — 244 
use to evaluate ce. 244+23 482 3 3 
6(8? — 481) _ 42) = = 7 = = 

d. 3(10 — 47) + 2 3 (0 10 © 4 @) QO) & 2 CENTER) 9 
on a graphing calculator or a e. 37% of 40 37 40 148 
scientific calculator. © ——— 


When rounding decimals, look at the decision digit (the digit at the right of 
the last digit you want to keep). Round up when the decision digit is 5 or greater, 
and round down when it is 4 or less. 


Rounding Decimal Numbers 


/ CHECKPOINT 8 Rounded to 
a SET SS Number Three Decimal Places 
Use a calculator to evaluate 
a. 2 = 1.4142135... 1.414 Round down because 2 < 4. 
2 4 

4(2 + 4) b. a = 3.1415926.. . 3.142 Round up because 5 = 5. 
Then round the result to two cH =07777777... 0.778 Round up because 7 > 5. 
decimal places. © 7 


. Write an algebraic expression that contains a variable term, a constant 
term, and a coefficient. Identify the parts of your expression. 


. Is(a — b) +c =a — (b + © whena, b, and c are nonzero real numbers? 
Explain. 


. Is the expression —x always negative? Explain. 


. Explain how to divide a/b by c/d when b, c, and d are nonzero 
real numbers. 
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Skills Revi 0.2 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview Uv. these skills in the exercise set for this section. For additional help, review Section 0.1. 


In Exercises 1-4, place the correct inequality symbol (< or >) between the 
two real numbers. 


il, —al =? a O —3 3. /3 1.73 4.-7r 3 


In Exercises 5—8, find the distance between the two real numbers. 


5. 4,6 G =2,2 he O, =5 Gh =il,3) 


In Exercises 9 and 10, evaluate the expression. 
O =a = fA 10. —|8 — 10| 


Exercises 0.2 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-6, identify the terms of the algebraic In Exercises 23-38, identify the rule(s) of algebra 
expression. illustrated by the statement. 
1. 7x +4 25 5 a Ox 23.3 +4=4+4+3 24.x+9=94+% 
3. x7 — 4x + 8 4.40 +%x-5 25. -15+15=0 26. (x + 2) — (x + 2) =0 
5. 2x2 — 9x + 13 6. 3x4 + 2x3 -— 1 27. 2(x + 3) = 2x + 6 
s P11) *6 11% 
In Exercises 7-10, simplify the expression. 28 . Pore . 
29. 2\5) = 1 
7. (8-17) +3 8. —3(5 — 2) (2) 
1 
9. (4 — 7)(—2) 10. —5(—2 — 6) 30. ghkt+6=1, h#-6 
In Exercises 11-16, evaluate the expression for each 31.h+0=h 32. (¢ -2)+0=z-2 
value of x. (If not possible, state the reason.) 33, 57-1=57 S940 dy +e 
Expression Values 35.6+(7+8)=(6+7)+8 
11. 4x -— 6 (a) x = —-1 (b) x =0 36. x + (y + 10) = (x + y) + 10 
12. 5 — 3x (a) x = —3 (b) x = 2 37. x(3y) = (x + 3)y = Gxy 
13. x2 —3x4+4 (a) x=-2 (b) x=2 38. ‘(7° = <7i2< 1°-12=12 
14, —.3 + 2x- 1 (a) x =0 (b) x = 2 
: In Exercises 39-42, write the prime factorization of the 
15. =o (a) x = —2 (b) x =2 integer. 
dig 39. 48 40. 24 
x 
1 =5 a2 a 41. 240 42. 150 
In Exercises 17-22, evaluate the expression when In Exercises 43-50, perform the indicated operation(s). 
x=3,y=—-2,andz=4. (Write fractional answers in simplest form.) 
17.x+ 3y+z 18. 6z + 5x — 3y 43. (7) 44 27 = 35 
—11 7 4 
19. x? — 5y + 4z 20. 22 + 6y — x ae ee Ae 
7 _ 45.5 4+4- % 46. 7 + 33-6 
7) ees 22, 4 —4v 2.4 2) 5.3 
"5g 20x 47. 5° 3 a8(SB ga 
49.5 +8 50. (3 + 3) — (6+ #) 


SECTION 0.2 _ The Basic Rules of Algebra 19 


In Exercises 51-54, use a calculator to evaluate the © In Exercises 64 and 65, a breakdown of pet spending 


expression. (Round to two decimal places.) 


51. 3(-4 + 3) 52. 2(-7 + 2) 
11.46 — 5.37 —8.31 + 4.83 
3B 391 eam 1 


In Exercises 55-58, use a calculator to solve. 

55. 35% of 68 56. 35% of 820 

57. 125% of 37 58. 147% of 22 

59. Federal Government Expenses The circle graph 


shows the types of expenses for the federal government in 
2005. (Source: Office of Management and Budget) 


National Defense 20.0% 


Social Security 
2 


Other 15.8% 


Health and 


Income Security 14.0% Medicare 22.2 % 


Education and VeteransiBenefits 6.8% 


(a) What percent of the total expenses was the amount 
spent on Social Security? 


(b) The total of the 2005 expenses was $2,472,200,000,000. 
Find the amount spent for each category in the circle 
graph. (Round to the nearest billion dollars.) 


60. Research Study The percent of people in a research 
study that have a particular health risk is 39.5%. The total 
number of people in the study is 12,857. How many people 
have the health risk? 


61. Clinical Trial The percent of patients in a clinical trial of a 
cancer treatment showing a decrease in tumor size is 
49.2%. There are 3445 patients in the trial. How many 
patients show a decrease in tumor size? 


62. Calculator Keystrokes Write the algebraic expression 
that corresponds to each set of keystrokes. 


(a) 5(*%) (0 2.7 -) 9.4 0) ©) Scientific 
5(02.70) 9.4 0) ENTER) Graphing 
(b) 2&) (04450208 Scientific 
2(0©)4@ 2 Q) ENTER) Graphing 


63. Calculator Keystrokes Write the keystrokes used to 
evaluate each algebraic expression on either a scientific or 
a graphing calculator. 


(a) 5(18 — 23) +10 (b) —62 — [7 + (-2))] 


The symbol © indicates an exercise in which you are instructed 


to use a spreadsheet. 


for one year in the United States is given. Find the 
percent of total pet spending for each subcategory. 
Then use a spreadsheet software program to make a 
labeled circle graph for the percent data. (Source: 
American Pet Products Manufacturers Association) 


64. Total pet spending (2005): $36.3 billion 
Food: $14.7 billion 
Vet care: $8.7 billion 


$8.7 billion 
$1.7 billion 
$2.5 billion 


Supplies/OTC medicine: 
Live animal purchases: 


Grooming and boarding: 


65. Total pet spending (2006): $38.4 billion 
Food: $15.2 billion 
Vet care: $9.4 billion 


$9.3 billion 
$1.8 billion 
$2.7 billion 


Supplies/OTC medicine: 
Live animal purchases: 


Grooming and boarding: 


Tim Sloan/AFP/Getty Images 
etSmart, the largest U.S. pet store chain 
with 909 stores, has grown by offering pet 

lodging services in some stores. PetsHotels 


provide amenities such as supervised play areas 
with toys and slides, hypoallergenic lambskin 
blankets, TV, healthy pet snacks, and special 
fee services such as grooming, training, and 
phoning pet parents. These services are twice as 
profitable as retail sales, and they tend to 
attract greater sales as well. PetSmart’s sales 
were 29% higher in stores with established 
PetsHotels than in those without them. In 2006, 
PetSmart had a goal to expand from 62 to 435 
PetsHotels. 


66. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information about Special services” companies 
experiencing strong growth as in the example above. 
Write a brief report about one of these companies. 
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Integer Exponents 


STUDY TIP 


It is important to recognize the 
difference between exponential 
forms such as (—2)* and — 24. 
In (—2)4, the parentheses indi- 
cate that the exponent applies to 
the negative sign as well as to 
the 2, but in —24 = —(2*), the 
exponent applies only to the 2. 
Similarly, in (5x)°, the parenthe- 
ses indicate that the exponent 
applies to the 5 as well as to the 
x, whereas in 5x? = 5(x3), the 
exponent applies only to the x. 


Fundamental Concepts of Algebra 


Use properties of exponents. 
Use scientific notation to represent real numbers. 
Use a calculator to raise a number to a power. 


Use interest formulas to solve an application problem. 


Properties of Exponents 


Repeated multiplication of a real number by itself can be written in exponential 
form. Here are some examples. 


Repeated Multiplication Exponential Form 


7+7 7? 
(—4)(—4)(-4) (=Ap 
(2x)(2x)(2x)(2x) (2x)4 


Exponential Notation 


Let a be a real number, a variable, or an algebraic expression, and let n be a 
positive integer. Then 


Ge = G1 ° G) © @e 6 8 YG) 
Se pe 
n factors 


where n is the exponent and a is the base. The expression a” is read as “cto 
the nth power’or simply “ @ the th.” 


When multiplying exponential expressions with the same base, add 
exponents. 

a” + qr =aqntn Add exponents when multiplying. 
For instance, to multiply 2? and 23, you can write 


Two Three Five 
factors factors factors 


22-23 =(2-2)- (2-2-2) =2-°2-°2-2-2 
= 22+3 = 95. 


On the other hand, when dividing exponential expressions, subtract exponents. 
That is, 


m 
Subtract exponents when dividing. 


These and other properties of exponents are summarized in the list on the 
following page. 
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Properties of Exponents 


Let a and b be real numbers, variables, or algebraic expressions, and let m and n be integers. (Assume all 
denominators and bases are nonzero.) 


Property Example 
1. a"a" = a" 3 o BYP se Bara me Bie Product of Powers 
a” x! 
2, = GO Sai" = @otient of Powers 
aq” x4 
&h (GD)! = Gage (GuP = Ske = 1DSir2 Power of a Product 
4 aN? ab 2\ eee eS ; 
5 & = bn - = a = Pa Power of a @otient 
5. (a)” = qm (y3)~4 = ye = ye Power of a Power 
6a"= = —— £ Definition of negative exponent 
b a y y¥ g Pp 
hb = 1, a#0 (Ge ar 1)° =1 Definition of zero exponent 
a\~” b n 3 =3) D) 3) 
8. (¢ =( 5 a#0,b#0 (3) ~\3 
9. |a?| = lal? = a? |22| = |2|2 = 22 


Notice that these properties of exponents apply for a// integers m and n, not 
just positive integers. For instance, by the @otient of Powers Property, 


34 
3-3 


= 34-(-5) = 3445 = 39. 


i> <eres}e)(-Wa Using Properties of Exponents 


a, 34-371 = 3471 = 33 = 27 


56 
b. gf = P= 25 
2 ae oe, 5 pe ees 2 8 
«. 5(2) =5 BS Pe Ra ta aa. 


d. (—5 - 23)? = (—5)? + (23)? = 25 - 2© = 25 - 64 = 1600 
e. (—3ab*)(4ab~3) = —3(4)(a)(a)(b*)(b-3) = —12a?b 
f. 3a(—4a?)° = 3a(1) = 3a, a #0 


(=) _ Ser 238 
By y? a 


/ CHECKPOINT 1 


Evaluate the expression 47 + 47. & 
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The next example shows how expressions involving negative exponents can 
be rewritten using positive exponents. 


STUDY TIP |>erele(-way Rewriting with Positive Exponents 
Rarely in algebra is there only 1 
one way to solve a problem. ax t= Definition of negative exponent 
> : Xx 
Don’t be concerned if the steps 
you use to solve a problem are 1 1(x?) — x a eee an 
le = = e€ exponent —z a 1es on. OX. 
not exactly the same as the steps Bx 2 3 3 ° es 
presented here. The important 12@3b-4 «123 + @. 7 . 
thing is to use steps that you c. rears a Aba Be Definition of negative exponent 
understand and that, of course, a 
are justified by the rules of alge- _ 3a? 
bra. For instance, you might a ra Product of Powers Property 
prefer the following steps to 2\ 2 —9/.2\—2 
pipe 3x 3-2(x2)-2 
simplify Example 2(d). d. y = y= Power of a @tient and Power of a Product Properties 
3x2\-2 2 2 
( ee goed 
y bE OK = y= Power of a Power Property 
y? 
= Sod Definition of negative exponent 
x 
ae a 
= Ox Simplify. 


/ CHECKPOINT 2 


-3 
Rewrite ( with positive exponents and simplify. © 


x7 2z4 


Ratio of Volume to Surface Area ®) 


The volume V and surface area S of a sphere are given by 
4 
V= aan and S$ =47r 
where r is the radius of the sphere. A spherical weather balloon has a radius of 
2 feet, as shown in Figure 0.7. Find the ratio of the volume to the surface area. 


SOLUTION To find the ratio, write the quotient V/S and simplify. 


V f97P fn®B 1 2 
S  Agr® 472? 3 


/ CHECKPOINT 3 
FIGURE 0.7 E 


Evaluate 7 5 


7 


when x = 7. © 
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Scientific Notation 


Exponents provide an efficient way of writing and computing with very large (or 
very small) numbers. For instance, a drop of water contains more than 33 billion 
billion molecules—that is, 33 followed by 18 zeros. 


33,000,000,000,000,000,000 


It is convenient to write such numbers in scientific notation. This notation has 
the form c x 10”, where 1 < c < 10 and n is an integer. So, the number of 
molecules in a drop of water can be written in scientific notation as 


3.3 x 10,000,000,000,000,000,000 = 3.3 x 10!°. 


The positive exponent 19 indicates that the number is /arge (10 or more) and that 
the decimal point has been moved 19 places. A negative exponent in scientific 
notation indicates that the number is small (less than 1). For instance, the mass 
(in grams) of one electron is approximately 


9.0 x 10778 = 0.0000000000000000000000000009. 
A | 


28 decimal places 


je <etssye)(--) Converting to Scientific Notation 


a. 0.0000572 = 5.72 x 10°° Number is less than 1. 
b. 149,400,000 = 1.494 x 108 Number is greater than 10. 
c. 32.675 = 3.2675 x 10! Number is greater than 10. 


/ CHECKPOINT 4 


Write 0.00345 in scientific notation. © 


|e <eis¥)(- yy Converting to Decimal Notation 


a. 3.125 x 10? = 312.5 Number is greater than 10. 
b. 3.73 x 10~° = 0.00000373 Number is less than 1. 
c. 7.91 x 10° = 791,000 Number is greater than 10. 


/ CHECKPOINT 5 


Write 4.28 x 10° in decimal notation. © 


Most calculators automatically use scientific notation when showing large (or 
small) numbers that exceed the display range. Try multiplying 86,500,000 x 6000. 
If your calculator follows standard conventions, its display should be 


Soll) iil emmy Sei 


This means that c = 5.19 and the exponent of 10 is n = 11, which implies 
that the number is 5.19 x 10!!. To enter numbers in scientific notation, your 
calculator should have an exponential entry key labeled or (EE). 
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ee miles 


Not drawndtlesc 


FIGURE 0.8 


/ CHECKPOINT 6 


Evaluate the expression 


4.6 x 10° 
2.3 x 107 o 


TECHNOLOGY 


= Make sure you include 
parentheses as needed 


when entering expressions in 
your calculator. Notice the use 
of parentheses in Example 7(c). 


Fundamental Concepts of Algebra 


The Speed of Light (R) 


The distance between Earth and the sun is approximately 93 million miles, as 
shown in Figure 0.8. How long does it take for light to travel from the sun to 
Earth? Use the fact that light travels at a rate of approximately 186,000 miles per 
second. 


SOLUTION Using the formula distance = (rate)(time), you find the time as 
follows. 
_ distance _ 93 million miles 
rate 186,000 miles per second 
9.3 x 10’ miles 
1.86 x 10° miles/second 


Time 


= 5 x 10? seconds 
= 8.33 minutes 


Note that to convert 500 seconds to 8.33 minutes, you divide by 60, because there 
are 60 seconds in one minute. 


Powers and Calculators 


One of the most useful features of a calculator is its ability to evaluate 
exponential expressions. Consult your user’s guide for specific keystrokes. 


|=<et11}9)(-Way Using a Calculator to Raise a Number to a Power 


Scientific Calculator 


Expression Keystrokes Display 

a. 134+ 5 13094056 28566 

b. 3°74 47! 309245440145 2 0.361111111 
+1 0309050108 

. 1.0082644 

“354 0350108 a 

Graphing Calculator 
Expression Keystrokes Display 

a. 134+ 5 13 @) 4@)5 (ENTER) 28566 

b. 377 +47 30 ©O)2H40 ©)! ENTER) S611111111 
3 +1 03050108 

© 354 03501 ENTER) 1.008264463 


/ CHECKPOINT 7 


Use a calculator to evaluate 
a= 
25+ 18 mw 
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Applications 


The formulas shown below can be used to find the balance in a savings account. 


Balance in an Account 


The balance A in an account that earns an annual interest rate r (in decimal 
form) for ft years is given by one of the following. 


A = P(l + rt) Simple interest 
r\nt 

A= (1 al ") Compound interest 
n 


In both formulas, P is the principal (or the initial deposit). In the formula for 
compound interest, n is the number of compoundings per year. Make sure 
you convert all units of time ¢ to years. For instance, 6 months = 5 year. 

So, tf = >. 


Example 8 
UENO) ACO Finding the Balance in an Account ® 


You are trying to decide how to invest $5000 for 10 years. Which savings plan 
will earn more money? 


a. 4% simple annual interest 
b. 3.5% interest compounded quarterly 
SOLUTION 
a. The balance after 10 years is 
A= P(1 + rt) 
= 5000[1 + 0.04(10)] 
= $7000. 


b. The balance after 10 years is 


nt 
As (1 + 4 
n 


(4)(10) 
= 5000( + | 


= $7084.54. 


Savings plan (a) will earn 7000 — 5000 = $2000 and savings plan (b) will earn 
7084.54 — 5000 = $2084.54. So, plan (b) will earn more money. 


/ CHECKPOINT 8 


In Example 8, how much money would you earn in a savings plan with 
3.4% annual interest compounded monthly? © 
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/ CHECKPOINT 9 


The fee for a medical school appli- 
cation was $85. Three years later, 
the application fee is $95. What is 
the average annual rate of inflation 
over this three-year period? © 


In addition to finding the balance in an account, the compound interest 
formula can also be used to determine the rate of inflation. To apply the formula, 
you must know the cost of an item for two different years, as demonstrated in 
Example 9. 


Finding the Rate of Inflation ®) 


In 1984, the cost of a first-class postage stamp was $0.20. By 2007, the cost 
increased to $0.41, as shown in Figure 0.9. Find the average annual rate of infla- 
tion for first-class postage over this 23-year period. (Source: U.S. Postal Service) 


» 0404+ .) 
& _ 0.35 s—_? 
mee Veo g-6° 
B. 5 0:30-- — 
BO 0.25 + eo 
su 
2 & 020+ —s° 
(at = fons 
Zi ae 
1980 1985 1990 1995 2000 2005 
Year 
FIGURE 0.9 


SOLUTION To find the average annual rate of inflation, use the formula for com- 
pound interest with annual compounding. So, you need to find the value of r that 
will make the following equation true. 


nt 
a= pi +2) 
nN 


0.41 = 0.2001 + r)?3 


You can begin by guessing that the average annual rate of inflation was 5%. 
Entering r = 0.05 in the formula, you find that 0.20(1 + 0.05)?? ~ 0.6143. 
Because this result is more than 0.41, try some smaller values of r. Finally, you 
can discover that 


0.20(1 + 0.032)?3 = 0.41. 


So, the average annual rate of inflation for first-class postage from 1984 to 2007 
was about 3.2%. 


. Explain how to simplify the expression a°->(a'). 

. Because —2? = —8 and (—2)? = —8, a student concludes that —a” = (—a)", 
where n is an integer. Do you agree? Can you give an example where 
—a" # (—a)"? 


. Astudent claims “Any number with a zero exponent is equal to 1.” 
Is the student correct? Explain. 


. Is 0.12 x 10° written in scientific notation? Explain. 


Skills Review 0.3 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 0.2. 


In Exercises 1-10, perform the indicated operation(s) and simplify. 


10. 


2. (4)(5)(4) 
4. 
6 
8 


In Exercises 1-20, evaluate the expression. Write frac- 
tional answers in simplest form. 


1. 22 + 24 2. 33° 
26 57 
3. B 4. 55 
(33)? 6 (25)3 
—34 8. (-—3)4 
2862-2641 10. 6-2-3 +37! 
ro 2, (2). * 
13. 5-' -—27! 14. 4-1 - 2-2 
15. (23 + 32)2 16. (—3 - 4°)3 
3 2 = 3 2 
eye aI 
19. 3° 20. (—2)° 


In Exercises 21-24, evaluate the expression for the 
indicated value of x. 


Expression Value 
x4 
21. 2x2 x=—-6 
22. 4x~3 x= 
23: 7x? x= 
24. 8x° — (8x)? x=-7 


In Exercises 25-44, simplify the expression. 


25. (—5z)3 26. (—2w)5 
27. (8x4)(2x3) 28. 5x4(x2) 
29. 10(x2)2 30. (4x*)3 


31. (—z)3(3z4) 


32. (6y?)(2y*)? 


25y8 10x? 
33. Toy 34 
4\3/3\4 2/9\3 
ss. (7) ()) x6. (2) (7) 
y/ \Y Zp XB 
15(x + 3)3 24(x — 2)2 
an O(x + 3)? on 8(x — 2)4 
Tx? 52° 
39. a 40. Fa 
Dt et ae . yon 
41, ~*~ ae 
x3 +x x 
43, 3" - 3 44, 2” » 23m 


In Exercises 45-54, rewrite the expression with positive 
exponents and simplify. 


45. (2x5)°, x #0 
47. (y + 2)7*%(y + 2)7! 
49. (4y"*)(8y*) 


(3) 
ey 


In Exercises 55-60, write the number in scientific 
notation. 


55. Land Area of Earth: 57,300,000 square miles 
56. Water Area of Earth: 139,500,000 square miles 


46. (x + 5)°, x #—-5 
48. (x + y) (x + y)? 
50. (—2x?)3(4x3)~! 


5 


= 


5 


as 


57. 
58. 
59. 
60. 


Light Year: 9,460,000,000,000 kilometers 

Mass of a Bacterium: 0.0000000000000003 gram 
Thickness of a Soap Bubble: 0.0000001 meter 

One Micron (millionth of a meter): 0.00003937 inch 
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In Exercises 61-64, write the number in decimal 
notation. 


61. Number of Air Sacs in the Lungs: 3.5 x 108 


62. Temperature of the Core of the Sun: 
1.5 x 10’ degrees Celsius 


63. Charge of an Electron: 1.602 x 107! coulomb 
64. Width of a Human Hair: 9.0 x 10~> meter 


In Exercises 65 and 66, evaluate each expression with- 
out using a calculator. 


6.0 x 108 

7 —3 on. Aa 

65. (a) (1.2 x 10)5 x10) (6) 3 G93 
9.0 x 105 

—~2 7 a 

66. (a) (9.8 x 10-2)(3 x 107) (b) 45 x 1072 


In Exercises 67-70, use a calculator to evaluate each 
expression. Write your answer in scientific notation. 
(Round to three decimal places.) 


67. (a) 0.000345(8,900,000,000) 


67,000,000 + 93,000,000 
0.0052 


68. (a) 0.000045(9,200,000) 


0.0000928 — 0.0000021 
0.0061 


(b) 


(b) 
(2.414 x 104)6 
(>) “(68 x 1055 


(3.28 x 10-9)! 
(5.34 x 10-3) 


69. (a) (9.3 x 10°)3(6.1 x 1074) 
70. (a) (1.2 x 102)(5.3 x 10-3) (b) 


In Exercises 71 and 72, write each number in scientific 
notation. Perform the operation and write your 
answer in scientific notation. 


0.000000012 
71. (a) 48,000,000,000(250,000,000) (b) ~0.0000064 

18,000,000,000 
72. (a) 0.00000034(0.00000006) (b) ~~ .400,000 


73. Balance in an Account You deposit $10,000 in an 
account with an annual interest rate of 6.75% for 12 years. 
Determine the balance in the account when the interest is 
compounded (a) daily (n = 365), (b) weekly, (c) monthly, 
and (d) quarterly. How is the balance affected by the type 
of compounding? 


74. Balance in an Account You deposit $2000 in an 
account with an annual interest rate of 7.5% for 15 years. 
Determine the balance in the account when the interest is 
compounded (a) daily (n = 365), (b) weekly, (c) monthly, 
and (d) quarterly. How is the balance affected by the type 
of compounding? 


Fundamental Concepts of Algebra 


75. 


76. 


77. 


78. 


College Costs The bar graph shows the average yearly 
costs of attending a public four-year college in the United 
States for the academic years 1998/1999 to 2004/2005. 
Find the average rate of inflation over this seven-year 
period. (Source: U.S. National Center for Education 
Statistics) 


11,441 


8,027 


Total cost (in dollars) 


locate Berea ecg ano 
oF 


AS TAN 
Sy J SY & 
PP PP 


T T 
) we 
‘) SC OS 
PS 
NT op 


Year 


College Costs The average yearly cost of tuition, fees, 
and room and board at private four-year colleges in the 
United States was $19,929 for the academic year 
1998/1999 and $26,489 for the academic year 2004/2005. 
Find the average yearly rate of inflation over this seven- 
year period. (Source: U.S. National Center for Education 
Statistics) 


Becoming a Millionaire The compound interest 
formula can be rewritten as 

_ A 

~ (1+ r/ny" 


Find the principal amount P that would have had to have 
been invested on the day you were born at 7.5% annual 
interest compounded quarterly to make you a millionaire 
on your 21st birthday. 


P 


Electron Microscopes Electron microscopes provide 
greater magnification than traditional light microscopes 
by using focused beams of electrons instead of visible 
light. It is the extremely short wavelengths of the electron 
beams that make electron microscopes so powerful. The 
wavelength A (in meters) of any object in motion is given 
6.626 x 10~*4 
my 
of the object and v is its velocity (in meters per second). 
Find the wavelength of an electron with a mass of 
9.11 x 1073! kilogram and a velocity of 5.9 x 10° meters 
per second. 


byA = , where m is the mass (in kilograms) 


(Submitted by Brian McIntyre, Senior Laboratory Engineer 


for the Optics Electron Microscopy Facility at the University 


of Rochester.) 
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a m@ Simplify a radical. 
Radicals and m Rationalize a denominator. 
= @ Use properties of rational exponents. 
Rational eee : 
mH Combine radicals. 
Exponents @ Use a calculator to evaluate a radical. 
| 


Use a radical expression to solve an application problem. 


Radicals and Properties of Radicals 


A square root of a number is defined as one of its two equal factors. For exam- 
ple, 5 is a square root of 25 because 5 is one of the two equal factors of 25. In a 
similar way, a cube root of a number is one of its three equal factors. Here are 
some examples. 


Number Equal Factors Root 

25 = (—5)* (—5)(—5) —5 (square root) 
—64 = (—4) (—4)(—4)(—4) —4 (cube root) 
81 = 34 3°3-°3°+3 3 (fourth root) 


Definition of nth Root of a Number 


Let a and b be real numbers and let n be a positive integer. If 
= lot 


then b is an nth root of a. If n = 2, the root is a square root, and if n = 3, 
the root is a cube root. 


From this definition, you can see that some numbers have more than one nth 
root. For example, both 5 and —5 are square roots of 25. The following definition 
distinguishes between these two roots. 


Principal nth Root of a Number 


Let a be a real number that has at least one real nth root. The principal nth 
root of a is the nth root that has the same sign as a, and it is denoted by the 
radical symbol 


Ya ; Principal nth root 


The positive integer n is the index (the plural of index is indexes or indices) 
of the radical, and the number a is the radicand. If n = 2, omit the index 
and write /a rather than 2/a. 


30 
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Fundamental Concepts of Algebra 


Evaluating Expressions Involving Radicals 


a. The principal square root of 121 is 121 = 11 because 11* = 121. 


nC] 125 . 125 
b. The principal cube root of 7 is ¥/é = 


55 (3) eee 
ecause \4) = 3 = ¢4- 


5)3 125 


c. The principal fifth root of —32 is ¥/—32 = —2 because (—2)> = —32. 


d. —./49 = —7 because 7” = 49. 


e. 2/—81 is not a real number because there is no real number that can be raised 


to the fourth power to produce — 81. 


/ CHECKPOINT 1 
Evaluate—~/-—8. © 


From Example 1, you can make the following generalizations about nth roots 


of a real number. 


1. If ais a positive real number and n is a positive even integer, then a has exact- 


ly two real nth roots, which are denoted by Wa and — wa, 


2. If ais any real number and 7 is an odd integer, then a has only one (real) nth 


root. It is the principal nth root and is denoted by Ya. 


3. If a is negative and n is an even integer, then a has no (real) nth root. 


Integers such as 1, 4, 9, 16, 49, and 81 are called perfect squares because 
they have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 


are called perfect cubes because they have integer cube roots. 


Let a and b be real numbers, variables, or algebraic expressions such that 
the indicated roots are real numbers, and let m and n be positive integers. 


Then the following properties are true. 


2. vYa- w/b = w/ab 
pe 
Lap) b 


6. For n even, ¥/a" = |a|. 
For n odd,”/a" = a. 


A common special case of Property 6 is 


JV@ = al. 


Example 
3/g2 (3/8) (2)2=4 
V5-JS/7 = J/5-7= J35 


Ta ot 
Bie" 


»/Vi0 = 9/10 
Worse 

J/(=12)2 = |-12] = 12 
3/(= 12) = -12 
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Simplifying Radicals 


An expression involving radicals is in simplest form when the following condi- 
tions are satisfied. 


1. All possible factors have been removed from the radical. 


2. All fractions have radical-free denominators (accomplished by a process 
called rationalizing the denominator). 


3. The index of the radical has been reduced as far as possible. 


To simplify a radical, factor the radicand into factors whose exponents are 
multiples of the index. The roots of these factors are written outside the radical, 
and the leftover’factors make up the new radicand. 


Simplifying Even Roots 


a. 48 = Y16 +3 Find largest fourth-power factor. 
= V3 Rewrite. 
= 2. 4/3 Find fourth root. 
b. af 15x? = wh 25x? + 3x Find largest square factor. 
= J (5x)? + 3x Rewrite. 
= 5x J3x, x>0 Find root of perfect square. 


ce. 2/(5x)4 = |5x| = 5|x| 


/ CHECKPOINT 2 
Simplify /18x°. © 


In Example 2(c), note that the absolute value symbol is included in the 
answer because {/x*+ = |x|. 


Simplifying Odd Roots 


a. 2/24 = 3/8 -3 Find largest cube factor. 


= 23-3 Rewrite. 
= 2 3 Find root of perfect cube. 
b. Jf 32q!! = 3/ 32a! - a Find largest fifth-power factor. 
a /Qa) +a Rewrite. 
= 2a? ¥/a Find fifth root. 
Cc. 3/ —40x° = 3/ (- 8x°) “5 Find largest cube factor. 
/ CHECKPOINT 3 = ¥(-2)F 5 Rewrite. 
Simplify 3/544. = —2x? V5 Find root of perfect cube. 
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/ CHECKPOINT 4 


1 
Simplify Va by rationalizing the 


denominator. 


Some fractions have radicals in the denominator. To rationalize a denomi- 
nator of the form a + b\/m, multiply the numerator and denominator by the 
conjugate a — b/m. 


at b./m anda — b/m Conjugates 
When a = 0, the rationalizing factor of /m is itself, /m : 


Seite) M Rationalizing Single-Term Denominators 


a. To rationalize the denominator of the following fraction, multiply both the 
numerator and the denominator by J3 to obtain 


5. 9 we Sv3 _ 53 5/3 
2/3 2/3 V3 2/32 2(3) 6 
b. To rationalize the denominator of the following fraction, multiply both the 
numerator and the denominator by 3/5. Note how this eliminates the radical 
from the denominator by producing a perfect cube in the radicand. 
2 2 WF YP 2/95 
V5 YS YP YS 5 


iS <etes}eJ(- Ny Rationalizing a Denominator with Two Terms 


2 2 3- | Multiply numerator and denominator 
3b JT — os JT a: = aa by conjugate. 
_ 23 = v7) Multiply fracti 
i 7 0s ulti ractions. 
32 — (/7) my 
23 = +7 
= 213— v7) Simplify. 
3 = /7 
= Zee a) Divide out like factors. 


=3-/7 Simplify. 


/ CHECKPOINT 5 


6 
Simplify ————~ by rationalizing the denominator. © 
pity 3- 3 y g 


Don’t confuse an expression such as /2 + ./7 with \/2 + 7. In general, 
Vx + y# Jx + Jy. 


Rational Exponents 


The definition on the following page shows how radicals are used to define 
rational exponents. Until now, work with exponents has been restricted to 
integer exponents. 


STUDY TIP 


The numerator of a rational 
exponent denotes the power to 
which the base is raised, and 
the denominator denotes the 
index or the root to be taken. 
It doesn’t matter which 
operation is performed first, 
provided the nth root exists. 
Here is an example. 


S78) =O) — 4 
87/3 = 8? = 7/64 = 4 


STUDY TIP 


Rational exponents can be 
tricky. Remember, the expres- 
sion b”/" is not defined unless 
x/b is a real number. For 
instance, (— 8)5/° is not defined 
because £/—8 is not a real 
number. And yet, (— 8)?/> is 
defined because 3/—8 = —2. 
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Definition of Rational Exponents 


If a is a real number and 7 is a positive integer such that the principal 
nth root of a exists, then a!/” is defined to be a!/" = 2/a. 


If m is a positive integer that has no common factor with n, then 


qin = (qi/n)m = (“/a)" and qn = (a) Wie = Wan. 


The properties of exponents that were listed in Section 0.3 also apply to 
rational exponents (provided the roots indicated by the denominators exist). Some 
of those properties are relisted here, with different examples. 


Properties of Exponents 


Let r and s be rational numbers, and let a and b be real numbers, variables, 
or algebraic expressions. If the roots indicated by the rational exponents 
exist, then the following properties are true. 


Property Example 

i, Gar = air 41/2(41/3) = 45/6 

ir 2 
2 = =4 °, a2 0 =D SOW Se 50 
3. (ab)’ = a’b" (2x)1/2 = 21/2(x1/2) 

ie (off x 1/3 x!/3 
5. (a’)’ = a" (x3)1/3 = x 

Eee Z 1 1 
6. a = @s2 0 a aeiT ar 

Nn _ b\r x =il//2 (*)" D) 
Te (<) - (*). a7, bHO (2) aa = A 


Rational exponents are particularly useful for evaluating roots of numbers 
on a calculator, for reducing the index of a radical, and for simplifying (and 
factoring) algebraic expressions. Examples 6 and 7 demonstrate some of these 
uses. 


Jeetsy)(-M Simplifying with Rational Exponents 
a. (27)1/3 = 3/27 =3 
—39)-4/5 — (5 aa -4 _ Se 
b. (—32) (3/—32) (—2) (=a ~ ie 
c. (—5x2/3)(3x71/3) = —15x2/9)- 0/3) = — 1571/3, x #0 


/ CHECKPOINT 6 
Simplify (3!/7)(37/?). a 
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Reducing the Index of a Radical 


a. a = a6 = P33 = VR 


b. 3/ /125 = (125!/2)1/3 Rewrite with rational exponents. 

a (125)!/ ° Multiply exponents. 
= (5°) ° Rewrite base as perfect cube. 
= 53/6 Multiply exponents. 

V CHECKPOINT 7 a 

[SS ee ES = 5 Reduce exponent. 

Use rational exponents to reduce 

P = J5 Rewrite as radical. 


the index of the radical</2°. © 
Radical expressions can be combined (added or subtracted) if they are like 


radicals—that is, if they have the same index and radicand. For instance, 2./3x 
and 5 3x are like radicals, but °/3x and 2./3x are not like radicals. 


Simplifying and Combining Like Radicals 


a. 2/48 + 3/27 = 2/16°-3+ 379-3 Find square factors. 
= 8/3+ 9/3 Find square roots. 
=17./3 Combine like terms. 

b. 3/16x — 3/54x = 3/8 + 2x — 3/27 + 2x Find cube factors. 
= 2 3/2x — 3 3/2x Find cube roots. 
= — Y2x Combine like terms. 


/ CHECKPOINT 8 
Simplify the expression /25x + \/x. @ 


Radicals and Calculators 


You can use a calculator to evaluate radicals by using the square root key ; 
the cube root key @), or the xth root key @). You can also use the exponential 
key or (¥*). To use these keys, first convert the radical to exponential form. 


Evaluating a Cube Root with a Calculator 


Two ways to evaluate 2/25 using a calculator are shown below. 
35WO1H30 6) Exponential key 


(7) 25 0) (ENTER) Cube root key 


Most calculators will display 2.924017738. So, 
¥Y25 = 2.924. 


/ CHECKPOINT 9 


Use a calculator to approximate the value of </18. 


/ CHECKPOINT 10 


Use a calculator to approximate the 
value of 2.2~!-?. Round to three 
decimal places. © 


@iark M. Lawrence/CORBIS 


/ CHECKPOINT 11 


Will an object traveling at 10,000 
meters per second exceed the 
escape velocity of Venus, which is 


is x 10-")(4.87 x 1024) 
6.05 x 108 


meters per second? © 
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Seti) Evaluating Radicals with a Calculator 


a. Use the following keystroke sequence to evaluate 3/—4. 


- 1@ 308 Scientific 
©) 4@) ©1©) 30) Enter) Graphing 
The calculator display is — 1.587401052, which implies that 
Y= 4 = -1.587, 
b. Use the following keystroke sequence to evaluate (1.4)~?/. 
1.4 2 (e) 5 ) Scientific 
140) 0 © 2@)5 © ENTER) Graphing 


The calculator display is 0.874075175, which implies that 
(1.4)-2/5 = 0.874. 


Application 


1% <esese)(-WEN) Escape Velocity ®) 


A rocket, launched vertically from Earth, has an initial velocity of 10,000 meters 
per second. All of the fuel is used for launching. The escape velocity, or the 
minimum initial velocity necessary for the rocket to escape the gravitational field 
of Earth, is 


= x 10-!)(5.98 x 1024) 
6.37 x 10° 


meters per second. 


Will the rocket escape Earth’s gravitational field? 
SOLUTION The escape velocity is 


gs x 10-1)(5.98 x 1024) 


6.37 x 108 ~ 11,190.7 meters per second. 
The initial velocity of 10,000 meters per second is less than the escape 
velocity of 11,190.7 meters per second. So, the rocket will not escape Earth’s 
gravitational field. 


Let m and n be positive real numbers greater than 1. 


m?\3 m? . : 
1. Are the expressions (=) and ai equivalent? Explain. 


2. How many real cube roots does —n have? Explain. 


3. Is 3m ¥16mn?> in simplest form? If not, simplify the expression. 


4. Explain how to rationalize the denominator of 


a 
pe 
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Skills Revi 0.4 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview Uv. these skills in the exercise set for this section. For additional help, review Section 0.3. 


In Exercises 1-10, simplify the expression. 


1. (2) 2. 3(—4) 
3. (—2x)3 4. (—2x3)(— 3x4) 
5. (7x°)(4x) 6. (5x*)(25x2)~! 


128 eer 
bee 8. = 


2\ 0 
9. (=Y. x#0, y#0 


Exercises 0.4 


In Exercises 1-12, fill in the missing form. 


Radical Form Rational Exponent Form 31. 3/16 32. /(3x2)* 
1. /9 =3 33. /75x-2y4 34, 3/969 
2. 3125 =5 35. 2/64y~> 36. /8xty3z~? 
3 321/5 = 2 : F 
In Exercises 37-40, evaluate the expression when 
4 — (1441/2) = —12 x= 2, = 3,andz= 5. 
5. lea = 14 37. V 2xy*2? 38. /3x7yz° 
6. 614.125! = 8.5 39, 4/16x- 4y8z4 40. 3/243x5y-5z55 
7. ¥—216 = -6 
: _ In Exercises 41-48, rewrite the expression by rational- 
8. ne =—3 izing the denominator. Simplify your answer. 
9. (81) = 27 i P 
41. — 42. — 
10. 4/813 = 27 “V5 * S10 
11. 1257/3 = 25 8 5 
43. == 44. —— 
12. 165/4 = 32 v2 (5x) 
ises 13-30, evaluate th 45. 46. >" — 
In Exercises 13-30, evaluate the expression. "5-3 " /i4 —2 
13. /9 14, 3/64 3 F 
18. =9=37 16. 0 4: gs. Se Bg = 5 
14 81 
17. — 18. i - i i i 
970) 3 In To 60, simplify the eae 
1/2 . 53/2 1/3. 45/3 
19. (/—125)° 20. 4/5624 Oe ea ane ee 
93/2 51/2 
21. 16!/2 22. 27'/3 51. > 52, 5) 
23. 3639/2 24, 253/2 
Pe x xt/2 
25. /2- /3 26. /2- J5 53; YZ) 54, 3h 
27. (18)-°/4 as. (2)? = 
UH) @) ns 55. 5. YF 56. 1 VF 
29. (—&) 30. (—44) 


57. (x®x3)'/3 
59. (16x8y4)3/4 


HO, [Ge ++ BG se DEP 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 31-36, simplify the expression. 


58. (x3x12)"5 
60. (27x®y?)2/3 
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In Exercises 61-66, use rational exponents to reduce 


the index of the radical. 


61. ./ /32 62. / SF 


63. 4/32 64. 4/(3x?)4 
65. x3 66. /(x + 2) 


In Exercises 67-72, simplify the expression. 

67. 5x — 3x 68. 3Vx + 1+ 10Vx4+1 
69. 5/50 + 3V8 70. 2/27 — 75 

71. 2./4y — 2./9y 72, 2/108 + 147 


In Exercises 73-80, use a calculator to approximate the 
number. (Round to three decimal places.) 


73. 3/45 74. /57 
75. 5.72/5 76. 24.7!:! 
77. 0.2698 78. 3.75- 1/2 
= —-4+V 
79, ae 80. eee 


81. Calculator Write the keystrokes you can use to evaluate 
4= S71; 
= in one step on your calculator. 

82. Calculator Write the keystrokes you can use to evaluate 


¥/(—5)> in one step on your calculator. 


In Exercises 83-88, complete the statement with <, =, 
or >. 


83. /5 + V3 54+3 
B4, 3 = <2 3=72 
8.5 J/32+2 

86. 5 P+P 

87. /3 - 43 33 

ss. ./2 mm? 


89. Geometry Find the dimensions of a cube that has a 
volume of 15,625 cubic inches (see figure). 
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90. Geometry Find the dimensions of a square classroom 
that has 1100 square feet of floor space (see figure). 


= & 


Declining Balances Depreciation In Exercises 91 and 
92, find the annual depreciation rate r by using the 
declining balances formula 


§\t/n 
r=1-(2) 


where n is the useful life of the item (in years), S is the 
salvage value (in dollars), and C is the original cost (in 
dollars). 


91. A truck whose original cost is $75,000 is depreciated over 
an eight-year period, as shown in the bar graph. 


A Cost 
80,000 -—>$75,000- 


Salvage value 
$25,000 
aS 


Value (in dollars) 
s 
ca) 
Ss 
t 


92. A printing press whose original cost is $125,000 is depre- 
ciated over a 10-year period, as shown in the bar graph. 


ry 
140,000 —— 


Cost 
piz5 000 5 


120,000 —— 


100,000 +- 7 = 


80,000 — 


Salvage value 

60,000 -a-lfan-g —____P2'Vae Value 
$25,000 

40,000 -|— —« 


20,0004 4H WH H H H + i [ 
> 


T T T 
Oo 1 2 34 3 96 F <8 10 


Value (in dollars) 
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93. Escape Velocity The escape velocity (in meters per 
second) on the moon is 


jt x 10-1)(7.36 x 10) 
1.74 x 10° 


If all the fuel is consumed during launching, will a rocket 
with an initial velocity of 2000 meters per second escape 
the gravitational field of the moon? 


94. Escape Velocity The escape velocity (in meters per 
second) on Mars is 


p22 x 10-1)(6.42 x 1023) 
3.37 x 10° 


Will an object traveling at 6000 meters per second escape 
the gravitational field of Mars? 


95. Period of a Pendulum The period T (in seconds) of a 
pendulum is given by 


L 
T=2 a 
7M 32 
where L is the length (in feet) of the pendulum. Find the 
period of a pendulum whose length is 4 feet. 


96. Period of a Pendulum Use the formula given in 
Exercise 95 to find the period of a pendulum whose length 
is 2.5 feet. 


97. Erosion A stream of water moving at the rate of v feet 
per second can carry particles of size 0.03 \/v inches. Find 
the size of the largest particle that can be carried by a 
stream flowing at the rate of 5 foot per second. 


98. Erosion A stream of water moving at the rate of v feet 
per second can carry particles of size 0.03 \/v inches. Find 
the size of the largest particle that can be carried by a 
stream flowing at the rate of foot per second. 


Notes on a Musical Scale _ In Exercises 99-102, find 
the frequency of the indicated note on a piano (see 
figure). The musical note A above middle C has a 
frequency of 440 vibrations per second. If we denote 
this frequency by F,, then the frequency of the next 
higher note is given by F, =F, + 22. Similarly, the 
frequency of the next note is given by F; = F, - 2/12. 


Middle C One octave above middle C 


Fundamental Concepts of Algebra 


99. Find the frequency of the musical note B above 
middle C. 


100. Find the frequency of the musical note C that is one 
octave above middle C. 


101. MAKE A DECISION Which note would you expect to 
have a higher frequency? Explain your reasoning. 


(a) Musical note E one octave above middle C 
(b) Musical note D one octave above middle C 


102. MAKE A DECISION Assume the pattern shown on the 
piano continues. Which note would you expect to have a 
higher frequency? 


(a) Musical note D one octave above middle C 


(b) Musical note G one octave above middle C 


Estimating Speed A formula used to help determine 
the speed of a car from its skid marks is $ = /30Df, 
where S is the least possible speed (in miles per hour) 
of the car before its brakes are applied, D is the length 
of the car's skid marks (in feet) and f is the drag factor 
of the road surface. In Exercises 103 and 104, find the 
least possible speed of the car for the given conditions. 


103. Skid marks:60 feet, drag factor:0.90 
104. Skid marks:100 feet, drag factor:0.75 


Wind Chill A wind chill temperature is a measure of 
how cold it feels outside. The wind chill temperature 
W (in degrees Fahrenheit) is given by 


W = 35.75 + 0.62157 — 35.75v°-16 + 0.4275Tv®'6 


where T is the actual temperature (in degrees 
Fahrenheit) and v is the wind speed (in miles per 
hour). In Exercises 105 and 106, find the wind chill 
temperature for the given conditions. (Source: 
NOAA’s National Weather Service) 


105. Actual temperature: 30°F,wind speed:20 mph 
106. Actual temperature: 10°F,wind speed:10 mph 


107. Calculator Experiment Enter any positive real 
number in your calculator and repeatedly take the square 
root. What real number does the display appear to be 
approaching? 

108. Calculator Experiment Square the real number 
2/ J5 and note that the radical is eliminated from the 
denominator. Is this equivalent to rationalizing the 
denominator? Why or why not? 


109. Think About It How can you show that a° = 1,a # 0? 
(Hint: Use the property of exponents a”/a" = a’"~".) 


110. Explain why \/4x? # 2x for every real number x. 
111. Explain why J2 + J3 # a5: 


Mid-Chapter Quiz 


Mid-Chapter Quiz 39 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


GI PhotoStock/RF/Alamy 
When occupancy rates are not 
maximized, renters can sometimes 
negotiate for a lower rent. But when 
the market is overwhelmed by 
renters, rates are driven up. 


Take this quiz as you would take a quiz in class. After you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1 and 2, place the correct symbol (<, >, or =) between the two 
real numbers. 

1. —|-7| |-7| 2. —(—3) i |—3| 
In Exercises 3 and 4, use inequality notation to describe the subset of real 
numbers. 

3. x is positive or x is equal to zero. 

4. The apartment occupancy rate r will be at least 95% during the coming year. 

5. Describe the subset of real numbers that is represented by the inequality —2 < x < 3, 

and sketch the subset on the real number line. 
6. Identify the terms of the algebraic expression 3x? — 7x + 2. 


In Exercises 7-10, perform the indicated operation(s). Write fractional answers 
in simplest form. 


31-5 
7, -4-(-7) oy 
2 5 3 3 
3 4G 1.7575 


In Exercises 11-13, rewrite the expression with positive exponents and 
simplify. 

5y7 
* 15y3 


11. (—x)3(2x4) 12 


ara —3 
2 (© 


14. You deposit $5000 in an account with an annual interest rate of 6.5%, 
compounded quarterly. Find the balance in the account after 10 years. 


In Exercises 15 and 16, evaluate the expression. 
—4 81 


a 16. (3/—64)° 


In Exercises 17-19, simplify the expression. 


17. 31/2 - 33/2 18. 81 — 433 
19. 10/ 125 


20. Find the dimensions of a cube that has a volume of 10,648 cubic centimeters. 
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Polynomials and 
Special Products 


H Write a polynomial in standard form. 

m Add, subtract, and multiply polynomials. 

m™ Use special products to multiply polynomials. 

m Use polynomials to solve an application problem. 


Polynomials 


One of the simplest and most common types of algebraic expressions is a 
polynomial. Here are some examples. 


2x +5, 3x4 — 7x2 + 2xn+ 4, 5x2y? — xy + 3 


The first two are polynomials in x and the third is a polynomial in x and y. The 
terms of a polynomial in x have the form ax*, where a is the coefficient and k is 
the degree of the term. Because a polynomial is defined as an algebraic sum, the 
coefficients take on the signs between the terms. For instance, the polynomial 


2x3 — 5x2 + 1 = 2x3 + (—5)x2 + (O)x +: 1 


has coefficients 2, —5, 0, and 1. 


Definition of a Polynomial in x 


Let a,,. . ., G5, G,, dy be real numbers and let n be a nonnegative 
integer. A polynomial in x is an expression of the form 


(DE eI OSE eh Bie OF, 


where a, # 0. The polynomial is of degree n, and the number a,, is the 
leading coefficient. The number a, is the constant term. The constant 
term is considered to have a degree of zero. 


Note in the definition of a polynomial in x that the polynomial is written in 
descending powers of x. This is called the standard form of a polynomial. 


Rewriting a Polynomial in Standard Form 


Polynomial Standard Form Degree 
a. 4x? — 5x7 — 2 + 3x —5x3 + 4x? + 3x — 2 3 
b. 4 — 9x? —9x7 + 4 2 
c. 8 8(8 = 8x°) 0 


/ CHECKPOINT 1 


Rewrite the polynomial 7 — 9x? + 3x in standard form and state its degree. © 


Polynomials with one, two, and three terms are called monomials, 
binomials, and trinomials, respectively. 


/ CHECKPOINT 2 


Determine whether the expression 
2x +5 


is a polynomial. If it is, 


state the degree. © 
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A polynomial that has all zero coefficients is called the zero polynomial, 
denoted by 0. This particular polynomial is not considered to have a degree. 


Identifying a Polynomial and Its Degree 


a. —2x3 + x? + 3x — 2 is a polynomial of degree 3. 


b. \/x* — 3x is not a polynomial because the radical sign indicates a noninteger 
power of x. 


c. x? + 5x7! is not a polynomial because of the negative exponent. 


For a polynomial in more than one variable, the degree of a term is the sum 
of the powers of the variables in the term. The degree of the polynomial is the 
highest degree of all its terms. For instance, the polynomial 


5xty — xy? + Ixy — 5 


has two terms of degree 4, one term of degree 2, and one term of degree 0. The 
degree of the polynomial is 4. 


Operations with Polynomials 


You can add and subtract polynomials in much the same way that you add and 
subtract real numbers—you simply add or subtract the like terms (terms having 
the same variables to the same powers) by adding their coefficients. For instance, 
— 3x? and 5x? are like terms and their sum is given by 


3x2 + 5x? = (—3 + 5)x? = 2x?. 


Sums and Differences of Polynomials 


a. (5x3 — 7x? — 3) + G3 + 2x? — x + 8) 


= (5x3 + x3) + (2x2 — 7x2) — x + (8 — 3) Group like terms. 

= 608 — 5x7 -—x+5 Combine like terms. 
b. (7x* — x? — 4x + 2) — (3x4 — 4x? + 3x) 

= 7x4 — x2 — 4x + 2 — 3x4 + 4x? -— 3x Distribute sign. 

= (7x4 — 3x4) + (4x2 — x2) + (—4x -— 3x) +2 Group like terms. 

= 4x4 + 3x? — Tx + 2 Combine like terms. 


/ CHECKPOINT 3 


Find the sum (2x? + x + 3) + (4x + 1) and write the resulting polynomial in 
standard form. © 


A common mistake is to fail to change the sign of each term inside parenthe- 
ses preceded by a minus sign. For instance, note the following. 


— (3x4 — 4x? + 3x) = —3x4 + 4x? - 3x Correct 


Common mistake 
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/ CHECKPOINT 5 


Multiply (x? + x + 4) by 
(x? —3x +1). w 


Fundamental Concepts of Algebra 


To find the product of two polynomials, you can use the left and right 
Distributive Properties. For example, if you treat (5x + 7) as a single quantity, 
you can multiply (3x — 2) by (5x + 7) as follows. 


(3x — 2)(5x + 7) = 3x(5x + 7) — 2(5x + 7) 
= (3x)(Sx) + (3x)(7) — (2)(5x) — (2)(7) 


= 15x? + 21x — 10x — 14 
Product of Product of Product of Product of 
First terms Outer terms Inner terms Last terms 


= 15x? + llx- 14 


You can use the four special products shown in the boxes above to write the 
product of two binomials in the FOIL form in just one step. This is called the 
FOIL Method. 


Using the FOIL Method 


Use the FOIL Method to find the product of 2x — 4 and x + 5. 
SOLUTION 


F O I iL 
(2x — 4)(x + 5) = 2x? + 10x — 4x — 20 
= 2x7 + 6x — 20 


/ CHECKPOINT 4 
Find the product of 3x + 1 andx — 1. © 
When multiplying two polynomials, be sure to multiply each term of one 


polynomial by each term of the other. The following vertical pattern is a 
convenient way to multiply two polynomials. 


Using a Vertical Format to Multiply Polynomials 


Multiply (x? — 2x + 2) by (x? + 2x + 2). 


SOLUTION 
x7-—2x +2 Standard form 
x2+2x +2 Standard form 
x* — 2x3 + 2x? cel x2(x2 — 2x + 2) 
2x3 — 4x? + dx GH oox(e? — 2x + 2) 
2x? — 4x +4 Ge? - 2 +2) 
x* + Ox? + Ox? + 0x +4 =2x44+4 Combine like terms. 


So, (x2 — 2x + 2)(x2 + 2x + 2) = x4 4+ 4. 


/ CHECKPOINT 8 


Find the product (x — 3)?. & 


/ CHECKPOINT 9 


Find the product 
(x+5—-—yl(xe+5+y). o 
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Special Products 


Special Products 


Let u and v be real numbers, variables, or algebraic expressions. 


Special Product Example 

Sum and Difference of Two Terms 

(u + v)\(u — v) = 2 — v? (x + 4)(@ — 4) = x? — 16 
Square of a Binomial 

(u + v)? = w + Quy + Vv? ( + 3)? = x? + 6x +9 
(u — v)? = w2 — Quy + V2 (Bx — 2)? = 9x2 — 12x + 4 


Cube of a Binomial 
(u + v)? = 2 + 3u2v + 3uv? + (x + 2)3 = x3 + 6x2 + 12x + 8 


(u — v)? = 2 — 3u2v + 3uv? — ve (x — 1)? = x3 — 3x2 + 3x - 1 


Serte(-wy Sum and Difference of Two Terms 


(5x + 9)(5x — 9) = (5x)? — 9? = 25x? — 81 


/ CHECKPOINT 6 


Find the product (3 — x)(3 + x). © 


Square of a Binomial 


(6x — 5)? = (6x)? — 2(6x)(5) + 5? 
= 36x? — 60x + 25 


/ CHECKPOINT 7 


Find the product (x — 4)”. = 


Cube of a Binomial 


(3x + 2)3 = (3x)3 + 3(3x)?(2) + 3(3x)(2)? + 23 
= 27x3 + 54x? + 36x + 8 


l%etesje)(-¥e) The Product of Two Trinomials 


(e+y—2@+ y+ 2) =[&@+y) — 21@ + y) + 2] 
(x + y)? — 2? 
=x*7+2xy+y*-4 


43 
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AP/ Wide World Photos 


Many families set up savings accounts 
to help pay their children’s college 
expenses. 


Applications 


eer wUl A Savings Plan ® 


At the same time each year for five consecutive years, you deposit money in an 
account that earns 7% interest, compounded annually. The deposit amounts are 
$1500, $1800, $2400, $2600, and $3000. After the last deposit, is there enough 
money to pay a $12,000 tuition bill? 


SOLUTION Using the formula for compound interest, for each deposit you have 
nt 
Balance = (1 + ") = P(1 + 0.07)" = P(1.07)'. 
n 


For the first deposit, P = 1500 and ft = 4. For the second deposit, P = 1800 and 
t = 3, and so on. The balances for the five deposits are as follows. 


Date Deposit Time in Account Balance in Account 
First Year $1500 4 years 1500(1.07)* 

Second Year $1800 3 years 1800(1.07)? 

Third Year $2400 2 years 2400(1.07)2 

Fourth Year $2600 1 year 2600(1.07) 

Fifth Year $3000 0 years 3000 


By adding these five balances, you can find the total balance in the account to be 
1500(1.07)* + 1800(1.07)? + 2400(1.07)? + 2600(1.07) + 3000. 


Note that this expression is in polynomial form. By evaluating the expression, 
you can find the balance to be $12,701.03, as shown in Figure 0.10. 


A 


Herta $ 12,701.03 
12,000 =- : 


ee 

a 

= 10,000 + 9,066.38 

ye) 

£ 8,000-- 

© 6,043.35 

2 6,000 -- 

Ss 

& 4,000 -—— 3,405.00 - — = 
2,000 +— 1,500.00 


FIGURE 0.10 


After the fifth deposit, there is enough money in the account to pay the college 
tuition bill. 


/ CHECKPOINT 10 


In Example 10, suppose the account earns 5% interest. What is the balance of 
the account after the last deposit? ™ 
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| <etssy)(-Wely Geometry: Volume of a Box ® 


An open box is made by cutting squares from the corners of a piece of metal 
that measures 16 inches by 20 inches and turning up the sides, as shown in 
Figure 0.11. The sides of the cut-out squares are all x inches long, so the box is x 
inches tall. Write an expression for the volume of the box. Then find the volume 
when x = 1, x = 2, and x = 3 inches. 


: e 
1 N, 
| | EE 
x! 202 =z 
x 
FIGURE 0.11 
SOLUTION 
Verba: Volume = Length - Width - Height 
Model: 
Labels: Height = x (inches) 
Width = 16 — 2x (inches) 
Length = 20 — 2x (inches) 


Equation: Volume = (20 — 2x)(16 — 2x)(x) 
= (320 — 72x + 4x?)(x) 
= 320x — 72x? + 4x3 

When x = 1 inch, the volume of the box is 


HECKPOINT 11 
VCHECKPO Volume = 320(1) — 72(1)? + 4(1)3 = 252 cubic inches. 


In Example 11, suppose the 

original piece of metal is 10 inches 
by 12 inches. Write an expression Volume = 320(2) — 72(2)* + 4(2)° = 384 cubic inches. 
for the volume of the box. Then 


find the volume when x = 2 
nde= 3. Volume = 320(3) — 72(3)? + 4(3)3 = 420 cubic inches. 


When x = 2 inches, the volume of the box is 


When x = 3 inches, the volume of the box is 


. Is2 — 3x + x? — x° written in standard form? Explain. 


. How many terms are in the sum of x? — 4x? + 3 and 2x? — x? 


3. A student claims that (x — 3)(x + 4) = x2 — 12. Is the student correct? 
Explain. 
. Describe how you would show that /a? + b? # a + b, where a, b # 0, 
using an algebraic argument. Then give a numerical example. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sad st-\al-\iial’ol use these skills in the exercise set for this section. For additional help, review Sections 0.3 


and 0.4. 


In Exercises 1-10, perform the indicated operation(s). 


1. (7x?)(6x) 2. (10z3)(—2z71) 
3. (—3x2)3 4, —3(x?)3 
5 
ae Gn 242 
De 
-2 
Gh. (2) 8. 163/4 
3 
9. = 10. 2/—278 


Exercises 0.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-6, find the degree and leading coeffi- 20. —(5x2 — 1) + (—3x? + 5) 
cient of the polynomial. 21, (ise? — 6) = (-88 = 142 = 17) 
12x? —x +1 2. —3x8 + 2x? — 5 92, (15x4 — 18% — 19) — (3x4 — Sx + 15) 
3. - 1 4. 3 93, ax(2 = 2x + 1) 24, 2(22 + 324 1) 
5. 3x5 — 6xt +x-2 6. —3x 25. = 4x(3 _ x3) 26. —5y(2y = y’) 
In Exercises 7-12, determine whether the algebraic 27. —3x(—x)(3x — 7) 28. (2 — x?)(—2x)(4x) 
expression is a polynomial. If it is, write the polynomi- ; : 
al in standard form and state its degree. In Exercises 29-54, find the product. 
7, 2x — 3x3 +8 8. 2x3 + x — 3x7! 29. (x + 3)(x + 4) 30. (x — 5)(x + 10) 
3x +4 2x7 ++ 5x -— 3 31. (3x = 5)(2x =F 1) 32. (7x os 2)(4x _ 3) 
9, 10. ———_ 
x 3 33. (x + 5)(x — 5) 34. (3x + 2)(3x — 2) 
H. w? — w4 + 2w? 12. Vy’ — y' 35. (x + 6) 36. (3x — 2)° 
= 2 = 2 
In Exercises 13-16, evaluate the polynomial for each at Mae > 2) 38. (5 — 8x) 
value of x. 39. [(x — 3) + yP 40. [x + 1) — yP 
13. 4x +5 (a)x=—-2 (b)x=-1 41. (x + 1) 42. (x — 2) 
(c) x=0 (d) x= 3 43. (2x — y)3 44. (3x + 2y)3 
14. — x? +3 @x=—3 (bh)x=—2 45. (3y? — 1)(y? + 1) 46. (3x2 — 4y2)(3x2 + 4y?) 
(c) x =0 (d)x=1 
47. (n —3 + n)\(m — 3 —n) 
15. —2x? + 3x +4 (a) x= -2 (b) x= —-1 
(c) x =0 (d)x=1 48. (x +y+ 1I(e+y- 1) 
16. 8 — 4x2 + x (a)x=-1 (b)x=0 49. (Vx + Vy)(Vx— Vy) 
Gea (d) x =2 50. (5 + Vx\(5 -— Vx) 
In Exercises 17-28, perform the indicated operation(s) SL. (x? = x + OP + x + 1) 
and write the resulting polynomial in standard form. 52. (x7 + 3x — 2)(x? — 3x — 2) 
17. (6x + 5) — (8x + 15) 53. S5x(x + 1) — 3x(x + 1) 
18. (3x2 + 1) — (2x? — 2x + 3) 54, (2x — 1)(x + 3) + 3 + 3) 


19. —(x3 + 5) + (3x7 — 4x) 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


SECTION 0.5 


Error Analysis A student claims that 
(x — 3P =2? + 9. 

Describe and correct the student’s error. 
Error Analysis A student claims that 
(x — 3)(x + 3) = @& — 3)?. 


Describe and correct the student’s error. 


Compound Interest After 3 years, an investment of 
$1000 earning an interest rate r compounded annually will 
be worth 1000(1 + r)? dollars. Write this expression as a 
polynomial in standard form. 


Compound Interest After 2 years, an investment of 
$800 earning an interest rate r compounded annually will 
be worth 800(1 + r)? dollars. Write this expression as a 
polynomial in standard form. 


Savings Plan At the same time each year for five 
consecutive years, you deposit money in an account that 
earns annually compounded interest. The deposits are 
$1500, $1700, $900, $2200, and $3000. Is there enough 
money in the account after the last deposit to pay a $10,000 
college tuition bill at an interest rate of 6%? 5%? 4%? 


Savings Plan You have an investment that pays an 
annual dividend. Each January for six consecutive years, 
you reinvest this dividend in an account that earns 6.25% 
interest, compounded annually. The dividends are shown in 
the table. Is there enough money in the account after the 
sixth deposit for a $7500 down payment on a car? 


Year | Dividend 
1 $920 
2 $1000 
3 $780 
4 $1310 
5 $1020 
6 $1200 


Federal Student Aid The total amount (in millions of 
dollars) of federal student aid disbursed in the years 1998 
through 2005 can be approximated by 


453.11x? — 5546.7x + 55,833 


where x represents the year, with x = 8 corresponding to 
1998. Evaluate the polynomial when x = 14 and x = 15. 
Then describe your results in everyday terms. (Source: 
U.S. Department of Education) 


62. 


63. 


64. 


65. 


66. 


67. 
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Federal Pell Grants The amount (in dollars) of the 
average Pell Grant awarded in the years 1998 through 2005 
can be approximated by 


— 4.87423 + 155.85x? — 1507.9x + 6443 


where x represents the year, with x = 8 corresponding to 
1998. Evaluate the polynomial when x = 14 and x = 15. 
Then describe your results in everyday terms. (Source: 
U.S. Department of Education) 

Geometry A box has a length of (52 — 2x) inches, a 
width of (42 — 2x) inches, and a height of x inches. Find 
the volume when x = 3, x = 7, and x = 9 inches. Which 
x-value gives the greatest volume? 


-_ | 7 ” _ 


(52 — 2x) in. 


Geometry A box has a length of (57 — 2x) inches, a 
width of (39 — 2x) inches, and a height of x inches. Find 
the volume when x = 4, x = 6, and x = 10 inches. Which 
x-value gives the greatest volume? 


(57 — 2x) in. 


(39 — 2x) in. 


Geometry Find the area of the shaded region in the 
figure. Write your answer as a polynomial in standard form. 


im 3x+7 ——> 


Geometry Find a polynomial that represents the total 
number of square feet in the floor plan. 


x ft x ft 12 ft 
>< i~< >I 


I~ 


| 


Extended Application To work an extended application 
involving the population of the United States from 1990 to 
2005, visit this text’s website at college.hmco.com. (Data 
Source: U.S. Census Bureau) 
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Section 0.6 
Factor a polynomial by removing common factors. 


Factoring 


Factor a polynomial in a special form. 
Factor a trinomial as the product of two binomials. 
Factor a polynomial by grouping. 


Common Factors 


The process of writing a polynomial as a product is called factoring. It is an 
important tool for solving equations and reducing fractional expressions. 

A polynomial that cannot be factored using integer coefficients is called 
prime or irreducible over the integers. For instance, the polynomial x? — 3 
is irreducible over the integers. [Over the real numbers, this polynomial can 
be factored as 


r-—3= (x + J/3)(x — J3).J 


A polynomial is completely factored when each of its factors is prime. For 
instance, 


P—x7 +44 -4=(¢- 107? +4) Completely factored 
is completely factored, but 

eB—-— x2 -44+4=(« - 1)? - 4) Not completely factored 
is not completely factored. Its complete factorization is 

eB — x? -— 4x +4 = (« — 1 + 2) — 2). 


The simplest type of factoring involves a polynomial that can be written as 
the product of a monomial and another polynomial. To factor such a polynomial, 
you can use the Distributive Property in the reverse direction. 


ab + ac = ab + c) ais a common factor. 


1 <etss})(-Wa Removing Common Factors 


Factor each expression. 

a. 6x? — 4x b. (x — 2)(2x) + (x — 2)(3) 

SOLUTION 

a. Each term of this polynomial has 2x as a common factor. 
6x3 — 4x = 2x(3x?) — 2x(2) = 2x(3x? — 2) 

b. The binomial factor (x — 2) is common to both terms. 


(x — 2)(2x) + (x — 2)(3) = (x — 2)(2x + 3) 


/ CHECKPOINT 1 


Factor the expression (x + 1)? + 2x(x + 1). @ 


STUDY TIP 


In Example 2, note that the first 
step in factoring a polynomial is 
to check for common factors. 
Once the common factor is 
removed, it is often possible to 
recognize patterns that were not 
obvious at first glance. 


/ CHECKPOINT 3 


Factor the expression 100 — 4y?. & 
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Factoring Special Polynomial Forms 
Factoring Special Polynomial Forms 


Factored Form Example 


Difference of Two Squares 


= 12 = (wt Ww = v) Ghee = dl = (Bx 3k DY Aw — 2) 
Perfect Square Trinomial 

uw? + Quv + v2 = (u + v)? x? + 6x + 9 = @& + 3)? 

uw — 2uv + v2 = (u — v)? x? — 6x + 9 = @ — 3)? 


Sum or Difference of Two Cubes 
we = (st wie wv ty) oe 8 SE 2? = 2x 4) 
w — vy = (u — v)\(u2 + ww + v?) 27x38 — 1 = (3x — 1)(9x? + 3x + 1) 


| $ets1}0)(-W4 Removing a Common Factor First 


Factor the expression 3 — 12x”. 


SOLUTION 
3 — 12x? = 3(1 — 4x?) 3 is a common factor. 
= 3[12 — (2x)?] Difference of two squares 
= 3(1 + 2x)(1 — 2x) Completely factored 


/ CHECKPOINT 2 


Factor the expression x* — x. & 


Factoring the Difference of Two Squares 


a. (x + 2)? — y? =[( + 2) + ylL@ + 2) — y] 
=(x+2+ya+2-y) 
=(x+ y+ 2) -— y+ 2) 


b. You can factor 16x* — 81 by applying the difference of two squares formula 
twice. 


16x* — 81 = (4x)? — 9? 


= (4x? + 9)(4x? — 9) First application 
= (4x? + 9)[(2x)? — 37] 
= (4x? + 9)(2x + 3)(2x — 3) Second application 
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/ CHECKPOINT 5 


Factor the expression y? — 1. & 


A perfect square trinomial is the square of a binomial, and it has the follow- 
ing form. Note that the first and last terms of a perfect square trinomial are 
squares and the middle term is twice the product of u and v. 


uw + 2uv + v? = (u + v)? or u? — 2uv + v= (u — v)? 


t f t t 


Same sign Same sign 


je <etss})(- Factoring Perfect Square Trinomials 


a. 16x? + 8x + 1 = (4x)? + 2(4x)(1) + 1? = (4x + 1)? 
b. x? — 10x + 25 = x? — 2(x)(5) + 5? = (x — 5)? 


/ CHECKPOINT 4 
Factor the expression x7 — 12x + 36. & 


The next two formulas show that sums and differences of cubes factor 
easily. Pay special attention to the signs of the terms. 


Like signs Like signs 
| Y 
w+ v= (ut v\(w? -— uv t+ v?) w— v= (u — v)(uw? + uv + v?) 
A 
Unlike signs Unlike signs 


Factoring the Sum and Difference of Cubes 


Factor each expression. 


a. x3 — 27 b. 3x3 + 192 


SOLUTION 
a. x° — 27 = 3 — 33 Rewrite 27 as 33. 
= (x — 3)(x? + 3x + 9) Factor. 
b. 3x7 + 192 = 3(x7 + 64) 3 is a common factor. 
= 3(x3 + 43) Rewrite 64 as 43, 
= 3(x + 4)(x? — 4x + 16) Factor. 


Trinomials with Binomial Factors 
To factor a trinomial of the form ax? + bx + c, use the following pattern. 


Factors of a 


ax? + bx +c = ( x + )( xt ) 


——— | 


Factors of c 
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The goal is to find a combination of factors of a and c such that the outer and 
inner products add up to the middle term bx. For instance, for the trinomial 
6x7 + 17x + 5 
you can write 
F O I | 
(2x + 5)(3x + 1) = 6x? + 2x + 15x +5 
oe I 


= 6x7 + 19x + 5, 
Note that the outer (O) and inner (I) products add up to 17x. 


Factoring a Trinomial: Leading Coefficient Is 1 


Factor the trinomial x? — 7x + 12. 


SOLUTION For this trinomial, you have a = 1, b = —7, and c = 12. Because 
b is negative and c is positive, both factors of 12 must be negative. That is, 
12 = (—2)(—6), 12 = (—1)(—12), or 12 = (—3)(—4). So, the possible factor- 
izations of x? — 7x + 12 are 

(x — 2)(x — 6), (x — I(x - 12), and (x — 3)(x — 4). 
Testing the middle term, you can find the correct factorization to be 


x2 — 7x +12 = (x — 3) — 4). 


/ CHECKPOINT 6 


Factor the trinomial x” + x — 6. © 


Factoring a Trinomial: Leading Coefficient Is Not 1 


Factor the trinomial 2x? + x — 15. 


SOLUTION For this trinomial, you have a = 2 and c = — 15, which means that 
the factors of — 15 must have unlike signs. The eight possible factorizations are 
as follows. 


(2x — 1)(x + 15) (2x + 1)(x — 15) 
(2x — 3)(x + 5) (2x + 3)(x — 5) 
(2x — 5)(x + 3) (2x + 5)(x — 3) 
(2x — 15)(x + 1) (2x + 15)(x — 1) 


Testing the middle term, you can find the correct factorization to be 


2x? + x — 15 = (2x — 5)(x + 3). 


/ CHECKPOINT 7 


Factor the trinomial 2x” — 5x + 3. © 
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/ CHECKPOINT 9 


Use factoring by grouping to factor 
2x2 + 5x —- 12. © 


Factoring by Grouping 


Sometimes polynomials with more than three terms can be factored by grouping. 


Factoring by Grouping 


x8 — 2x? — 3x + 6 = (x3 — 2x?) — (3x — 6) Group terms. 
a x7(x = 2) cd 3(x _ 2) Factor groups. 
a (ea = 2)(x? = 3) Distributive Property 


/ CHECKPOINT 8 


Factor the polynomial x7 + x7 + 5x + 5. & 


When factoring by grouping, sometimes several different groupings will 
work. For instance, a different grouping could have been used in Example 8. 


x8 — 2x? — 3x + 6 = (3 — 3x) — (2x? —- 6) 
= x(x? — 3) — 2(x? — 3) 
= (x? — 3)(x — 2) 
As you can see, you obtain the same result as in Example 8. 
Factoring by grouping can save you some of the trial and error involved 
in factoring a trinomial. To factor a trinomial of the form ax* + bx + c by 


grouping, rewrite the middle term as the sum of two factors of the product ac that 
add up to b. This technique is illustrated in Example 9. 


Factoring a Trinomial by Grouping 


Use factoring by grouping to factor 2x? + 5x — 3. 


SOLUTION In the trinomial 2x? + 5x — 3,a = 2andc = —3, so the product ac 
is —6. Notice that —6 factors as (6)(—1), and 6 — 1 = 5 = b. So, you can 
rewrite the middle term as 5x = 6x — x. This produces the following. 


2x7 + 5x — 3 = 2x7 + Ox —x — 3 Rewrite middle term. 
= (2x? + 6x) — (x + 3) Group terms. 
= 2x(x + 3) — & + 3) Factor groups. 
= (x + 3)(2x — 1) Distributive Property 


The trinomial factors as 2x? + 5x — 3 = (x + 3)(2x — 1). 


. What is the common factor in the polynomial 3x? — 27x? 


. Is x4 + 3x3? — 8x — 24 = (x + 3)(x? — 8) factored completely? Explain. 


. Describe how you would show that a? + b* # (a + b)?, where a, b # 0. 


. Can you factor x? — 2x? — 8x + 24 by grouping? Explain. 
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Skills Revi 0.6 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview v. these skills in the exercise set for this section. For additional help, review Section 0.5. 


In Exercises 1-10, find the product. 


il, (Gye = 2) 2. —2y(y + 1) 

ab (Qe te BP aL, (Be = SP 

55 (Oh le) 6. (4 — 5z)(1 + 2) 
Wy (Qy +e W@p = i) G3, (Ge sb aCe = @) 


Q), (Ge ab ai? i), (Ge = 2 


Exercises 0.6 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-6, factor out the common factor. 33. 3x2 — 5x +2 34. 2x7 -—x-1 
1. 3x + 6 2. 6y — 30 35. 9x? — 3x — 2 36. 12y? + 7y +1 
3. 32° — 6x 4. 4x3 — 6x? + 12x 37. 6x2 + 37x + 6 38. 5u2 + 13u — 6 


= 2 = = 
ales a ale) Gesu 2) Ae 2) In Exercises 39-44, factor by grouping. 


In Exercises 7-12, factor the difference of two squares. 39, x8 — x2 +2x-2 40. x° + 5x? — 5x — 25 
7. x2 — 36 8. x2 — 5 41, 2x3 — x? — 6x +3 42. 5x3 — 10x? + 3x — 6 
9. 16x? — Sy? 10. x? — 49y? 43. 6 + 2y — 3y? — y4 44.7 4234+ 242 
a ia Ieee 3): In Exercises 45-68, completely factor the expression. 
In Exercises 13-18, factor the perfect square trinomial. 45. 4x? — 8x 46. 12x* — 48x 

13. x7 — 4x +4 47. y> — 9y 48. x — 4x? 

14. x2 + 10x + 25 49, 3x° — 48 50. 7y? — 63 

15. 4y? + 12y + 9 51. x7 — 2x + 1 52. 9x? — 6x + 1 

16. 9x? — 12x + 4 53. 1 — 4x + 4x? 54. 16 + 6x — x? 

17. y2-—3y +3 55. 2y? — Ty? — 15y 56. 3x4 + x3 — 10x? 

18. 2+2+4 57. —2x? — 4x + 2x3 58. 13x + 6 + 5x? 

In Exercises 19-24, factor the sum or difference of pa Tae ees 

cubes. 60. 5 — x + 5x? - 3 

19. x7 — 8 20. x3 — 27 61. x* — 4x9 + x? — 4x 

21. y3 + 125 22. y3 + 1000 62. 3u — 2u? +6 -— wv 

23. 813-1 24, 27x3 + 8 63. 25 = (@ +5) 


; 64. (t — 1)? — 49 
In Exercises 25-38, factor the trinomial. 


65. (x2 + 1)? — 4x? 
25. x7 +x-2 26. x7 + 6x + 8 y 
66. (x2 + 8)? — 36x? 
27. w2 -— 5w +6 28. 22 -—z-6 
67. 203 — 16 
29. y2 + y — 20 30. 2 — 4z — 21 
68. 3x7 + 81 
31. x? — 30x + 200 32. x2 — 5x — 150 
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Geometric Modeling 


CHAPTER 0 


In Exercises 69-72, make a 


“geometric factoring model” to represent the given 
factorization. For instance, a factoring model for 
2x2 + 5x + 2 = (2x + 1)(x + 2) is shown below. 


x x x 1 1 

x 

x 
1 1 1 1 =>» 
x 
x 
1 
1 

1 

69. x2 + 3x +2 =(%4+ 2)(x + 1) 

70. x2 + 4x + 3 = (x + 3)(x + 1) 

71. 2x7 + 7x + 3 = (2x + 1)(x + 3) 

72. 3x7 + 7x + 2 = (3x + I)(x + 2) 

73. Geometry The room shown in the figure has a floor 
space of (2x? — x — 3) square feet. If the width of the room 
is (x + 1) feet, what is the length? 

—— J 
2x*-x-3 (xa)f t 
Y 
74. Geometry The room shown in the figure has a floor 


space of (3x7 + 8x + 4) square feet. If the width of the 
room is (x + 2) feet, what is the length? 


k 


3x7 B x4 (x 2) ft 


< 
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7) 


76 


77. 


78. 


79. 


80. 


81. 


. MAKE ADECISION Factor each trinomial. State whether 
you used factoring by grouping or factoring by trial and 
error. 

(a) x? + 11x + 24 (b) 3x? + 7x — 20 

. Find all integers b such that x* + bx + 24 can be 

factored. Describe how you found these values of b. 


Find all integers c > 0 such that x7 + 8x +c can be 
factored. Describe how you found these values of c. 


Think About It A student claims that 
8-8 =(x- 2). 
Describe and correct the student’s error. 


Think About It Describe two different ways to 
factor 2x7 — 7x — 15. 


Geometric Modeling The figure shows a large square 
with an area of a? that contains a smaller square with an 
area of b?. If the smaller square is removed, the remaining 
figure has an area of a? — b?. Rearrange the parts of the 
remaining figure to illustrate the factoring formula 


a — b* =(a-— bla + b). 


x a >I 


K 


~~ oS! 


Ke 


=< b> 


Geometric Modeling The figure shows a large cube 
with a volume of a? that contains a smaller cube with a 
volume of b>. If the smaller cube is removed, the remaining 
solid has a volume of a* — b? and consists of the three 
rectangular boxes labeled Box 1, Box 2, and Box 3. 
Explain how you can use the figure to obtain the factoring 
formula 


a-b=(a 


b)(a2 + ab + b?). 


Box | 


=x b> a-—b > 


Fractional 
Expressions 
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m@ Find the domain of an algebraic expression. 
Simplify a rational expression. 

m@ Perform operations with rational expressions. 
m Simplify a complex fraction. 


Domain of an Expression 


The set of all real numbers for which an algebraic expression is defined is called 
the domain of the expression. For instance, the domain of 


1 


x 


is all real numbers other than x = 0. Two algebraic expressions are equivalent 
if they have the same domain and yield the same values for all numbers in their 
domain. For instance, the expressions 


[(x + 1) + (x + 2)] and 2x + 3 


are equivalent. 


i> <esse})(-Wa Finding the Domain of an Algebraic Expression 


a. The domain of the polynomial 
2x3 + 3x +4 


is the set of all real numbers. In fact, the domain of any polynomial is the set 
of all real numbers (unless the domain is specifically restricted). 


b. The domain of the polynomial 
x2+5x+2, x>0 


is the set of positive real numbers, because the polynomial is specifically 
restricted to that set. 


c. The domain of the radical expression 
ee 


is the set of nonnegative real numbers, because the square root of a negative 
number is not a real number. 


d. The domain of the expression 
x+2 
x= 3 
is the set of all real numbers except x = 3, because the value x = 3 results in 
division by zero, which is undefined. 


/ CHECKPOINT 1 


Find the domain of els 
x—-5 @ 
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CHAPTER 0 


Fundamental Concepts of Algebra 


Simplifying Rational Expressions 
The quotient of two algebraic expressions is a fractional expression. Moreover, 
the quotient of two polynomials such as 

1 2=1 = x1 

x x1’ +) 


is a rational expression. Recall that a fraction is in simplest form if its numera- 
tor and denominator have no factors in common aside from +1. To write a 
fraction in simplest form, divide out common factors. 


eat ead tags 
S 
S 
is) 
oO 


The key to success in simplifying rational expressions lies in your ability to 
factor polynomials. For example, 


18x? — 18 3(6)(x + 1a) 
6x-6 6(x—1) 


1 1 


=3(x+1), x #1. 


Note that the original expression is undefined when x = | (because division by 
zero is undefined). Because this is not obvious in the simplified expression, you 
must add the domain restriction x # | to the simplified expression to make it 
equivalent to the original. 


Simplifying a Rational Expression 


1 


e+ 4e=— 12 (+ 6)(x—72) 


Factor completely. 


3x — 6 3-2) 
1 
+ 
_ a 3 e x#2 Divide out common factors. 


/ CHECKPOINT 2 


Ix2 — 


3x3 


Write the expression in simplest form. © 


In Example 2, do not make the mistake of trying to simplify further by dividing 
out terms. 


x + 
3 


=e ee 
1 
Remember that to simplify fractions, you divide out factors, not terms. 

When simplifying rational expressions, be sure to factor each polynomial 
completely before concluding that the numerator and denominator have no 
factors in common. Moreover, changing the sign of a factor may allow further 
simplification, as demonstrated in part (b) of the next example. 
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Simplifying Rational Expressions 
2 — 4x x(x-+-2)(x — 2) 
a a (x+2)(x — 1) 


_ # = 2) 
x-1 


12 +x =x? (4 — x)(3 + x) 


Factor completely. 


2 Divide out common 


po or factors. 


b. Sy ed = (2x _ 1) G _ 4) Factor completely. 
—(x-4)(3 + x) F to 
~ =.= =h= 
(2x — 1)(2—4) 
= 3 +x Divide out common 
7 2x - 1 ae factors. 


/ CHECKPOINT 3 


—-x) 
in simplest form. © 


Write the expression ——>——_—— 
P 2x? —2 


To multiply or divide rational expressions, use the properties of fractions (see 
Section 0.2). Recall that to divide fractions you invert the divisor and multiply. 


Multiplying Rational Expressions 


6x2 — 6x ares 


Original product 


x? + 2x — 3 2x 
6x(x — 1)(x + 3)(x — 2) - deci’ 
/ CHECKPOINT 4 ~~ (x — 1)(x + 3)(2x) actor and multiply. 
Multiply and simplify: _ 3(24)(x—T)(a+3)(x = 2) Divide out common 
3 Pe (x —T)(x+3)(2%) factors. 
x-2 3x+3 © =3(x—2), x#—-3,x#0,x#1 Sigil, 


Dividing Rational Expressions 


2x _ eae. ee POS 
= 12 = 648 Ge 12 = oe 


Invert and multiply. 


Factor and multiply. 


(3)(x — 4)(x)(x — 2) 
Caco: (24)(x—2) (xa) ide wales 
Divide and simplify: ~~ (3)\(e—4)(*)(x—-2) factors. 
4xn+4y x+y 2 


: = 7 x #0,x#2,x #4 Simplify. 
5 5 3 x x x implify. 
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To add or subtract rational expressions, use the least common denominator 
(LCD) method or the following basic property of fractions that was covered on 
page 14. 


a,c _adtbc 

bd bd ° 
This property is efficient for adding or subtracting two fractions that have no 
common factors in their denominators. 


b#0,d#0 


Adding Rational Expressions 
x 4 2 x(3x + 4) + 2(x — 3) a 
x-3 3x+4 (x—3)(3x+4) b 


— 3x2 + 4x + 2x - 6 
(x — 3)(3x + 4) 


Distributive Property 


eae ee Combine like t 
V CHECKPOINT 6 G@ = 3)Ge 4-4) ombine like terms. 
4 2 3(x? + 2x — 2) 
Subtract: re = = ~(& — 3Gx + 4) Factor. 


For fractions with a repeated factor in their denominators, the LCD method 
works well. Recall that the least common denominator of two or more fractions 
consists of the product of all prime factors in the denominators, with each factor 
given the highest power of its occurrence in any denominator. 


Combining Rational Expressions: The LCD Method 


Perform the indicated operations and simplify. 


3 2 x +3 
x-1 x x*-1 


SOLUTION Using the factored denominators (x — 1),x, and (x + 1)(x — 1), 
you can see that the least common denominator is x(x + 1)(x — 1). 


3 2 x+3 
aL x . x7 = 1 
3(x)(x + 1) 2(x + 1)(x — 1) (x + 3)(x) 


~xe+De—-D xe+Da—-1l xet+DQ-D 
_ 3(x)(x + 1) — 2(x + I(x — 1) + & + 3)(@) 
/ CHECKPOINT 7 ae + Iie = 41) 


2 =. x9 2 
Perform the indicated operations eS ae ee 
and simplify: x(x + I(x — 1) 
5 4 4 _ 2 + Oet2 _ We + 3x + 1) 
x x-l xa-l oe xx + I(x- 1) x(x + 1) - 1) 
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Complex Fractions 


Fractional expressions with separate fractions in the numerator or denominator 
are called complex fractions. Here are two examples. 


() 


| 1 ) 


rt 


A complex fraction can be simplified by combining the fractions in its numerator 
into a single fraction and then combining the fractions in its denominator into a 
single fraction. Then invert the denominator and multiply. 


Simplifying a Complex Fraction 


on ere 


bine fractions. 
(1 1 ee -1)- a Combine fractions 
x=) x= 
(2 = 2) 
ae Simplif 
- (: = 2) implify. 
/ CHECKPOINT 8 ead 
Simplify the complex fraction _ 2-— 3x ie : en 
Xx k= 
x 
a (2 — 3x)(x — 1) 
x3) — , x=l 


Another way to simplify in Example 8 is to multiply its numerator and 
denominator by the LCD of all fractions in its numerator and denominator. 


(5-3) 7 Ga a1) 


(1 1 (: 1 ) i= 1 EO tate = i, 


x = | x= 1 


(? 7) TAT) io aii) 
(22) 7 


1. Is x 2 0 the domain of /x — 2? Explain. 
5 x+5 


: x 
2. Explain why >a + xq0* 4x22 


3. In the expression (3x — 2) + (x + 1), explain why x # —1. 


4. What is a complex fraction? Give an example. 
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Skills Revi 0.7 The following warm-up exercises involve skills that were covered in earlier sections. You will 
lis heview U. use these skills in the exercise set for this section. For additional help, review Section 0.6. 


In Exercises 1-10, completely factor the polynomial. 


il, Ske? = (Sire) Be ee = O 
oh Gi? = Ge 4 Il 4.9 + 12y + 4y? 
By te ag sb B G, 3 = Ie 4b 50 
To B +e Bee = Sie? ft, Sky? = dlgye tb 15) 
Q, Gt Ga dg =a 10. y? + 64 


Exercises 0.7 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-4, determine if each value of x is in the In Exercises 19-34, write the rational expression in 
domain of the expression. simplest form. 
x+2 2 15x? 24y3 
1. => b) x =2 19, —_ 20. 
5x +2 ee a, 10x S6y’ 
2x + 3 3 2x 9x? + Ox 
| (a) x = 2 (b) x = 4 21. a 22. 4D 
3. J2x +4 (a) x = -—2 (b) x =2 23 #=5 4 3-x 
A =F @x=-3 (b)x=3 ys aad 
x% = 95 x — 16 
In Exercises 5-12, find the domain of the expression. 25. Sy 26. Ax 
5. 3x2 — 4x +7 6. 6x7 + 7x — 9, x > 0 38 + 5x2 + 6x x2 + 8x — 20 
, 1 ‘ x+t1 ats x2-4 aBe se Lie 16 
"x—2 2x +1 y—Ty+12 xt1 
1) Sea a Carrs 30. >_> 
a= 1 4x + 3 y 3y — 18 x 3x — 4 
= 10. = 
AP Say x? — 36 2—x+ 2x2 — x3 x2 —9 
31. ———_— 32. G 5 
1 x-—2 wet x-— 9x -9 
11. Vx +1 12, 
Vet 2 7 34, Ya 2" = 8y 
al “eh 32D “y+ 8 
In Exercises 13-18, find the missing factor and state 
any domain restrictions necessary to make the two In Exercises 35-48, perform the indicated operations 
fractions equivalent. and simplify. 
3, 2 - i) 4, 3-3) 35 2 a 36 eed. ae =3) 
2x 6x 4 A(x +1) “ge 1 35G—9) "3G —x) 5 
15.2 +1 (x+ 1) ) 37 (x — 9)(x + 7) x 
x x(x — 2) . xt+1 9-x 
‘G22 = =i ) ag, + De = 3) | 1 
yrl yal . x+2 (x + 5)(x + 2) 
3% 3x( ) ; | 
== eae Sra we 
I-z_ (Q-2)() 4y-16 2y+6 
18. 2 B+ 2 40. y 


Sy+15 4-y 


ah ee , ree = ‘y? =r; +6 
oe ee 

4 Pon 

45. 2e+y y) = as 

46. HPQ 2 eH 


5(x — 3)  5(x — 3) 
siceau a 
lam a 


In Exercises 49-52, find the least common denomina- 
tor of the expressions. 


1 1 1 


2 


47 48. 


1 1 1 
a1 et Sx an vet 3x x43 


10 x+4 ARDS 
“x +5 x — 7 x? — 2x — 35 


In Exercises 53-62, perform the indicated operations 
and simplify. 


ee ae 84ST a 
oa = et = 
s7. 4 - 58. —"_ - 6 
Sis ae 

60. 33 a 

a. tae Bes 

Oe a 


In Exercises 63-68, simplify the complex fraction. 


3) 


(;-4) 


64. 


SECTION 0.7 


a 
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1 1 
(es) be 


Monthly Payment In Exercises 69 and 70, use the 
formula for the approximate annual interest rate r of 
a monthly installment loan 


am = PI] 


N 
r= 


where N is the total number of payments, M is the 
monthly payment, and P is the amount financed. 


69. (a) Approximate the annual interest rate r for a four-year 
car loan of $18,000 that has monthly payments of 
$475. 


(b) Simplify the expression for the annual interest rate r, 
and then rework part (a). 


70. (a) Approximate the annual interest rate r for a five-year 
car loan of $20,000 that has monthly payments of 
$475. 


(b) Simplify the expression for the annual interest rate r, 
and then rework part (a). 


71. Refrigeration When food is placed in a refrigerator, the 
time required for the food to cool depends on the amount 
of food, the air circulation in the refrigerator, the original 
temperature of the food, and the temperature of the refrig- 
erator. One model for the temperature of food that starts at 
75°F and is placed in a 40°F refrigerator is 


eee) 
=0 
P+4¢+ 10 7 


r= 10 


where T is the temperature (in degrees Fahrenheit) and tf is 
the time (in hours). Sketch a bar graph showing the temper- 
ature of the food when t = 0, 1, 2, 3, 4, and 5 hours. 
According to the model, will the food reach a temperature 
of 40°F after 6 hours? 


72. Oxygen Level The mathematical model 


Peal 
O= Pop: '2 0 
gives the percent of the normal level of oxygen in a pond, 
where f is the time in weeks after organic waste is dumped 
into the pond. Sketch a bar graph showing the 
oxygen level of the pond when t = 0, 1, 2,3, 4, and 5 weeks. 
What conclusions can you make from your bar graph? 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 64. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 0.1 


a Classify real numbers as natural numbers, integers, rational numbers, 
or irrational numbers. 


m Order real numbers. 
a Use and interpret inequality notation. 
a Interpret absolute value notation. 


mw Find the distance between two numbers on the real number line. 


Section 0.2 
a Identify the terms of an algebraic expression. 

a Evaluate an algebraic expression. 

a Identify basic rules of algebra. 

m Perform operations on real numbers. 

a Use the least common denominator method to add and subtract fractions. 
a Use a calculator to evaluate an algebraic expression. 


= Round decimal numbers. 


Section 0.3 
a Use properties of exponents to evaluate and simplify expressions with exponents. 
(ie 
= an a = = 
a™a” = a™ n a = a™ n (ab) = a™b™ 
eae 1 
(¢) = an (Gaze = qin at= =r 


a Use scientific notation. 
a Use a calculator to evaluate expressions involving powers. 
a Use interest formulas to solve an application problem. 


Simple interest: A = P(1 + rt) 


nt 
Compound interest: A = P(1 oe 4 
n 


*Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/arsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 


Review Exercises 


ee: 

3,4 
5-10 
11-14, 19, 20 
15-18 


21-24 
Pp), PAG) 
27-30 
31-36 
33, 34 
BY, Se) 
Sf, ke) 


39-46 


47-50 
uh, 


53, 54 


Chapter Summary and Study Strategies 


Section 0.4 Review Exercises 


m Simplify and evaluate expressions involving radicals. 


n/pam — (nn we n oa 48 =n Va ae ia a 
Ya" = (Ya) Ya- Yb = Yab NG 


xl wg = me/q (2/a)" =a For n even, 2/a" = Ja| 


For n odd, */a" = a 55-60 
a Rationalize a denominator by using its conjugate. 61, 62 
a Combine radicals. 63-68 
a Use properties of rational exponents. 69, 70 
m Use a calculator to evaluate a radical. Tl, 72 
Section 0.5 
a Write a polynomial in standard form. 73-82 
a Add and subtract polynomials by combining like terms. 73-76 
a Multiply polynomials using FOIL or a vertical format. 77-82 
a Use special products to multiply polynomials. 
(+t Wie=v)) =n =v (7 de WP = oF de inp 4b we 
(mo 22 WP = oP ab Bye te Be ae we 78, 81, 82 
a Use polynomials to solve an application problem. 83-86 
Section 0.6 
a Factor a polynomial by removing common factors. 87, 89, 94 
a Factor a polynomial in a special form. 
= = (+t WI =») ie ae Dy ew? = (wae we 
uw + vy? = (u + v)\(u2 = wv + vy?) 87, 90-94 
= Factor a trinomial as the product of two binomials. 88, 89 
a Factor a polynomial by grouping. 90, 93 
Section 0.7 
a Find the domain of an algebraic expression by finding values of the variable that 
make a denominator zero or a radicand negative. 95-100 
a Simplify a rational expression by dividing out common factors from the 
numerator and denominator. 101-106 
a Perform operations with rational expressions by using properties of fractions. 107-112 
a Simplify a complex fraction. 113-116 
Study Strategies 


a Use the Skills Review Exercises Each section exercise set in this text (except the set for Section 0.1) begins with a 
set of skills review exercises. You should begin each homework session by quickly working through all of these exercises 
(all are answered in the back of the text). The “old” skills covered in these exercises are needed to master the “new” skills 
in the section exercise set. The skills review exercises remind you that mathematics is cumulative—to be successful in this 
course, you must retain “old” skills. 


a Use the Additional Study Aids The additional study aids were prepared specifically to help you master the concepts 
discussed in the text. They are the Student Solutions Manual, the Graphing Calculator Keystroke Guide, and the 
Instructional DVD. 
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Review Exercises 


Fundamental Concepts of Algebra 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1 and 2, determine which numbers in the 
set are (a) natural numbers, (b) integers, (c) rational 
numbers, and (d) irrational numbers. 

1. {11, -14, -8,3, V6, 0.4} 

2. { 15, -22, —¥, 0, 5.2, # 


In Exercises 3 and 4, plot the two real numbers on the 
real number line and place the appropriate inequality 
sign (< or >) between them. 


3. —4,-3 4. i, 


ale 


In Exercises 5 and 6, give a verbal description of the 
subset of real numbers that is represented by the 
inequality, and sketch the subset on the real number 
line. 


5. x < -6 6.x >5 


In Exercises 7-10, use inequality notation to describe 
the subset of real numbers. 

7. x is nonnegative. 

8. x is at most 7. 

9. x is greater than 2 and less than or equal to 5. 


10. x is less than or equal to —2 or x is greater than 2. 


In Exercises 11 and 12, evaluate the expression. 

11. —|-14| 

12. |-4-2| 

In Exercises 13 and 14, place the correct symbol (<, >, 
or =) between the two real numbers. 

13. |-12| —|12| 

14. |9| |—9| 

In Exercises 15-18, find the distance between a 
and b. 

15.a=—-14, b=—18 

16.a=-1, b=-5 

17.a=2, b=—8 

18.a=10, b=-3 

In Exercises 19 and 20, use absolute value notation to 
describe the sentence. 

19. The distance between x and 7 is at least 4. 


20. The distance between x and — 22 is no more than 10. 


In Exercises 21-24, identify the terms of the algebraic 
expression. 


21. 44+ x — 2x? 
23. 3x3 + 7x — 4 


22. 16x? — 4 

24. 3x3 — 9x 

In Exercises 25 and 26, evaluate the expression for each 
value of x. 

25. —4x? — 6x 
26. 12 — 5x? 


(a) x= —-1 
(a) x = —2 


(b) x =0 

(b) x =3 

In Exercises 27-30, identify the rule of algebra illustrated 
by the statement. 

27. 5(x? + x) = 5x? + 5x 

28. x + (2x + 3) = (x + 2x) + 3 

29. 3x +7=7 +4 3x 


30. (x? — v(t -) =1 


In Exercises 31-36, perform the indicated operation(s). 
Write fractional answers in simplest form. 


31. —3 — 2(4 — 5) 32. 12(—3 + 5) — 20 
ce ae eee St 
35, 54571 36. (47)? 
In Exercises 37 and 38, use a calculator to evaluate the 
expression. (Round to two decimal places.) 
37. 4(5 — 3) 
38. —2 + 3(4 — 4) 
In Exercises 39-42, evaluate the expression for the 
value of x. 
39. —2x7, x=-l 
(=a) 


Mae 8 
x2—4 
41. 7 x=3 
io 
42, 2 a z 2 
x= 7 


In Exercises 43-46, simplify the expression. 


43. ae 44, (—x)*(—3x)> 
2 
45. ae 46. 2x(5x?)3 


2x6 


In Exercises 47 and 48, write the number in scientific 
notation. 


47. Population of the United States: 300,400,000 
(Source: U.S. Census Bureau) 


48. Number of Meters in One Foot: 0.3048 

In Exercises 49 and 50, write the number in decimal 
notation. 

49. Diameter of the Sun: 8.644 x 105 miles 

50. Length of an E. Coli Bacterium: 2 x 10~° meter 


In Exercises 51 and 52, use a calculator to evaluate the 
expression. (Round to three decimal places.) 


51. (a) 1800(1 + 0.08)%4 
(b) 0.0024(7,658,400) 


48 
52. (a) 50,000 + we 


28,000,000 + 34,000,000 
87,000,000 


(b) 


In Exercises 53 and 54, complete the table by finding 
the balance. 


53. Balance in an Account You deposit $1500 in an 
account with an annual interest rate of 6.5%ompounded 
monthly. 


Year 5 | 10 | 15 | 20 | 25 


Balance 


54. Balance in an Account You deposit $12,000 in an 
account with an annual interest rate of 6%compounded 
quarterly. 


Year 5 | 10 | 15 | 20 | 25 


Balance 


In Exercises 55 and 56, fill in the missing form. 
Radical Form 

55. /16 = 4 

56. 16/4 =2 


Rational Exponent Form 


In Exercises 57 and 58, evaluate the expression. 


57. /169 58. /125 


In Exercises 59 and 60, simplify by removing all possi- 
ble factors from the radical. 


59. /4x4 


Review Exercises 65 


In Exercises 61 and 62, rewrite the expression by 
rationalizing the denominator. Simplify your answer. 


1 
‘Fo8 
2 
“34 /5 


In Exercises 63-68, simplify the expression. 
63. 2/x — 5Vx 

64. /72 + /128 

65. /5./2 

66. /3/4 

67. (64)-2/3 

68. 41/3 « 45/3 


61 


62 


In Exercises 69 and 70, use rational exponents to 
reduce the index of the radical. 


69. 4/52 70. 8/x4 


In Exercises 71 and 72, use a calculator to approximate 
the number. (Round your answer to three decimal 
places.) 


71. /127 72. /52 


In Exercises 73-82, perform the indicated operation(s) 
and write the resulting polynomial in standard form. 


73. 2(x — 3) — 42x — 8) 

74, 3(x? — 5x + 2) + 3x(2 — 4x) 
75. x(x — 2) — 2(3x + 7) 

76. 2x(x + 1) + 3(x2 — x) 

77. (x + 1)(x — 2) 

78. (2x — 5)(2x + 5) 

79. (x + 4)(x2 — 4x + 16) 

80. (« — 2)(x? + 6x + 9) 

81. (x + 4)? 

82. (2x + 1)? 


83. Home Prices The average sale price (in thousands of 
dollars) of a newly manufactured residential mobile home 
in the United States from 2000 to 2005 can be represented 
by the polynomial 


3.17x + 45.7 


where x represents the year, with x = 0 corresponding to 
2000. Evaluate the polynomial when x = 5. Then describe 
your result in everyday terms. (Source: U.S. Census 
Bureau) 
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84. Home Prices The median sale price (in thousands In Exercises 101-106, write the rational expression in 
of dollars) of a new one-family home in the southern simplest form. 
United States from 2000 to 2005 can be represented by ee 

i 101. 
the polynomial ag eA 
9.38x + 145.4 a dx? + Ax 
where x represents the year, with x = 0 corresponding . 2x 
to 2000. Evaluate the polynomial when x = 5. Then bee 12 
describe your result in everyday terms. (Source: U.S. 103. 7 
Census Bureau and U.S. Department of Housing and * 
Urban Development) 104 xB + 2x? — 3x 

85. Cell Phone Subscribers The numbers of cell phone x—1 
subscribers (in millions) in the United States from 2000 to 105 x3 — Ox 
2005 can be represented by the polynomial “x3 — 4x2 + 3x 
19.18x + 106.6 x3 + 64 

106. ~=9— 10 


where x represents the year, with x = 0 corresponding to 
2000. Evaluate the polynomial when x = 0 and x = 5. 
Then describe your results in everyday terms. (Source: 
Cellular Telecommunications & Internet Association) 


In Exercises 107-112, perform the operation and 
simplify. 

ae = 1 x7-— 1 

x+1 2x?-7Tx+3 

x+2 , x+4 


86. Cell Sites | The numbers of cellular telecommunications 107. 
sites in the United States from 2000 to 2005 can be repre- 
sented by the polynomial 


108. 


—1297.79x? + 22,637.7x + 104,230 x-4 0 8x 
where x represents the year, with x = 0 corresponding to 109. —— + 2x 
2000. Evaluate the polynomial when x = 0 and x = 5. x-1 x-2 
Then describe your results in everyday terms. (Source: 2 3 
Cellular Telecommunications & Internet Association) 110. CEO. pe? 

In Exercises 87-94, completely factor the expression. Ww. —2 ee 
87. 4x2 — 36 oak ey ae 
88. x7 — 4x — 5 112. ! z 7 : 

BS le URE He 
89. —3x? — 6x + 3x3 
90. «8 — 4x2 — 2x + 8 In Exercises 113-116, simplify the complex fraction. 
91. x? — 16x (= cat ‘) 
92. 82° — 125 = 
113. roa 
93. x3 — 2x7 — 9x + 18 x 
94, 2x° — 16x? 
iia 2 = 
In Exercises 95-98, find the domain of the expression. , (2 _ ‘) 
4 x 
95. 2x +1 96. ~ 3 
x3 x+1 (4 1) 
97. 2x? = Tle +5 98. 4/2x us, = 
aa ee | 

In Exercises 99 and 100, find the missing factor and (2 = 1) 

state any domain restrictions necessary to make the 

two fractions equivalent. ( ee 

20 = 2x + 
4 4) (ig, 
99, — = 1 1 
Sx 9x? AS 
2x 2x+'3 
100. Pe a ) 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


1. Evaluate the expression —3x? — 5x when x = —3. 
Y. ane 2. Complete the table at the left given that $4000 is deposited in an account with an annu- 
mae capo al interest rate of 7.5%eompounded monthly. What can you conclude from the table? 
5 
In Exercises 3-8, simplify the expression. 

w 3. 8(- 2x2) 4. 3Jx — 7x 5, 51/4. 57/4 
15 2 

6. 48 — /80 7. J/12x 3. 

faa7 

20 
25 In Exercises 9 and 10, write the polynomial in standard form. 

9. (3x + 7)? 

Table for 2 10. 3x(x + 5) — 2x(4x — 7) 


In Exercises 11-14, completely factor the expression. 
11. 5x? — 80 

12. 4x2 + 12x +9 

13. x3 — 6x? — 3x + 18 

14, x3 + 2x2 — 4x — 8 


x2 — 16 


15. Simplify: 3x 4 12° 


= 5 2 es 
x3 9x? — 25 
17. Add and simplify: = + — Zz 

3 4 

x+5 x-2 


16. Multiply and simplify: 


18. Subtract and simplify: 


In Exercises 19 and 20, find the domain of the expression. 


19. /x—-2 20. g 


(= 7 ”) 
21. Simplify the complex fraction pins, 
(- -—1 7 x + *) 
22. Movie Price The average price of a movie ticket in the United States from 1995 to 
2005 can be approximated by the polynomial 0.224x + 3.09, where x is the year, with 


x = 5 corresponding to 1995. Evaluate the polynomial when x = 5 and x = 15. Then 
describe your results in everyday terms. (Source: Exhibitor Relations Co., Inc.) 
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The force of gravity on the moon is about one-sixth the force of gravity on 
Earth. So, objects fall at a different rate on the moon than on Earth. You can 
use a quadratic equation to model the height with respect to time of a falling 
object on the moon. (See Section 1.4, Example 6.) 


Applications 


Equations and inequalities are used to model and solve many 
real-life applications. The applications listed below represent 
a sample of the applications in this chapter. 


m Blood Oxygen Level, Exercise 69, page 113 


m Life Expectancy, Exercise 70, page 124 
m Make a Decision: Company Profits, Exercise 65, page 146 


Linear Equations 


SECTION 1.1 Linear Equations 69 


H Classify an equation as an identity or a conditional equation. 
@ Solve a linear equation in one variable. 
m@ Use a linear model to solve an application problem. 


Equations and Solutions 


An equation is a statement that two algebraic expressions are equal. Some exam- 
ples of equations in x are 


3x -5=7, x*-x-6=0, and /2x=4. 


To solve an equation in x means to find all values of x for which the equation is 
true. Such values are called solutions. For instance, x = 4 is a solution of the 
equation 3x — 5 = 7, because 3(4) — 5 = 7 is a true statement. 
An equation that is true for every real number in the domain of the variable 
is called an identity. Two examples of identities are 
7 _ x 1 
2-9 =(x+3)~-3) and => ==, x#0. 
3x? 3x 
The first equation is an identity because it is a true statement for all real values of 
x. The second is an identity because it is true for all nonzero real values of x. 
An equation that is true for just some (or even none) of the real numbers in 
the domain of the variable is called a conditional equation. For example, the 
equation x? — 9 = 0 is conditional because x = 3 and x = —3 are the only 
values in the domain that satisfy the equation. 


Classifying Equations 


Determine whether each equation is an identity or a conditional equation. 

a. 2(x + 3) = 2x +6 b. 24+ 3) =x+6 c. 2(x + 3) = 2x + 3 
SOLUTION 

a. This equation is an identity because it is true for every real value of x. 


b. This equation is a conditional equation because x = 0 is the only value in the 
domain for which the equation is true. 


c. This equation is a conditional equation because there are no real number 
values of x for which the equation is true. 


/ CHECKPOINT 1 


Determine whether the equation 4(x + 1) = 4x + 4 is an identity or a 
conditional equation. © 


Equations are used in algebra for two distinct purposes: (1) identities are 
usually used to state mathematical properties and (2) conditional equations are 
usually used to model and solve problems that occur in real life. 
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Linear Equations in One Variable 


The most common type of conditional equation is a linear equation. 


Definition of a Linear Equation 


A linear equation in one variable x is an equation that can be written in the 
standard form 


ax+b=0 


where a and b are real numbers with a # 0. 


A linear equation in x has exactly one solution. To see this, consider the 
following steps. (Remember that a # 0.) 


ax+b=0 Original equation 
ax = —b Subtract b from each side. 
b 
LS SS Divide each side by a. 
a 
So, the equation ax + b = 0 has exactly one solution, x = —b/a. 


To solve a linear equation in x, you should isolate x by forming a sequence 
of equivalent (and usually simpler) equations, each having the same solution as 
the original equation. The operations that yield equivalent equations come from 
the basic rules of algebra reviewed in Section 0.2. 


Forming Equivalent Equations 


A given equation can be transformed into an equivalent equation by one or 
more of the following steps. 


Given Equivalent 
Equation Equation 
1. Remove symbols of grouping, 2x-x=4 x=4 


combine like terms, or simplify 3 =) = 5 pay ee 
one or both sides of the equation. 

2. Add (or subtract) the same x+1=6 = 5) 
quantity to (from) each side of the 
equation. 


3. Multiply (or divide) each side of 2x =6 x=3 
the equation by the same nonzero 
quantity. 


4, Interchange sides of the equation. 2=x x=2 


The steps for solving a linear equation in x written in standard form are 
shown in Example 2. 


STUDY TIP 


You may think a solution to a 
problem looks easy when it is 
worked out in class, but you 
may not know where to begin 
when solving the problem on 
your own. Keep in mind that 
many problems involve some 
trial and error before a solution 
is found. 
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Solving a Linear Equation 


Solve 3x — 6 = 0. 


SOLUTION 
3x —-6=0 Write original equation. 
3x = 6 Add 6 to each side. 
x=2 Divide each side by 3. 


/ CHECKPOINT 2 
Solve 5 + 5x = 15. 
After solving an equation, you should check each solution in the original 


equation. For instance, in Example 2, you can check that 2 is a solution by 
substituting 2 for x in the original equation 3x — 6 = 0, as follows. 


CHECK 
3x -6=0 Write original equation. 
3(2) — 6 Z 0 Substitute 2 for x. 
6-6=0 Solution checks. / 


Solving a Linear Equation 


Solve 6(x — 1) + 4 = 3(7x + 1). 


SOLUTION 
6(x — 1) + 4 = 3(7x + 1) Write original equation. 
6x-6+4=21x+3 Distributive Property 
6x —2=21x+3 Simplify. 
—15x =5 Add 2 to and subtract 21x from each side. 
x=-4 Divide each side by — 15. 
The solution is x = -}. You can check this as follows. 
CHECK 
6(x — 1) + 4 = 3(7x + 1) Write original equation. 
b= i) 44238 41] Substitute —1 for x. 
6(-3) + 4 2 3(-3 4+ 1) Add fractions. 
—-8+4 z =7 +3 Simplify. 


—-4= -4 Solution checks. / 


/ CHECKPOINT 3 
Solve 2(x + 2) + 6 = 4(2x — 3). & 


72 


CHAPTER 1 


Equations and Inequalities 


Some equations in one variable have infinitely many solutions. To recognize 
an equation of this type, perform the regular steps for solving the equation. If, 
when writing equivalent equations, you reach a statement that is true for all 
values in the domain of the variable, then the equation is an identity and has 
infinitely many solutions. 


An Equation with Infinitely Many Solutions 


Solve x + 4(x — 2) = 3x + 2(x — 4). 


SOLUTION 
x + 4x — 2) = 3x + 2x - 4) Write original equation. 
x+ 4x — 8 = 3x+ 2x —- 8 Distributive Property 
5x -— 8 =5x- 8 Simplify. 


—-8=-8 Subtract 5x from each side. 


Because the last equation is true for every real value of x, the original equation is 
an identity and you can conclude that it has infinitely many solutions. 


/ CHECKPOINT 4 


Solvex +5 + 3(2x+ 1) =7x+8. & 


It is also possible for an equation in one variable to have no solution. When 
solving an equation of this type, you will reach a statement that is not true for any 
value of the variable. 


An Equation with No Solution 


Solve 4x — 9 + 2(x + 8) = 1+ 6(x + 4). 
SOLUTION 
4x —9 + (x + 8) = 1+ 6(x + 4) Write original equation. 
4x —-9+2x+16=1+ 6x 4+ 24 Distributive Property 
6x + 7 = 6x + 25 Simplify. 
7 #25 Subtract 6x from each side. 


Because the statement 7 = 25 is not true, you can conclude that the original 
equation has no solution. 


/ CHECKPOINT 5 
Solve 1 + 4(x + 1) = 4(22 + x). & 


Equations in one variable with infinitely many solutions or no solution are 
not linear because they cannot be written in the standard form ax + b = 0. Note 
that a linear equation in x has exactly one solution. 


TECHNOLOGY 


=\ Use the table feature of 
your graphing utility to 
check the solution in Example 
3. In the equation editor, enter 
the expression to the left of the 
equal sign in y, and enter the 
expression to the right of the 
equal sign in y, as follows. 


y, = 6x — 1) +4 
yy = 3(7x + 1) 


Set the table feature to ASK 
mode. When you enter the 
solution 3 for x, both y, and 
y, are —4, as shown. 


= 7 BSS SSS SSS 


Similarly, a graphing utility can 
help you determine if a solution 
is extraneous. For instance, 
enter the equation from 
Example 7 into the graphing 
utility’s equation editor. Then, 
use the table feature in ASK 
mode to enter —2 for x. You 
will see that the graphing utility 
displays ERROR in the y, 
column. So, the solution 

x = —2 is extraneous. 


/ CHECKPOINT 7 


1 
1 +== 
Solve -— = 
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Equations Involving Fractional Expressions 


To solve an equation involving fractional expressions, you can multiply every 
term in the equation by the least common denominator (LCD) of the terms. 


> <erte(-No An Equation Involving Fractional Expressions 


x 3x 
—-+—= 
3 4 


2 Original equation 


(12); 4 (i) = (12)2 


Multiply each term by least common denominator. 


4x + 9x = 24 Simplify. 
13x = 24 Combine like terms. 
24 
x= B Divide each side by 13. 


The solution is x = u Check this in the original equation. 


/ CHECKPOINT 6 


4x x 
Solve ~~ 5. = 


When multiplying or dividing an equation by a variable expression, it is 


possible to introduce an extraneous solution—one that does not satisfy the 
original equation. In such cases a check is especially important. 


1 <etss¥e)(-Way An Equation with an Extraneous Solution 


3 6x 
—-2 x+2 x-4 


Solve 
x 


SOLUTION The least common denominator is x? — 4 = (x + 2)(x — 2). 
Multiply each term by this LCD and simplify. 


1 3 6x 


x-2 x+2 x*~—-4 


Write original equation. 


gt? e=o = St 2)(x — 2) - 5 + 2)(x — 2) 


x +2 =3(« — 2) — 6x, x #42 
x+2=3x-—6- 6x 


Simplify. 


Distributive Property 


Combine like terms 


ah G and simplify. 
x=-2 Extraneous solution 
By checking x = —2, you can see that it yields a denominator of zero for the 
fraction 3/(x + 2). So, x = —2 is extraneous, and the equation has no solution. 
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TECHNOLOGY 


=\ When using the equation 
editor of a graphing 
utility, you must enter equations 
in terms of x. So, if you wanted 
to enter an equation like the 


one shown in Example 8, you 
would replace y with x as 
shown. 


y, = (3x — 2)/(2x + 1) 
ys = (6x — 9)/(4x + 3) 


STUDY TIP 


Because of roundoff error, 

a check of a decimal solution 
may not yield exactly the same 
values for each side of the 
original equation. The differ- 
ence, however, should be 

quite small. 


An equation with a single fraction on each side can be cleared of denomina- 
tors by cross-multiplying, which is equivalent to multiplying each side of the 
equation by the least common denominator and then simplifying. 


le<etut)(-N- Cross—Multiplying to Solve an Equation 


3y-2 6y-9 


NE ye ay! 
SOLUTION 
2 = eZ Write original equation. 
2y+1 4y+3 
(3y — 2)(4y + 3) = (6y — 9)(2y + 1) Cross-multiply. 
12y7 + y— 6 = 12y* — 12y — 9 Multiply. 
13y = -3 Isolate y-term on left. 
3 
y= "3B Divide each side by 13. 
The solution is y = 7 Check this in the original equation. 


/ CHECKPOINT 8 


sone = 
x+10 446 


Using a Calculator to Solve an Equation 


oe 
9.38 x 0.3714 


Solve 


SOLUTION Roundoff error will be minimized if you solve for x before perform- 
ing any calculations. The least common denominator is (9.38)(0.3714)(x). 


1 3 5 
9.38 x 0.3714 
(0.39)(037190)(545 a 3) = (9.38)(0.37 Wola ;) 


0.3714x — 3(9.38)(0.3714) = 5(9.38)(x), x #0 
[0.3714 — 5(9.38)]x = 3(9.38)(0.3714) 


— 3(9.38)(0.3714) 
0.3714 — 5(9.38) 
x = —0.225 Round to three decimal places. 
The solution is x ~ —0.225. Check this in the original equation. 


/ CHECKPOINT 9 


E 

i) 

no} 

aS) 

B 

a 10.00 —- 

5.0041 

5 

= (onal tee a eal eel 
OMIA 23. ts 
Year (0 © 2000) 

FIGURE 1.1 
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Application 


Example 10 
WEN ¢a-@ a) Xe (@)\) Hourly Earnings ®) 


The mean hourly earnings y (in dollars) of employees at outpatient care centers 
in the United States from 2000 to 2005 can be modeled by the linear equation 


y = 0.782 + 15.20, Os t<s5 


where ¢ represents the year, with t = 0 corresponding to 2000. Use the model to 
estimate the year in which the mean hourly earnings were $16.75. (Source: U.S. 
Bureau of Labor Statistics) 


SOLUTION ‘To determine when the mean hourly earnings were $16.75, solve the 
model for t when y = 16.75 


y = 0.782t + 15.20 Write original model. 
16.75 = 0.782t + 15.20 Substitute 16.75 for y so you can solve for t. 
1.55 = 0.782t Subtract 15.20 from each side. 
i= ao. =? Divide each side by 0.782. 
0.782 


Because t = 0 corresponds to 2000, it follows that t = 2 corresponds to 2002. 
See Figure 1.1. So, mean hourly earnings were $16.75 in 2002. 


/ CHECKPOINT 10 


The mean hourly earnings y (in dollars) of the employees at a factory from 
2000 to 2008 can be modeled by the linear equation 


y = 0.825t + 18.60, 0<1<8 


where tf represents the year, with t = 0 corresponding to 2000. Use the model 
to estimate the year in which the mean hourly earnings of the employees at the 
factory were $21.90. © 


. Is the equation x(8 — x) = 15 a linear equation? Explain. 
. Explain the difference between an identity and a conditional equation. 
3. Can the equation ax + b = 0 have two solutions? Explain. 


. Does the equation a ue 


3 have an extraneous solution? 


Explain. 


The symbol ® indicates an example that uses or is derived from real-life data. 
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Skills Revi ial The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 1. these skills in the exercise set for this section. For additional help, review Sections 0.2 and 0.7. 


In Exercises 1-10, perform the indicated operations and simplify your 


answer. 

1. (2x — 4) — (5x + 6) 2. (3x — 5) + (2x — 7) 
3. 2@ + 1) — @ + 2) 4. —3(2x — 4) + 7x + 2) 
eG a 

5.345 6. x 4 

We ! 28 5 22 

gear il sé ORR 

4 3 1 1 

2) =o al = 1 


Exercises 1.1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-6, determine whether the equation is an Equation Values 
identity or a conditional equation. 14, (3x + 5)(2x — 7) =0 (a) x= -3 (b) x= 3 
1. 2x = 1) =2x-—2 2. 3(x 2) 3x 6 (c) x= : (d) x= A 
3. (x — 1) = 3x +4 4, 3(x +2) = 2x +4 bs. Vea 3 =3 @ae Hx2= 3 
5. 2x F 1) =2x+1 6. 3(x 4) 3x 4 (c) x= ail (d) x=--—2 
In Exercises 7-16, determine whether each value of x is 16. Yx— 8 =3 (a) x= (b) x= —5 
a solution of the equation. (c) x = 35 (dd) x=8 
Equation Values 


In Exercises 17-54, solve the equation and check your 


7. Sx — 3 = 3x +5 (ajx=O0  (b) x= —5 solution. (Some equations have no solution.) 
(c)x=4 (d) x= 10 17. x + 10 = 15 18.9 -x=13 
8.7 — 3x = 5x — 17 @xr=—3 )x=0 19. 7 — 2x = 15 20. 7x +2 = 16 
()x=8 d)x=3 21. 8x — 5 = 3x + 10 22. 7x + 3 = 3x — 13 
9, 3x2 + 2x —5 = 2x7 -2 (a)x=-3 (b) x=1 23. 2(x + 5) — 7 = 3(x — 2) 
()x=4 dd) x=—5 24. 2(13t — 15) + 3(t — 19) = 0 
10. 5x3 2x 3 4x3 + 2x 11 25. 6[x = (2x ie 3)] =8—-—5x 
(ajx=2  (b) x= —2 26. 3[2x — (x + 7)] = 5(x — 3) 
(c)x=0 (d)x=10 
ro 28, >= =3 
5 4 1 4° 2 2 5 2 
Wu. = --=3 (a)x=—-= (b)x=4 ; 
ax x 2 A 29. (2 + 5) — H(z + 24) =0 
()x=O0 @dx=7 3x 1 
4 is 28 se HY aes 
; 30. 5 + 7G 2) = 10 
2.3+-—5=4 (a)x=—1 (b) x= —2 31. 0.25x + 0.75(10 — x) =3 
(c)x =O (dj)x=5 32. 0.60x + 0.40(100 — x) = 50 
13. (x + 5)(x — 3) = 20 (a) x =3 (b) x = —2 33. x +8 =2%Ax—2)—x 


(c) x =0 (d) x 


ll 
| 
cr | 


34. 3(x + 3) =5(1 — x) - 1 


35. 


36. 


37. 


39. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 
50. 
51. 
52. 
53. 
54. 


55. 


100 -4u  Su+6 


ie 
+ + 
17 y , 32 y 100 
y y 
sx-4_ 2 38 10x +3 _ 1 
5x+4 3 * 5x +6 2 
ee ee re 
x x 
1 1 10 
x-3 x+3 -9 
1 3 4 
x-2 x+3 x4+2x-6 
6 3 4 


(x-4)(x-2) x-4 x-2 


7 8x 
2x +1 2x — 1 


4 6 15 


u-1l 3u+1l 3ut1 
3 _4 1 
x(x — 3) "x x3 
2 


4 


(x + 1)? + 24-2) =(4+ Dix 


(x + 2)? — x7 = 4(x + 1) 
4(x + 1) — 3x =x +5 

(2x + 1)? =40?+ x41) 
(2x — 1)? = 40? -—x+ 6) 


A student states that the solution to the equation 


2) 
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57. Explain why a solution of an equation involving fractional 
expressions may be extraneous. 


58. Describe two methods you can use to check a solution of 
an equation involving fractional expressions. 


59. What is meant by “equivalent equations”? Give an example 
of two equivalent equations. 


60. For what value(s) of b does the equation 
ix+3=7x+b 


have infinitely many solutions? no solution? 


In Exercises 61-66, use a calculator to solve the equa- 
tion. (Round your solution to three decimal places.) 


61. 0.275x + 0.725(500 — x) = 300 
62. 2.763 — 4.5(2.1x — 5.1432) = 6.32x + 5 


x x 
. 0.6321 * 0.0692 — 100? 


64. (x + 5.62)? + 10.83 = (x + 7)? 


2, 4.405 1 
7.398 x x 


65. 


x x 


. oo + 
96. 7605 * 4875 | 


® 67. What method or methods would you recommend for 
checking the solutions to Exercises 61-66 using your 
graphing utility? 


68. In Exercises 61-66, your answers are rounded to three 
decimal places. What effect does rounding have as you 
check a solution? 


In Exercises 69-72, evaluate the expression in two 
ways. (a) Calculate entirely on your calculator using 
appropriate parentheses, and then round the answer 
to two decimal places. (b) Round both the numerator 
and the denominator to two decimal places before 
dividing, and then round the final answer to two dec- 


2 eee imal places. Does the second method introduce an 
x(x—-2) x x-2 additional roundoff error? 
is x = 2. Describe and correct the student’s error. 1 + 0.73205 1 + 0.86603 
69. ——_—_—_ 70. ————— 
56. A student states that the equation 1 ~ 0.73205 1 — 0.86603 
3(x + 2) = -3x + 6 1.98 
: pbectee TR ib d adie cealent . 71 sale 0.74 72 1.73205 — 1.19195 
Is an identity. Describe and correc e student s error. ° Pe 6.25 ° 3 = (1.73205)(1.19195) 
3.15 


The symbol ® indicates when to use graphing technology or a symbolic computer algebra system 
to solve a problem or an exercise. The solutions of other exercises may also be facilitated by use of 
appropriate technology. 
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73. Personal Income _ The per capita personal income in the 
United States from 1998 to 2005 can be approximated by the 
linear equation 


y = 944.7t + 19,898, 8 <t< 15 


where ¢ represents the year, with ¢ = 8 corresponding to 
1998. Use the model to estimate the year in which the per 
capita personal income was $32,000. (Source: U.S. 
Department of Commerce, Bureau of Economic Analysis) 


74. Annual Sales The annual sales S (in billions of dollars) 
of Microsoft Corporation from 1996 to 2006 can be 
approximated by the linear equation 


S = 3.54t- 13.1, 6<t< 16 


where ¢ represents the year, with t = 6 corresponding to 
1996. Use the model to estimate the year in which 
Microsoft’s annual sales were about $20,000,000,000. 
(Source: Microsoft Corporation) 


Human Height In Exercises 75 and 76, use the follow- 
ing information. The relationship between the length 
of an adult's femur (thigh bone) and the height of the 


adult can be approximated by the linear 
equations 

y = 0.432x — 10.44 Female 

y = 0.449x — 12.15 Male 


where y is the length of the femur in inches and x is 
the height of the adult in inches (see figure). 


75. An anthropologist discovers a femur belonging to an adult 
human female. The bone is 15 inches long. Estimate the 
height of the female. 


76. MAKE A DECISION From the foot bones of an adult 
human male, an anthropologist estimates that the male was 
65 inches tall. A few feet away from the site where the foot 
bones were discovered, the anthropologist discovers an adult 
male femur that is 17 inches long. Is it possible that the leg 
and foot bones came from the same person? Explain. 


Consumer Credit In Exercises 77 and 78, use the 
following information. From 1998 to 2005, the annual 
credit y (in billions of dollars) extended to consumers 
in the United States (other than real estate loans) can 
be approximated by the equation 


y = 129.51t + 320.5, 8<t<15 


where t is the year, with t = 8 corresponding to 1998. 
(Source: Federal Reserve Board) 


Credit extended 
(in billions of dollars) 


T T T T T T ee 


8 g) 10 11 12) 13; 4 15 
Year (8 © 1998) 


77. In which year was the credit extended to consumers about 
$2 trillion? 


78. Use the model to predict the year in which the credit 
extended to consumers will be about $2.9 trillion. 


Minimum Wage In Exercises 79 and 80, use the 
following information. From 1997 to 2006, the federal 
minimum wage was $5.15 per hour. Adjusting for 
inflation, the federal minimum wage’s value in 1996 
dollars during these years can be approximated by the 
linear equation 


y=-0.112t+ 5.83, 7<t<16 


where t is the year, with t = 7 corresponding to 1997. 
(Source: U.S. Department of Labor) 


6.00 + 
5.00 - 

4.00 — ae ee tee 
3.0074) H HH HH HHH HE 
2.00 +— 
1,00 +— He 


Value of minimum wage 
(in 1996 dollars) 


>t 


T T T T T T T T T T 
P38. OD OP A 218 14S) 16 
Year (7 © 1997) 


79. In which year was the value of the federal minimum wage 
about $4.60 in 1996 dollars? 


80. According to the model, did the value of the federal 
minimum wage in 1996 dollars fall below $4.00 by 2007? 
Explain. 


Mathematical 
Modeling 
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H Construct a mathematical model from a verbal model. 

m Model and solve percent and mixture problems. 

m Use common formulas to solve geometry and simple interest problems. 
m Develop a general problem-solving strategy. 


Introduction to Problem Solving 


In this section, you will use algebra to solve real-life problems. To do this, you 
will construct one or more equations that represent each real-life problem. This 
procedure is called mathematical modeling. 

A good approach to mathematical modeling is to use two stages. First, use 
the verbal description of the problem to form a verbal model. Then, assign 
labels to each of the quantities in the verbal model and use the labels to form a 
mathematical model or an algebraic equation. 


Verbal = Verbal = Algebraic 


description model equation 


When you are trying to construct a verbal model, it is sometimes helpful to look 
for a hidden equality. For instance, in the following example the hidden equality 
equates your annual income to 24 pay periods and one bonus check. 


Using a Verbal Model ®) 


You accept a job with an annual income of $36,500. This includes your salary and 
a $500 year-end bonus. You are paid twice a month. What is your salary per pay 
period? 


SOLUTION Because there are 12 months in a year and you are paid twice a 
month, it follows that there are 24 pay periods during the year. 


Verbal 


Whadel: Income for year = 24 pay periods + Bonus 

Labels: Income for year = 36,500 (dollars) 
Salary for each pay period = x (dollars) 
Bonus = 500 (dollars) 


Equation: 36,500 = 24x + 500 


Using the techniques discussed in Section 1.1, you can find that the solution is 
x = $1500. Check whether a salary of $1500 per pay period is reasonable for the 
situation. 


/ CHECKPOINT 1 


In Example |, suppose you are paid weekly. What is your salary per pay 
period? © 
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STUDY TIP 


In Example 2, notice that part of 
the labeling process is to list the 
unit of measure for each labeled 
quantity. Developing this habit 
helps in checking the validity of 
a verbal model. 


Translating Key Words and Phrases 


Algebraic 
Key Words and Phrases Verbal Description Statement 
Consecutive 
Next, subsequent Consecutive integers iy ae Il 
Addition 
Sum, plus, greater, The sum of 5 and x 3) ar ae 
increased by, more than, Seven more than y yar 7 
exceeds, total of 
Subtraction 
Difference, minus, Four decreased by b 4—-—b 
less than, decreased by, Three less than z fe 8) 
subtracted from, reduced by, Five subtracted 
the remainder from w w= 5 
Multiplication 
Product, multiplied by, Two times x 2 
twice, times, percent of 
Division te 
Quotient, divided by, per The quotient of x and 8 8 


Constructing Mathematical Models ®) 


a. A salary of $28,000 is increased by 9%. Write an equation that represents the 


new salary. 


Verbal 
Model: 


Labels: — Original salary = 28,000 
New salary = S$ 


Percent = 0.09 (percent in decimal form) 


Equation: S = 0.09(28,000) + 28,000 


b. A laptop computer is marked down 20% to $1760. Write an equation you can 


use to find the original price. 


Verbal Original ae : _ Sale 
Model: anes — 20%(original price) = pce 
Labels: Original price = p 
Sale price = 1760 
Percent = 0.2 (percent in decimal form) 


Equation: p — 0.2p = 1760 


/ CHECKPOINT 2 


A salary of $40,000 is increased by 5%. Write an equation that you can use to 


find the new salary. © 


New salary = 9%(original salary) + Original salary 


/ CHECKPOINT 3 


You buy stock at $25 per share. 
You sell the stock at $30 per share. 
What is the percent increase of the 
stock’s value? © 


Charles Gupton/Getty Images 
In 2005, 15.3% of the population of 
the United States had no health 


insurance. (Source: Centers for 
Disease Control and Prevention, 
National Health Interview Survey) 
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Using Mathematical Models 


Study the next several examples carefully. Your goal should be to develop a 
general problem-solving strategy. 


Finding the Percent of a Raise ®) 


You accept a job that pays $8 an hour. You are told that after a two-month 
probationary period, your hourly wage will be increased to $9 an hour. What 
percent raise will you receive after the two-month period? 


SOLUTION 

Verbal Raise = Percent - Old wage 

Model: 

Labels: Old wage = 8 (dollars) 
Raise = | (dollar) 


Percent = r (percent in decimal form) 
Equation: 1 =r: 8 


By solving this equation, you can find that you will receive a raise of : = 0.125, 
or 12.5%. 


Finding the Percent of a Salary ®) 


Your annual salary is $35,000. In addition to your salary, your employer also 
provides the following benefits. The total of this benefits package is equal to what 
percent of your annual salary? 


Social Security (employer’s portion): 6.2% of salary $2170 

Worker’s compensation: 0.5% of salary $175 

Unemployment compensation: 0.75% of salary $262.50 

Medical insurance: $2600 per year $2600 

Retirement contribution: 5% of salary $1750 

SOLUTION 

alas Benefits package = Percent - Salary 

Labels: Salary = 35,000 (dollars) 
Benefits package = 6957.50 (dollars) 


Percent = r 


Equation: 6957.50 = r + 35,000 


(percent in decimal form) 


By solving this equation, you can find that your benefits package is equal to 
r = 6957.50/35,000, or about 19.9% of your salary. 


/ CHECKPOINT 4 


Your income last year was $42,000. Throughout that year you paid a total of 
$648 for parking fees. The total of the parking fees was equal to what percent 
of your income? © 
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FIGURE 1.2 


New 
York 


San 
Francisco 


FIGURE 1.3 


/ CHECKPOINT 6 


A small boat travels at full speed 
to an island 11 miles away. It 
takes 0.3 hour to travel the first 

3 miles. How long does the entire 
trip take? © 


Equations and Inequalities 


Finding the Dimensions of a Room 


A rectangular family room is twice as long as it is wide, and its perimeter is 
84 feet. Find the dimensions of the family room. 


SOLUTION For this problem, it helps to sketch a diagram, as shown in Figure 1.2. 


ise 2+ Length + 2+ Width = Perimeter 

Labels: Perimeter = 84 (feet) 
Width = w (feet) 
Length = / = 2w (feet) 


Equation: 2(2w) + 2w = 84 


4w + 2w = 84 
6w = 84 
w = 14 feet 


1 = 2w = 28 feet 


The dimensions of the room are 14 feet by 28 feet. 


/ CHECKPOINT 5 


A rectangular driveway is three times as long as it is wide, and its perimeter is 
120 feet. Find the dimensions of the driveway. © 


Example 6 
WON Gay: S ACK) A Distance Problem 


A plane travels nonstop from New York to San Francisco, a distance of 2600 
miles. It takes 1.5 hours to fly from New York to Chicago, a distance of about 700 
miles (see Figure 1.3). Assuming the plane flies at a constant speed, how long 
does the entire trip take? What time (EST) should the plane leave New York to 
arrive in San Francisco by 5 p.m. PST (8 p.m. EST)? 


SOLUTION To solve this problem, use the formula that relates distance, rate, and 
time. That is, (distance) = (rate)(time). Because it took the plane 1.5 hours to 
travel a distance of about 700 miles, you can conclude that its rate (or speed) is 


700 miles 


distance 
1.5 hours 


time 


Rate =~ 466.67 miles per hour. 


Because the entire trip is about 2600 miles, the time for the entire trip is 


_ distance _ 2600 miles ~ 5.57 hours. 


aut rate 466.67 miles per hour 


Because 0.57 hour represents about 34 minutes, you can conclude that the trip 
takes about 5 hours and 34 minutes. The plane must leave New York by 2:26 P.M. 
in order to arrive in San Francisco by 8 P.M. EST. 


>I 


113m 


a Not drawn to scale 


FIGURE 1.4 
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Another way to solve the distance problem in Example 6 is to use the concept 
of ratio and proportion. To do this, let x represent the time required to fly from 
New York to San Francisco, set up the following proportion, and solve for x. 


Time to San Francisco Distance to San Francisco 


Time to Chicago Distance to Chicago 


x 2600 
1.5 700 
2600 
x= 15 700 
x = 5.57 


Notice how ratio and proportion are used with a property from geometry to 
solve the problem in the following example. 


An Application Involving Similar Triangles ®) 


To determine the height of Petronas Tower | (in Kuala Lumpur, Malaysia), you 
measure the shadow cast by the building to be 113 meters long, as shown in 
Figure 1.4. Then you measure the shadow cast by a 100-centimeter post and find 
that its shadow is 25 centimeters long. Use this information to determine the 
height of Petronas Tower 1. 


SOLUTION To find the height of the tower, you can use a property from geome- 
try that states that the ratios of corresponding sides of similar triangles are equal. 


Verbal Height of tower Height of post 


Model: 


Length of tower’s shadow Length of post’s shadow 


Labels: (meters) 
(meters) 
(centimeters) 


(centimeters) 


Height of tower = x 

Length of tower’s shadow = 113 
Height of post = 100 

Length of post’s shadow = 25 

. x _ 100 

Equation: 113. 25 


100 
x= 113 + 55 


x= 113-4 
x = 452 meters 


The Petronas Tower | is 452 meters high. 


/ CHECKPOINT 7 


A tree casts a shadow that is 24 feet long. At the same time, a four-foot tall 
mailbox casts a shadow that is 3 feet long. How tall is the tree? ™ 
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TECHNOLOGY 


You can write a program 

for a programmable 
calculator to solve simple 
interest problems. Sample 
programs for various 
calculators may be found 


at the website for this text at 
college.hmco.com/info/ 
larsonapplied. Use a 
program with Example 8 to 
find how much interest was 
earned on just the portion of 
the money invested at 53%. 


/ CHECKPOINT 8 


You invested a total of $1000 in 
accounts that earned 4% and 5% 
simple interest. In 1 year you 
earned a total of $48 in interest. 
How much did you invest in each 
account? © 


Mixture Problems 


The next example is called a mixture problem because it involves two different 
unknown quantities that are mixed in a specific way. Watch for a hidden product 
in the verbal model. 


A Simple Interest Problem ®) 


You invested a total of $10,000 in accounts that earned 45% and 543% simple 
interest. In 1 year, the two accounts earned $508.75 in interest. How much did 
you invest in each account? 


SOLUTION The formula for simple interest is J = Prt, where J is the interest, 
P is the principal, r is the annual interest rate (in decimal form), and f is the time 
in years. 


Verbal Interest Interest Total 


Model: from 45 % from 5 5% interest 


You can let x represent the amount invested at 45%. Because the total amount 
invested at 45% and 55% is $10,000, you can let 10,000 — x represent the amount 
invested at 55%. 


Labels: Amount invested at 45% = x (dollars) 
Amount invested at 53% = 10,000 — x (dollars) 
Interest from 45% = Prt = (x)(0.045)(1) (dollars) 
Interest from 53% = Prt = (10,000 — x)(0.055)(1) (dollars) 
Total interest = 508.75 (dollars) 


Equation: 0.045x + 0.055(10,000 — x) = 508.75 
0.045x + 550 — 0.055x = 508.75 
—0.01x = —41.25 
x = $4125 
So, the amount invested at 44% is $4125 and the amount invested at 55% is 
10,000 — x = 10,000 — 4125 = $5875. 


Check these results in the original statement of the problem, as follows. 


CHECK 
Interest from 45% Interest from 5 5% Total interest 
c “~ + — 
0.045(4125) + 0.055(10,000 — 4125) 2 508.75 
185.625 + 323.125 2 508.75 
508.75 = 508.75 Solution checks. Y 


In Example 8, did you recognize the hidden products in the two terms on the left 
side of the equation? Both hidden products come from the common formula 


Interest = Principal . Rate . Time 


I = Prt. 
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Common Formulas 


Many common types of geometric, scientific, and investment problems use 
ready-made equations, called formulas. Knowing formulas such as those in 
the following lists will help you translate and solve a wide variety of real-life 
problems involving perimeter, area, volume, temperature, interest, and distance. 


Common Formulas for Area, Perimeter, and Volume 


Square Rectangle Circle Triangle 
A=s A=lw A= ar A = xbh 
P=As P=2I+ 2w C = 2ar IP = GP 1) =P © 


~=<x—=—> 


~<—— | ——>" 


Rectangular Circular 
Cube Solid Cylinder Sphere 
Vas V = lwh V = arh V = far 


Miscellaneous Common Formulas 


Temperature: _F = degrees Fahrenheit, C = degrees Celsius 


F= ae Rp as 
5) 
Simple interest: I = interest, P = principal, r = interest rate, t = time 
I= Prt 
Distance: d = distance traveled, r = rate, t = time 
d=nrt 


When working with applied problems, you often need to rewrite common 
formulas. For instance, the formula 


P=21+ 2w 
for the perimeter of a rectangle can be rewritten or solved for w to produce 


w = 3(P — 21). 
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~— > ——> 


FIGURE 1.5 


/ CHECKPOINT 9 


One cubic foot of water fills a 
cylindrical pipe with a radius of 
0.5 foot. What is the height of 
the pipe? © 


Using a Formula ®) 


A cylindrical can has a volume of 200 cubic centimeters and a radius of 
4 centimeters, as shown in Figure 1.5. Find the height of the can. 


SOLUTION The formula for the volume of a cylinder is V = wrh. To find the 
height of the can, solve for h. 


V 
h=— 
Tr 
Then, using V = 200 and r = 4, find the height. 
h= ats Substitute 200 for V and 4 f 
742 ubstitute or V and 4 for r. 
200 — 
eee Simplify denominator. 
167 
= 3.98 Use a calculator. 


So, the height of the can is about 3.98 centimeters. You can use unit analysis to 
check that your answer is reasonable. 


200 cm 


én cut = 3.98 cm 


Strategy for Solving Word Problems 
1. Search for the hidden equality—two expressions said to be equal or 
known to be equal. A sketch may be helpful. 


2. Write a verbal model that equates these two expressions. Identify any 
hidden products. 


3. Assign numbers to the known quantities and letters (or algebraic 
expressions) to the unknown quantities. 


4. Rewrite the verbal model as an algebraic equation using the assigned 
labels. 


5. Solve the resulting algebraic equation. 


6. Check to see that the answer satisfies the word problem as stated. 
(Remember that “‘solving for x” or some other variable may not 
completely answer the question.) 


. Write a verbal model for the volume of a rectangular solid. 


. Describe and correct the error in the statement. 
The product of 10 and 5 less than x is 10(5 — x). 


. Two spherical balloons, each with radius r, are filled with air. Write an 
algebraic equation that represents the total volume of air in the balloons. 


. Using the formula for the volume of a rectangular solid, what information 
do you need to find the length of a block of ice? 


Skills Review 1.2 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Section 1.1. 


In Exercises 1-10, solve the equation (if possible) and check your answer. 
2. 64 — 16x = 0 


1. 3x — 42 =0 
By y= She = ANSE a 
5. 5[1 + 2% + 3)] = 6 — 3@ — 1) 


Exercises 1.2 


Ast Ke — ell 

» 2 = See = il) = Ale + 1Ole = i] 
Dee D 

8 +551 
ae 1 4 

Loren G ool eS 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Creating a Mathematical Model In Exercises 1-10, 
write an algebraic expression for the verbal expression. 


1. The sum of two consecutive natural numbers 
2. The product of two natural numbers whose sum is 25 


3. Distance Traveled The distance traveled in t hours by a 
car traveling at 50 miles per hour 


. Travel Time The travel time for a plane that is traveling 
at a rate of r miles per hour for 200 miles 


. Acid Solution The amount of acid in x gallons of a 20% 
acid solution 


. Discount The sale price of an item that is discounted by 
20% of its list price L 


. Geometry The perimeter of a rectangle whose width is 
x and whose length is twice the width 


. Geometry The area of a triangle whose base is 20 inches 
and whose height is / inches 


. Total Cost The total cost to buy x units at $25 per unit 
with a total shipping fee of $1200 


Total Revenue The total revenue obtained by 
selling x units at $3.59 per unit 


10. 


In Exercises 11-16, write an equation that represents 
the statement. 


11. The sum of 5 and x equals 8. 

12. The difference of n and 7 is 4. 

13. The quotient of r and 2 is 9. 

14. The product of x and 6 equals —9. 

15. The sum of a number n and twice the number is 15. 
16. The product of 3 less than x and 8 is 40. 


Using a Mathematical Model In Exercises 17-22, write 
a mathematical model for the number problem, and 
solve the problem. 


17. 
18. 
19. 


Find two consecutive numbers whose sum is 525. 
Find three consecutive natural numbers whose sum is 804. 


One positive number is five times another positive number. 
The difference between the two numbers is 148. Find the 
numbers. 


20. One positive number is one-fifth of another number. The 
difference between the two numbers is 76. Find the 


numbers. 


21. Find two consecutive integers whose product is five less 


than the square of the smaller number. 


22. Find two consecutive natural numbers such that the 
difference of their reciprocals is one-fourth the reciprocal 
of the smaller number. 

23. Weekly Paycheck Your weekly paycheck is 12% more 
than your coworker’s. Your two paychecks total $848. Find 


the amount of each paycheck. 


24. Weekly Paycheck Your weekly paycheck is 12% less 
than your coworker’s. Your two paychecks total $848. Find 


the amount of each paycheck. 


25. Monthly Profit The profit for a company in February 
was 5% higher than it was in January. The total profit for 
the two months was $129,000. Find the profit for each 


month. 


26. Monthly Profit The profit for a company in February 
was 5% lower than it was in January. The total profit for the 


two months was $129,000. Find the profit for each month. 
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Movie Sequels In Exercises 27-32, use the following 
information. The movie industry frequently releases 
sequels and/or prequels to successful movies. The 
revenue of each Star Wars movie is shown. Compare 
the revenue of the two given Star Wars movies by 
finding the percent increase or decrease in the 
domestic gross. (Source: Infoplease.com) 


Domestic gross 


Movie (in dollars) 


Star Wars (1977) $460,998,007 


The Empire Strikes Back (1980) $290,271,960 


Return of the Jedi (1983) $309,209,079 


Episode I: The Phantom Menace (1999) $43 1,088,295 


Episode IT: Attack of the Clones (2002) $310,675,583 


Episode III: Revenge of the Sith (2005) $380,262,555 


27. Star Wars (1977) to The Empire Strikes Back (1980) 
28. The Empire Strikes Back (1980) to Return of the Jedi (1983) 


29. Return of the Jedi (1983) to Episode I: The Phantom 
Menace (1999) 


30. Episode I: The Phantom Menace (1999) to Episode II: 
Attack of the Clones (2002) 


31. Episode II: Attack of the Clones (2002) to Episode III: 
Revenge of the Sith (2005) 


32. Star Wars (1977) to Episode III: Revenge of the Sith (2005) 


Size Inflation In Exercises 33-36, use the following 
information. Restaurants tend to serve food in larger 
portions now than they have in the past. Several 
examples are shown in the table. Find the percent 
increase in size from the past to 2006 for the indicated 
food item. (Source: The Portion Teller, McDonald’s, Little 
Caesars, and Pizza Hut) 


Food or drink item Past size | 2006 size 
Small soft drink (McDonald’s) T fl oz 16 fl oz 
Small French fries (McDonald’s) | 2.4 oz 2.6 Oz 
Large French fries (McDonald’s) | 3.5 oz 6 oz 
Pizza (Little Caesars, Pizza Hut) 10 in. 12 in. 


33. McDonald’s small soft drink 
34. McDonald’s small French fries 
35. McDonald’s large French fries 


36. Little Caesars or Pizza Hut standard pizza 


37. 


38. 


39. 


40. 


41. 


42. 


Comparing Calories A lunch consisting of a Big Mac, 
large fries, and large soft drink at McDonald’s contains 
1440 calories. A lunch consisting of a small hamburger, 
small fries, and a small soft drink at McDonald’s contains 
660 calories. Find the percent change in calories from the 
larger to the smaller lunch. (Source: McDonald’s 
Corporation) 


Comparing Calories One slice (or one-tenth) of a 
14-inch Little Caesars pizza with bacon, pepperoni, Italian 
sausage, and extra cheese has 315 calories. The same slice 
without the extra toppings has 200 calories. Find the 
percent change in calories from a slice with the extra 
toppings to a slice without them. (Source: Little Caesars) 


Salary You accept a new job with a starting salary of 
$35,000. You receive an 8% raise at the start of your second 
year, a 7.8% raise at the start of your third year, and a 9.4% 
raise at the start of your fourth year. 


(a) Find your salary for the second year. 
(b) Find your salary for the third year. 
(c) Find your salary for the fourth year. 


Salary You accept a new job with a starting salary of 
$48,000. You receive a 4% raise at the start of your second 
year, a 5.5% raise at the start of your third year, and an 
11.4% raise at the start of your fourth year. 


(a) Find your salary for the second year. 
(b) Find your salary for the third year. 
(c) Find your salary for the fourth year. 


World Internet Users The number of Internet users in 
the world reached 500 million in 2001. By the end of 2003, 
the number increased 43.8%. By the end of 2004, the 
number increased 13.6% from 2003. By the end of 2006 
the number increased 33.8% from 2004. (Source: 
Internet World Stats) 


(a) Find the number of users at the end of 2003. 
(b) Find the number of users at the end of 2004. 
(c) Find the number of users at the end of 2006. 


(d) Find the percent increase in the number of users from 
2001 to 2006. 


Sporting Goods Sales In 2002, the total sales of 
sporting goods in the United States was $77,726,000,000. 
In 2003, the total sales increased 2.6% from 2002. In 2004, 
the total sales increased 6.1% from 2003. In 2005, the total 
sales increased 2.5% from 2004. (Source: National 
Sporting Goods Association) 


(a) Find the total sporting goods sales in 2003. 
(b) Find the total sporting goods sales in 2004. 
(c) Find the total sporting goods sales in 2005. 


(d) Find the percent increase in total sales from 2002 to 
2005. 


43. 


44. 


45. 


Media Usage It was projected that by 2009, the average 
person would spend 3555 hours per year using some type 
of media. Use the bar graph to determine the number of 
hours the average person will spend watching television, 
listening to the radio or recorded music, using the Internet, 
playing non-Internet video games, reading print media, and 
using other types of media in 2009. (Source: Veronis 
Schuler Stevenson) 


50 
40 
30 
20 
10 6% 


44% 


32% 


Percent of media time 


Media type 


New Vehicle Sales In 2005, the number of motor 
vehicles sold in the U.S. was about 17,445,000. Use the bar 
graph to determine how many cars, trucks, and light trucks 
were sold in 2005. (Source: U.S. Bureau of Economic 
Analysis) 


60 53.2% 


50 43.9% 
40 


30 
20 


10 2.8% 


T T T = 
Trucks Light trucks 


Percent of new 
USS. vehicles 


Cars 


Geometry A roomis 1.5 times as long as it is wide, and 
its perimeter is 75 feet (see figure). Find the dimensions of 
the room. 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 
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Geometry A picture frame has a total perimeter of 
3 feet (see figure). The width of the frame is 0.62 times its 
length. Find the dimensions of the frame. 


Simple Interest You invest $2500 at 7% simple 
interest. How many years will it take for the investment to 
earn $1000 in interest? 


Simple Interest An investment earns $3200 interest 
over a seven-year period. What is the rate of simple 
interest on a $4800 principal investment? 


Course Grade To get an A in a course, you need an 
average of 90% or better on four tests that are worth 100 
points each. Your scores on the first three tests were 87, 92, 
and 84. What must you score on the fourth test to get an A 
for the course? 


Course Grade To get an A in a course, you need an 
average of 90% or better on four tests. The first three tests 
are worth 100 points each and the fourth is worth 200 
points. Your scores on the first three tests are 87, 92, and 
84. What must you score on the fourth test to get an A for 
the course? 


List Price The price of a swimming pool has been 
discounted 15%. The sale price is $1200. Find the original 
list price of the swimming pool. 


List Price The price of a home theater system has been 
discounted 10%. The sale price is $499. Find the original 
price of the system. 


Discount Rate A satellite radio system for your car has 
been discounted by $30. The sale price is $119. What 
percent of the original list price is the discount? 


Discount Rate The price of a shirt has been discounted 
by $20. The sale price is $29.95. What percent of the orig- 
inal list price is the discount? 


Wholesale Price A store marks up a power drill 60% 
from its wholesale price. In a clearance sale, the price is 
discounted by 25%. The sale price is $21.60. What was the 
wholesale price of the power drill? 


Wholesale Price A store marks up a picture frame 80% 
from its wholesale price. In a clearance sale, the price is 
discounted by 40%. The sale price is $28.08. What was the 
wholesale price of the picture frame? 
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Weekly Salary In Exercises 57 and 58, use the 
following information to write a mathematical model 
and solve. Due to economic factors, your employer 
has reduced your weekly wage by 15%. Before the 
reduction, your weekly salary was $425. 


57. What is your reduced salary? 


58. What percent raise must you receive to bring your weekly 
salary back up to $425? Explain why the percent raise is 
different from the percent reduction. 


59. Travel Time You are driving to a college 150 miles from 
home. It takes 28 minutes to travel the first 30 miles. At this 
rate, how long is your entire trip? 


60. Travel Time Two friends fly from Denver to Orlando (a 
distance of 1526 miles). It takes 1 hour and 15 minutes to 
fly the first 500 miles. At this rate, how long is the entire 
flight? 


61. Travel Time Two cars start at the same time at a given 
point and travel in the same direction at constant speeds of 
40 miles per hour and 55 miles per hour. After how long are 
the cars 5 miles apart? 


62. Catch-Up Time Students are traveling in two cars 
to a football game 135 miles away. One car travels at an 
average speed of 45 miles per hour. The second car starts 5 
hour later and travels at an average speed of 55 miles per 
hour. How long will it take the second car to catch up to the 
first car? 


63. Radio Waves Radio waves travel at the same speed as 
light, 3.0 x 108 meters per second. Find the time required 
for a radio wave to travel from mission control in Houston 
to NASA astronauts on the surface of the moon 3.84 x 108 
meters away. 


64. Distance to a Star Find the distance (in miles) to a star 
that is 50 light years (distance traveled by light in 1 year) 
away. (Light travels at 186,000 miles per second.) 


65. Height of a Tree To determine the height of a tree, you 
measure its shadow and the shadow of a five-foot lamppost, 
as shown in the figure. How tall is the tree? 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


Height of a Building To determine the height of a 
building, you measure the building’s shadow and the 
shadow of a four-foot stake, as shown in the figure. How 
tall is the building? 


I 
Not drawn to scale _ a d a 


Projected Expenses From January through May, a 
company’s expenses totaled $325,450. If the monthly 
expenses continue at this rate, what will be the total 
expenses for the year? 


Projected Revenue From January through August, a 
company’s revenues totaled $549,680. If the monthly 
revenue continues at this rate, what will be the total revenue 
for the year? 


Investment Mix You invest $15,000 in two funds 
paying 6.5% and 7.5% simple interest. The total annual 
interest is $1020. How much do you invest in each fund? 


Investment Mix You invest $30,000 in two funds 
paying 3% and 45% simple interest. The total annual 
interest is $1230. How much do you invest in each fund? 


Stock Mix You invest $5000 in two stocks. In one year, 
the value of stock A increases by 9.8% and the value of 
stock B increases by 6.2%. The total value of the stocks is 
now $5389.20. How much did you originally invest in each 
stock? 


Stock Mix You invest $4000 in two stocks. In one year, 
the value of stock A increases by 5.4% and the value of 
stock B increases by 12.8%. The total value of the stocks is 
now $4401. How much did you originally invest in each 
stock? 


Comparing Investment Returns You invest $12,000 
in a fund paying $% simple interest and $8000 in a fund 
for which the interest rate varies. At the end of the year the 
total interest for both funds is $2054.40. What simple 
interest rate yields the same interest amount as the variable 
rate fund? 


Comparing Investment Returns You have $10,000 
in an account earning simple interest that is linked to the 
prime rate. The prime rate drops for the last quarter of the 
year, so your rate drops by 15% for the same period. Your 
total annual interest is $1112.50. What is your interest rate 
for the first three quarters and for the last quarter? 


Production Limit In Exercises 75 and 76, use the 
following information. Variable costs depend on the 
number of units produced. Fixed costs are the same 
regardless of how many units are produced. Find the 
greatest number of units the company can produce 
each month. 


75. The company has fixed monthly costs of $15,000 and 
variable monthly costs of $8.75 per unit. The company has 
$90,000 available each month to cover costs. 


76. The company has fixed monthly costs of $10,000 and 
variable monthly costs of $9.30 per unit. The company has 
$85,000 available each month to cover costs. 


77, Length of a Tank The diameter of a cylindrical 
propane gas tank is 4 feet (see figure). The total volume of 
the tank is 603.2 cubic feet. Find the length of the tank. 


~< 1 >) 


PROPANE 


— 


78. Water Depth A trough is 12 feet long, 3 feet deep, 
and 3 feet wide (see figure). Find the depth of the 
water when the trough contains 70 gallons of water. 
(1 gallon ~ 0.13368 cubic foot.) 


79. Mixture A 55-gallon barrel contains a mixture with a 
concentration of 40%. How much of this mixture must be 
withdrawn and replaced by 100% concentrate to bring the 
mixture up to 75% concentration? (See figure.) 


40% 100% 75% 
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80. Mixture A farmer mixes gasoline and oil to make 
2 gallons of mixture for his two-cycle chain saw engine. 
This mixture is 32 parts gasoline and 1 part two-cycle oil. 
How much gasoline must be added to bring the mixture to 
40 parts gasoline and 1 part oil? 


New York City Marathon In Exercises 81 and 82, the 
length of the New York City Marathon course is 
26 miles, 385 yards. Find the average speed of the 
record holding runner. (Note that 1 mile = 5280 feet = 
1760 yards.) 


81. Men’s record time: 2 hours, 7 minutes 


82. Women’s record time: 2 hours, 225 minutes 


In Exercises 83-100, solve for the indicated variable. 
83. Area of a Triangle 
Solve for hin A = sbh. 
84. Perimeter of a Rectangle 
Solve for /in P = 21 + 2w. 
85. Volume of a Rectangular Prism 
Solve for / in V = lwh 
86. Ideal Gas Law 
Solve for Tin PV = nRT. 
87. Volume of a Right Circular Cylinder 
Solve for hin V = mr2h 
88. Kinetic Energy 
Solve for m in E = 5mv?. 
89. Markup 
Solve for Cin S = C + RC. 
90. Discount 
Solve for Lin S = L — RL. 
91. Investment at Simple Interest 
Solve for rin A = P + Prt. 
92. Investment at Compound Interest 


nt 
Solve for Pin A = (1 + ") : 


93. Area of a Trapezoid 
Solve for bin A = AG + byjh. 
94. Area of a Sector of a Circle 
ar0 
360° 
95. Arithmetic Progression 


Solve for nin L = a + (n — 1)d. 


Solve for 9in A = 
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97. 


98. 


99. 


100. 


101. 


102. 
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Geometric Progression 

is 

r-1° 

Lateral Surface Area of a Cylinder 
Solve for hin A = 2arh. 


Surface Area of a Cone 


Solve for rin § = 


Solve for Jin S = amr? + ari. 


Lensmaker’s Equation 


1 1 1 
Solve for R, in (n »( 
: I R Ry 
Capacitance in Series Circuits 


= 
Tit 
Cc, CG, 


Solve for C, in C = 


Monthly Sales The table below shows the monthly 
sales of a sales team for the first quarter of the year. Find 


the average monthly sales for each salesperson. Then find © 104. 


the team’s average sales for each month. 


Name January | February | March 

Williams | $15,000 | $18,800 | $22,300 
Gonzalez | $20,900 | $17,500 | $25,600 
Walters $18,600 | $25,000 | $16,400 
Gilbert $18,100 | $18,700 | $23,000 
Hart $13,000 | $20,500 | $20,000 


Monthly Sales The table below shows the monthly 
sales of a sales team for the second quarter of the year. 
Find the average monthly sales for each salesperson. Then 
find the team’s average sales for each month. 


Name April May June 

Williams | $25,000 | $28,800 | $21,000 
Gonzalez | $26,200 | $27,800 | $29,500 
Walters $26,600 | $23,400 | $26,900 
Gilbert $27,100 | $22,200 | $29,000 
Hart $23,100 | $27,400 | $22,800 


© 103. Monthly Sales The table below shows the monthly 


105. 


sales of a sales team for the third quarter of the year. 
Use a spreadsheet software program to find the average 
monthly sales for each salesperson. Then find the team’s 
average sales for each month. 


Name July August | September 
Williams | $24,400 | $29,500 | $21,200 
Gonzalez | $26,100 | $22,900 | $19,600 
Walters $29,200 | $28,600 | $18,400 
Gilbert $25,000 | $27,600 | $29,800 
Hart $31,400 | $28,700 | $24,200 
Reyes $27,300 | $26,400 | $21,200 
Sanders $8,200 $12,400 | $20,300 


Monthly Sales The table below shows the monthly 
sales of a sales team for the fourth quarter of the year. 
Use a spreadsheet software program to find the average 
monthly sales for each salesperson. Then find the team’s 
average sales for each month. 


Name October | November | December 
Williams | $20,000 | $25,100 $23,900 
Gonzalez | $24,200 | $23,600 $18,500 
Walters $31,900 | $23,800 $18,400 
Gilbert $24,600 | $23,100 $30,700 
Hart $32,400 | $19,100 $28,600 
Reyes $24,700 | $24,500 $23,400 
Sanders $18,700 | $22,100 $23,200 


Applied problems in textbooks usually give just the 
amount of information that is necessary to solve the prob- 
lem. In real life, however, you must often sort through the 
given information and discard facts that are irrelevant 
to the problem. Such an irrelevant fact is called a red 
herring. Find any red herrings in the following problem. 


Beneath the surface of the ocean, pressure changes at a 
rate of approximately 4.4 pounds per square inch for 
every 10-foot change in depth. A diver takes 30 minutes to 
ascend 25 feet from a depth of 150 feet. What change in 
pressure does the diver experience? 


The symbol © indicates an exercise in which you are instructed to use a spreadsheet. 


Quadratic 
Equations 


STUDY TIP 


The ¢ro-Factor Property 

applies only to equations written 
in general form (in which one 
side of the equation is zero). 

So, be sure that all terms are 
collected on one side before 
factoring. For instance, in the 
equation 


(x — 5)(x + 2) =8 


it is incorrect to set each factor 
equal to 8. Can you solve this 
equation correctly? 


/ CHECKPOINT 1 


Solve x? —-x-—12=0. 
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H Solve a quadratic equation by factoring. 
@ Solve a quadratic equation by extracting square roots. 
™ Construct and use a quadratic model to solve an application problem. 


Solving Quadratic Equations by Factoring 


In the first two sections of this chapter, you studied linear equations in one 
variable. In this and the next section, you will study quadratic equations. 


Definition of a Quadratic Equation 


A quadratic equation in x is an equation that can be written in the 
general form 


ax* + bx +c=0 


where a, b, and c are real numbers with a # 0. Another name for a quadratic 
equation in x is a second-degree polynomial equation in x. 


There are three basic techniques for solving quadratic equations: factoring, 
extracting square roots, and the Quadratic Formula. (The Qidratic Formula 
is discussed in the next section.) The first technique is based on the following 


property. 


Zero-Factor Property 


If ab = O, then a = Oorb = O. 


To use this property, rewrite the left side of the general form of a quadratic 
equation as the product of two linear factors. Then find the solutions of the 
quadratic equation by setting each linear factor equal to zero. 


jeer)(-We Solving a Quadratic Equation by Factoring 


Solve x? — 3x — 10 = 0. 


SOLUTION 
x? — 3x - 10 =0 Write original equation. 
(x — 5)(x + 2) =0 Factor. 
x-5=0 => x=5 Set Ist factor equal to 0. 
x+2=0 => x= =2 Set 2nd factor equal to 0. 
The solutions are x = 5 and x = —2. Check these in the original equation. 
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TECHNOLOGY 


To check the solution in 
Example 3 with your 
graphing utility, you should first 
write the equation in general 

form. 


9x? —- 6x + 1 =0 


Then enter the expression 
9x? — 6x + | into y, of the 


equation editor. Now you can 
use the ASKmode of the table 
feature of your graphing utility 
to check the solution. For 
instructions on how to use the 
table feature, see Appendix A; 
for specific keystrokes, 

go to the text website at 
college.hmco.com/info/ 
larsonapplied. 


Equations and Inequalities 


Solving a Quadratic Equation by Factoring 


6x? — 3x = 0 

3x(2x — 1) =0 
x=-0 => 
2x-1=-O =>» 


The solutions are x = O and x 
equation, as follows. 


CHECK 
6x? — 3x 
6(0)? — 3(0) 
0-0 


6(3) — 3(3) 


BID 


/ CHECKPOINT 2 


Solve 4x? — 8x = 0. 


xX 


x 


j=) 


L 
2 


Original equation 
Factor out common factor. 
Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


= i Check these by substituting in the original 


Write original equation. 
Substitute 0 for x. 
First solution checks. / 
Substitute A for x. 


Second solution checks. / 


If the two factors of a quadratic expression are the same, the corresponding 


solution is a double or repeated solution. 


A Quadratic Equation with a Repeated Solution 


Solve 9x? — 6x = —1. 
SOLUTION 
9x? — 6x = —1 
9x? — 6x + 1 =0 
(3x — 1)? =0 
3x —-1=0 


xX 


Write original equation. 
Write in general form. 
Factor. 

Set repeated factor equal to 0. 


Solution 


The only solution is x = . Check this by substituting in the original equation, as 


follows. 
9x? — 6x = -1 
9(5)° - 6(3) = -1 
1-2 Z —1 
-l=-l 


/ CHECKPOINT 3 


Solve x? + 4x = —4. 


Write original equation. 
Substitute a for x. 
Simplify. 


Solution checks. / 


/ CHECKPOINT 5 


Solve (x — 1)? = 16. & 
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Extracting Square Roots 


There is a shortcut for solving equations of the form u? = d, where d > 0. By 
factoring, you can see that this equation has two solutions. 


w=d Write original equation. 
uz—d=0 Write in general form. 
(u =F Ja)(u = Ja) =0 Factor. 


ut+ Jd =0 > u=-— Jd Set Ist factor equal to 0. 
Jd =0 > u= Jd Set 2nd factor equal to 0. 


Solving an equation of the form u* = d without going through the steps of 
factoring is called extracting square roots. 


Extracting Square Roots 


The equation u? = d, where d > 0, has exactly two solutions: 
i a and — 


These solutions can also be written as u = +/d. 


iSerye(-wa Extracting Square Roots 


Solve 4x? = 12. 


SOLUTION 
4x? = 12 Write original equation. 
x7 =3 Divide each side by 4. 
x= J3 Extract square roots. 
The solutions are x = \/3 and x = — /3. Check these in the original equation. 


/ CHECKPOINT 4 


Solve 2x? = 8. © 


iSereye(-wey Extracting Square Roots 


Solve (x — 3)? = 
SOLUTION 


7 Write original equation. 
x-3= +7 Extract square roots. 
x=3+ J7 Add 3 to each side. 


The solutions are x = 3 + \/7. Check these in the original equation. 
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Applications 


Qadratic equations often occur in problems dealing with area. Here is a simple 
example. 


A square room has an area of 144 square feet. Find the dimensions of 
the room. 


To solve this problem, you can let x represent the length of each side of the room. 
Then, by solving the equation 


x2 = 144 


you can conclude that each side of the room is 12 feet long. Note that although 
the equation x? = 144 has two solutions, x = —12 and x = 12, the negative 
solution makes no sense (for this problem), so you should choose the positive 
solution. 


Finding the Dimensions of a Room ®) 


A sunroom is 3 feet longer than it is wide (see Figure 1.6) and has an area of 
154 square feet. Find the dimensions of the room. 


SOLUTION You can begin by using the same type of problem-solving strategy 
that was presented in Section 1.2. 


Verbal Width Length Area 


Model: of room of room of room 
Labels: Area of room = 154 (square feet) 
FIGURE 1.6 Width of room = w (feet) 
; Length of room = w + 3 (feet) 
Equation: w(w + 3) = 154 


w? + 3w — 154=0 

(w — 11)(w + 14) =0 
w-1lL=O ™® well 
w+14=0 > w=-14 


Choosing the positive value, you can conclude that the width is 11 feet and 
the length is w + 3 = 14 feet. You can check this in the original statement of the 
problem as follows. 


CHECK 
The length of 14 feet is 3 feet more than the width of 11 feet. / 
The area of the sunroom is (11)(14) = 154 square feet. / 


/ CHECKPOINT 6 


A rectangular kitchen is 8 feet longer than it is wide and has an area of 
84 square feet. Find the dimensions of the kitchen. © 


a 


ul 
a 
ar 
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FIGURE 1.7 


/ CHECKPOINT 7 


You drop a rock from a height of 
144 feet. How long does it take the 
rock to hit the ground? © 
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Another application of quadratic equations involves an object that is falling 
(or is vertically projected into the air). The equation that gives the height of such 
an object is called a position equation, and on Earth’s surface it has the form 


s = —16f? + vot + 5. 


In this equation, s represents the height of the object (in feet), v. represents the 
initial velocity of the object (in feet per second), sy represents the initial height of 
the object (in feet), and ¢ represents the time (in seconds). 

The position equation shown above ignores air resistance. This implies that 
it is appropriate to use the position equation only to model falling objects that 
have little air resistance and that fall over short distances. 


Example 7 
MAKE A DECISION BxeilbiiveRe)\ira ®) 


A construction worker accidentally drops a wrench from a height of 235 feet and 
yells Look out below((see Figure 1.7). Could a person at ground level hear this 
warning in time to get out of the way of the falling wrench? 


SOLUTION Because sound travels at about 1100 feet per second, it follows that 
a person at ground level hears the warning within | second of the time the wrench 
is dropped. To set up a mathematical model for the height of the wrench, use the 
position equation 


§ = —16f + vot + 55. 


Because the object is dropped rather than thrown, the initial velocity is vy = 0 
feet per second. Moreover, because the initial height is sy = 235 feet, you have 
the following model. 


s = —16f + (0)t + 235 = —161? + 235 


After falling for 1 second, the height of the wrench is — 16(1)? + 235 = 219 feet. 
After falling for 2 seconds, the height of the wrench is — 16(2)? + 235 = 171 
feet. To find the number of seconds it takes the wrench to hit the ground, let the 
height s be zero and solve the equation for f. 


s = —16P + 235 Write position equation. 
0 = —16P + 235 Substitute 0 for height. 
16 = 235 Add 16? to each side. 
> 235 _ 
iS a Divide each side by 16. 
16 
sis - 
= a Extract positive square root. 


t ~ 3.83 Use a calculator. 


The wrench will take about 3.83 seconds to hit the ground. If the person hears 
the warning within | second after the wrench is dropped, the person still has 
almost 3 seconds to get out of the way. 
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A | Athletic Center 


Y a. 
(oo ===] 


FIGURE 1.9 


/ CHECKPOINT 8 


In Example 8, suppose the length 
of one sidewalk forming the L is 
three times as long as the other. 
How many feet does a person 
save by walking on the 32-foot 
diagonal sidewalk? © 


Equations and Inequalities 


A third type of application using a quadratic equation involves the 
hypotenuse of a right triangle. Recall from geometry that the sides of a right 
triangle are related by a formula called the Pythagorean Theorem. This theorem 
states that if a and b are the lengths of the legs of the triangle and c is the length 


of the hypotenuse (see Figure 1.8), 
C+bh=c’. Pythagorean Theorem 


Notice how this formula is used in the next example. 


\ 


—<__—__ ) ——————>1 


FIGURE 1.8 


Cutting Across the Lawn ® 


An L-shaped sidewalk from the athletic center to the library on a college campus 
is shown in Figure 1.9. The sidewalk was constructed so that the length of one 
sidewalk forming the L is twice as long as the other. The length of the diagonal 
sidewalk that cuts across the grounds between the two buildings is 32 feet. How 
many feet does a person save by walking on the diagonal sidewalk? 


SOLUTION Using the Pythagorean Theorem, you have 
C+b=c 


x2 + (2x)? = 322 


Pythagorean Theorem 


Substitute for a, b, and c. 


5x? = 1024 Combine like terms. 
x? = 204.8 Divide each side by 5. 
x=Ht /S204.8 Take the square root of each side. 
ial /204.8. Extract positive square root. 


The total distance covered by walking on the L-shaped sidewalk is 
x + 2x = 3x 
= 3./204.8 
=~ 42.9 feet. 
Walking on the diagonal sidewalk saves a person about 42.9 — 32 = 10.9 feet. 


A fourth type of application of a quadratic equation is one in which a 
quantity y is changing over time ¢ according to a quadratic model. In the next 
example, we exchange y for EF, because E is a better descriptor in the model. 


/ CHECKPOINT 9 


In Example 9, use the model 
to predict the year that CO, 
emissions will be about 

3.0 billion metric tons. © 
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Carbon Dioxide Emissions ®) 


From 2001 to 2005, yearly emissions E (in billions of metric tons) of carbon 
dioxide (CO, ) from energy consumption at power plants in the United States can 
be modeled by 


E = 0.0053? + 2.38, 1<t<5 
where f represents the year, with t = 1 corresponding to 2001 (see Figure 1.10). 


Use the model to approximate the year that CO, emissions were about 
2,420,000,000 metric tons. (Source: Energy Information Administration) 


FIGURE 1.10 


SOLUTION To solve this problem, let the CO, emissions E be 2.42 billion and 
solve the equation for ¢. 


0.00537 + 2.38 = 2.42 Substitute 2.42 for E. 
0.005377 = 0.04 Subtract 2.38 from each side. 
P= 7.547 Divide each side by 0.0053. 
tS J7547 Extract positive square root. 
t ~ 2.747 Simplify. 


The solution is t ~ 3. Because t = 1 represents 2001, you can conclude that, 
according to the model, CO, emissions were about 2.42 billion metric tons in the 
year 2003. 


. When using a quadratic model to solve an application problem, when 
can you reject one of the solutions? 


. Does the quadratic equation x? = d, where d > 0, have a repeated 
solution? Explain. 


. Which method would you use to solve the quadratic equation 


(x — 5)? = 16? Explain your reasoning. 


. Describe and correct the error in the solution: 
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Skills Revi 1.3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 1. these skills in the exercise set for this section. For additional help, review Sections 0.4 and 0.6. 


In Exercises 1-4, simplify the expression. 


ia wee 2,32) 

3. JP 43°F a Jie: 

In Exercises 5-10, factor the expression. 

Bh sve 4b The (G, aha = WS 

7. 16 — (x — 11)? Bs a =e Te = 18 
O, Ok? +b ie = 3 0), Gx? = WBse +E 12 


Exercises 1.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-10, write the quadratic equation in gen- 35. 5x? = 190 
eral form. 36. 15x? = 620 
1. 2x? = 3 — 5x 2: 4x2 — 2x =9 37. 3x2 + 2(x2 — 4) = 15 
3. x = 25x 4. 10x? = 90 38. x2 4 3(x? _ 5) = 10 
5. (x — 3)? = 6. 12 — 3(x + 7)? = 0 39. 6x2 — 3(x2 + 1) = 23 
7. x(x + 2) = 3x7 + 1 8. x(x + 5) = 2(x + 5) 40. 2x2 + 5(x2 — 2) = 29 
3x? — 10 x7 
eel EE eg ee In Exercises 41-62, solve the quadratic equation using 
any convenient method. 
In Exercises 11-22, solve the quadratic equation by AY, 42 =a 42. 7x2 = 32 
factoring. i 
43. x2 -—2x+1=0 44. x7 -6x+5=0 
11. x? — 2x -8 =0 12. x7 — 10x +9 =0 
45. 16x7 -9=0 46. 11x? + 33x = 0 
13. 6x? + 3x = 0 14. 9x7 -1=0 
47. 4x2 — 12x +9 =0 48. x? — 14x + 49 =0 
15. x? + 10x + 25 = 0 16. 16x? + 56x + 49 = 0 
49, (x + 4)? = 49 50. (x — 3)? = 36 
17. 3 + 5x — 2x? =0 18. 2x? = 19x + 33 
51. 4x = 4x? — 3 52. 80 + 6x = 9x? 
19. x? + 4x = 12 20. x? + 4x = 21 
53. 50 + 5x = 3x? 54. 144 — 73x + 4x7 = 0 
21. —x? — 7x = 10 22. —x? + 8x = 12 
55. 12x = x? + 27 56. 26x = 8x? + 15 
In Exercises 23-40, solve the quadratic equation by 57. 50x2 —- 60x +10 =0 58. 9x2 + 12x +3=0 
extracting square roots. List both the exact answer and ‘5 _ ; _ 
a decimal answer that has been rounded to two dec- a ial ia ae We 2F 9 = 0 
imal places. 61. (x + 1)? = x? 62. (x + 1)? = 4x? 
23. x2 = 16 24. x2 = 144 
. . ) 63. Consider the expression (x + 2)*. How would you 
25. x° = 7 26. x° = 27 convince someone in your class that (x + 2)? # x? + 4? 
27. 3x2 = 36 28. 9x2 = 25 Give an argument based on the rules of algebra. Give an 
29. (x — 12)? = 18 30. (x + 13)2 = 21 argument using your graphing utility. 


. i ion Ja? + b?. Id 

31. (x +2)2=12 32. (x + 5)2 = 20 ) 64 Consider the expression Va b Han wou you 
convince someone in your class that /a? + b*> #a+ b? 

33. 12x? = 300 34. 6x? = 250 Give an argument based on the rules of algebra or 

geometry. Give an argument using your graphing utility. 


65. 


66. 


67. 


68. 


69. 


Geometry A one-story building is 14 feet longer than it 
is wide (see figure). The building has 1632 square feet of 
floor space. What are the dimensions of the building? 


Geometry A billboard is 10 feet longer than it is high 
(see figure). The billboard has 336 square feet of advertising 
space. What are the dimensions of the billboard? 


i h+ 10 cal 


Geometry A triangular sign has a height that is equal to 
its base. The area of the sign is 4 square feet. Find the base 
and height of the sign. 


Geometry The building lot shown in the figure has an 
area of 8000 square feet. What are the dimensions of the lot? 


3 
K =x >I 


Geometry A rectangular garden that is 30 feet long and 
20 feet wide is surrounded on all four sides by a rock path 
that is x feet wide. The total area of the garden and the rock 
path is 1200 square feet. What is the width of the path? 


+r 


30 ft 


70. 


In 
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Geometry A rectangular pool is 30 feet wide and 40 
feet long. It is surrounded on all four sides by a wooden 
deck that is x feet wide. The total area enclosed within the 
perimeter of the deck is 3000 square feet. What is the width 


of the deck? 


1x ——— 40 ft ——— x1 


w 
Oo 
1S <—_ ee —— 1 & 1 


Exercises 71-76, assume that air resistance is 


negligible, which implies that the position equation 


s= 
71. 


72. 


73. 


74. 


75. 


76. 


— 16t? + vot + 59 is a reasonable model. 


Falling Object A rock is dropped from the top of a 
200-foot cliff that overlooks the ocean. How long will it 
take for the rock to hit the water? 


Royal Gorge Bridge The Royal Gorge Bridge near 
Canon City, Colorado is the highest suspension bridge in the 
world. The bridge is 1053 feet above the Arkansas river. A 
rock is dropped from the bridge. How long does it take the 
rock to hit the water? 


Olympic Diver The high-dive platform in the Olympics 
is 10 meters above the water. A diver wants to perform an 
armstand dive, which means she will drop to the water 
from a handstand position. How long will the diver be in 
the air? (Hint: 1 meter ~ 3.2808 feet) 


The Owl and the Mouse An ow! is circling a field 
and sees a mouse. The owl folds its wings and begins to 
dive. If the owl starts its dive from a height of 100 feet, how 
long does the mouse have to escape? 


Wind Resistance At the same time a skydiver jumps 
from an airplane 13,000 feet above the ground, a steel ball 
is dropped from the plane. Because of air resistance, 
it takes the skydiver 67 seconds to freefall to a height of 
3000 feet where the parachute opens. The steel ball has 
relatively no air resistance, so its height can be modeled by 
the position equation. How much faster does the ball reach 
a height of 3000 feet than the skydiver? 


Wind Resistance At the same time a skydiver jumps 
from an airplane 8900 feet above the ground, a steel ball is 
dropped from the plane. Because of air resistance, it takes 
the skydiver 44 seconds to freefall to a height of 2500 feet 
where the parachute opens. The steel ball has relatively no 
air resistance and its height can be modeled by the position 
equation. How much faster does the ball reach a height of 
2500 feet than the skydiver? 
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77. 


78. 


79. 
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Geometry The hypotenuse of an isosceles right triangle 
is 6 centimeters long. How long are the legs? (An isosceles 
right triangle is one whose two legs are of equal length.) 


Geometry An equilateral triangle has a height of 3 feet. 
How long are each of its legs? (Hint: Use the height of the 
triangle to partition the triangle into two right triangles of 
the same size.) 


Flying Distance A commercial jet flies to three cities 
whose locations form the vertices of a right triangle (see 
figure). The air distance from Atlanta to Buffalo is about 
703 miles and the air distance from Atlanta to Chicago is 
about 583 miles. Approximate the air distance from Atlanta 
to Buffalo by way of Chicago. 


Buffalo 


Chicago 


Atlanta 


In Exercises 80 and 81, use the following information. 
The sum of the angles of a triangle is 180°. Also, if two 
angles of a triangle are equal, the lengths of the sides 
opposite the angles are equal. 


80. 


Depth of aWhale The sonar of a research ship detects 
a whale that is 3000 feet from the ship. The angle formed 
by the ocean surface and a line from the ship to the whale 
is 45° (see figure). How deep is the whale? 


Not drawn to scale 


81. 


82. 


83. 


84. 


85. 


Depth of a Whale Shark A research ship is tracking 
the movements of a whale shark that is 700 meters from the 
ship. The angle formed by the ocean surface and a line 
from the ship to the whale shark is 45°. How deep is the 
whale shark? 


College Costs The average yearly cost C of attending a 
private college full time for the academic years 1999/2000 
to 2004/2005 in the United States can be approximated by 
the model 


C = 45.6r7 + 15,737, 10<1r< 15 


where ft = 10 corresponds to the 1999/2000 academic year 
(see figure). Use the model to predict the year in which the 
average cost of attending a private college full time is about 
$30,000. (Source: U.S. National Center for Education 
Statistics) 


ae) 


27,000 
25,000 
23,000 
21,000 
19,000 
17,000 


College cost 
(in dollars) 


T T T =i 


Go nc nec) un) 


Academic year 


Total Revenue The demand equation for a product is 
Pp = 36 — 0.0003x, where p is the price per unit and x is 
the number of units sold. The total revenue R for selling x 
units is given by 


R = xp = x(36 — 0.0003x). 


How many units must be sold to produce a revenue of 
$1,080,000? 


Total Revenue’ The demand equation for a product is 
p = 40 — 0.0005x, where p is the price per unit and x is 
the number of units sold. The total revenue R for selling x 
units is given by 

R = xp = x(40 — 0.0005x). 

How many units must be sold to produce a revenue of 
$800,000? 


Production Cost A company determines that the 
average monthly cost C (in dollars) of raw materials for 
manufacturing a product line can be modeled by 


C = 35.657 + 7205, t=0 


where f is the year, with t = 0 corresponding to 2000. 
Use the model to estimate the year in which the average 
monthly cost reaches $12,000. 


86. 


87. 


88. 


Monthly Cost A company determines that the average 
monthly cost C (in dollars) for staffing temporary positions 
can be modeled by 


C = 135.47 + 13,702, t=0 


where ¢ represents the year, with t = 0 corresponding to 
2000. Use the model to predict the year in which the 
average monthly cost is about $25,000. 


MAKE A DECISION: U.S. POPULATION The resident 
population P (in thousands) of the United States from 1800 
to 1890 can be approximated by the model 


P = 694.59P + 6179, 0<t<9 


where f¢ represents the year, with t = 0 corresponding to 
1800, t = 1 corresponding to 1810, and so on (see figure). 


(a) Assume this model had continued to be valid up 
through the present time. In what year would the 
resident population of the United States have reached 
250,000,000? 


(b) tidging from the figure, would you say that this model 
is a good representation of the resident population 
through 1890? 


(c) How about through 2006, when the United States 
resident population was approximately 300,000,000 


people? (ebhey 


Model 


U.S. resident population 
(in thousands) 
8 
[= 
Ss 
i 
T 


Oa 238 AS OP iS 9: 
Year (0 © 1800, 1 < 1810) 


U.S. Population The resident population P (in 
thousands) of the United States from 1900 to 2000 can be 
approximated by the model 


P = 1951.007 + 97,551, O0<t< 10 


where f represents the year, with t = 0 corresponding to 
1900, t = 1 corresponding to 1910, and so on (see figure). 
Assume this model continues to be valid. In what year 
will the resident population of the United States reach 
330,000,000? (Source: U.S. Census Bureau) 


© 89. 


90. 


91. 


92. 


93. 
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Figure for 88 


MAKE A DECISION The U.S. Census Bureau predicts 
that the population in 2050 will be 419,854,000. Does the 
model in Exercise 88 appear to be a valid model for the 
year 2050? 


MAKE A DECISION The enrollment FE in an early 
childhood development program for a school district 
from 1995 to 2008 can be approximated by the model 
E = 1.67817 + 1025, 5 < t < 18, where ¢ represents the 
year, with t = 5 corresponding to 1995. Use the model to 
approximate the year in which the early childhood enroll- 
ment reached 1450 children. Can you use the model to 
estimate early childhood enrollment for the year 1980? 
Explain. 


MAKE A DECISION The temperature T (in degrees 
Fahrenheit) during a certain day can be approximated by 
T = 0.311? + 32.9, 7 < t< 15, where rf represents the 
hour of the day, with t = 7 corresponding to 7 A.M. Use the 
model to predict the time when the temperature was 85° F. 
Can you use this model to predict the temperature at 7 P.M.? 
Explain. 


Hydrofluorocarbon Emissions From 2000 to 2005, 
yearly emissions EF (in millions of metric tons) of 
hydrofluorocarbons (HFCs) in the United States can be 
modeled by EF = 1.26 + 99.98, 0 <t< 5, where t 
represents the year, with t = 0 corresponding to 2000. Use 
the model to estimate the year in which HFC emissions 
were about 124,000,000 metric tons. (Source: Energy 
Information Administration) 


Blue Oak The blue oak tree, native to California, is 
known for its slow rate of growth. Fencing enclosures 
protect seedlings from herbivore damage and promote 
faster growth. The height H (in inches) of an enclosed blue 
oak tree can be approximated by the model 


H=0.74F +25, O0<t<5 


where f represents the year, with t = 0 corresponding to 
2000. Use the model to approximate the year in which the 
height of the tree was about 32 inches. 
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The Quadratic 
Formula 


STUDY TIP 


The Qdratic Formula is one 

of the most important formulas 
in algebra, and you should 
memorize it. It might help to try 
to memorize a verbal statement 
of the rule. For instance, you 
might try to remember the 
following verbal statement of 
the Qidratic Formula: The 
opposite of b, plus or minus the 
square root of b squared minus 
Aac, all divided by 2a.” 


m@ Develop the Quadratic Formula by completing the square. 


@ Use the discriminant to determine the number of real solutions of 
a quadratic equation. 


@ Solve a quadratic equation using the Quadratic Formula. 
m Use the Quadratic Formula to solve an application problem. 


Development of the Quadratic Formula 


In Section 1.3 you studied two methods for solving quadratic equations. These 
two methods are efficient for special quadratic equations that are factorable or 
that can be solved by extracting square roots. There are, however, many quadratic 
equations that cannot be solved efficiently by either of these two techniques. 
Fortunately, there is a general formula that can be used to solve any quadratic 
equation. It is called the Quadratic Formula. This formula is derived using a 
process called completing the square. 


ax? + bx +c=0 General form, a # 0 
ax? + bx = —-c Subtract c from each side. 
, , o c - ; 
xe + -xX = -- Divide each side by a. 
da da 
7 b be Cc b\ 
Xe oe ae =—-——+ Complete the square. 
a 2a a 2a 
(att of 2) 
a 
( 4. b y b? — 4ac Sesitt 
KE) = implify. 
2a 4a ie 
x b ‘ b? — 4ac e 
x =e xtract square roots. 
2a 4a? _ 
—b+ /b* — 4ac 
x= Solutions 
2a 


The Quadratic Formula 
The solutions of 
ae tips te =O, ass 


are given by the Quadratic Formula, 


—b+ /b* — 4ac 
2a é 


. 
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The Discriminant 


In the Qidratic Formula, the quantity under the radical sign, b? — 4ads called 
the discriminant of the quadratic expression ax? + bx + c. 


b? — 4ac Discriminant 


It can be used to determine the number of the solutions of a quadratic equation. 


Solutions of a Quadratic Equation 
The solutions of a quadratic equation 
axe? + bx +c=0, a#0 
can be classified by the discriminant, b* — 4ac, as follows. 
1. If b? — 4ac > 0, the equation has two distinct real solutions. 
2. If b* — 4ac = 0, the equation has one repeated real solution. 


3. If b? — 4ac < 0, the equation has no real solutions. 


If the discriminant of a quadratic equation is negative, as in case 3 above, 
then its square root is imaginary (not a real number) and the Qdratic Formula 
yields two complex solutions. You will study complex solutions in Section 3.5. 


> erste(-Way Using the Discriminant 


Use the discriminant to determine the number of real solutions of each of the 
following quadratic equations. 


a. 4x? — 20x + 25 =0 
b. 13x27 + 7x + 1=0 
c. 5x? = 8x 
SOLUTION 
a. Using a = 4, b = —20, and c = 25, the discriminant is 
b? — 4ac = (—20)? — 4(4)(25) = 400 — 400 = 0. 
Because b* — 4ac = 0, there is one repeated real solution. 
b. Using a = 13, b = 7, and c = 1, the discriminant is 
b? — 4ac = (7)? — 4(13)(1) = 49 — 52 = -3. 
Because b? — 4ac < 0, there are no real solutions. 


c. In general form, this equation is 5x? — 8x = 0, with a = 5,b = —8, and 
c = 0, which implies that the discriminant is 


b? — 4ac = (—8)? — 4(5)(0) = 64. 


Because b* — 4ac > 0, there are two distinct real solutions. 


/ CHECKPOINT 1 


Use the discriminant to determine the number of real solutions of 
?+6x+9=0. © 
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Using the Quadratic Formula 


When using the Qadratic Formula, remember that before the formula can be 
applied, you must first write the quadratic equation in general form. 


JS <eres}e)(-Wan Two Distinct Solutions 


2 — 
TECHNOLOGY Solve x7 + 3x = 9. 


SOLUTION 


=, You can check the 
solutions to Example 2 4+ 3x=9 
using a calculator. 


Write original equation. 


r+ 3x-9=0 Write in general form. 

=3 + /G? —4(D(=9) ; 

x= 5) ( 1 Qidratic Formula 
—-3+/ 

x= see Simplify. 

2 

—3+ 

x= : oe Simplify. 


The solutions are 


-3+3/5 a3. = 3a 5 
x = ———— and x = — —. 
2 2 
Check these in the original equation. 


/ CHECKPOINT 2 
Solve x2 + 2x -2=0. © 


One Repeated Solution 


Solve 8x2 — 24x + 18 = 0. 


SOLUTION Begin by dividing each side by the common factor 2. 


8x? — 24x + 18 =0 Write original equation. 
4x7 —- 12x +9 =0 Divide each side by 2. 
_ -(-2)+ V(- RY? - 440) 

x 5) ( 4) Qidratic Formula 
12+ 

x= 12 + VO Simplify. 

8 

3 . 

x= > Repeated solution 


The only solution is x = 2. Check this in the original equation. 


/ CHECKPOINT 3 


Solve 9x2 — 6x = -1. © 
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The discriminant in Example 3 is a perfect square (zero in this case), and you 
could have factored the quadratic as 


4x? — 12x + 9=0 
(2x — 3)? = 
and concluded that the solution is x = . Because factoring is easier than 
applying the Qadratic Formula, try factoring first when solving a quadratic 


equation. If, however, factors cannot easily be found, then use the Qddratic 
Formula. For instance, try solving the quadratic equation 


x—x-—-12=0 


in two waysby factoring and by the Qadratic Formulate-see that you get the 
same solutions either way. 

When using a calculator with the Qidratic Formula, you should get in the 
habit of using the memory key to store intermediate steps. This will save steps 
and minimize roundoff error. 


Using a Calculator with the Quadratic Formula 


Solve 16.3x2 — 197.6x + 7.042 = 0. 
SOLUTION In this case, a = 16.3, b = — 197.6, c = 7.042, and you have 


—(—197.6) + /(— 197.6)? — 4(16.3)(7.042) 
7 2(16.3) 


To evaluate these solutions, begin by calculating the square root of the 
discriminant, as follows. 


Scientific Calculator Keystrokes 
197.6 G) &) © 4 &) 16.3 &) 7.042 ©) YW 


Graphing Calculator Keystrokes 
WM OO © 197.6 01) & O 4 & 16.3 &) 7.042 QO) (ENTER) 


In either case, the result is 196.434777. Storing this result and using the recall 
key, you can find the following two solutions. 


_ 197.6 + 196.434777 


Ls 2(16.3) = 12.087 Add stored value. 
Pe iad ne a = 0.036 Subtract stored value. 


/ CHECKPOINT 4 
Solve 4.7x2 — 3.2x -5.9=0. & 


TECHNOLOGY 


= [ry to calculate the value of x in Example 4 by using additional 


parentheses instead of storing the intermediate result, 196.434777, 
in your calculator. 
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TECHNOLOGY 


=\ A program can be written 
to solve equations using 
the Qidratic Formula. A 
program for several models of 


graphing utilities can be found 
on the website for this text 

at college.hmco.com/info/ 
larsonapplied. Use a program 
to solve Example 5. 


Applications 


In Section 1.3, you studied four basic types of applications involving quadratic 
equations: area, falling bodies, the Pythagorean Theorem, and quadratic models. 
The solution to each of these types of problems can involve the Qddratic 
Formula. For instance, Example 5 shows how the Qadratic Formula can be used 
to analyze a quadratic model for a patient’s blood oxygen level. 


Blood Oxygen Level ®) 


Doctors treated a patient at an emergency room from 1:00 p.m. to 5:00 p.m. The 
patient’s blood oxygen level L (in percent) during this time period can be 
modeled by 


L= —0.251? + 3.0t+ 87, 1<t<5 


where f represents the time of day, with t = 1 corresponding to 1:00 p.M. Use the 
model to estimate the time when the patient’s blood oxygen level was 95%. 


SOLUTION To find the hour when the patient’s blood oxygen level was 95%, solve 
the equation 


95 = —0.2577 + 3.0r + 87. 
To begin, write the equation in general form. 
—0.257 + 3.0t- 8 =0 
Then apply the Qidratic Formula with a = —0.25,b =3.Qand c= —8. 
a =3 2/3? = 4=025(=3) 
2(=0:25) 


_-34VJ71_ 
= 95 =4or8 


Of the two possible solutions, only tf = 4 makes sense in the context of the 
problem, because ¢ = 8 is not in the domain of L. Because t = | corresponds to 
1:00 p.M., it follows that t = 4 corresponds to 4:00 P.M. So, from the model you 
can conclude that the patient’s blood oxygen level was 95% at about 4:00 P.M. 
Figure 1.11 shows the patients oxygen level recorded every 30 minutes. 


¥ 
BA COUUUUUL 


Hour (1 © 1| P.M.) 


Oxygen level (%) 
Neo} 
i) 
i 
| 


FIGURE 1.11 =< 


/ CHECKPOINT 5 


In Example 5, use the model to estimate the time when the patient’s blood 
oxygen level was 92%. © 


STUDY TIP 
Note in the position equation 


6 = SGP =P Wifi aP Gp 


that the initial velocity vo is 
positive when an object is rising 
and negative when an object 

is falling. 


FIGURE 1.12 


TECHNOLOGY 


=\ Use the Jast entry feature 

of your graphing calcula- 

tor to find the time in the air on 
Earth for the rock in Example 


6. Simply replace — 2.7 with 

— 16 in the expression for f. For 
specific keystrokes on using the 
last entry feature, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 
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In Section 1.3, you learned that the position equation for a falling object is of 
the form 


§ = —16f + vot + 59 


where s is the height (in feet) of the object, vy is the initial velocity (in feet per 
second), ¢ is the time (in seconds), and so is the initial height (in feet). This 
equation is valid only for free-falling objects near Earth’s surface. Because 
of differences in gravitational force, position equations are different on other 
planets or moons. The next example looks at a position equation for a falling 
object on our moon. 


Throwing an Object on the Moon ® 


An astronaut standing on the surface of the moon throws a rock straight up at 
27 feet per second from a height of 6 feet (see Figure 1.12). The height s (in feet) 
of the rock is given by 


s= —-2.7P° + 27t+ 6 


where f is the time (in seconds). How much time elapses before the rock strikes the 
lunar surface? 


SOLUTION Because s gives the height of the rock at any time ¢, you can find the 
time that the rock hits the surface of the moon by setting s equal to zero and solv- 
ing for ¢. 


—2.7t?7 + 27t+6=0 Substitute 0 for s. 
~27 + J/Q27P — 4-22.76) 
c= x 27) Qudratic Formula 
= 10.2 seconds Choose positive solution. 


So, about 10.2 seconds elapse before the rock hits the lunar surface. 


/ CHECKPOINT 6 


In Example 6, suppose the rock is thrown straight up at 13 feet per second 
from a height of 4 feet. The height s (in feet) of the rock is given by 

s = —2.7t? + 13t + 4. How much time (in seconds) elapses before the 
rock strikes the lunar surface? ™ 


. When using the quadratic formula to solve 4x? = 2 — 3x, what are the 
values of a, b, and c? 


. The quadratic equation ax? + bx + c = 0 has two distinct solutions. Does 
b? — 4ac = 0? Explain. 


. The area A (in square feet) of a parking lot is represented by 
A = x? + 9x + 300. Is it possible for the parking lot to have an area of 
275 square feet? Explain. 


. The discriminants of two quadratic equations are 5 and —10. Can the 
equations have the same solution? Explain. 
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Skills Review 1.4 


In Exercises 1-4, simplify the expression. 
1. 9 — 4(3)(—12) 
Bey 2 =A) (4) 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.4 
and 1.3. 


2. /36 — 4(2)(3) 
4. /152 + 4(9)(12) 


In Exercises 5-10, solve the quadratic equation by factoring. 


5.x? -—-x-2=0 
I, 7 = doe = 5 
O, 7 = Sue = © 


6. 2x7 + 3x -9=0 
8. 2x? + 13x =7 


10. x(x — 3) =4 


Exercises 1.4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


23. 4x7 + 4x = 7 
24. 16x? — 40x +5=0 


In Exercises 1-8, use the discriminant to determine the 
number of real solutions of the quadratic equation. 


Be = LD 25, 28x — 49x2 = 4 

2. 2x7 -x-1=0 26. 9x2 + 24x + 16 =0 

3. 3x2 + 4x + 1=0 27. 8 =5 +22 

dyer or eee SM 28. 25h? + 80h + 61 = 0 

5. 2x? — 5x = —5 29. (y — 5)? = 2y 

6. 3 — 6x = —3x? 30. (x + 6)? = —2x 

7. 4x2 + 8x -—8=0 

8. 1p — 55 4+25=0 In Exercises 31-36, use a calculator to solve the quad- 


ratic equation. (Round your answer to three decimal 
places.) 


31. 5.1x? — 1.7x — 3.2 =0 
32. 10.4x7 + 8.6x + 1.2 =0 


In Exercises 9-30, use the Quadratic Formula to solve 
the quadratic equation. 


9, 2x7+x-1=0 


10. 2x7 -x-1=0 33. 7.06x? — 4.85x + 0.50 = 0 

11. 16x27 + 8x —-3 =0 34, 2x? — 2.50x — 0.42 = 0 

12. 25x? — 20x +3 =0 35. —0.003x7 + 0.025x — 0.98 = 0 
13.2+2x-x=0 36. —0.005x? + 0.101x — 0.193 = 0 
14, x? — 10x + 22 =0 


In Exercises 37-46, solve the quadratic equation using 
any convenient method. 


37. 2x7 +7=2x7 -—x-4 
38. 027 -— 2x +5=x°-5 


15. x2 + 14x + 44 =0 
16. 6x = 4 —- x? 
17. x2 + 8x —-4=0 


18. 4x7 — 4x —-4=0 39, 4x2 — 15 = 25 
19, 12x — 9x7 = -3 40. 3x2 — 16 = 38 
20. 16x? + 22 = 40x 4.x? + 3x+1=0 
21. 36x? + 24x =7 42. x + 3x-4=0 
22. 3x +x7-1=0 


43, (x — 1 =9 

44, 2x7 —- 4x -6=0 

45. 3x? + 5x — 11 = 4(x — 2) 
46. 2x? + 4x — 9 = 2(x — 1)? 


Writing Real-Life Problems In Exercises 47-50, solve 
the number problem and write a real-life problem 
that could be represented by this verbal model. For 
instance, an applied problem that could be repre- 
sented by Exercise 47 is as follows. 


The sum of the length and width of a one-story house is 
100 feet. The house has 2500 square feet of floor space. What 
are the length and width of the house? 


47. Find two numbers whose sum is 100 and whose product 
is 2500. 


48. One number is | more than another number. The product of 
the two numbers is 72. Find the numbers. 


49. One number is 1 more than another number. The sum of 
their squares is 113. Find the numbers. 


50. One number is 2 more than another number. The product of 
the two numbers is 440. Find the numbers. 


Cost Equation In Exercises 51-54, use the cost 
equation to find the number of units x that a manu- 
facturer can produce for the cost C. (Round your 
answer to the nearest positive integer.) 


51. C = 0.125x? + 20x + 5000 C = $14,000 
52. C = 0.5x7 + 15x + 5000 C = $11,500 
53. C = 800 + 0.04x + 0.002x? C = $1680 
54. C = 312.5 — 10x + 04x? C = $900 


55. Seating Capacity A rectangular classroom seats 72 
students. If the seats were rearranged with three more seats 
in each row, the classroom would have two fewer rows. 
Find the original number of seats in each row. 


56. Geometry A rancher has 200 feet of fencing to enclose 
two adjacent rectangular corrals (see figure). Find the 
dimensions such that the total enclosed area will be 1400 
square feet. 
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57. Geometry An open box is to be made from a square 
piece of material by cutting two-inch squares from the 
corners and turning up the sides (see figure). The volume of 
the finished box is to be 200 cubic inches. Find the size of 
the original piece of material. 


58. Geometry An open box (see figure) is to be constructed 
from 108 square inches of material. Find the dimensions of 
the square base. (Hint: The surface area is S = x? + 4xh.) 


59. Eiffel Tower You throw a coin straight up from the top 
of the Eiffel Tower in Paris with a velocity of 20 miles per 
hour. The building has a height of 984 feet. 


(a) Use the position equation to write a mathematical 
model for the height of the coin. 


(b) Find the height of the coin after 4 seconds. 


(c) How long will it take before the coin strikes the 
ground? 


60. Sports Some Major League Baseball pitchers can throw 
a fastball at speeds of up to and over 100 miles per hour. 
Assume a Major League Baseball pitcher throws a baseball 
straight up into the air at 100 miles per hour from a height 
of 6 feet 3 inches. 


(a) Use the position equation to write a mathematical 
model for the height of the baseball. 


(b) Find the height of the baseball after 4 seconds, 5 
seconds, and 6 seconds. What must have occurred 
sometime in the interval 4 < ¢ < 6? Explain. 


(c) How many seconds is the baseball in the air? 


61. On the Moon An astronaut on the moon throws a 
rock straight upward into space. The height s (in feet) of the 
rock is given by s = —2.7t? + 40t + 5, where the initial 
velocity is 40 feet per second, the initial height is 5 feet, 
and t is the time (in seconds). How long will it take the rock 
to hit the surface of the moon? If the rock had been thrown 
with the same initial velocity and height on Earth, how long 
would it have remained in the air? 
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62. 


Falling Objects 


CHAPTER 1 _— Equations and Inequalities 
Hot Air Balloon Two people are floating in a hot 
air balloon 200 feet above a lake. One person tosses out a 
coin with an initial velocity of 20 feet per second. One 
second later, the balloon is 20 feet higher and the other 
person drops another coin (see figure). The position 
equation for the first coin is s = —16f + 20r + 200, 
and the position equation for the second coin is 
s = —16f + 220. Which coin will hit the water first? 
(Hint: Remember that the first coin was tossed one second 
before the second coin was dropped.) 


In Exercises 63 and 64, use the follow- 


ing information. The position equation for falling 
objects on Earth is of the form 
S = —16f? + vot + 55 


where s is the height of the object (in feet), v, is the 
initial velocity (in feet per second), t is the time 
(in seconds), and sy is the initial height (in feet). 


63. 


64. 


65. 


MAKE A DECISION Would a rock thrown upward from 
an initial height of 6 feet with an initial velocity of 27 feet 
per second take longer to reach the ground on Earth or on 
the moon? (See Example 6.) 


MAKE A DECISION Would a rock thrown downward 
from an initial height of 6 feet with an initial velocity of 
—14 feet per second take longer to reach the ground on 
Earth or on the moon? (See Example 6.) 


Flying Distance A small commuter airline flies to three 
cities whose locations form the vertices of a right triangle 
(see figure). The total flight distance (from City A to City 
B to City C and back to City A) is 1400 miles. It is 600 
miles between the two cities that are farthest apart. Find the 
other two distances between cities. 


CityB, —= 
rs ) 
1 
1 


city co) 
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67. 


68. 


Distance from a Dock A windlass is used to tow a 
boat to a dock. The figure shows a situation in which there 
is 75 feet of rope extended to the boat. How far is the boat 
from the dock? 


Starbucks 
Starbucks from 1996 to 2005 can be approximated by 
the model S = 58.1557? — 612.3¢ + 2387.1,6 <1¢< 15, 
where ¢ represents the year, with tf = 6 corresponding to 
1996. The figure shows the actual sales and the sales repre- 


The total sales $ (in millions of dollars) for 


sented by the model. (Source: Starbucks Corporation) 
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(a) Use the model to estimate the year when total sales 
were about $4 billion. 


(b) Use the model to predict the year when the total sales 
were about $6.2 billion. 


(c) Starbucks sales were expected to reach $9.45 billion in 
2007. Does the model agree? Explain your reasoning. 


Per Capita Income The per capita income P 
(in dollars) in the United States from 1995 to 2005 can be 
approximated by the model P = 7.14 + 887.5t + 15,544, 
5 <t< 15, where ¢ represents the year, with t= 5 
corresponding to 1995. The figure shows the actual per 
capita income and the per capita income represented by the 
model. (Source: U.S. Bureau of Economic Analysis) 


Per capita income 


>t 
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70. 


71. 


72. 


(a) Use the model to estimate the year in which the per 
capita income was about $26,500. 


(b) Use the model to predict the year in which the per capi- 
ta income is about $34,000. 


Blood Oxygen Level Doctors treated a patient at an 
emergency room from 2:00 P.M. to 7:00 p.M. The patient’s 
blood oxygen level L (in percent) during this time period 
can be modeled by 


L 0.27077 + 3.59t 4 


83.1, 2<t<7 


where f¢ represents the time of day, with t = 2 correspon- 
ding to 2:00 P.M. Use the model to estimate the time (round- 
ed to the nearest hour) when the patient’s blood oxygen 
level was 93%. 


Prescription Drugs The total amounts A (in billions 
of dollars) projected by the industry to be spent on 
prescription drugs in the United States from 2002 to 2012 
can be approximated by the model. 


A = 0.897 + 15.9t+ 126, 2<1< 12 


where ¢ represents the year, with t = 2 corresponding to 
2002. Use the model to predict the year in which the 
total amount spent on prescription drugs will be about 
$374,000,000,000. (Source: U.S. Center for Medicine 
and Medicaid Services) 


Flying Speed Two planes leave simultaneously from 
the same airport, one flying due east and the other due 
south (see figure). The eastbound plane is flying 50 miles 
per hour faster than the southbound plane. After 3 hours the 
planes are 2440 miles apart. Find the speed of each plane. 


Flying Speed Two planes leave simultaneously from 
the same airport, one flying due east and the other due 
south. The eastbound plane is flying 100 miles per hour 
faster than the southbound plane. After 2 hours the planes 
are 1500 miles apart. Find the speed of each plane. 
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Biology The metabolic rate of an ectothermic organism 
increases with increasing temperature within a certain 
range. The graph shows experimental data for the oxygen 
consumption C (in microliters per gram per hour) of a 
beetle at certain temperatures. The data can be approximated 
by the model 


C = 0.45x? 


1.65x 4 


where x is the temperature in degrees Celsius. 


50.75, 10 <x < 25 
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(a) The oxygen consumption is 150 microliters per gram 
per hour. What is the air temperature? 


(b) The temperature is increased from 10°C to 20°C. The 
oxygen consumption is increased by approximately 
what factor? 


Total Revenue The demand equation for a product is 
p = 60 — 0.0004x 


where p is the price per unit and x is the number of units 
sold. The total revenue R for selling x units is given by 


R= xp. 

How many units must be sold to produce a revenue of 
$220,000? 

Total Revenue The demand equation for a product is 
p = 50 — 0.0005x 


where p is the price per unit and x is the number of units 
sold. The total revenue R for selling x units is given by 


R= xp. 


How many units must be sold to produce a revenue of 
$250,000? 


When the Qidratic Formula is used to solve certain 
problems, such as the problem in Example 5 on page 108, 
why is only one solution used? 


Extended Application To work an extended application 
analyzing the sales per share of Starbucks Corporation from 
1992 to 2005, visit this text’s website at college.hmco.com. 
(Data Source: Starbucks Corporation) 
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Mid-Chapter Quiz See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-4, solve the equation and check your solution. 
3x +3 3 


"S5x-2 4 


1. 3(x — 2) — 4(2x +5) =4 


2 il 1 ae ; 
eat 2k x—-4 4, (x + 3) — x? = 6(x + 2) 


5. Describe how you can check your answers to Exercises 14 using your graphing 
utility. 


In Exercises 6 and 7, solve the equation. (Round your solution to three deci- 


mal places.) 


6 x «x 
* 2.004 5.128 


7. 0.378x + 0.757(500 — x) = 215 


= 100 


In Exercises 8 and 9, write an algebraic equation for the verbal description. 
Find the solution if possible and check. 


8. A company has fixed costs of $30,000 per month and variable costs of $8.50 per unit 
manufactured. The company has $200,000 available each month to cover monthly 
costs. How many units can the company manufacture? 


9, The demand equation for a product is p = 75 — 0.0002x, where p is the price per unit 
and x is the number of units sold. The total revenue R for selling x units is given by 
R = xp. How many units must be sold to produce a revenue of $300,000? 


In Exercises 10-15, solve the quadratic equation by the indicated method. 
10. Factoring: 3x? + 13x = 10 

11. Extracting roots: 3x* = 15 

12. Extracting roots: (x + 3)? = 17 

13. Quadratic Formula: 2x + x? = 5 

14. Quadratic Formula: 3x* + Tx — 2 = 0 

15. Quadratic Formula: 3x — 4.50x — 0.32 = 0 


In Exercises 16 and 17, use the discriminant to determine the number of real 
solutions of the quadratic equation. 


16. 2x2 -— 4x +9 =0 
17. 4x2 — 12x +9 =0 


18. Describe how you would convince a fellow student that (x + 3)? = x? + 6x + 9. 


19. A rock is dropped from a height of 300 feet. How long will it take the rock to hit 
the ground? 


20. An open box has a square base and a height of 6 inches. The volume of the box is 
384 cubic inches. Find the dimensions of the box. 
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@ Solve a polynomial equation by factoring. 
Other Types of m Rewrite and solve an equation involving radicals or rational exponents. 
Equations 


m@ Rewrite and solve an equation involving fractions or absolute values. 
™ Construct and use a nonquadratic model to solve an application problem. 


Polynomial Equations 


In this section you will extend the techniques for solving equations to nonlinear 
and nonquadratic equations. At this point in the text, you have only three basic 
methods for solving nonlinear equations—factoring, extracting roots, and 
the Quadratic Formula. So the main goal of this section is to learn to rewrite 
nonlinear equations in a form to which you can apply one of these methods. 


STUDY TIP |e <ers})(-We Solving a Polynomial Equation by Factoring 


When solving an equation, 


1 4 = 48x, 
avoid dividing each side by belie e® e 


a common variable factor to SOLUTION The basic approach is first to write the polynomial equation in gen- 

simplify. You may lose solutions. eral form with zero on one side, then to factor the other side, and finally to set 

For instance, if you divide each each factor equal to zero and solve. 

: De 

SLC So el Eval LE you 3x4 = 48x7 Write original equation. 

lose the solution x = 0. Also, ; 

when solving an equation by 3xt — 48x? = 0 Write in general form. 

factoring, be sure to set each 3x7(x? = 16) =0 Factor out common factor. 

variable factor equal to zero to sO 4) =0 

find all of the possible solutions. wx + 4)Qx — 4) = ieee oa 

3x? = 0 > x=0 Set Ist factor equal to 0. 

x+4=0 > x= —-4 Set 2nd factor equal to 0. 
x-4=0 > x=4 Set 3rd factor equal to 0. 


You can check these solutions by substituting in the original equation, as follows. 


CHECK 
3x4 = 48x? Write original equation. 
3(0)* = 48(0)? 0 checks. / 
3(—4)4 = 48(—4)? —4 checks. Y 
3(4)4 = 48(4)2 4 checks. Y 
After checking, you can conclude that the solutions are x = 0,x = —4, and 
x= 4. 


/ CHECKPOINT 1 


Solve 3x3 = 3x. © 
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DISCOVERY 


What do you observe about the 
degrees of the polynomials in 
Examples 1, 2, and 3 and the 
possible numbers of solutions 
of the equations? Does your 
observation apply to the 
quadratic equations in 

Sections 1.3 and 1.4? 


Equations and Inequalities 


|e <ets})(-W4y Solving a Polynomial Equation by Factoring 


Solve x37 — 3x7 — 3x +9 =0. 


SOLUTION 
x — 3x7 - 3x +9=0 Write original equation. 
x(x 3) 3(x 3) =0 Group terms. 
(x = 3)(x2 ial 3) =0 Factor by grouping. 
x-3=0 => x=3 Set Ist factor equal to 0. 
x7-3=0 => x= +/3 Set 2nd factor equal to 0. 


The solutions are x = 3,x = /3, and x = —/3. Check these in the original 
equation. Notice that this polynomial has a degree of 3 and has three solutions. 


/ CHECKPOINT 2 


Solve x3 — x2 -2x+2=0. O 


Occasionally, mathematical models involve equations that are of quadratic 
type. In general, an equation is of quadratic type if it can be written in the form 


auwz+bu+c=0 


where a # 0 and uw is an algebraic expression. 


Solving an Equation of Quadratic Type 


Solve x* — 3x7 +2 = 0. 
SOLUTION This equation is of quadratic type with u = x°. 
(x°)? — 3(07) +2 =0 


To solve this equation, you can factor the left side of the equation as the product 
of two second-degree polynomials. 


= 3x2 +2 = 0 
(x? — 1)? — 2) =0 
(x + 1)(x — 1)@? — 2) =0 


Write original equation. 
Partially factor. 


Completely factor. 


x+1=0 => x=-l1 Set Ist factor equal to 0. 
x-1=0 => x=1 Set 2nd factor equal to 0. 
x7-2=0 => x= +/2 Set 3rd factor equal to 0. 
The solutions are x lx=I1,x eo. and x = —./2. Check these in 


the original equation. Notice that this polynomial has a degree of 4 and has four 
solutions. 


/ CHECKPOINT 3 
Solve x4 — 5x7 +4=0. O 


STUDY TIP 


The basic technique used in 
Example 5 is to isolate the 
factor with the rational exponent 
and raise each side to the 
reciprocal power. In Example 4, 
this is equivalent to isolating the 
square root and squaring each 
side. 


/ CHECKPOINT 5 
Solve 2x3/4 — 54 = 0. 
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Solving Equations Involving Radicals 


The steps involved in solving the remaining equations in this section will often 
introduce extraneous solutions, as discussed in Section 1.1. Operations such as 
squaring each side of an equation, raising each side of an equation to a rational 
power, or multiplying each side of an equation by a variable quantity all create 
this potential danger. So, when you use any of these operations, checking of 
solutions is crucial. 


seit (em An Equation Involving a Radical 
Solve /2x + 7—x = 2. 


SOLUTION 
Sx +7 —-x=2 Write original equation. 
2x+7=x+2 Isolate the square root. 
xt 7=x7+4x4+4 Square each side. 
0=x7+ 2x -3 Write in general form. 
0 = («+ 3)(x — 1) Factor. 
x+3=0 = x=-3 Set 1st factor equal to 0. 
x-1=0 => x=1 Set 2nd factor equal to 0. 


By checking these values, you can determine that the only solution is x = 1. 


/ CHECKPOINT 4 
Solve /3x —6=0. 


An Equation Involving a Rational Exponent 


Solve 4x3/2 — 8 = 0. 


SOLUTION 
4x3/2 — 8 =0 Write original equation. 
Ax3/2 = 8 Add 8 to each side. 
e/2 = 2 Isolate x3/. 
x = 22/3 Raise each side to the : power. 
x = 1.587 Round to three decimal places. 
CHECK 
43/2 — 8 =0 Write original equation. 
A(22/9)3/2 2 8 Substitute 27/? for x. 
4(2) is 8 Power of a Power Property 
8 =8 Solution checks. W 
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Equations and Inequalities 


Equations Involving Fractions or Absolute Values 


In Section 1.1, you learned how to solve equations involving fractions. Recall that 
the first step is to multiply each term of the equation by the least common 
denominator (LCD). 


js eree(-N An Equation Involving Fractions 


2 3 
Solve ~ = a 2 ="), 


SOLUTION For this equation, the LCD of the three terms is x(x — 2), so begin 
by multiplying each term of the equation by this expression. 


2 3 


ion — 1 Write original equation. 
x = 2 


2 
x(x = 2)— = x(x - y= a x(x = 2)(1) Multiply each term by LCD. 
X xX — 


(x — 2) = 3x — x(x — 2), x #0,2 Simplify. 
I4¢ = 4 = = 72 + 5x Distributive Property 
x—-—3x-4=0 Write in general form. 
(x — 4)@ + 1)=0 Factor. 
x-4=0 x=4 Set Ist factor equal to 0. 


x+1=0 > x=-1 Set 2nd factor equal to 0. 


Notice that the values x = 0 and x = 2 are excluded from the domains of the 
fractions because they result in division by zero. So, both x = 4 and x = —1 are 
possible solutions. 


CHECK 
2 3 
= —1 Write original equation. 
x x =2 
: Z = — 1 Substi 4 for 
4 4-2 ubstitute 4 for x. 
1 3 
A = 5 1 4 checks. J 
ieee - 1 Substitute —1 f 
=4 “1-2 ubstitute or x. 
—2=-1-1 —1 checks. Y 
The solutions are x = 4 and x = —1. 


/ CHECKPOINT 6 


$éite* $— 25, 
x 2H 2 a 
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To solve an equation involving an absolute value, remember that the expres- 
sion inside the absolute value signs can be positive or negative. This results in two 
separate equations, each of which must be solved. For instance, the equation 


|x — 2| =3 
results in the two equations 
x-2=3 and -—(x- 2) =3 


which implies that the original equation has two solutions: x = 5 and x = —1. 
When setting up the negative expression, it is important to remember to place 
parentheses around the entire expression that is inside the absolute value bars. 
After you set up the two equations, solve each one independently. 


An Equation Involving Absolute Value 


Solve |x? — 3x| = —4x + 6. 


SOLUTION Because the variable expression inside the absolute value signs can 
be positive or negative, you must solve the following two equations. 


First Equation 
x? — 3x = —4x +6 Use positive expression. 
r+x-6=0 Write in general form. 
(x + 3)(x — 2) =0 Factor. 
x+3=0 => x= -3 Set Ist factor equal to 0. 
x-2=0 > x=2 Set 2nd factor equal to 0. 
Second Equation 
=(x? = 3x) = =—4e + 6 Use negative expression. 
x*- Ix+6=0 Write in general form. 
(x — I(x — 6) = 0 Factor. 
x—-1=0 => x=1 Set Ist factor equal to 0. 
x-6=0 D> «x=6 Set 2nd factor equal to 0. 
CHECK 
|(—3)? — 3(—3)| = —4(-3) + 6 —3 checks. Y 
|(2)? — 3(2)| # —4(2) + 6 2 does not check. 
\(1)? — 30)| = —40) + 6 1 checks. 4 
\(6)? — 3(6)| # —4(6) + 6 6 does not check. 
The solutions are x = —3 andx = 1. 


/ CHECKPOINT 7 


Solve |x? — 3] = 5x — 3. @ 
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Stockbyte/Getty Images 


Equations and Inequalities 


Applications 


It would be virtually impossible to categorize all of the many different types of 
applications that involve nonlinear and nonquadratic models. However, from the 
few examples and exercises that follow, we hope you will gain some appreciation 
for the variety of applications that involve such models. 


1% <esesye)(--e) Reduced Rates ®) 


A ski club charters a bus for a ski trip at a cost of $700. In an attempt to lower the 
bus fare per skier, the club invites five nonmembers to go along. As a result, the 
fare per skier decreases by $7. How many club members are going on the trip? 


SOLUTION Begin the solution by creating a verbal model and assigning labels, 
as follows. 


Verbal Cost per _ Number of _ Cost of 
Model: skier skiers trip 
Labels: — Cost of trip = 700 (dollars) 
Number of ski club members = x (people) 
Number of skiers = x + 5 (people) 
7 
Original cost per member = m (dollars per person) 
x 
7 
Cost per skier = ce Yi, (dollars per person) 
x 
7 
Equation: (= = 7c +5) = 700 Original equation 
x 


Rewrite first factor. 


(Be + 5) = 700 


(700 — 7x)(x + 5) = 700x, x # 0 
700x + 3500 — 7x? — 35x = 700x 
—7x2 — 35x + 3500 = 0 
x? + 5x — 500 = 0 
(x + 25)(x — 20) = 0 
x+25=0 MD x«=-25 
x-20=0 > «=20 


Only the positive x-value makes sense in the context of the problem. So, you 
can conclude that 20 ski club members are going on the trip. Check this in the 
original statement of the problem. 


Multiply each side by x. 
Multiply factors. 

Subtract 700x from each side. 
Divide each side by —7. 
Factor left side of equation. 


Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


/ CHECKPOINT 8 


In Example 8, suppose the ski club invites eight nonmembers to join 
the trip. As a result, the fare per skier decreases by $10. How many club 
members are going on the trip? © 
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Interest earned on a savings account is calculated by one of three basic 
methods: simple interest, interest compounded n times per year, and interest 
compounded continuously. The next example uses the formula for interest that is 
compounded n times per year, 


nt 
A= (1 +2) 
n 


In this formula, A is the balance in the account, P is the principal (or original 
deposit), r is the annual interest rate (in decimal form), 1 is the number of com- 
poundings per year, and f is the time in years. In Chapter 4, you will study the 
derivation of this formula for compound interest. 


Compound Interest ®) 


When you were born, your grandparents deposited $5000 in a savings account 
earning interest compounded quarterly. On your 25th birthday the balance of the 
account is $25,062.59. What is the average annual interest rate of the account? 


SOLUTION 


nt 
Formula: A = oli + *) 
n 


Labels: Balance = A = 25,062.59 (dollars) 
Principal = P = 5000 (dollars) 
Time = t = 25 (years) 
Compoundings per year = n = 4 (compoundings) 
Annual interest rate = r (percent in decimal form) 
r\4@9) 
Equation: 25,062.59 = 5000( + ‘) Substitute. 
Zoi? (1 + \ Divide each side by 5000 
5000 4 ivide each side by f 
r 100 
5.0125 = (1 + ‘) Use a calculator. 
(5.0125)!/ 100 == J + 7 Raise each side to reciprocal power. 
1.01625 ~ 1+ 7 Use a calculator. 
0.01625 = rr Subtract 1 from each side. 
0.065 ~ r Multiply each side by 4. 


The average annual interest rate is about 0.065 = 6.5%. Check this in the 
original statement of the problem. 


/ CHECKPOINT 9 


You placed $1000 in an account earning interest compounded monthly. After 
3 years, the account balance is $1144.25. What is the annual interest rate? © 
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Je <esesye)(-Wll) Market Research ® 


The marketing department of a publishing company is asked to determine the 
price of a book. The department determines that the demand for the book depends 
on the price of the book according to the model 


p = 40 —- /0.000Ix + 1, 0 <x < 15,990,000 


where p is the price per book in dollars and x is the number of books sold at the 
given price. For instance, in Figure 1.13, note that if the price were $39, then 
(according to the model) no one would be willing to buy the book. On the other 
hand, if the price were $17.60, 5 million copies could be sold. The publisher set 
the price at $12.95. How many copies can the publisher expect to sell? 


Price per book 
(in dollars) 
= i) Ww 
o o oO 
i i i 


0 2 4 6 8 10 12 14 
Number of books sold (in millions) 


FIGURE 1.13 
SOLUTION 


p = 40 — 0.0001x + 1 Write given model. 


12.95 = 40 — /0.0001x + 1 Set price at $12.95. 
J0.0001x + 1 = 27.05 Isolate the radical. 
0.0001x + 1 = 731.7025 Square each side. 
0.0001x = 730.7025 Subtract 1 from each side. 
x = 7,307,025 Divide each side by 0.0001. 


So, by setting the book’s price at $12.95, the publisher can expect to sell about 
7.3 million copies. 
/ CHECKPOINT 10 


In Example 10, suppose the publisher set the price at $19.95. How many 
copies can the publisher expect to sell? © 


. What method would you use to solve x? + 3x? — 9x — 27 = 0? 


. Explain why x® + 2x? + 1 = 0 is of the quadratic type, but x* + 3x +2 =0 
is not. 


3. How do you introduce an extraneous solution when solving /2x + 4 = x? 


. What two equations do you need to write in order to solve 
| 3x? — 5x| = 5? 


Skills Review 1.5 


SECTION 1.5 


Other Types of Equations 


123 


The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Sections 1.3 and 1.4. 


In Exercises 1-10, find the real solution(s) of the equation. 


il, 2 = Dy + 11 = @ 
3. (« + 20)? = 625 
S a <b dhe = 4l = 
7. x7 + 4x-—5=0 
DQ, 2 = Bes 1 =O 


Exercises 1.5 


2, sie = 2) 
4. 5° +x=0 
(6 1? 4b ie = SS = 0 
6}, die ab the = 15 = O 
10. x? — 4x + 2=0 


3(z — 20) = 0 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-20, find the real solution(s) of the poly- 
nomial equation. Check your solutions. 


1. x3 — 2x7 — 3x =0 2. 20x? — 125x = 0 
3. 4x4 — 18x27 =0 

4. 2x4 — 15x39 + 18x? = 0 

5. x+- 81=0 

6. x° — 64 =0 

7. 5x3 + 30x? + 45x = 0 

8. 9x4 — 24x93 + 16x? = 0 

9. x3 — 7x2 — 4x + 28 = 0 

10. x° + 2x7 + 3x +6=0 

Wl. xt*#-eP+x-1=0 

12. x4 + 2x3 — 8x —- 16 =0 

13. x4 — 12x27 + 11=0 14. 
15. x* + 5x? — 36=0 16. 
17. 4x4 — 65x? + 16 =0 18. 
19, x° + 7° — 8 =0 20. 


x* — 29x? + 100 = 0 
x+—47°+3=0 
3614 + 29° —-7=0 
x6 + 3x3 +2=0 


In Exercises 21-34, find the real solution(s) of the 
radical equation. Check your solutions. 


21. /2x - 10 =0 22. 4/x -3 =0 


23. /x — 10-4=0 24. J5-—x-3=0 
25. Y¥2x+5+3=0 26. ¥3x+1-5=0 


27. 2x + 9/x -5=0 28. 6x — 7/x —3 =0 


29. x = J/11x — 30 30. 2x — /15 — 4x =0 
31. 26 -1lx+4=x 

32. x + /31 —- 9x =5 

33. /x + 1-3x=1 


34. /2x+1+x=7 


In Exercises 35-40, find the real solution(s) of the 
equation involving rational exponents. Check your 


solutions. 

35. (x — 5)? = 16 
37. (x + 33/2 =8 
39. (x? — 5)?/3 = 16 


36. (x + 3)43 = 16 
38. (x2 + 223 =9 
40. (x2 — x — 22)4/3 = 16 


In Exercises 41-48, find the real solution(s) of the 
equation involving fractions. Check your solutions. 


1 1 
Ne -aa 
gg USN 
x 
eS ad +1 
x #241 
4 3 
; ~ = 
Ae ae x+2 


= Gta5s3 
ree 

46. r+——=5 

43, 2+ - 27 = 9 


In Exercises 49-56, find the real solution(s) of the equa- 
tion involving absolute value. Check your solutions. 


49. |x + 1] =2 

50. |x — 2| =3 

51. [2x — 1] =5 

52. [3x + 2| =7 

53. |x| =x? +x -3 
54, |x? + 6x| = 3x + 18 
55. |x — 10] = x7 — 10x 
56. |x + 1] =x? -5 
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57. 
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Error Analysis 


Find the error(s) in the solution. 


In Exercises 59-62, use a calculator to find the real 
solutions of the equation. (Round your answers to 
three decimal places.) 


59, 
60. 
61. 
62. 


63. 


64. 


65. 


66. 


67. 


3.2x4 — 1.5x2-—2.1=0 
7.08x® + 4.15x3 — 9.6 = 0 
1.8x — 6/x — 5.6 =0 
4x + 8/x + 3.6 =0 


Sharing the Cost A college charters a bus for $1700 to 
take a group of students to the Fiesta Bowl. When six more 
students join the trip, the cost per student decreases by 
$7.50. How many students were in the original group? 


Sharing the Cost Three students plan to share equally in 
the rent of an apartment. By adding a fourth person, each 
person could save $125 a month. How much is the monthly 
rent of the apartment? 


Compound Interest A deposit of $3000 reaches a 
balance of $4296.16 after 6 years. The interest on the 
account is compounded monthly. What is the annual 
interest rate for this investment? 


Compound Interest A sales representative describes a 
Suaranteed investment fund” that is offered to new 
investors. You are told that if you deposit $15,000 in the 
fund you will be guaranteed to receive a total of at least 
$40,000 after 20 years. (a) If after 20 years you received the 
minimum guarantee, what annual interest rate did you 
receive? (b) If after 20 years you received $48,000, what 
annual interest rate did you receive? (Assume that the 
interest in the fund is compounded quarterly.) 


Borrowing Money You borrow $300 from a friend and 
agree to pay the money back, plus $20 in interest, after 
6 months. Assuming that the interest is compounded 
monthly, what annual interest rate are you paying? 


68. 


69. 


70. 


Cash Advance You take out a cash advance of $1000 
on a credit card. After 2 months, you owe $1041.93. The 
interest is compounded monthly. What is the annual 
interest rate for this cash advance? 


Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly cost C 
(in millions of dollars) of these flights is modeled by 


C= J0.25x + 1 


where x is the number of passengers flying that month in 
thousands (see figure). The total cost of the flights for a 
month is 3.5 million dollars. Use the model to determine 
how many passengers flew that month. 


(e 


Monthly cost 
(in millions of dollars) 


T T T T T T a 


0 S 10 15 20230 
Number of passengers (in thousands) 


Life Expectancy The life expectancy of a person who is 
16 to 25 years old can be modeled by 


y= 1.244x? — 161.16x + 6138.6, 


where y represents the number of additional years the 
person is expected to live and x represents the person’s 
current age. (Source: U.S. National Center for Health 
Statistics) 


16 <x < 25 


(in years) 
Wn 
foe} 
I 
I 
T 
I 


Life expectancy 


T T T T T T T (UO. 
1G SS WS 9 20 215 22723024) 925 


Current age 


(a) Determine the life expectancies of persons who are 18, 
20, and 22 years old. 


(b) A person’s life expectancy is 62 years. Use the model 
to determine the age of the person. 


71. 


72. 


73. 


74. 


Life Expectancy The life expectancy of a person who is 
48 to 65 years old can be modeled by 


0.874x? — 140.07x + 5752.5, 


y= 48 <x < 65 


where y represents the number of additional years the 
person is expected to live and x represents the person’s 
current age. A person’s life expectancy is 20 years. How 
old is the person? (Source: U.S. National Center for 
Health Statistics) 


New Homes The number of new privately owned hous- 
ing projects H (in thousands) started from 2000 to 2005 can 
be modeled by 


204.91 + oan 


H 1993 + 


10<t< 15 

where f¢ represents the year, with t = 10 corresponding to 
2000 (see figure). Use the model to predict the year in 
which about 2,500,000 new housing projects were started. 
(Source: U.S. Census Bureau) 


H 
A 


2200 
2000 
1800 | 


1600 inal | 


New houses started 
(in thousands) 


1400 +a — | |__| — 


T T T T T imma 


10 1) 12 13 14 13 
Year (10 < 2000) 


Market Research The demand equation for a product is 
modeled by p = 40 — /0.01x + 1, where x is the number 
of units demanded per day and p is the price per unit. Find 
the demand when the price is set at $13.95. Explain why 
this model is only valid for 0 < x < 159,900. 


Power Line A power station is on one side of a river that 
is 5 mile wide. A factory is 6 miles downstream on the other 
side of the river. It costs $18 per foot to run power lines 
over land and $24 per foot to run them under water. The 
project’s cost is $616,877.27. Find the length x as labeled 
in the figure. 
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75. 


76. 


77. 


78. 


79. 


80. 
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Sailboat Stays Two stays for the mast on a sailboat are 
attached to the boat at two points, as shown in the figure. 
One point is 10 feet from the mast and the other point is 
15 feet from the mast. The total length of the two stays is 
35 feet. How high on the mast are the stays attached? 


Flour Production A company weighs each 16-ounce 
bag of flour it produces. After production, any bag that 
does not weigh within 0.4 ounce of 16 ounces cannot be 
sold. Solve the equation |x — 16| = 0.4 to find the least 
and greatest acceptable weights of a 16-ounce bag of flour. 


Sugar Production A company weighs each 80-ounce 
bag of sugar it produces. After production, any bag that 
does not weigh within 1.2 ounces of 80 ounces cannot be 
sold. Solve the equation |x — 80| = 1.2 to find the least 
and greatest acceptable weights of an 80-ounce bag of 
sugar. 


Work Rate With only the cold water valve open, it takes 
8 minutes to fill the tub of a washing machine. With both 
the hot and cold water valves open, it takes 5 minutes. The 
time it takes for the tub to fill with only the hot water valve 
open can be modeled by the equation 


where ¢ is the time (in minutes) for the tub to fill. How long 
does it take for the tub of the washing machine to fill with 
only the hot water valve open? 


Community Service You and a friend volunteer to 
paint a small house as a community service project. 
Working alone, you can paint the house in 15 hours. Your 
friend can paint the house in 18 hours working alone. How 
long will it take both of you, working together, to paint the 
house? 


Community Service You and a friend volunteer to 
paint a large house as a community service project. 
Working alone, you can paint the house in 28 hours. Your 
friend can paint the house in 25 hours working alone. How 
long will it take both of you, working together, to paint the 
house? 
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m Write bounded and unbounded intervals using inequalities or interval 


Linear notation. 
I li . ™@ Solve and graph a linear inequality. 
nequa itles @ Construct and use a linear inequality to solve an application problem. 
Introduction 


Simple inequalities are used to order real numbers. The inequality symbols 
<,<, >, and = are used to compare two numbers and to denote subsets of real 
numbers. For instance, the simple inequality 


x>=3 


denotes all real numbers x that are greater than or equal to 3. 
In this section you will expand your work with inequalities to include more 
involved statements such as 


5x -7>3x+9 and —-3 < 6x-1 <3. 


As with an equation, you solve an inequality in the variable x by finding all 
values of x for which the inequality is true. Such values are solutions and are said 
to satisfy the inequality. The set of all real numbers that are solutions of an 
inequality is the solution set of the inequality. For instance, the solution set of 


x+3>4 


is all real numbers that are greater than 1. 

The set of all points on the real number line that represent the solution set of 
an inequality is the graph of the inequality. Graphs of many types of inequalities 
consist of intervals on the real number line. The four different types of bounded 
intervals are summarized below. 


Bounded Intervals on the Real Number Line 


Let a and b be real numbers such that a < b. The following intervals on 
the real number line are bounded. The numbers a and D are the endpoints 
of each interval. 


Notation Interval Type _ Inequality Graph 


La, b] Closed asx<b  f-F—]_ - 5 


a b 
(a, b) Open @ <3 <b —_—____}—_-: 
a b 


La, b) a 


IA 
SS 
A 
> 


(a, b] a<x<b a 
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Note that a closed interval contains both of its endpoints and an open inter- 
val does not contain either of its endpoints. Often, the solution of an inequality is 
an interval on the real line that is unbounded. For instance, the interval consist- 
ing of all positive numbers is unbounded. The symbols 00, positive infinity, and 
— oo, negative infinity, do not represent real numbers. They are simply conven- 
ient symbols used to describe the unboundedness of an interval such as (1, 00). 


Unbounded Intervals on the Real Number Line 


Let a and b be real numbers. The following intervals on the real number line 
are unbounded. 


Notation Interval Type Inequality Graph 


[a e) rea ————E 
(a, 00) Open x>a  ——> 


(Greer b] Se 


IA 
isp 
* 


b 

(—00,b) Open bere ly) ——— 
b 

(—co,0o) Entirerealline —co <x <0co <> 


Sere (-wa Intervals and Inequalities 


Write an inequality to represent each of the following intervals. Then state 
whether the interval is bounded or unbounded. 


a. (—3, 5] 

b. (—3, co) 

c. [0, 2] 

d. (—co, 0) 

SOLUTION 

a. (—3,5] corresponds to —3 < x < 5. Bounded 
b. (—3, c0) corresponds to x > —3. Unbounded 
c. [0, 2] corresponds to 0 < x < 2. Bounded 
d. (—oo, 0) corresponds to x < 0. Unbounded 


/ CHECKPOINT 1 


Write an inequality to represent each of the following intervals. Then state 
whether the interval is bounded or unbounded. 


a. [2, 7) 
b. (—co, 3) & 
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CHAPTER 1 


Equations and Inequalities 


Properties of Inequalities 


The procedures for solving linear inequalities in one variable are much like those 
for solving linear equations. To isolate the variable, you can make use of the 


properties of inequalities. 


These properties are similar to the properties of 


equality, but there are two important exceptions. When each side of an inequality 


is multiplied or divided by 


a negative number, the direction of the inequality 


symbol must be reversed. Here is an example. 


=2 <5 
(=3)(=2) > (=3)(5) 
65-15 


Original inequality 
Multiply each side by —3 and reverse the inequality symbol. 


Simplify. 


Two inequalities that have the same solution set are equivalent. For instance, 


the inequalities 


x+2<5 and x <3 


are equivalent. To obtain the second inequality from the first, you can subtract 2 
from each side of the inequality. The following list describes operations that can 
be used to create equivalent inequalities. 


Properties of Inequalities 

Let a, b, c, and d be real numbers. 

1. Transitive Property 
a<badb<c => 

2. Addition of Inequalities 
a<bandc<d 

3. Addition of a Constant 


= 


4. Multiplication by a Constant 


=> 
=> 


=> 


a<b 


Fore = 0.@ <= 1p 


Fore <O,@ <b 


a= ic 


@ a5 @ <1) = al 


Gar € <M € 


ac < be 


Reverse direction of 


ac > be 
inequality. 


Each of the properties above is true if the symbol < is replaced by < and the 
symbol > is replaced by =. For instance, another form of the multiplication 


property would be as follows. 


=> 
==> 


A 


Forc > O0,a <b 


Forc <0,a<b 


ac < be. 


ac = be. 


On your own, try to verify each of the properties of inequalities by using 


several examples with real numbers. 


6 q 8 9 10 
FIGURE 1.14 Solution Interval: 
(8, 0) 


FIGURE 1.15 Solution Interval: 
(—o0, 2] 
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Solving a Linear Inequality 


The simplest type of inequality to solve is a linear inequality in a single variable. 
For instance, 2x + 3 > 4 is a linear inequality in x. 

As you read through the following examples, pay special attention to the 
steps in which the inequality symbol is reversed. Remember that when you 
multiply or divide by a negative number, you must reverse the inequality symbol. 


Solving a Linear Inequality 


Solve 5x — 7 > 3x + 9. 


SOLUTION 
5x -—7>3x+9 Write original inequality. 
2x-7>9 Subtract 3x from each side. 
x>8 Add 7 to each side and then divide each side by 2. 


The solution set is all real numbers that are greater than 8, which is denoted by 
(8, co). The graph is shown in Figure 1.14. 


/ CHECKPOINT 2 


Solve 3x < 2x + 1. & 
Checking the solution set of an inequality is not as simple as checking the 
solutions of an equation. You can, however, get an indication of the validity of 


a solution set by substituting a few convenient values of x to see whether the 
original inequality is satisfied. 


Solving a Linear Inequality 


Sie So oe =a 


2 
SOLUTION 
1- = >x-4 Write original inequality. 
2—3x 22x -—8 Multiply each side by 2. 
2-—5x=>-8 Subtract 2x from each side. 
—5x => -10 Subtract 2 from each side. 
x<2 Divide each side by —5 and reverse inequality. 


The solution set is all real numbers that are less than or equal to 2, which is 
denoted by (— 00, 2]. The graph is shown in Figure 1.15. 


/ CHECKPOINT 3 


4. 
Solve a < 2 — x. Then graph the solution set on the real number line. © 
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Sometimes it is convenient to write two inequalities as a double inequality. 
For instance, you can write the two inequalities —4 < 5x — 2 and5x -—2 <7 
more simply as 


—-4<5x-2<7. 


This enables you to solve the two inequalities together, as demonstrated in 
Example 4. 


Solving a Double Inequality 


Solve —3 < 6x-1 <3. 


SOLUTION To solve a double inequality, you can isolate x as the middle term. 


=3 56% -1<3 Write original inequality. 
=3 1 < 64—141.< 3-41 Add 1 to each part. 

—2<6x<4 Simplify. 
=2 < a < a Divid h by 6 
= SS ee a vide each part is 

6 66 —e 

! <x< Simplif 
= [Sx <5 implify. 

3 3 pity. 


The solution set is all real numbers that are greater than or equal to —} and less 
than z The interval notation for this solution set is 


1 2 ; 
[-3, 5). Solution set 


The graph of this solution set is shown in Figure 1.16. 


FIGURE 1.16 Solution Interval: [—4, 3). 


/ CHECKPOINT 4 


Solve —1 < 3 — 2x < 5. Then graph the solution set on the real number line. 


The double inequality in Example 4 could have been solved in two parts as 


follows. 
—-3<6x-1 and 6x-1 <3 
—2 < 6x 6x < 4 
ee x<zZ 
3 3 


The solution set consists of all real numbers that satisfy both inequalities. In other 
words, the solution set is the set of all values of x for which —} Sx< 3. 

When combining two inequalities to form a double inequality, be sure that 
the inequalities satisfy the Transitive Property. For instance, it is incorrect to com- 
bine the inequalities 3 < x and x < —1l as3 <x< —1. This fhequality”’is 
obviously wrong because 3 is not less than — 1. 


STUDY TIP 


When an absolute value 


inequality is solved, the solution 
may consist of a bounded 
interval on the real number line 
(Example 5) or two unbounded 
intervals on the real number 


line (Example 6). 


2 units 2 un 


its 


|x-5| 2 
FIGURE 1.17 
7 units 7 units 


—12-10-8 -6 —4 -2 
|x+3| 2 
FIGURE 1.18 


SECTION 1.6 Linear Inequalities 131 


Inequalities Involving Absolute Value 


Solving an Absolute Value Inequality 


Let x be a variable or an algebraic expression and let a be a real number such 
that a = 0. 


1. The solutions of |x| < a are all values of x that lie between —a and a. 
|x] <a  ifandonly if -a <x <a. 


2. The solutions of |x| > a are all values of x that are less than —a or 
greater than a. 


|x] >a if and only ifx < —aorx >a. 


These rules are also valid if < is replaced by < and > is replaced by =. 


Solving an Absolute Value Inequality 


Solve |x — 5] < 2. 


SOLUTION 
|x _ 5| <2 Write original inequality. 
=2-<4=) <2 Equivalent inequality 
=2+3<x= S+3 <2 +3 Add 5 to each part. 
3<x<7 Simplify. 


The solution set consists of all real numbers that are greater than 3 and less than 
7, which is denoted by (3, 7). The graph is shown in Figure 1.17. 


/ CHECKPOINT 5 


Solve |x + 2| < 7. Then graph the solution set on the real number line. ™ 


Solving an Absolute Value Inequality 


Solve |g + 3| = 7. 


SOLUTION 
|x ote 3| >7 Write original inequality. 
XPS <= 7 or x+327 Equivalent inequalities 
EBS 7S 7 3 CP 3H BST = 3 Subtract 3 from each side. 


x<-10 x24 Simplify. 
The solution set is all real numbers that are less than or equal to — 10 or greater 
than or equal to 4, which is denoted by (— oo, — 10] U[4, oc) (see Figure 1.18). 
The symbol U (union) means or 
/ CHECKPOINT 6 


Solve |x + 1| > 3. Then graph the solution set on the real number line. = 
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/ CHECKPOINT 7 


In Example 7, suppose the cost of 
renting a compact car from 
Company A is $250 per week with 
no extra charge for mileage. How 
many miles must you drive in a 
week to make the rental fee for 
Company B more than that for 
Company A? © 


© Nice One Productions/CORBIS 


Americans pay to be lean and fit. 

In 2005, Americans spent over 

$5 billion on exercise equipment. 

(Source: National Sporting Goods 
Association) 


Equations and Inequalities 


Applications 


Comparative Shopping ® 


The cost of renting a compact car from Company A is $200 per week with no 
extra charge for mileage. The cost of renting a similar car from Company B is 
$110 per week, plus $0.25 for each mile driven. How many miles must you drive 
in a week to make the rental fee for Company B more than that for Company A? 


SOLUTION 

Verbal Weekly cost for Weekly cost for 

Model: Company B Company A 

Labels: Miles driven in one week = m (miles) 
Weekly cost for Company A = 200 (dollars) 
Weekly cost for Company B = 110 + 0.25m (dollars) 


Inequality: 110 + 0.25m > 200 
0.25m > 90 
m > 360 


When you drive more than 360 miles in a week, the rental fee for Company B is 
more than the rental fee for Company A. 


Exercise Program ® 


A 225-pound man begins an exercise and diet program that is designed to reduce 
his weight by at least 2 pounds per week. Find the maximum number of weeks 
before the man’s weight will reach his goal of 192 pounds. 


SOLUTION 
Verbal Desired Current _ 2pounds | Number of 
Model: weight ~— weight per week — weeks 
Labels: Desired weight = 192 (pounds) 
Current weight = 225 (pounds) 
Number of weeks = x (weeks) 
Inequality: 192 < 225 — 2x 
= 33° 2x 
16.5 =x 


Losing at least 2 pounds per week, it will take at most 165 weeks for the man to 
reach his goal. 


/ CHECKPOINT 8 


In Example 8, find the maximum number of weeks before the man’s weight 
will reach 200 pounds. © 
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le <ersste)(-eey Accuracy of a Measurement ®) 


You go to a candy store to buy chocolates that cost $9.89 per pound. The scale 
used in the store has a state seal of approval that indicates the scale is accurate to 
within half an ounce. According to the scale, your purchase weighs one-half 
pound and costs $4.95. How much might you have been undercharged or over 
charged due to an error in the scale? 


SOLUTION To solve this problem, let x represent the true weight of the candy. 
Because the scale is accurate to within one-half an ounce (or 7 of a pound), you 
can conclude that the absolute value of the difference between the exact weight 
(x) and the scale weight (G5 ofa pound) is less than or equal to = of a pound. 
That is, 


You can solve this inequality as follows. 
1 o 1 2 1 
ag = a0 
15 17 
—< < — 
32 32 


0.46875 0.53125 


IA 
lA 


Xx 


In other words, your Sne-half pound of candy could have weighed as little as 

0.46875 pound (which would have cost 0.46875 » $9.89 ~ $4.64) or as much as 
0.53125 pound (which would have cost 0.53125 + $9.89 ~ $5.25). So, you could 
have been undercharged by as much as $0.30 or overcharged by as much as $0.31. 


/ CHECKPOINT 9 


You go to a grocery store to buy ground beef that costs $3.96 per pound. The 
scale used in the store is accurate to within 5 ounce (or - pound). According 
to the scale, your purchase weighs 7.5 pounds and costs $29.70. How much 
might you have been undercharged or overcharged due to an error in 

the scale? © 


. Write an inequality for all values of x that lie between —6 and 8. 
Is the solution set bounded or unbounded? Explain. 


. Suppose 2x + 1 > 5 andy -— 8 < 5. Is it always true that 2x + 1 > y — 8? 
Explain. 


. If x < 12, then —x must be in what interval? 


. The solution set of an absolute value inequality is (—co, —a] U [a, oo). 
Is the inequality |x| < a or |x| = a? 
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Skills Revi 1.6 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 1. these skills in the exercise set for this section. For additional help, review Section 0.1. 


In Exercises 1-4, determine which of the two numbers is larger. 


1 il 1 
1. -},-7 2. -4,-4 


3, —m, -3 4. -6,-# 


In Exercises 5-8, use inequality notation to denote the statement. 


5. x is nonnegative. 6. z is strictly between —3 and 10. 


7. P is no more than 2. 8. W is at least 200. 


In Exercises 9 and 10, evaluate the expression for the values of x. 


9 i= 10x = 1273 10525 — 3 = = I 


Exercises 1.6 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 

In Exercises 1-6, write an inequality that represents TIx<4 8. x = 6 

the interval. Then state whether the interval is bound- ee 10.0<x<} 

ed or unbounded. 
11. |x| < 4 12. |x| > 3 

1. [-1,5] 2. (2, 10] 
13. |x — 5| > 2 14. |x + 6| <3 

3. (11, 00) 4. [—5, 00) 

5. (—co, —2) 6. (—co, 7] In Exercises 15-22, determine whether each value of x 
is a solution of the inequality. 

aa at es to ae te eae 15. 5x — 12 > 0 

e graphs are labeled (a), (b), (c), (d), (e), (f), (g), an 

(h).] (a)x=3 ()x=-3 ©x=3 @x=} 
1 2x 

(a) ~+—+_}_ +— p—- {> x ae | 

ne a Se oe ee at (a) x=0 (b)x=4 ()x=-4 (d) x= -3 
(b) — { t i». x—-2 
9) 3 4 5 6 7 8 17.0< 4 < 2. 
() «~—+—__+_—_} | = (a)x=4 ()x=10 ©) x=0 @x=} 
2 3 4 5 6 gi 


a4 


(d) —) _{_~_+______+_} +» 18. —1< 
es (a) x=0 &)x=-5 (x=1 Wd x=5 
& x 
E | iti 19. |x — 10| > 3 
(f) : (a) x= 13 (b)x=-1 (C)x=14 (d)x=9 
20. 


3x + 5| >7 


(g) EF} es (a) x = —5 (b) x = —2 (c) x=4 (d) x = 10 


-5 -4 -3 -2 -1 0 1 2 3 4 °5 21. |x + 2| < 10 
(h) —4 f—_____________». (a) x= -15 (b)x=-4 ©) x=1 (Wx=8 
: 2 . q 22, |2x — 3| < 15 


(a)x=—-6 (b)x=0 (c) x=12 (d)x=7 


In Exercises 23-30, copy and complete the statement 


using the correct inequality symbol. 


23. 
24. 
25. 
26. 
27. 
28. 


29. 


30. 


In Exercises 31-70, solve the inequality. Then graph the 


If2x > 6,thenx_? 3. 


If3x > 9,thenx_? 3. 


If 2x < —8,thenx_? —4. 


If 3x < —15,thenx__?  —5. 


If2 —4x > —10,thenx  ? 


3. 


If5 — 3x > —7, thenx _? 
2 


4. 


If -—=x=>-—6,thenx _? 9. 


3 eeiaes 
3 


If ~4r > —12,thenx _? 


Vv 


16. 


solution set on the real number line. 


31. 


33. 


35. 


37. 
39. 
41. 
42. 
43. 
44. 


45. 


47. 
48. 


49. 


51. 


53: 


55. 


57. 


59. 
61. 


63. 


Sr 29 32. 
—10x < 40 34, 
3x-7<8 36. 
2x+7<3+4+ 4% 38. 
x= 12 5x 40. 
3(x + 2)+7<2x-5 


2x +7) — 4 = 5(x — 3) 


—3a-1)+7<2x4+8 
5 —3x > —-S(x +4) +6 
3<2x-1<7 46. 
1<2x+3<9 
=§< 1=3= 2) 4 
Sf g@=224 50. 
3 

S>xtl>g 52. 
x| < 6 54. 
ee 56. 
x +3] <5 58. 
x—20| <4 60. 
2x — 5| > 6 62. 
a3 

5) >5 64. 


2 
5x >! 


xb ls 11 


6x -—4<2+4 8x 


x 
1-H ia, 
a> ria 3 


K+3 


O< 


Sie 5ei 

x| > 8 

5x| > 10 

2x+1 
2 

x—7| <6 

2|5 — 3x| +7 < 21 


2% 
1-— 
3 


<6 


<1 


65. 
67. 
69. 
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|9 — 2x] -2< -1 66. |x + 14| +3 > 17 
2|x + 10] = 9 68. 3|4 — 5x| < 9 
|x — 5| < 0 70. |x — 5| = 0 


In Exercises 71-78, use absolute value notation to 
define the solution set. 


79. 


80. 


81. 


82. 


83. 


84. 


. All real numbers at most 10 units from 12 
. All real numbers at least 5 units from 8 
. All real numbers whose distances from —3 are more than 5 


. All real numbers whose distances from —6 are no more 


than 7 


Comparative Shopping The cost of renting a midsize 
car from Company A is $279 per week with no extra charge 
for mileage. The cost of renting a similar car from 
Company B is $199 per week, plus 32 cents for each mile 
driven. How many miles must you drive in a week to make 
the rental fee for Company B greater than that for 
Company A? 


Comparative Shopping Your department sends its 
copying to a photocopy center. The photocopy center bills 
your department $0.08 per page. You are considering 
buying a departmental copier for $2500. With your own 
copier the cost per page would be $0.025. The expected life 
of the copier is 4 years. How many copies must you make 
in the four-year period to justify purchasing the copier? 


Simple Interest For $1500 to grow to more than $1890 
in 3 years, what must the simple interest rate be? 


Simple Interest For $2000 to grow to more than $2500 
in 2 years, what must the simple interest rate be? 


Weight Loss Program A person enrolls in a diet 
1 

program that guarantees a loss of at least 1 pounds per 

week. The person’s weight at the beginning of the program 

is 180 pounds. Find the maximum number of weeks before 

the person attains a weight of 130 pounds. 


Salary Increase You accept a new job with a starting 
salary of $28,800. You are told that you will receive an 
annual raise of at least $1500. What is the maximum 
number of years you must work before your annual salary 
will be $40,000? 
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85. 


86. 


87. 


88. 


89. 


90. 
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Maximum Width An overnight delivery service will 
not accept any package whose combined length and girth 
(perimeter of a cross section) exceeds 132 inches. Suppose 
that you are sending a rectangular package that has square 
cross sections. If the length of the package is 68 inches, 
what is the maximum width of the sides of its square cross 
sections? 


Maximum Width An overnight delivery service will 
not accept any package whose combined length and girth 
(perimeter of a cross section) exceeds 126 inches. Suppose 
that you are sending a rectangular package that has square 
cross sections. If the length of the package is 66 inches, 
what is the maximum width of the sides of its square cross 
sections? 


Break-Even Analysis 
of a product is 


R= 139.95x. 


The revenue R for selling x units 


The cost C of producing x units is 
C = 97x + 850. 


In order to obtain a profit, the revenue must be greater than 
the cost. 


(a) Complete the table. 


x | 10 | 20 | 30 | 40 | 50 |} 60 


R 


Cc 


(b) For what values of x will this product return a profit? 


Break-Even Analysis The revenue R for selling x 
units of a product is R = 25.95x. The cost C of producing 
xX units is 


C = 13.95x + 125,000. 


In order to obtain a profit, the revenue must be greater than 
the cost. For what values of x will this product return a 
profit? 


Annual Operating Cost A utility company has a fleet 
of vans. The annual operating cost C per van is 


C = 0.32m + 2500 


where m is the number of miles traveled by a van in a year. 
What number of miles will yield an annual operating cost 
that is less than $12,000? 


Daily Sales A doughnut shop sells a dozen doughnuts 
for $3.95. Beyond the fixed costs (rent, utilities, and insur- 
ance) of $165 per day, it costs $1.45 for enough materials 
(flour, sugar, and so on) and labor to produce a dozen 
doughnuts. The daily profit from doughnut sales varies 
between $100 and $400. Between what numbers of dough- 
nuts (in dozens) do the daily sales vary? 


91. 


92. 


93. 


94. 


IQ Scores The admissions office of a college wants to 
determine whether there is a relationship between IQ 
scores x and grade-point averages y after the first year of 
school. An equation that models the data obtained by the 
admissions office is 


y = 0.068x — 4.753. 


Estimate the values of x that predict a grade-point average 
of at least 3.0. 


MAKE A DECISION: WEIGHTLIFTING You want to 
determine whether there is a relationship between an 
athlete’s weight x (in pounds) and the athlete’s maximum 
bench-press weight y (in pounds). An equation that models 
the data you obtained is 


y = 14x — 39. 


(a) Estimate the values of x that predict a maximum 
bench-press weight of at least 200 pounds. 


(b) Do you think an athlete’s weight is a good indicator 
of the athlete’s maximum bench-press weight? 
What other factors might influence an individual’s 
bench-press weight? 


Baseball Salaries The average professional baseball 
player’s salary S (in millions of dollars) from 1995 to 2006 
can be modeled by 


S = 0.1527t + 0.294, 5<t< 16 


where ¢ represents the year, with tf = 5 corresponding to 
1995 (see figure). Use the model to predict the year in 
which the average professional baseball player’s salary 
exceeds $3,000,000. (Source: Major League Baseball) 


rH 


Salaries 
(in millions of dollars) 
in 
t 


ALLE 


Tinea peel aca eres 
a 6% 


T T T T T T T 
8 9 10:11 12 13: 14-15 16 
Year (5 © 1995) 


Public College Enrollment The projected public 
college enrollment E (in thousands) in the United States 
from 2005 to 2015 can be modeled by 


E = 180.3t + 12,312, 5<t< 15 


where ¢ represents the year, with t = 5 corresponding to 
2005 (see figure on next page). Use the model to predict 
the year in which public college enrollment will exceed 
17,000,000. (Source: U.S. National Center for Education 
Statistics) 
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98. 


99. 


100. 


101. 
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Geometry You measure the side of a square as 10.4 
inches with a possible error of + inch. Using these meas- 
urements, determine the interval containing the possible 
areas of the square. 


Geometry You measure the side of a square as 24.2 
centimeters with a possible error of 0.25 centimeter. 
Using these measurements, determine the interval con- 
taining the possible areas of the square. 


Accuracy of Measurement You buy six T-bone 
steaks that cost $7.99 per pound. The weight listed on the 
package is 5.72 pounds. The scale that weighed the pack- 
age is accurate to within 5 ounce. How much money might 
you have been undercharged or overcharged? 


Accuracy of Measurement You stop at a self-service 
gas station to buy 15 gallons of 87-octane gasoline at 
$2.42 a gallon. The pump scale is accurate to within 
one-tenth of a gallon. How much money might you have 
been undercharged or overcharged? 


Human Height The heights h of two-thirds of a 
population satisfy the inequality 


|h — 68.5| < 2.7 


where / is measured in inches. Determine the interval on 
the real number line in which these heights lie. 


Time Study A time study was conducted to determine 

the length of time required to perform a particular task in 

a manufacturing process. The times required by approxi- 

mately two-thirds of the workers in the study satisfied the 

inequality 

f= 13.6 
1.9 


<1 


where ¢ is time in minutes. Determine the interval on the 
real number line in which these times lie. 


Humidity Control The specifications for an electronic 
device state that it is to be operated in a room with 
relative humidity h defined by |h — 50| < 30. What are 
the minimum and maximum relative humidities for the 
operation of this device? 


102. 
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Body Temperature Physicians consider an adult’s 
body temperature x (in degrees Fahrenheit) to be normal 


if it satisfies the inequality 
|x — 98.6| < 1. 


Determine the range of temperatures that are considered 
to be normal. 


Brand Name Drugs The average price B (in dollars) 
of brand name prescription drugs from 1998 to 2005 can 
be modeled by 


B = 6.928t — 3.45, 


where f represents the year, with t = 8 corresponding to 
1998. Use the model to find the year in which the price of 
the average brand name drug prescription exceeded $75. 
(Source: National Association of Chain Drug Stores) 


8s7rs 15 


Generic Drugs The average price G (in dollars) of 
generic prescription drugs from 1998 to 2005 can be 
modeled by 


G = 2.005t + 0.40, 8<r< 15 


where ¢ represents the year, with t = 8 corresponding to 
1998. Use the model to find the year in which the price of 
the average generic drug prescription exceeded $19. 
(Source: National Association of Chain Drug Stores) 


Domestic Oil Demand The daily demand D (in 
thousands of barrels) for refined oil in the United States 
from 1995 to 2005 can be modeled by 


D = 2764t + 16,656, S5<t< 15 


where f¢ represents the year, with t = 5 corresponding to 
1995. (Source: U.S. Energy Administration) 


(a) Use the model to find the year in which the demand 
for U.S. oil exceeded 18 million barrels a day. 


(b) Use the model to predict the year in which the demand 
for U.S. oil will exceed 22 million barrels a day. 


Imported Oil The daily amount / (in thousands of 
barrels) of crude oil imported to the United States from 
1995 to 2005 can be modeled by 


I = 428.2t + 6976, 5<¢t< 15 


where f¢ represents the year, with f = 5 corresponding to 
1995. (Source: U.S. Energy Administration) 


(a) Use the model to find the year in which the amount of 
crude oil imported to the United States exceeded 12 
million barrels a day. 


(b) Use the model to predict the year in which the 
amount of oil imported to the United States will 
exceed 14 million barrels a day. 
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= 


M Use critical numbers to determine test intervals for a polynomial 
Other Types of inequality. 
Inequalities Solve and graph a polynomial inequality. 


Solve and graph a rational inequality. 
Determine the domain of an expression involving a square root. 


Construct and use a polynomial inequality to solve an application 
problem. 


Polynomial Inequalities 


To solve a polynomial inequality such as x7 — 2x — 3 < 0, you can use the fact 
that a polynomial can change signs only at its zeros (the x-values that make the 
polynomial equal to zero). Between two consecutive zeros, a polynomial must be 
entirely positive or entirely negative. This means that when the real zeros of a 
polynomial are put in order, they divide the real number line into intervals in 
which the polynomial has no sign changes. These zeros are the critical numbers 
of the inequality, and the resulting intervals are the test intervals for the 
inequality. For example, the polynomial above factors as 


x -— 2x -3 = (x + Ix - 3) 
and has two zeros, x = —1 and x = 3. These zeros divide the real number line 
into three test intervals: 

(—©o, = 1), (- 1, 3), and (3, oo). (See Figure 1.19.) 
So, to solve the inequality x7 — 2x — 3 < 0, you need only test one value from 
each of these test intervals. 

ro ro 
x=-1 x=3 


Test Interval Test Interval Test Interval 


(-e, -1) (-1, 3) (3, ©) 


FIGURE 1.19 Three Test Intervals for x2 — 2x -3 < 0 


Finding Test Intervals for a Polynomial 


To determine the intervals on which the values of a polynomial are 
entirely negative or entirely positive, use the following steps. 


1. Find all real zeros of the polynomial, and arrange the zeros in increasing 
order. These zeros are the critical numbers of the polynomial. 


2. Use the critical numbers to determine the test intervals. 


3. Choose one representative x-value in each test interval and evaluate the 
polynomial at that value. 


TECHNOLOGY 


= You can use the table 
feature of your graphing 
utility to check the sign of the 

polynomial in each interval. 


Wis? -a-6 
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Solving a Polynomial Inequality 


Solve x7 —x-6 < 0. 
SOLUTION By factoring the quadratic as 
x—x-—6= (x + 2)(x — 3) 


you can see that the critical numbers are x = —2 and x = 3. The boundaries 
between the numbers that satisfy the inequality and the numbers that do not sat- 
isfy the inequality always occur at critical numbers. So, the polynomial’s test 
intervals are 


(—00, —2), (=2. 3), and (3, oo). Test intervals 


In each test interval, choose a representative x-value and evaluate the polynomial. 


Test Interval | x-Value Polynomial Value Conclusion 


(—co,-2) | x= -3 | (-3)2-(-3) -6=6 | Positive 
(=2,3) x=0 (0)? — (0) -6 = -6 Negative 
(3, 00) x=4 (4)? — (4) -6=6 Positive 


From this, you can conclude that the polynomial is positive for all x-values in 
(—oco, —2) and (3, co), and is negative for all x-values in (—2, 3). This implies 
that the solution of the inequality x? — x — 6 < 0 is the interval (—2, 3), as 
shown in Figure 1.20. 


Choose x = —3. Choose x = 4. 
(x + 2)(x -— 3) 0 (x + 2)(x — 3) 0 


U U 


-6 -5 -4 =3 —2 -1 0 1 2 3 4 5 6 7 


Choose x = 0. 
(x + 2)~-3) 8 


FIGURE 1.20 


/ CHECKPOINT 1 


Solvex?+x-2<0. © 


As with linear inequalities, you can check a solution interval of a polynomial 
inequality by substituting x-values into the original inequality. For instance, to 
check the solution found in Example 1, try substituting several x-values from the 
interval (—2, 3) into the inequality 


xw—x-6<0. 


Regardless of which x-values you choose, the inequality will be satisfied. 
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CHAPTER 1 


Equations and Inequalities 


In Example 1, the polynomial inequality was given in general form. Whenever 
this is not the case, begin the solution process by writing the inequality in general 
form swith the polynomial on one side and zero on the other. 


Solving a Polynomial Inequality 


Solve x3? — 3x? > 10x. 


SOLUTION 
x3 — 3x? > 10x Write original inequality. 
x3 — 3x7 — 10x > 0 Write in general form. 
x(x — 5)(x + 2) > 0 Factor. 
You can see that the critical numbers are x = —2, x = 0, and x = 5, and the test 


intervals are (—00, —2), (—2, 0), (0, 5), and (5, 00). In each test interval, choose 
a representative x-value and evaluate the polynomial. 


Test Interval | x-Value Polynomial Value Conclusion 


—oo,-2) | x = —3 | (—3)3 — 3(-—3)? — 10(—3) = —24 | Negative 


( 

(=2,0) x=-1] (—1)3—-3(-1) - 10(-1) =6 Positive 
(0, 5) x=2 23 — 3(2)? — 10(2) = —24 Negative 
(5, 0) c= 6 63 — 3(6)? — 10(6) = 48 Positive 


From this, you can conclude that the inequality is satisfied on the open intervals 
(—2,0) and (5,00). So, the solution set consists of all real numbers in the 
intervals (— 2, 0) and (5, 00), as shown in Figure 1.21. 


Choose x =—3. Choose x = 2. 
x(x-5)\(x+ 2) 0 x(x - 5) +2) 8 


Choose x =-1. Choose x = 6. 
x(x —5)(~ + 2) 0 x(x -5)(x + 2) 0 


FIGURE 1.21 


/ CHECKPOINT 2 


Solve x7 — 3x > -2. © 


When solving a polynomial inequality, be sure to account for the type of 
inequality symbol given in the inequality. For instance, in Example 2, note that 
the solution consisted of two open intervals because the original inequality 
contained a $reater than’ symbol. If the original inequality had been 
x3 — 3x? = 10x, the solution would have consisted of the closed interval [—2, 0] 
and the interval [5, 00). 


6 
FIGURE 1.22 
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Each of the polynomial inequalities in Examples | and 2 has a solution set 


that consists of a single interval or the union of two intervals. When solving the 
exercises for this section, you should watch for some unusual solution sets, as 
illustrated in Example 3. 


Unusual Solution Sets 


What is unusual about the solution set for each inequality? 


a. 


xv+2x+4>0 


The solution set for this inequality consists of the entire set of real numbers, 
(—oo, 00). In other words, the value of the quadratic x? + 2x + 4 is positive 
for every real value of x. 


.x7+2x+1<0 


The solution set for this inequality consists of the single real number {— 1}, 
because the quadratic x* + 2x + 1 has one critical number, x = —1, and it is 
the only value that satisfies the inequality. 


24+ 3x+5<0 


The solution set for this inequality is empty. In other words, the quadratic 
x? + 3x + 5 is not less than zero for any value of x. 


.27-4x+4>0 


The solution set for this inequality consists of all real numbers except the num- 
ber 2. In interval notation, this solution can be written as (— oo, 2) U (2, 00). 


/ CHECKPOINT 3 


What is unusual about the solution set for each inequality? 


a x7+x4+3<0 
box? -2x+1>08 


TECHNOLOGY 


-\ Graphs of Inequalities and Graphing Utilities Most graphing 
utilities can graph an inequality. Consult your user’s guide for specific 
instructions. Once you know how to graph an inequality, you can check 
solutions by graphing. (Make sure you use an appropriate viewing window.) 
For example, the solution to 


x?>-—5x <0 


is the interval (0, 5). When graphed, the solution occurs as an interval 
above the horizontal axis on the graphing utility, as shown in Figure 1.22. 
The graph does not indicate whether 0 and/or 5 are part of the solution. 
You must determine whether the endpoints are part of the solution based 
on the type of inequality. 
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Rational Inequalities 


The concepts of critical numbers and test intervals can be extended to inequalities 
involving rational expressions. Use the fact that the value of a rational expression 
can change sign only at its zeros (the x-values for which its numerator is zero) and 
its undefined values (the x-values for which its denominator is zero). These two 
types of numbers make up the critical numbers of a rational inequality. 


Solving a Rational Inequality 


Solve zt <3. 
x=5 
TECHNOLOGY o—e 
& ‘ ; 2 7] 
When using a graphing - <3 Write original inequality. 
utility to check an x—3 
inequality, always set your 24 =] —_ 
viewing window so that it y= 5 Ze” vee 
includes all of the critical 
2x —7—-—3x+ 15 
numbers. <0 Add fractions. 
x= 5 
—x+8 
—— <0 Simplify. 
x= 5 


Critical numbers: x = 5,x = 8 
Test intervals: (—oo, 5), (5, 8), (8, 00) 


—x+8 
—— < ()? 
ie = 5 =u 


Test: Is 
After testing these intervals, as shown in Figure 1.23, you can see that the 
inequality is satisfied on the open intervals (—0oo, 5) and (8, co). Moreover, 
because (—x + 8)/(x — 5) = 0 when x = 8, you can conclude that the solution 
set consists of all real numbers in the intervals (— co, 5) U[8, co). 


Choose x = 6. 
—x+8 0 


Choose x = 4. Choose x = 9. 
-x+8 =X+8 <9 
x-5 x=—5 


FIGURE 1.23 


/ CHECKPOINT 4 


==, 


x 
Solve 7 32 ‘i 


Revenue (in millions of dollars) 
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FIGURE 1.24 


Profit (in millions of dollars) 
3 
i 
i] 
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Number of calculators 
sold (in millions) 


FIGURE 1.25 
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Applications 
One common application of inequalities comes from business and involves 
profit, revenue, and cost. The formula that relates these three quantities is 

Profit = Revenue — Cost 


P=R-C. 


Increasing the Profit for a Product 


The marketing department of a calculator manufacturer has determined that the 
demand for a new model of calculator is given by 


p= 100 — 10x, O<x< 10 Demand equation 


where p is the price per calculator in dollars and x represents the number of 
calculators sold, in millions. (If this model is accurate, no one would be willing 
to pay $100 for the calculator. At the other extreme, the company couldn’t give 
away more than 10 million calculators.) The revenue, in millions of dollars, for 
selling x million calculators is given by 


R = xp = x(100 — 10x). Revenue equation 


See Figure 1.24. The total cost of producing x million calculators is $10 per 
calculator plus a one-time development cost of $2,500,000. So, the total cost, in 
millions of dollars, is 


C = 10x + 2.5. Cost equation 


What prices can the company charge per calculator to obtain a profit of at least 
$190,000,000? 


SOLUTION 


Verbal 
Model: 


Equation: P= R-C 
P = 100x — 10x? — (10x + 2.5) 
P = —10x? + 90x — 2.5 


Profit = Revenue — Cost 


To answer the question, you must solve the inequality 
— 10x? + 90x — 2.5 = 190. 


Using the techniques described in this section, you can find the solution set to be 
3.5 < x < 5.5, as shown in Figure 1.25. The prices that correspond to these 
x-values are given by 


100 — 10(3.5) = p = 100 — 10(5.5) 
45 <p<65 


The company can obtain a profit of $190,000,000 or better by charging at least 
$45 per calculator and at most $65 per calculator. 


/ CHECKPOINT 5 


In Example 5, what prices can the company charge per calculator to obtain a 
profit of at least $160,000,000? = 


144 CHAPTER 1_— Equations and Inequalities 


Another common application of inequalities is finding the domain of an 
expression that involves a square root, as shown in Example 6. 


Finding the Domain of an Expression 


Find the domain of the expression \/64 — 4x’. 


SOLUTION Remember that the domain of an expression is the set of all x-values 
for which the expression is defined. Because ./64 — 4x is defined (has real 
values) only if 64 — 4x? is nonnegative, the domain is given by 64 — 4x? > 0. 


64 — 4x7 > 0 Write in general form. 
16—-—x =0 Divide each side by 4. 
(4—x)(4+ x) =0 Factor. 
So, the inequality has two critical numbers: x = —4 and x = 4. You can use these 


two numbers to test the inequality as follows. 


Critical numbers: x = —4,x = 4 
Test intervals: (—oco, —4), (—4, 4), (4, oo) 
Test: Is (4 — x)(4 + x) = 0? 


A test shows that 64 — 4x? is greater than or equal to 0 in the closed interval 
[—4, 4]. So, the domain of the expression ./64 — 4x? is the interval [—4, 4], as 
shown in Figure 1.26. 


FIGURE 1.26 —— 


/ CHECKPOINT 6 


Find the domain of each expression. 
a. 12 — 3x7 
b. x? - 2x -8 O 


. The test intervals for a polynomial inequality are (—co, —2), (—2, 0), (0, 5), 
and (5, oo). What are the critical numbers of the polynomial? 

x-2 

x+7 

. Describe and correct the error in the statement: The domain of the 
expression \/(x — 3)(x + 3) is all real numbers except —3 and 3. 


. Is —7 the only critical number of = 0? Explain. 


. Explain why the critical numbers of a polynomial inequality are not 
included in the test intervals. 


Skills Review 1.7 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 1.6. 


In Exercises 1-10, solve the inequality. 


v 
= 
3 


5 = 3) S ear a} < 5 
04 3G 1) 
5 Dls| <7 

. |x + 4] > 2 


SD) 


\— a ed eo) 


Exercises 1.7 


cA 


=O < 27 


=r 5 2S 20 


3<1+2%-4) <7 


Gh |e = a] = il 


10. 


2Z=a| <4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, find the test intervals of the 
inequality. 


1.x? - 25 <0 2.17 -—6x+8>0 

3. 2x2 + 7x + 16 = 20 4. 3x2 — 26x + 25 < 9 
= 3 x-4 

: : > 

aq ee 


In Exercises 7-36, solve the inequality. Then graph the 
solution set on the real number line. 


742<9 8. x2 < 5 
9.x >4 10. (x - 37 1 
11. (x + 2)? < 25 12. (x + 6) < 8 
13. x27 +4x+42>9 14. x? — 6x +9 < 16 
15. x2 +x <6 16. x2 + 2x > 3 
17. 3(x — 1x + 1) >0 18. 6(x + 2)(x - 1) < 0 
19. x? +2x-3 <0 20. x7 — 4x —-1>0 
21. 4x3 — 6x2 < 0 22. 4x3 — 12x? > 0 
23. 8 — 4x > 0 24, 2x3 — x4 < 0 
25. 8 — 2x7 --x+220 
26. x3 + 5x2 — 4x — 20 < 0 
at. iss a 4 

x x 

x+6 x + 12 
29,2 22 30. <> 3 

3x ='5 5 + 7x 
as 4 32. 775, <4 

4 1 5 3 
So: as 2x + 3 ate ee 

1 9 1 1 
ga 3 > dees OP eas 


In Exercises 37-46, find the domain of the expression. 


37. J/x? —9 38. /x? -— 4 

39. Yet x? 40. /x2 +4 

41. /81 — 4x? 42. /147 — 3x? 

43. /x? — 7x + 10 44. /12—x— x? 
45. J/x? — 3x43 46. 4/-x2 + 2x -2 


In Exercises 47 and 48, consider the domains of the 
expressions 3/x* — 7x + 12 and \/x? — 7x + 12. 


47. Explain why the domain of 3/x? — 7x + 12 consists of all 
real numbers. 


Explain why the domain of x? — 7x + 12 is different 
from the domain of </x? — 7x + 12. 


In Exercises 49-54, solve the inequality and write the 
solution set in interval notation. 


49. 6x? — 10x? > 0 50. 25x37 — 10x? < 0 
51. x — 9x <0 52. 4x47 — x4 = 0 
53. (x — 1)°(x + 233 = 0 54. x4(x — 3) < 0 


48. 


In Exercises 55-60, use a calculator to solve the in- 
equality. (Round each number in your answer to two 
decimal places.) 


55. 0.4x7 + 5.26 < 10.2 

56. —1.3x? + 3.78 > 2.12 

57. —0.5x? + 12.5x + 16>0 
58. 1.207 + 4.8x + 3.1 < 53 


1 
23x —52° 


a 
3.1x — 3.7 


59. 3.4 


60. 5.8 
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61. 


62. 


63. 


64. 


65. 
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Height of a Projectile A projectile is fired straight 
upward from ground level with an initial velocity of 200 
feet per second. During what time period will its height 
exceed 400 feet? 


Height of a Projectile A projectile is fired straight 
upward from ground level with an initial velocity of 160 
feet per second. During what time period will its height be 
less than 384 feet? 


Geometry A rectangular playing field with a perimeter 
of 100 meters is to have an area of at least 500 square 
meters (see figure). Within what bounds must the length 
be? 


—_—_— = ——> 1 


~ 1 >I 


Geometry A rectangular room with a perimeter of 50 
feet is to have an area of at least 120 square feet. Within 
what bounds must the length be? 


MAKE A DECISION: COMPANY PROFITS Therevenue R 
and cost C for a product are given by R = x(50 — 0.0002x) 
and C = 12x + 150,000, where R and C are measured 
in dollars and x represents the number of units sold 
(see figure). 


A 


g oe alll Revenue | _ 
*S 3,000,000 Cost = 7 Ip L 
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2,000,000 om | | 
© 1,500.00 + HHH IH HI HH 
2 1,000,000 : at 
Bi 500,000 + 7 li HP Ay LE 
- > 
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"aft 


Number i. units 


(a) How many units must be sold to obtain a profit of at 
least $1,650,000? 


(b) The demand equation for the product is 
p = 50 — 0.0002x 


where p is the price per unit. What prices will produce 
a profit of at least $1,650,000? 


66. 


67. 


68. 


(c) As the number of units increases, the revenue 
eventually decreases. After this point, at what number 
of units is the revenue approximately equal to the cost? 
How should this affect the company’s decision about 
the level of production? 


MAKE A DECISION: COMPANY PROFITS The revenue R 
and cost C for a product are given by R = x(75 — 0.0005x) 
and C = 30x + 250,000, where R and C are measured 
in dollars and x represents the number of units sold 
(see figure). 


A 
5,000,000 -—— — 


4,500,000 ——— 
4,000,000 -—} 
3,500,000 
3,000,000 — be 
2,500,000 ; = ew 
3,000,000 _——_—_—_—_—_| i) | | |} | 
1,500,000 + 2 | 
1,000,000 2 B= o> ss 

500,000 - 


DO Revenue |-- 
Cost Me —| 


Revenue and cost (in dollars) 
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“hy, Yo, ay, ay Pay Mg “4, 


Number of units 


(a) How many units must be sold to obtain a profit of at 
least $750,000? 


(b) The demand equation for the product is 
p = 75 — 0.0005x 


where p is the price per unit. What prices will produce 
a profit of at least $750,000? 


(c) As the number of units increases, the revenue 
eventually decreases. After this point, at what number 
of units is the revenue approximately equal to the cost? 
How should this affect the company’s decision about 
the level of production? 


Compound Interest P dollars, invested at interest rate 
r compounded annually, increases to an amount 
A= P(1 + r)3 


in 3 years. For an investment of $1000 to increase 
to an amount greater than $1500 in 3 years, the interest rate 
must be greater than what percent? 


Compound Interest P dollars, invested at interest rate 
r compounded annually, increases to an amount 


A= P(1 + r)? 
in 2 years. For an investment of $2000 to increase to an 


amount greater than $2350 in 2 years, the interest rate must 
be greater than what percent? 


69. World Population The world population P (in 


70. 


71. 


millions) from 1995 to 2006 can be modeled by 
P 0.187? + 80.30f + 5288, 5<1t< 16 


where ¢ represents the year, with ¢ = 5 corresponding 
to 1995 (see figure). Use the model to predict the year in 
which the world population will exceed 7,000,000,000. 
(Source: U.S. Census Bureau) 


World population 
(in millions) 
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Higher Education The average yearly cost C of higher 
education at public institutions in the United States for the 
academic years 1995/1996 to 2004/2005 can be modeled by 


C = 30.57f — 259.6t + 6828, 6<t< 15 


where ¢ represents the year, with t = 6 corresponding to 
the 1995/1996 school year (see figure). Use the model to 
predict the academic year in which the average yearly cost 
of higher education at public institutions exceeds $12,000. 
(Source: U.S. Department of Education) 


(in dollars) 


Cost of public higher 
education in the U.S. 
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Higher Education The average yearly cost C of higher 
education at private institutions in the United States for the 
academic years 1995/1996 to 2004/2005 can be modeled by 


C = 42.937 + 68.0r + 15,309, 6<t< 15 


where ¢ represents the year, with t = 6 corresponding to the 
academic year 1995/1996 (see figure). Use the model to 
predict the academic year in which the average yearly cost 
of higher education at private institutions exceeds $32,000. 
(Source: U.S. Department of Education.) 
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72. 


73. 
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(in dollars) 


Cost of private 
higher education in the U.S. 


nF] | : 


T T T T T T T T 
6 8) 9 0s M129 13, 14s 5) 


Academic year (6 < 1995/96) 


Figure for 71 


Sales The total sales S (in millions of dollars) for 
Univision Communications from 1997 to 2005 can be 
modeled by 


S = 18.4717 — 221.96¢ + 1152.6, 7<t< 15 


where f represents the year, with t = 7 corresponding to 
1997 (see figure). Univision Communications predicts 
sales will exceed $2.7 billion between 2009 and 2011. 
Does the model support this prediction? Explain your 
reasoning. (Source: Univision Communications) 
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Resistors When two resistors of resistances R, and R, 
are connected in parallel (see figure), the total resistance R 
satisfies the equation 

bt. M 
RR, Ry 

Find R, for a parallel circuit in which R, = 2 ohms and R 
must be at least 1 ohm. 


‘3 er, 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 


The exercise numbers are keyed to the Review Exercises that begin on page 150. 


Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 1.1 
a Classify an equation as an identity or a conditional equation. 
m Determine whether a given value is a solution. 
m Solve a linear equation in one variable. 
Can be written in the general form: ax + b = 0. 


Solve an equation involving fractions. 


a Use a calculator to solve an equation. 


Section 1.2 
a Use mathematical models to solve word problems. 
m Model and solve percent and mixture problems. 


a Use common formulas to solve geometry and simple interest problems. 


Square: A = s, Rectangle: A = lw, 
P=A4s P=21+ 2w 
Circle: A = mr’, Triangle: A = Sbh, 
C= Yar IP = ase Dar 
Cube: V = s? 


Rectangular Solid: V = Iwh 
Circular Cylinder: V = mrh 
Sphere: V = $arr3 
Temperature: F = AE oP oy 
Simple Interest: J = Prt 


Distance: d = rt 


Section 1.3 
m Solve a quadratic equation by factoring. 
Can be written in the general form: ax? + bx + c = 0. 
gro-Factor Property: If ab = Othen a=@r b=0. 
m Solve a quadratic equation by extracting square roots. 
m Analyze a quadratic equation. 


= Construct and use a quadratic model to solve area problems, falling 
object problems, right triangle problems, and other applications. 


*Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/arsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 


Review Exercises 
1,2 
3,4 
5-8 


9-12 
13-16 


17, 19, 27-30 
Iss, AO), 23), AG), sill, 212 
21-24 


33-36 


37-40 
41, 42 
43-46 


Chapter Summary and Study Strategies 


Section 1.4 


m Use the discriminant to determine the number of real solutions of a 
quadratic equation. 


If b* — 4ac > 0, the equation has two distinct real solutions. 
If b> — 4ac = 0, the equation has one repeated real solution. 
If b? — 4ac < 0, the equation has no real solutions. 


m Solve a quadratic equation using the Qadratic Formula. 


=) se iG = Bae 


Qa 


Qidratic Formula: x 


a Use the Qadratic Formula to solve an application problem. 


Section 1.5 
Solve a polynomial equation by factoring. 
Solve an equation of quadratic type. 


Rewrite and solve an equation involving radicals or rational exponents. 


Construct and use a nonquadratic model to solve an application problem. 


: 
a 
ry 
a Rewrite and solve an equation involving fractions or absolute values. 
ry 
rT 


Solve a compound interest problem. 


Section 1.6 


m Solve and graph a linear inequality. 
Transitive Property: a < bandb<c => a<c 
Addition of Inequalities: a < bandc <d => a+c<b+d 
Addition of a Constant:a <b = a+c<bt+e 
Multiplication by a Constant: For c > 0,a < b = ac < be 
Forc < 0,a <b = ac > be 
m Solve and graph inequalities involving absolute value. 
|x| <a ifandonlyif -a<x<a 
|x| > a ifandonlyif x<—-a or x>a 


= Construct and use a linear inequality to solve an application problem. 


Section 1.7 
g Solve and graph a polynomial inequality. 
m Solve and graph a rational inequality. 


mu Determine the domain of an expression involving a radical. 


a Construct and use a polynomial inequality to solve an application problem. 


Study Strategies 


m Check Your Answers Because of the number of steps involved in solving an equation or inequality, there are many 
ways to make mistakes. So, always check your answers. In some cases, you may even want to check your answers in 


more than one way, just to be sure. 


Review Exercises 
47, 48 


49-58 


59, 60 


61, 62 
63, 64 
65-70 
71-74 
75, 76, 78 
UG. 


79-82 


53, 84 


85, 86 


87-89, 93, 94 
90-92, 95, 96 
97-102 
103-113 


a Using Test Intervals Make sure that you understand how to use critical numbers to determine test intervals for 


inequalities. The logic and mathematical reasoning involved in this concept can be applied in many real-life situations. 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1 and 2, determine whether the equation 
is an identity or a conditional equation. 


1. 5(x — 3) = 2x +9 2. 3(x + 2) = 3x + 6 
In Exercises 3 and 4, determine whether each value of 
x is a solution of the equation. 
3.302? 4+ 7x +5=x°4+9 
(a) x=0 (b)x=4 ()x=-4 () x=-1 


3 
ot area ae 


(a) x=5 (b)x=0 (C)x=-2 (d) x=7 
In Exercises 5-12, solve the equation (if possible) and 
check your solution. 
5.x + 7 = 20 
6. 2x + 15 = 43 
7. A(x + 3) —3 = 2(4- 3x) -4 
8. (x + 3) + 2 — 4) = 5(x + 3) 


3X = 2°. B 
ms Sx-1 4 
10. 3 : So 11 
x-4 2x+5 2x? — 3x - 20 
x 4 
U3 sag 0 
a 
x x 


In Exercises 13-16, use a calculator to solve the equa- 
tion. (Round your solution to three decimal places.) 


13. 0.375x — 0.75(300 — x) = 200 
14. 0.235x + 2.6(—x — 4) = 30 


x xX 
15; 0.055 ' 0.085 | 


xX x 


0.0645 * 0.098 ~~ 


16. 


17. Three consecutive even integers have a sum of 42. Find the 
smallest of these integers. 


18. Annual Salary Your annual salary is $28,900. You 
receive a 7% raise. What is your new annual salary? 


19. Fitness When using a pull-up weight machine, the 
amount you set is subtracted from your weight and you pull 
the remaining amount. Write a model that describes the 
weight x that must be set if a person weighing 150 pounds 
wishes to pull 120 pounds. Solve for x. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Oil Imports The United States imported 1738 million 
barrels of crude oil from members of OPEC (Organization 
of the Petroleum Exporting Countries) in 2005. Use the 
bar graph to determine the amount imported from each of 
the four top contributing countries. (Source: U.S. Energy 
Information Administration) 
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OPEC members 


Geometry A volleyball court is twice as long as it is 
wide, and its perimeter is 177 feet. Find the dimensions of 
the volleyball court. 


Geometry A room is 1.25 times as long as it is wide, 
and its perimeter is 90 feet. Find the dimensions of the 
room. 


Simple Interest You deposit $500 in a savings account 
earning 4% simple interest. How much interest will you 
have earned after 1 year? 


Simple Interest You deposit $800 in a money market 
account. One year later the account balance is $862.40. 
What was the simple interest rate? 


List Price The price of an outdoor barbeque grill has 
been discounted 15%. The sale price is $139. Find the 
original price of the grill. 


Discount Rate The price of a three-station home gym 
is discounted by $300. The sale price is $599.99. What 
percent of the original price is the discount? 


Travel Time Two cars start at the same time at a given 
point and travel in the same direction at average speeds of 
45 miles per hour and 50 miles per hour. After how long are 
the cars 10 miles apart? 


Exercise Two bicyclists start at the same time at a given 
point and travel in the same direction at average speeds of 
8 miles per hour and 10 miles per hour. After how long are 
the bicyclists 5 miles apart? 


29. Projected Revenue From dnuary through ine, a 
company’s revenues have totaled $375,832. If the monthly 
revenues continue at this rate, what will be the total revenue 
for the year? 


30. Projected Profit From dnuary through March, a com- 
pany’s profits have totaled $425,345. If the monthly profits 
continue at this rate, what will be the total profit for the 
year? 


31. Mixture A car radiator contains 10 quarts of a 10% 
antifreeze solution. The car’s owner wishes to create a 
10-quart solution that is 30% antifreeze. How many quarts 
will have to be replaced with pure antifreeze? 


32. Mixture A three-gallon acid solution contains 3% boric 
acid. How many gallons of 20% boric acid solution should 
be added to make a final solution that is 8% boric acid? 


In Exercises 33-36, solve the quadratic equation by 
factoring. Check your solutions. 

33. 6x2 = 5x +4 34. —x? = 15x + 36 

35. x? — llx + 24=0 36. 4- 4x + x2 =0 


In Exercises 37-40, solve the quadratic equation by 
extracting square roots. List both the exact answer 
and a decimal answer that has been rounded to two 
decimal places. 


37. x? = 11 
39. (x + 4)? = 18 


38. 16x? = 25 
40. (x — 1)? =5 


) 41. Describe at least two ways you can use a graphing utility to 


check a solution of a quadratic equation. 


42. Error Analysis A student solves Exercise 37 by extract- 
ing square roots and states that the exact and rounded 
solutions are x = fT and x ~ 3.32. What error has the 
student made? Give an analytical argument to persuade the 
student that there are two different solutions to Exercise 37. 


43. Geometry A billboard is 12 feet longer than it is high. 
The billboard has 405 square feet of advertising space. 
What are the dimensions of the billboard? Use a diagram to 
help answer the question. 


44. Grand Canyon The Grand Canyon is 6000 feet deep at 
its deepest part. A rock is dropped over the deepest part of 
the canyon. How long does the rock take to hit the water in 
the Colorado River below? 


45. Total Revenue The demand equation for a product is 
p = 60 — 0.0001x 


where p is the price per unit and x is the number of units 
sold. The total revenue R for selling x units is given by 


R = xp = x(60 — 0.0001x). 


How many units must be sold to produce a revenue of 
$8,000,000? 
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46. Depth of an Underwater Cable A ship’s sonar 
locates a cable 2000 feet from the ship (see figure). The 
angle between the surface of the water and a line from the 
ship to the cable is 45°. How deep is the cable? 


In Exercises 47 and 48, use the discriminant to deter- 
mine the number of real solutions of the quadratic 
equation. 


47. 2+ llx+ 24=0 
48. 24+ 5x+ 12=0 


In Exercises 49-54, use the Quadratic Formula to solve 
the quadratic equation. Check your solutions. 


49, x? — 12x + 30 =0 
50. 5x2 + 16x — 12 =0 
51. (y + 7)? = —5y 
52. 6x = 7 — 2x? 

53. x2 + 6x -3 =0 
54, 10x? — 1llx =2 


In Exercises 55-58, use a calculator to solve the quad- 
ratic equation. (Round your answers to three 
decimal places.) 


55. 3.6x7 — 5.7x —-19=0 
56. 2.3x? + 6.6x — 3.9 = 0 
57. 34x? — 296x + 47 = 0 
58. 39x? + 75x — 21 =0 


59. On the Moon An astronaut standing on the edge of a 
cliff on the moon drops a rock over the cliff. The height s 
of the rock after ¢ seconds is given by 


s = —2.7t? + 200. 


The rock’s initial velocity is 0 feet per second and the 
initial height is 200 feet. Determine how long it will take 
the rock to hit the lunar surface. If the rock were dropped 
from a similar cliff on Earth, how long would it remain in 
the air? 
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CHAPTER 1_— Equations and Inequalities 
Geometry An open box is to be made from a square 
piece of material by cutting three-inch squares from the 
corners and turning up the sides (see figure). The volume of 
the finished box is to be 363 cubic inches. Find the size of 
the original piece of material. 


3 3 


Y 


3; ina 


i 


In Exercises 61-74, find the real solutions of the equa- 
tion. Check your solutions. 


61. 
62. 
63. 
64. 
65. 
67. 
69. 
71. 


73. 


75. 


76. 


77. 


78. 


3x3 — 9x? — 12x = 0 
x4 + 3x3 — 5x - 15=0 
xt — 5x7 +4=0 

x6 + 26x3 — 27 = 0 


2/x-5=0 66. /3x-—2+x=4 
2/x—3-4= 3x 68. 3/3x +5 =5 
(x2 — 5)/3 =9 70. (x2 — 5x — 6)4/3 = 16 
[Sx + 4| = 11 72. |x? + 4x] — 2x = 8 
2 3 3 
241 245°" re = 
Sharing the Cost Three students are planning to share 


the expense of renting a condominium at a resort for 1 
week. By adding a fourth person to the group, each person 
could save $75 in rental fees. How much is the rent for the 
week? 


Sharing the Cost A college charters a bus for $1800 to 
take a group to a museum. When four more students join 
the trip, the cost per student decreases by $5. How many 
students were in the original group? 


Cash Advance You take out a cash advance of $500 
on a credit card. After 3 months, the amount you owe 
is $535.76. What is the annual percentage rate for this 
cash advance? (Assume that the interest is compounded 
monthly and that you made no payments yet.) 


Market Research The demand equation for a product 
is given by 

p= 45 — 0.002x + 1 

where x is the number of units demanded per day and p is 


the price per unit. Find the demand when the price is set at 
$19.95. 


In Exercises 79-84, solve the inequality and graph the 
solution set on the real number line. 


79. 
80. 


81. 


82. 
83. 
84. 


85. 


86. 


3(x — 1) < 2x + 8 
-5<2-44%+2)<6 
2x04 1 
a 
-5-—3x <4 
jx + 10] +3 <5 
|2x — 3] -4>2 


IA 


=3-< a 


=14 


MAKE A DECISION: BREAK-EVEN ANALYSIS The 
revenue R for selling x units of a product is 

R = 89.95x. 

The cost C of producing x units is 

C = 35x + 2500. 


In order to obtain a profit, the revenue must be greater 
than the cost. What are the numbers of units the company 
can produce in order to return a profit? 


Accuracy of Measurement You buy a 16-inch gold 
chain that costs $9.95 per inch. If the chain is measured 
accurately to within % of an inch, how much money might 
you have been undercharged or overcharged? 


In Exercises 87-92, solve the inequality and graph the 
solution set on the real number line. 


87 


89 


In 


- Sx + Ie — 3) < 0 88. (x + 4)? <4 

. 89x <0 9.77 2 2 
x+8 

2+ 3x 1 1 

tag 726 2s 


Exercises 93-96, use a calculator to solve the 


inequality. (Round each number in your answer to two 
decimal places.) 


93 
94 


95 


96 


. —1.2x7 + 4.76 > 1.32 
~ 3.51? + 4.9x — 6.1 < 2.4 


1 
39 = Gal 


a 
"54x — 2.7 


2.9 


8.9 


In Exercises 97-102, find the domain of the expression. 


97 
99 
101 


e /¥= 10 98. /2x+5 
a= ll 100. 2/x? — 4 
. Vx2 — 15x + 54 102. 81 — 4x2 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


Height of a Projectile A projectile is fired straight 
upward from ground level with an initial velocity of 134 
feet per second. During what time period will its height 
exceed 276 feet? 


Height of a Flare A flare is fired straight upward from 
ground level with an initial velocity of 100 feet per sec- 
ond. During what time period will its height exceed 150 
feet? 


Path of a Soccer Ball The path of a soccer ball kicked 
from the ground can be modeled by 


y = —0.054x? + 1.43x 


where x is the horizontal distance (in feet) from where the 
ball was kicked and y is the corresponding height (in feet). 


(a) A soccer goal is 8 feet high. Write an inequality to 
determine for what values of x the ball is low enough 
to go into the goal. 


(b) Solve the inequality from part (a). 


(c) A soccer player kicks the ball toward the goal from a 
distance of 15 feet. No one is blocking the goal. Will 
the player score a goal? Explain your reasoning. 


Geometry A rectangular field with a perimeter of 80 
meters is to have an area of at least 380 square meters (see 
figure). Within what bounds must the length be? 


Ww 


“ 


Geometry A rectangular room with a perimeter of 
60 feet is to have an area of at least 150 square feet. 
Within what bounds must the length be? 


Compound Interest P dollars, invested at interest 
rate r compounded annually, increases to an amount 


A= P(L +75 


in 5 years. An investment of $1000 increases to an amount 
greater than $1400 in 5 years. The interest rate must be 
greater than what percent? 


Compound Interest P dollars, invested at an interest 
rate r compounded semiannually, increases to an amount 


A = P(1 + r/2)2°8 


in 8 years. An investment of $2000 increases to an amount 
greater than $4200 in 8 years. The interest rate must be 
greater than what percent? 


110. 


111. 


112. 


113. 


Review Exercises 153 


Company Profits The revenue R and cost C for a 


product are given by 
R = x(75 — 0.0005x) and C = 25x + 100,000 


where R and C are measured in dollars and x represents 
the number of units sold. How many units must be sold to 
obtain a profit of at least $500,000? 


Price of a Product In Exercise 110, the revenue equa- 
tion is 

R = x(75 — 0.0005x) 

which implies that the demand equation is 

p = 75 — 0.0005x 

where p is the price per unit. What prices per unit can the 
company set to obtain a profit of at least $1,000,000? 


Mail Order Sales The total sales S (in billions of 
dollars) of prescription drugs by mail order in the United 
States from 1998 to 2005 can be approximated by the 


model 
S=4.37t — 21.4, 8<t< 15 


where f¢ represents the year, with tf = 8 corresponding to 
1998. (Source: National Center for Health Statistics) 


(a) Complete the table. 


t | 8] 11] 13} 15 


(b) Use the model to predict the year in which mail order 
drug sales will be at least $60 billion 


Revenue The revenue per share R (in dollars) for the 
Sonic Corporation from 1996 to 2005 can be approximat- 


ed by the model 
R = 0.03997 — 0.2444 + 1.61, 6<r< 15 


where f¢ represents the year, with tf = 6 corresponding to 
1996. (Source: Sonic Corporation) 


(a) Complete the table. Round each value of R to the 
nearest cent. 


BOG 
R 


(b) In 2006, Sonic predicted that their revenue per share 
would be at least $8.80 in 2007. Does the model 
support this prediction? Explain. 

(c) Sonic also predicted their revenue per share will be at 
least $11.10 sometime between 2009 and 2011. Does 
the model support this prediction? Explain. 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


1. 
2. 
3. 


Solve the equation 3(x + 2) — 8 = 4(2 — 5x) + 7. 


Find the domain of (a) ~/2x + 3 and (b) /9 — x’. 


In May, the total profit for a company was 8% less than it was in April. The total prof- 
it for the 2 months was $625,509.12. Find the profit for each month. 


In Exercises 4-13, solve the equation. Check your solution(s). 


. Factoring: 6x? + Tx = 5 

. Factoring: 12 + 5x — 2x7 = 0 

. Extracting roots: x2 — 5 = 10 

. Quadratic Formula: (x + 5)? = —3x 

. Quadratic Formula: 3x* — 11x = 2 

. Quadratic Formula: 5.4x? — 3.2x — 2.5 = 0 
. [2x — 3] = 10 

~J/x-34+x=5 

~ x4 - 10xr7 +9=0 

. (2 — 9)2/3 = 9 


. The demand equation for a product is p = 40 — 0.0001x, where p is the price per unit 


and x is the number of units sold. The total revenue R for selling x units is given by 
R = xp. How many units must be sold to produce a revenue of $2,000,000? Explain 
your reasoning. 


In Exercises 15-18, solve the inequality and graph the solution set on the real 
number line. 


15. 


3x +1 
5 


<2 


. |4 — 5x] = 24 


oS 
x+7 


2 


. 3x3 — 12x < 0 


. The revenue R and cost C for a product are given by 


R = x(90 — 0.0004x) and C = 25x + 300,000 


where R and C are measured in dollars and x represents the number of units sold. How 
many units must be sold to obtain a profit of at least $800,000? 


. The average annual cost C (in dollars) to stay in a college dormitory from 2000 to 


2005 can be approximated by the model 
C=7.71P + 136.9t + 2433, O<t<5 


where ¢ represents the year, with t = 0 corresponding to 2000. Use the model to 
predict the year in which the average dormitory cost exceeds $4000. (Source: U.S. 
National Center for Education Statistics) 


Cumulative Test: Chapters 0-1 155 


Cumulative Test: Chapters 0-1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-3, simplify the expression. 


1. 4(—2x?)3 2. /18x° 3. 


4. Factor completely: x7 — 6x? — 3x + 18. 


1 
: . x2 — 16 ; xy 
5. ify: =—__ : lify: a 
Simplify ee = 90 6. Simplify int 


y x 


7. The average monthly retail sales C (in billions of dollars) in the United States from 
2000 to 2005 can be approximated by the model 


C= 11.9t+ 243, O<st<5 


where f represents the year, with f = 0 corresponding to 2000. (Source: U.S. Council 
of Economic Advisors) 


(a) Estimate the average monthly retail sales in 2005. 


(b) Use the model to predict the first year in which the average monthly retail sales 
will exceed $360,000,000,000. 


In Exercises 8-13, solve the equation. 

8. Factoring: 2x7 — 1lx = —5 

9. Quadratic Formula: 5.2x? + 1.5x — 3.9 = 0 

10. [3x + 1] =9 

1. /2ex -1+x=4 

12. x*+ — 17x? = - 16 

13. (x2 — 14)3/2 = 8 

In Exercises 14-16, solve the inequality and graph the solution set on the real 

number line. 

alam 
5 

15. 2x3 — 16x = 0 

16. |5 — 3x| < 21 


14, —2 <2 


17. The revenue R and cost C for a product are given by 
R = x(120 — 0.0002x) and C = 40x + 200,000 


where R and C are measured in dollars and x represents the number of units sold. How 
many units must be sold to obtain a profit of at least $600,000? 


18. The per capita gross domestic product D (in dollars) in the United States from 2000 
to 2005 can be approximated by the model 


D = 228.57" + 323.3t + 34,808, O0<1<5 


where f represents the year, with t = 0 corresponding to 2000. According to this 
model, in what year will per capita gross domestic product first exceed $50,000? 
(Source: U.S. Bureau of Economic Analysis) 
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The first Ferris wheel stood about 264 feet tall. It was oe by George 
Washington Gale Ferris Jr. for the World’s Columbian Exposition in Chicago, 
Illinois, in 1893. You can use the standard form of the equation of a circle to 
model the shape of a Ferris wheel. (See Section 2.1, Exercises 111 and 112.) 


Applications 


Functions and graphs are used to model and solve many real-life 
applications. The applications listed below represent a sample of 
the applications in this chapter. 


m Make a Decision: Yahoo! Inc. Revenue, Exercise 101, page 181 


m Path of a Salmon, Exercise 74, page 205 
m Earnings-Dividend Ratio, Exercise 73, page 247 


Graphs of 
Equations 
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m@ Plot points in the Cartesian plane. 


M™ Use the Distance Formula to find the distance between two points in the 
coordinate plane. 


m Use the Midpoint Formula to find the midpoint of a line segment joining 
two points. 


Determine whether a point is a solution of an equation. 
Sketch the graph of an equation using a table of values. 
Find the x- and y-intercepts of the graph of an equation. 
Determine the symmetry of a graph. 


Write the equation of a circle in standard form. 


The Cartesian Plane 


list as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane. This plane is called 
the rectangular coordinate system, or the Cartesian plane, named after the 
French mathematician Ren@Descartes (15964650). 

The Cartesian plane is formed by using two real number lines intersecting at 
right angles, as shown in Figure 2.1. The horizontal real number line is usually 
called the x-axis, and the vertical real number line is usually called the y-axis. 
The point of intersection of these two axes is the origin, and the two axes divide 
the plane into four parts called quadrants. 


y-axis y-axis 
A 


34+ 


anit ae @Qdrant I Directed distance 
(Vertical 
Origin 1+ number line) 
~ x-axis eres Gy) 
=x 2 cl me | / 2 3 Directed 
i. (Horizontal y { distance 
ot number line) > X-axis 
Qidrant IIT Qidrant IV 


FIGURE 2.1 FIGURE 2.2 


Each point in the plane corresponds to an ordered pair (x, y) of real 
numbers x and y, called the coordinates of the point. The x-coordinate represents 
the directed distance from the y-axis to the point, and the y-coordinate 
represents the directed distance from the x-axis to the point, as shown in Figure 2.2. 


Directed distance ( Xx, y) Directed distance 
from y-axis. 4 _ from x-axis 


The notation (x, y) denotes both a point in the plane and an open interval on 
the real number line. The context will tell you which meaning is intended. 
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1$<ets})(-Way Plotting Points in the Cartesian Plane 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (—2, —3). 

SOLUTION To plot the point (— 1, 2), imagine a vertical line through — 1 on the 
x-axis and a horizontal line through 2 on the y-axis. The intersection of these two 
lines is the point (— 1, 2). The other four points can be plotted in a similar way, 
as shown in Figure 2.3. 


/ CHECKPOINT 1 
Plot the points (2, 3) and (—4, 1). © 


The Distance and Midpoint Formulas 


Recall from the Pythagorean Theorem that, for a right triangle with hypotenuse 
of length c and legs of lengths a and b, you have a? + b? = c’, as shown in 


Figure 2.4. (The converse is also true. That is, if a? + b* = c?, then the triangle 
is a right triangle.) 


FIGURE 2.4 FIGURE 2.5 


Suppose you want to determine the distance d between two points (x,, y,) 
and (x5, y) that do not lie on the same horizontal or vertical line. With these two 
points, a right triangle can be formed, as shown in Figure 2.5. The length of the 
vertical side of the triangle is |y, — y,|, and the length of the horizontal side is 
|x, — x,|. By the Pythagorean Theorem, you can write 


d= |x> ~ a? + ly = yl? 


d= af is — x |? a ly, a ¥,|7 Choose positive square root. 
d = J (x) — x)? + (92 — yy). 
The result is the Distance Formula. 


The Distance Formula 


The distance d between the points (x,, y,) and (x, y>) in the coordinate 
plane is 


aS WE =) ey) 
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The following formula shows how to find the midpoint of the line segment 
that joins two points. 


The Midpoint Formula 


The midpoint of the line segment joining the points (x,, y,) and (x5, y,) in 
the coordinate plane is 


(* +X Yi + 2) 
Dio 39)! E 


Using the Distance and Midpoint Formulas 


Find (a) the distance between, and (b) the midpoint of the line segment joining, 
the points (—2, 1) and (3, 4). 
SOLUTION 


a. Let (x,, y,) = (—2, 1) and (x,, y,) = (3, 4), and apply the Distance Formula. 


d= JQ, — m4 + 02 — y)? Distance Formula 
== (2 PF +4@=—1" Substitute for x,, x5, y), and y5. 
= J5? + 7? Simplify. 
= /34 = 5.83 Simplify. 


See Figure 2.6. 
b. By the Midpoint Formula, you have 


xX) +x = 
Midpoint = ( : 5) 2 a 5) 2) Midpoint Formula 
(BBS) Substitute f d 
7° 9 ubstitute for x,, x, y,, and y. 
5 - 
9)" implify. 
See Figure 2.7. 
y By 
A 
(3, 4) 
4+ 2 


(5) 
L iL Z 
ger * Midpoint 


ge 


5 ee 
2 a 
Pd 


/ CHECKPOINT 2 


Find (a) the distance between, 
and (b) the midpoint of the line 
segment joining, the points : 

(—2, 2) and (6, —4). = FIGURE 2.6 d= /34~5.83 FIGURE 2.7 


—2 -l 1 2 3 =2 =1 1 2 3 
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/ CHECKPOINT 3 


Determine whether (— 1, 3) is 
a solution of the equation 
y=xt+4.n 


FIGURE 2.8 


The Graph of an Equation 


Frequently, a relationship between two quantities is written in the form of an 
equation. In the remainder of this section, you will study a procedure for 
sketching the graph of an equation. For an equation in the variables x and y, a point 
(a, b) is a solution if the substitution x = a and y = DB satisfies the equation. 


Solution of an Equation 


Determine whether (— 1, 0) is a solution of the equation y = 2x? — 4x — 6. 


SOLUTION 
y= 2x? — 4x — 6 Write original equation. 
0 2 2(— 1)? = 4(— 1) —6 Substitute — 1 for x and 0 for y. 
0=0 Simplify. 


Both sides of the equation are equivalent, so the point (— 1, 0) is a solution. 


Most equations have infinitely many solutions. The graph of an equation is 
the set of all points that are solutions of the equation. 


Sketching the Graph of an Equation 


Sketch the graph of 3x + y = 5. 


SOLUTION First rewrite the equation as y = 5 — 3x with y isolated on the left. 
Next, construct a table of values by choosing several values of x and calculating 
the corresponding values of y. 


From the table, it follows that (—1, 8), (0,5), (1, 2), (2, —1), and (3, —4) are 
solution points of the equation. After plotting these points and connecting them, 
you can see that they appear to lie on a line, as shown in Figure 2.8. 


/ CHECKPOINT 4 


Sketch the graph of y — x = 3. © 


The Point-Plotting Method of Graphing 

1. If possible, isolate one of the variables. 

2. Construct a table of values showing several solution points. 
3. Plot these points on a rectangular coordinate system. 


4. Connect the points with a smooth curve or line. 


FIGURE 2.9 
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Step 4 of the point-plotting method can be difficult. For instance, how would 
you connect the four points in Figure 2.9? Without further information about the 
equation, any one of the three graphs in Figure 2.10 would be reasonable. These 
graphs show that with too few solution points, you can misrepresent the graph of 
an equation. Throughout this course, you will study many ways to improve your 
graphing techniques. For now, you should plot enough points to reveal the 
essential behavior of the graph. It is important to use negative values, zero, and 
positive values for x when constructing a table. 


y y y 
A A 


FIGURE 2.10 


Sketching the Graph of an Equation 


Sketch the graph of y = x? — 2. 


SOLUTION First, construct a table of values by choosing several convenient 
values of x and calculating the corresponding values of y. 


x —-3|-2}-1]/0 |1 |/2]3 
y=xr-2/7 |2 |-1)]-2)-1/2]7 


Next, plot the corresponding solution points. Finally, connect the points with a 
smooth curve, as shown in Figure 2.11. 


(0, -2) 
FIGURE 2.11 


/ CHECKPOINT 5 


Sketch the graph of y = x7 + 3. © 
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Intercepts of a Graph 


When you are sketching a graph, points for which either the y-coordinate or the 
x-coordinate is zero are especially useful. 


Definition of Intercepts 


1. The x-intercepts of a graph are the points at which the graph intersects 
the x-axis. To find the x-intercepts, let y equal zero and solve for x. 


2. The y-intercepts of a graph are the points at which the graph intersects 
the y-axis. To find the y-intercepts, let x equal zero and solve for y. 


Some texts denote the x-intercept as the x-coordinate of the point (a, 0) rather 
than the point itself. Unless it is necessary to make a distinction, we will use the 
term intercept to mean either the point or the coordinate. 

A graph may have no intercepts, one intercept, or several intercepts. For 
instance, consider the three graphs in Figure 2.12. 


UV oO 


y 
ry 


y 


Three x-intercepts No x-intercept No intercepts 
One y-intercept One y-intercept 
FIGURE 2.12 

» Screw Finding x- and y-Intercepts 


Find the x- and y-intercepts of the graph of 
y-3=x. 


SOLUTION To find the x-intercept, let y = 0. This produces —3 = x, which 
implies that the graph has one x-intercept, which occurs at 


(=3,,0); x-intercept 


To find the y-intercept, let x = 0. This produces y* — 3 = 0, which has two 
solutions: y = +/3. So, the graph has two y-intercepts, which occur at 


(0, J3\ and (0, = sa) y-intercepts 


FIGURE 2.13 See Figure 2.13. 


/ CHECKPOINT 6 


Find the x- and y-intercepts of the graph of y = 3x + 2. © 


FIGURE 2.15 y-Axis Symmetry 
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Symmetry 


Symmetry with respect to the x-axis means that if the Cartesian plane were folded 
along the x-axis, the portion of the graph above the x-axis would coincide with the 
portion below the x-axis. Symmetry with respect to the y-axis can be described in 
a similar manner. Symmetry with respect to the origin means that when the graph 
rotates 180° about the origin, it looks the same. (See Figure 2.14.) 


x-Axis symmetry y-Axis symmetry Origin symmetry 
FIGURE 2.14 


Kowing the symmetry of a graph before attempting to sketch it is helpful, 
because then you need only half as many solution points to sketch the graph. The 
three basic types of symmetry are described as follows. 


Definition of Symmetry 


1. A graph is symmetric with respect to the x-axis if, whenever (x, y) is on 
the graph, (x, —y) is also on the graph. 


2. A graph is symmetric with respect to the y-axis if, whenever (x, y) is on 
the graph, (—.x, y) is also on the graph. 


3. A graph is symmetric with respect to the origin if, whenever (x, y) is on 
the graph, (—.x, —y) is also on the graph. 


You can apply this definition of symmetry to the graph of the equation 
y = x? — 1. Replacing x with —x produces the following. 


y= x 1 Write original equation. 
y= (-—x)? = 1 Replace x with —x. 
y= Fiat Replacement yields equivalent equation. 


Because the substitution did not change the equation, it follows that if (x, y) is a 
solution of the equation, then (—.x, y) must also be a solution. So, the graph of 
y = x? — 1 is symmetric with respect to the y-axis. By plotting the points in the 
table below, you can confirm that the graph is symmetric with respect to the 
y-axis, as Shown in Figure 2.15. 


oo —2/}-1 |/1)]2 
y}/3 |0 |0)]3 
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FIGURE 2.16 


Point on 
circle: (x, y) 


FIGURE 2.17 


x 


Tests for Symmetry 


1. The graph of an equation is symmetric with respect to the x-axis if 
replacing y with —y yields an equivalent equation. 


2. The graph of an equation is symmetric with respect to the y-axis if 
replacing x with —x yields an equivalent equation. 


3. The graph of an equation is symmetric with respect to the origin if 
replacing x with —x and y with —y yields an equivalent equation. 


Using Symmetry as a Sketching Aid 


Describe the symmetry of the graph of x — y* = 1. 


SOLUTION Of the three tests for symmetry, the only one that is satisfied by this 
equation is the test for x-axis symmetry. 


x= y? = 1 Write original equation. 
x= (-y)? = 1 Replace y with —y. 
Pe y? = 1 Replacement yields equivalent equation. 


So, the graph is symmetric with respect to the x-axis. To sketch the graph, plot the 
points above the x-axis and use symmetry to complete the graph, as shown in 
Figure 2.16. 


/ CHECKPOINT 7 


Describe the symmetry of the graph of y = |x|. = 


The Equation of a Circle 


In this section, you have studied the point-plotting method and two additional 
concepts (intercepts and symmetry) that can be used to streamline the graphing 
procedure. Another graphing aid is equation recognition, which is the ability to 
recognize the general shape of a graph simply by looking at its equation. 

Figure 2.17 shows a circle of radius r with center at the point (A, k). The 
point (x, y) is on this circle if and only if its distance from the center (A, k) is r. 
This means that a circle in the plane consists of all points (x, y) that are a given 
positive distance r from a fixed point (h, k). Using the Distance Formula, you can 
conclude that the point (x, y) lies on the circle if and only if 


V(x — hy? + Gy — bP = 3. 


By squaring each side of this equation, you obtain the standard form of the 
equation of a circle. For example, a circle with its center at the origin, 
(h, k) = (0, 0), and radius r = 4 is given by 


JS(x — 0)? + (y — 0)? =4 Substitute for h, k, and r. 
JVx2 + y2 =4 Simplify. 


x? + y? = 16. Square each side. 


FIGURE 2.18 
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Standard Form of the Equation of a Circle 
The standard form of the equation of a circle is 
(& — hy? + (Cy — 2 =P. 


The point (h, k) is called the center of the circle, and the positive number r 
is called the radius of the circle. The standard form of the equation of a 


circle whose center is the origin is x* + y? = r. 


Finding the Equation of a Circle 


The point (3, 4) lies on a circle whose center is at (— 1, 2), as shown in Figure 
2.18. Write the standard form of the equation of this circle. 


SOLUTION The radius of the circle is the distance between the center (— 1, 2) 
and the point (3, 4). 


r= J/(% — hh)? + (y — ky? Distance Formula 
r= JB -(-DP+G—- 27 Substitute for x, y, h, and k. 
= JP +P Simplify. 
= /16+4 Simplify. 
= /20 Radius 
Using (h, k) = (—1, 2) and r = /20, the equation of the circle is 
G=—hf + (y=kP =P Equation of circle 
[x — (-1)P + (y — 2)? = (20) Substitute for h, k, and r 
@+ 1? + G = 2? = 20, Standard form 


/ CHECKPOINT 8 


The point (4, 4) lies on a circle whose center is at (0, 1). Write the standard 
form of the equation of this circle. © 


If you expand the standard equation in Example 8, you obtain the following. 


(x + 1)? + (y — 2)? = 20 Standard form 
we+2x+1+y?—-4y+4= 20 Expand terms. 
wr+y+2x-4y-15=0 General form 


The last equation is in the general form of the equation of a circle, 
Ax? + Ay? + Dx + Ey+F=0, A#0. 


The general form of the equation of a circle is less useful than the standard form. 
For instance, it is not immediately apparent from the general equation shown 
above that the center is (—1, 2) and the radius is /20. To graph the equation 
of a circle, it is best to write the equation in standard form. You can do this by 
completing the square, as demonstrated in Example 9. 
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Completing the Square to Sketch a Circle 


Sketch the circle given by 4x + 4y? + 20x — 16y + 37 = 0. 


SOLUTION Begin by writing the original equation in standard form by 
completing the square for both the x-terms and the y-terms. 


4x? + 4y? + 20x — loy + 37 =0 Write original equation. 

2 2 37 _ ner 

x+y Taare Divide by 4. 
STUDY TIP ; ; 37 
Recall that to complete the (x? + 5x + ) + (2 -4y + = i Group terms. 
square, you add the square of 5\2 3725 
half the coefficient of the linear E 3x (3) 1 (y? —4yt+ 2?) = ms + + 4 Complete the square. 
term to each side. 5 

(x + 3) + (y —-2)=1 Standard form 


So, the center of the circle is (-3, 2) and the radius of the circle is 1. Using this 
information, you can sketch the circle, as shown in Figure 2.19. 


(SP e0-2=1 


J i i 4 . 
1 t 1 T > x 


-4 -3 -2 =I 
FIGURE 2.19 


/ CHECKPOINT 9 


Sketch the circle given by x7 + y? — 2x —-4y + 1=0. & 


1. Determine whether the following statement is true or false. Explain your 
reasoning. 


The points (3, 4) and (—4, 3) both lie on the same circle whose 
center is the origin. 


. Explain how to find the x- and y-intercepts of the graph of an equation. 


3. For every point (x, y) on a graph, the point (—x, y) is also on the graph. 
What type of symmetry must the graph have? Explain. 


4. Is the point (0, 0) on the circle whose equation in standard form is 
(x — 0)? + (y — 0)? = 4? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.2, 
0.4, and 1.5. 


Skills Review 2.1 


In Exercises 1-6, simplify the expression. 


1. V2 —- 6) + [1 — (-2)P 2, Jl = ae = (=9 = IP 
4 + (—2) —1 + (-3) 
33 ie 4. an ae 
S, fig + 5 6. 12 + /44 
In Exercises 7-10, solve the equation. 
7, /(4— x)? + (5 — 2)? 58 8. V(8 — 6)? + Gy — 5)? = 2V5 
9. x3 — 9x =0 10. x* — 8x7 + 16 =0 


Exercises 2.1 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-12, (a) plot the points, (b) find the 
distance between the points, and (c) find the 
midpoint of the line segment joining the points. 


1. (2, —5), (—6, 1) 2. (1, 12), (6, 0) 

3. (3, —11), (—12, —3) 4. (—7, 3), (2, —9) 

5. (-1, 2), (5, 4) 6. (2, 10), (10, 2) 

TGA). 3.4) 6. (=3) <3) a=3) 

9. (1.8, 7.5), (2.5, 2.1) 

10. (37.5, — 12.3), (—6.2, 5.9) 

11. (—36, —18), (48, —72) 

12. (1.451, 3.051), (5.906, 11.360) 

In Exercises 13-16, find the length of the hypotenuse 


in two ways: (a) using the Pythagorean Theorem and 
(b) using the Distance Formula. 


13; y 14. y 
10-- 
3 
8-- (13, 6) 
: rae: Doc 
4 > 
: +7 - 
x See 
\1 @ 3/4 21246810/ 14 
“IT 0.0) 40 -4t (13, 1) 
15. y 16. y 
A A 
gt 5+ (2, 5) 
6+ ay 
T G4 a4 
aad neal | ‘Le x 
ae 4 aa 
-4-2 | 24 8 -I1+1 67 
=e 
4+ 7D -3+(2,-2)% ©,-2) 


In Exercises 17 and 18, find x such that the distance 
between the points is 15. 


17. (3, —4), (x, 5) 18. (x, 8), (—9, —4) 


In Exercises 19 and 20, find y such that the distance 
between the points is 20. 


19. (—15, y), (-3, -7) 20. (6, — 1), (—10, y) 


In Exercises 21-24, determine whether each point is a 
solution of the equation. 


Equation Points 
21. 2x — 3y + 11 =0 (a) (2,5) (b) (3, 2) 
22. y = 2x7 — 7x + 3 (a) (1, -1) (b) (3, 0) 
23. y= Vx —5 (a) (9, 2) (b) (21, 4) 
x+1 1 
24, y= a (a) (1.3) (b) (0, 1) 


In Exercises 25 and 26, complete the table. Use the 
resulting solution points to sketch the graph of the 
equation. 


25. y=3r-1 


x} —-2/0]1]4 4] 2 


ny 

26. y = 5 — x? 
| — 2 =] 0 L. | 2 
y 
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In Exercises 27-34, find the x- and y-intercepts of the In Exercises 53-58, match the equation with its graph. 
graph of the equation. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 
27. y= 2x-1 28. y = (x — 4)(x + 2) (a) (b) y 

29. y= +x-2 30. y=4-2x a sak 

31. y=x/x +2 32. yHx/xt5 34 1 

33. 2y — xy + 3x =4 34. xy — x? + dy = 0 


35. Use your knowledge of the Cartesian plane and intercepts 
to explain why you let y equal zero when you are finding 
the x-intercepts of the graph of an equation, and why you 


let x equal zero when you are finding the y-intercepts of the (d) 
graph of an equation. 

36. Is it possible for a graph to have no x-intercepts? no +4 
y-intercepts? no x-intercepts and no y-intercepts? Give 
examples to support your answers. 4-4 3 ae 

afi 

In Exercises 37-48, check for symmetry with respect to -o4 

both axes and the origin. 

37. x4 — 2y =0 38. y= xt - 7°43 (e) | (f) 

39. x —y? =0 40. yy =x+2 

41. y= /16 — x? 42. y= V4 -— + 

43. xy = 2 44. x4y=1 

= ad = x ¥ 
oe a 46. y 2a] 

47. °° + y? = 25 48. 3x°+y=9 

53. y=4-x 54, 

In Exercises 49-52, use symmetry to complete the 55. y = 22 + 2x 56. 

graph of the equation. 
57.y=x-x 58. 
49. y-axis symmetry 50. x-axis symmetry 
y=? +4 yy=—xt+4 In Exercises 59-78, sketch the graph of the equation. 
Identify any intercepts and test for symmetry. 
) y 
Pi 59. y= 5 — 3x 60. y = 2x — 3 
4 qt 
3 34 61. y=1-x 62. y=x-1 
Z 
1 1+ 63. y=x— 4x +3 64. y = —x — 4x 
Ja : 4+++14 x 
-4-3-2-111 \3 -4-3-2-111234 65. y=x+2 66. y=x-1 
=25) 2 
8 4 
34 -3-44 = = 
-44 -4-4 67. y +4 68. y Pal 
51. Origin symmetry 52. y-axis symmetry ar ll oa ae 
= 3 = 
y=—-x84+x y= |x| -2 71. y = Yx 72. y=Sxt+1 
73. y=|x—-4| 
y y 
A 74, y = |x| — 3 
I+ 5.x=y—1 
76.x=y?—-4 
x 
77,.?+y=4 
78. °° +y = 16 


In Exercises 79-82, find the radius of the circle given 
the center and a point on the circle. 


79. y 
A 
6a 
4 
) 
(0, 4) 2 8 x 
++} +4>% 
-4 -2 2 4 
=e 
81. y 82. y 
ry A 
ae 6+ 
1,3 
al Ae 
2 
em 
(2, 2) is 
x 2 8 
-2, i 2 4 6 at 


In Exercises 83 and 84, find the center and radius of 
the circle given the endpoints of the diameter of the 
circle. 


83. y 84. y 


—6,-3 a 
—2+ ( Pri 


In Exercises 85-92, find the standard form of the 
equation of the specified circle. 


85. Center: (0, 0); radius: 3 

86. Center: (0, 0); radius: 5 

87. Center: (—4, 1); radius: \/2 

88. Center: (0, 4). radius: 3 

89. Center: (— 1, 2); point on circle: (0, 0) 

90. Center: (3, — 2); point on circle: (—1, 1) 
91. Endpoints of a diameter: (— 3, 4), (5, —2) 
92. Endpoints of a diameter: (—4, —1), (4, 1) 


In Exercises 93-100, write the equation of the circle in 
standard form. Then sketch the circle. 


93. x7 + y — 6x + 4y-3=0 
94. x? + yy? — 2x + by - 15 =0 
95. x7 + y? — 4x 
96. 5x2 + Sy? + 10x + 1=0 
97, 2x? + 2y? — 2x — 2y — 3 
98. 4x? + 4y? — 4x + 2y — 1 


lon) 
SS 

\o 

o 
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99. 16x? + 16y? + 16x + 40y —-7=0 
100. x° + y? —4x + 2y+3=0 


In Exercises 101 and 102, an equation of a circle is 
written in standard form. Indicate the coordinates of 
the center of the circle and determine the radius of 
the circle. Rewrite the equation of the circle in 
general form. 


101. (x — 3)? + (y + 1)? = 25 
102. (x — 3) + (y- 2 =7 


Gold Prices In Exercises 103 and 104, use the figure 
below, which shows the average prices of gold for the 
years 1975 to 2005. (Sources: U.S. Bureau of Mines; U.S. 
Geological Survey) 


600 
500 
400 
300 
200 
100 


{—}—_}_}_}_}_ +++} x 


i i 

T T T T T T T T T T 

5) 8 1 14) 17 20 23) 26):29" 32) 35 
Year (5 © 1975) 


Average price 
(in dollars per fine ounce) 


103. What is the highest price of gold shown in the graph? 
When did this occur? 


104. What is the lowest price of gold shown in the graph? 
When did this occur? 


Vehicle Distance In Exercises 105 and 106, use the 
figure below, which shows the total number of miles 
traveled by vehicles in the United States each year 
from 1994 to 2005. (Source: National Highway Traffic 
Safety Administration) 


Total vehicle miles 
traveled (in billions) 
& 

Ss 
| 


eff x 
4 5 6 7 & 9 10 11 12 13 14 15 
Year (4 © 1994) 


105. Estimate the percent increase in miles traveled by vehicles 
from 1994 to 2000. 


106. Estimate the percent increase in miles traveled by vehicles 
from 2000 to 2005. 
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107. 


108. 


109. 


110. 
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Population The population y (in millions of people) of 
North America from 1980 to 2050 can be modeled by 


y=5.3x+ 377, =20<x%=.50 


where x represents the year, with x = 50 corresponding to 
2050. (Source: U.S. Census Bureau) 


(a) Find the y-intercept of the graph of the model. What 
does it represent in the given situation? 


(b) Construct a table of values for x = —20, — 10, 0, 10, 
20, 30, 40, and 50. 


(c) Plot the solution points given by the table in part (b) 
and use the points to sketch the graph of the model. 


Profit The annual profits y (in millions of dollars) of 
UnitedHealth Group from 1997 to 2006 can be modeled by 


y = 58.86x2 + 228.0x + 677, 


where x represents the year, with x = 6 corresponding to 
2006. (Source: UnitedHealth Group) 


(a) Find the y-intercept of the graph of the model. What 
does it represent in the given situation? 


3<x<6 


(b) Use the model to complete the table of values for 
x = —3, —2,-1,0, 1, 2,3, 4,5, and 6. 

(c) Plot the solution points given by the table in part (b) 
and use the points to sketch the graph of the model. 


Earnings per Share The earnings per share y (in 
dollars) for Dollar Tree Stores from 1996 to 2005 can be 
modeled by 


y = —0.00827 + 0.3181 — 1.28, 6<t< 15 


where f¢ represents the year, with t = 6 corresponding to 
1996. (Source: Dollar Tree Stores) 


(a) Sketch a graph of the equation. 


(b) In 2005, Dollar Tree predicted that its earnings per 
share would be $1.75 in 2006 and $1.95 in 2007. Use 
the model to predict the earnings per share for these 
years. How well does the model support Dollar Tree’s 
predictions? 


(c) Dollar Tree also predicted its earnings per share to 
reach $3.00 sometime in 2009, 2010, or 2011. How 
well does the model support Dollar Tree’s prediction? 


Earnings per Share The earnings per share y (in 
dollars) for Paychex, Inc. from 1996 to 2005 can be 


modeled by 
y = —0.0014P + 0.123 — 0.57, 6<t< 15 


where f¢ represents the year, with tf = 6 corresponding to 
1996. (Source: Paychex, Inc.) 


(a) Sketch a graph of the equation. 


111. 


112. 


(b) In 2005, Paychex predicted that its earnings per share 
would be $1.22 in 2006 and $1.40 in 2007. Use the 
model to predict the earnings per share for these 
years. How well does the model support Paychex’s 
predictions? 


(c) Paychex also predicted its earnings per share to reach 
$1.90 sometime in 2009, 2010, or 2011. How well 
does the model support Paychex’s prediction? 


The London Eye The London Eye is a Ferris wheel 
that opened in 1999 in London, England as the tallest in 
the world. It remained the tallest Ferris wheel in the world 
until the Star of Nanchang was opened in 2006. The 
London Eye stands 135 meters tall. Use the diagram 
below to write an equation that models the circular shape 
of the London Eye wheel. 


Star of Nanchang In 2006, a Ferris wheel called the 
Star of Nanchang was opened in the Jangxi province of 
China to replace the London Eye as the world’s largest 
Ferris wheel. The Star of Nanchang stands 525 feet tall. 
Use the diagram below to write an equation that models 
the circular shape of the Star of Nanchang wheel. 


Lines in the Plane 


FIGURE 2.20 
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m@ Find the slope of a line passing through two points. 
M™ Use the point-slope form to find the equation of a line. 
M@ Use the slope-intercept form to sketch a line. 


m Use slope to determine if lines are parallel or perpendicular, and write 
the equation of a line parallel or perpendicular to a given line. 


The Slope of a Line 


The slope of a nonvertical line is a measure of the steepness of the line. The slope 
represents the number of units the line rises or falls vertically for each unit of 
horizontal change from left to right. For instance, consider the two points (x,, y,) 
and (x5, y>) on the line shown in Figure 2.20. As you move from left to right along 
this line, a change of y, — y, units in the vertical direction corresponds to a 
change of x, — x, units in the horizontal direction. That is, 


Y. — y, = the changeiny and x, — x, = the change in x. 


The slope of the line is defined as the quotient of these two changes. 


Definition of the Slope of a Line 


The slope m of the nonvertical line passing through the points (x,, y,) and 
(ey is 
_ yy — y, _ change in y 
e Nae) change inex 


where x, # Xx. 


The change in x is sometimes called the run and the change in y is sometimes 
called the rise. 

When this formula is used for slope, the order of subtraction is important. 
Given two points on a line, you are free to label either one of them as (x,, y,) and 
the other as (x, y>). However, once this is done, you must form the numerator and 
denominator using the same order of subtraction. 


= 227 1 — %1 7 92 ~~ J2 VF 
= m= n= 
xy ~ Xy x) ~ X xy 
UN, ———Y — / New ~- anit 
Correct Correct Incorrect 


In real-life problems, such as finding the steepness of a ramp or the increase 
in the value of a product, the slope of a line can be interpreted as either a ratio or 
a rate. If the x-axis and the y-axis have the same units of measure, then the slope 
has no units and is a ratio. If the x-axis and the y-axis have different units of 
measure, then the slope is a rate or rate of change. You will learn more about rates 
of change in Section 2.3. 
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| <eh11}0)(-Wi Finding the Slope of a Line Through Two Points 
Find the slope of the line passing through each pair of points. 
a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 
c. (0, 4) and (1, —1) d. (3, 4) and (3, 1) 
SOLUTION 
a. Letting (x,, y,) = (—2, 0) and (x,, y,) = (3, 1), you obtain a slope of 
Yo - Yq cea] Difference in y-values 
7 hi Ky ea Difference in x-values 
8 
3 = (=2) 
= 
5 
b. The slope of the line passing through (— 1, 2) and (2, 2) is 
2-2 0 
ag (1) 3 0. 
c. The slope of the line passing through (0, 4) and (1, — 1) is 
=(=4. =5 
ee nr ee aa 
d. The slope of the line passing through (3, 4) and (3, 1) is undefined. Applying 
the formula for slope, you have 
oh Division by cero ie wadelined 
m 3 _ 3 0 q 1vision Dy zero 1S undefined. 
Because division by zero is not defined, the slope of a vertical line is not 
defined. 
The graphs of the four lines are shown in Figure 2.21. 
) y y 
A A A 
4> 1 4+ 5+ 
gt mas Lt m=0 4-4 (3, 4) 
2 So: 
GB.) 1,2 2,2 
(2,0) + (-1,2) (2, 2) sel 
| t—+—+—+> * t— === & 1 (3, 1) 
2-1] 2. 3-4 seal A 2 3 4 5 } {|<} x 
-1 45 
-2-> -2> =i 


(a) If m is positive, the line rises 


from left to right. 
FIGURE 2.21 


(b) If m is zero, the line is 
horizontal. 


/ CHECKPOINT 1 


(c) If m is negative, the line 
falls from left to right. 


(d) If the line is vertical, 
the slope is undefined. 


Find the slope of the line passing through the points (— 1, 2) and (3, 4). = 


| > xX 

xy 

FIGURE 2.22 Any two points on 
a line can be used to determine the 
slope of the line. 


FIGURE 2.23 


SECTION 2.2 Lines in the Plane 173 


From the slopes of the lines shown in Example 1, you can make the following 
generalizations about the slope of a line. 


Slope of a Line 

1. A line with positive slope (m > 0) rises from left to right. 
2. A line with negative slope (m < 0) falls from left to right. 
3. A line with zero slope (m = 0) is horizontal. 


4. A line with undefined slope is vertical. 


The Point-Slope Form 


If you know the slope of a line and the coordinates of one point on the line, you 
can find an equation for the line. For instance, in Figure 2.22, let (x,, y,) be a 
given point on the line whose slope is m. If (x, y) is any other point on the line, it 
follows that 


a 


xX Xy 


This equation in the variables x and y can be rewritten to produce the following 
point-slope form of the equation of a line. 


Point-Slope Form of the Equation of a Line 


The point-slope form of the equation of the line that passes through the 
point (x,, y,) and has a slope of m is 


eo Mil = m(x =): 


The Point-Slope Form of the Equation of a Line 


Find an equation of the line that passes through (1, — 2) and has a slope of 3. 
SOLUTION Use the point-slope form with (x,, y,) = (1, —2) and m = 3. 


y—y, = m(x — x) Point-slope form 
y = (=2) = 3(x = 1) Substitute y, = —2,x, = 1, and m = 3. 
y+2=3x-3 Simplify. 
y= 3x—-—5 Equation of line 
The graph of this line is shown in Figure 2.23. ee 


/ CHECKPOINT 2 


Find an equation of the line that passes through the given point and has the 
given slope. 


a. (2,4),m = -2 
b. (—8, 3), m=3 » 
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TECHNOLOGY 


You will find programs 

that use the two-point 
form to find an equation of a 
line for several models of 
graphing utilities on the 


website for this text at 
college.hmco.com/info/ 
larsonapplied. After you enter 
the coordinates of two points, 
the program outputs the slope 
and y-intercept of the line that 
passes through the points. 


iv 
> A 
Sm ACLs) 
ee (2.3.7) 
lo} 
ee (1, 3.4) 
‘goat y=0.3x+3.1 
£ 
eo 
é 
S 
a — 
2 3 4 
Qurter 
FIGURE 2.24 
DISCOVERY 


Use a graphing utility to graph 
each equation in the same 
viewing window. 


yy = ear ll 
rer 
we = Sse cr Il 
Wa = separ il 
Vg = = Se a7 || 


What effect does the coefficient 
of x have on the graph? What is 
the y-intercept of each graph? 


Functions and Graphs 


The point-slope form can be used to find the equation of a line passing 
through two points (x,, y,) and (x, y). First, use the formula for the slope of 
a line passing through two points. Then, use the point-slope form to obtain 


This is sometimes called the two-point form of the equation of a line. 


A Linear Model for Sales Prediction ®) 


During the first two quarters of the year, a jewelry company had sales of 
$3.4 million and $3.7 million, respectively. (a) Write a linear equation giving the 
sales y in terms of the quarter x. (b) Use the equation to predict the sales during 
the fourth quarter. Can you assume that sales will follow this linear pattern? 


SOLUTION 


a. Let (1, 3.4) and (2, 3.7) be two points on the line representing the total sales. 
Use the two-point form to find an equation of the line. 


a — 34 
y 3.4 = >) r (x 1) Substitute for x,, y,, x,, and y, in two-point form. 
y-34= 0.3(« = 1) Simplify quotient. 
y = 0.3x + 3.1 Equation of line 


b. Using the equation from part (a), the fourth-quarter sales (x = 4) should be 
y = 0.3(4) + 3.1 = $4.3 million. See Figure 2.24. Without more data, you 
cannot assume that the sales pattern will be linear. Many factors, such as 
seasonal demand and past sales history, help to determine the sales pattern. 


/ CHECKPOINT 3 


A company has sales of $1.2 million and $1.4 million in its first two years. 
Write a linear equation giving the sales y in terms of the year x. © 


The estimation method illustrated in Example 3 is called linear 
extrapolation. Note in Figure 2.25(a) that for linear extrapolation, the estimated 
point lies to the right of the given points. When the estimated point lies between 
two given points, the procedure is called linear interpolation, as shown in 
Figure 2.25(b). 


y y 
A A 


Estimated point . 2 
\ — point 
Given points 


(a) Linear extrapolation 


FIGURE 2.25 


(b) Linear interpolation 


y=2x4+1 


2 units up 


m=2 


(a) When 
left to 


m is positive, the line rises from 
right. 


(c) When 
left to 


| y=—-x+2 


m is negative, the line falls from 
right. 


FIGURE 2.26 
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Sketching Graphs of Lines 


You have seen that to find the equation of a line it is convenient to use the 
point-slope form. This formula, however, is not particularly useful for sketching 
the graph of a line. The form that is better suited to graphing linear equations is 
the slope-intercept form of the equation of a line. To derive the slope-intercept 
form, write the following. 


m(x =X ) Point-slope form 


Sr J 
y= 


mx — Mx, + Y, Solve for y. 


y=mxt (y, = mx,) Commutative Property of Addition 


y=mxt+b 


Slope-intercept form 


Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
y=mx+b 


is a line whose slope is m and whose y-intercept is (0, b). 


Sketching the Graphs of Linear Equations 


Sketch the graph of each linear equation. 
a y=2x+1 

b y=2 

axty=2 

SOLUTION 


a. Because b = 1, the y-intercept is (0,1). Moreover, because the slope is 
m = 2, this line rises two units for each unit it moves to the right, as shown in 
Figure 2.26(a). 


b. By writing the equation y = 2 in the form 
y= (O)x +2 


you can see that the y-intercept is (0, 2) and the slope is zero. A zero slope 
implies that the line is horizontal, as shown in Figure 2.26(b). 


c. By writing the equation x + y = 2 in slope-intercept form 


y=-x+2 
you can see that the y-intercept is (0, 2). Moreover, because the slope is 
m = —1, this line falls one unit for each unit it moves to the right, as shown 
in Figure 2.26(c). 


/ CHECKPOINT 4 


Sketch the graph of the linear equation y — 2x = —3. © 
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Functions and Graphs 


From the slope-intercept form of the equation of a line, you can see that a 
horizontal line (m = 0) has an equation of the form 


y= (O)x + b or y=b. Horizontal line 
This is consistent with the fact that each point on a horizontal line through (0, b) 


has a y-coordinate of b, as shown in Figure 2.27. 


y y 


54 (a, 5) 
4 at 
(0,b) (2,6) (4, b) 34 x=a 
Pak 
2 ic 
y=b (a, 0) 
1 t t t—}—_}+—> x 
-1 1 2 4 5 6 
ss ee 
[> 3 4 24 @-2 
FIGURE 2.27 Horizontal Line FIGURE 2.28 _ Vertical Line 


Similarly, each point on a vertical line through (a, 0) has an x-coordinate of a, as 
shown in Figure 2.28. So, a vertical line has an equation of the form 


x= a. Vertical line 


This equation cannot be written in slope-intercept form because the slope of a 
vertical line is undefined. However, every line has an equation that can be written 
in the general form 


Ax + By + C=0 General form 


where A and B are not both zero. If A = 0 (and B # 0), the general equation can 
be reduced to the form y = b, which represents a horizontal line. If B = 0 (and 
A # 0), the general equation can be reduced to the form x = a, which represents 
a vertical line. 


Summary of Equations of Lines 


1. General form: Ax + By + C=0 
2. Vertical line: x=a 

3. Horizontal line: y=b 

4. Slope-intercept form: y=mxt+b 

5. Point-slope form: y — y, = mx — x,) 
DISCOVERY 


Use a graphing utility to graph each equation in the same viewing window. 
3 3 3 
yy =ox—1 a es Ys = ox +2 
What is true about the graphs? What do you notice about the slopes of the 
equations? 


FIGURE 2.29 
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Parallel and Perpendicular Lines 


The slope of a line is a convenient tool for determining whether two lines are 
parallel, perpendicular, or neither. 


Parallel Lines 


Two distinct nonvertical lines are parallel if and only if their slopes 
are equal. 


Equations of Parallel Lines 


Find an equation of the line that passes through the point (2, — 1) and is parallel 
to the line 2x — 3y = 5, as shown in Figure 2.29. 


SOLUTION Start by rewriting the equation in slope-intercept form. 


2x — 3y =5 Write original equation. 
—3y = -2x +5 Subtract 2x from each side. 
2 5 — : 
y= 3° = 3 Write in slope-intercept form. 


So, the given line has a slope of m = 2 Because any line parallel to the given 
line must also have a slope of 2 the required line through (2, — 1) has the follow- 
ing equation. 


Vey m(x — X,) Point-slope form 
2 
yr (= 1) -_ Gs _ 2) Substitute for y,, x,, and m. 
2 4 oe 
yt1l= 3° = 3 Simplify. 
: 2 1 Solve fi 
=k i 
y 3 3 olve for y 
2 7 ae : 
y a = 3 Write in slope-intercept form. 


Notice the similarity between the slope-intercept form of the original equation 
and the slope-intercept form of the parallel equation. 


/ CHECKPOINT 5 


Find an equation that passes through the point (2, 4) and is parallel to the line 
2y — 6x = 2. Of 


You have seen that two nonvertical lines are parallel if and only if they 
have the same slope. Two nonvertical lines are perpendicular if and only if their 
slopes are negative reciprocals of each other. For instance, the lines y = 2x and 
y= —3x are perpendicular because one has a slope of 2 = 2 and the other has a 
slope of —3. 
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DISCOVERY 


Use a graphing utility to graph 
each equation in the same 
viewing window. 
2 5 

Dias ae 

Vea —3x ae 
When you examine the graphs 
with a square setting, what do 
you observe? What do you 


notice about the slopes of the 
two lines? 


FIGURE 2.30 


Perpendicular Lines 


Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other. That is, 
1 


= ot 
My 


Equations of Perpendicular Lines 


Find an equation of the line that passes through the point (2,—1) and is 
perpendicular to the line 2x — 3y = 5, as shown in Figure 2.30. 


SOLUTION By writing the equation of the original line in slope-intercept form 
2 5 


a 


3 3 


you can see that the line has a slope of 2 So, any line that is perpendicular to this 


line must have a slope of -3 (because —5 1s the negative reciprocal of 2). The 


required line through the point (2, — 1) has the following equation. 


ae, an mx — a) Point-slope form 
3 . 
y = 1) = ~ 5 2) Substitute for y,, x,, and m. 
3 : . 
5 ee =a + 3 Simplify. 
3 
2 ge 31 Solve for y. 
ee +2, Write in slope-intercept form. 


/ CHECKPOINT 6 


Find an equation of the line that passes through the point (— 2, 12) and is 
perpendicular to the line y = ix —2. 0 


. What is the slope of a line that falls five units for each two units it moves 
to the right? 


. What is an equation of a horizontal line that passes through the point 
(a, b)? 


. Why is it convenient to use the slope-intercept form when sketching the 
graph of a linear equation? 


. Line A and line B are perpendicular to each other and the slope of line A 
is 1/2. What is the slope of line B? 
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Skills Revi ) The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 4. these skills in the exercise set for this section. For additional help, review Sections 0.2 and 1.1. 
In Exercises 1-4, simplify the expression. 


dia Ga) 
Ss = (1) 


=5 = '3 


1 aes) 


2 
3. Find —1/m for m = 4/5. 4. Find —1/m for m = —2. 


In Exercises 5-10, solve for y in terms of x. 


5, De = By = 5 (G, Abe ab Dy = O hy wy = (=4)) = ale = (= i] 
8. y-7= 0-3) 9. y eno Se 4) 10. y = 5 =5—3(e 2) 


Exercises 2.2 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 9 and 10, sketch the lines through the 
point with the indicated slopes on the same set of 


In Exercises 1-6, estimate the slope of the line. 


ly 25 . 
A coordinate axes. 
Point Slopes 
9. (—3, 4) (a) -2  (b) 3 
(c) 0 (d) Undefined 
10. (—2, -5) (a) -1  (b) 3 
t+-+-+-+-++> x 
123 4 5 6 123 4 5 6 (c) 0 (d) Undefined 
3 ‘ 4 In Exercises 11-16, plot the points and find the slope of 
6+ the line passing through the points. 
al 1. (6,9), (—4, -1) 12. (2,4), (4, —4) 
3+ 13. (—6, —1), (-6, 4) 14. (0, — 10), (—4, 0) 
27 1 3) (5 
al 15. (—4, 1), ( 16. (3,3), & -4) 
ie ow ep ae * In Exercises 17-24, use the point on the line and the 
slope of the line to find three additional points 
5 ‘ 6 through which the line passes. (There are many correct 
6 answers.) 
A Point Slope 
34 17. (5, —2) m=0 
“| 18. (—3, 4) m= 0 
= * t—+—++—+-+ +> x 19. (2, —5) m is undefined. 
123456 123456 
20. (—1, 3) m is undefined. 
In Exercises 7 and 8, determine if a line with the 21. (5, —6) ie 
following description has a positive slope, a negative 22. (10, -6) ety 
slope, or an undefined slope. - (10, ad 
7. Line rises from left to right 23. (—6, — 1) es 
24. (7, —5) m= —3 


8. Vertical line 
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In Exercises 25-38, find an equation of the line that 
passes through the point and has the indicated slope. 
Then sketch the line. 


Point Slope 
25. (7, 0) m= 1 
26. (0, —4) m=-\1 
27. (—2, 0) m=-4 
28. (1, 3) m=3 
29. (—3, 6) m= -2 
30. (—8, 3) m= -} 
31. (4, 0) m= -i 
32. (—2, -5) m=3 
33. (6, —1) m is undefined. 
34. (3, —2) m is undefined. 
35. (—2, —7) m=0 
36. (—10, 4) m= 
37. (4, 3) m= 4 
38. (—3, 3) m= -3 


In Exercises 39-48, find the slope and y-intercept 
(if possible) of the line specified by the equation. Then 
sketch the line. 


39. y= 2x-1 40. y=3-x 
41. 4x -y-6=0 42. 2x + 3y -9=0 
43. 8 — 3x =0 44. 2x +5=0 
45. 7x + 6y — 30=0 46.x-y-10=0 
47. 2y —-7=0 48. 8 — 5y = 0 


In Exercises 49-60, find an equation of the line passing 
through the points. 


49. (2,5), (—1, —4) 50, (6, =1),.(=2,,1) 
51. (7, —4), (—7, 3) 52. (4, 3), (—4, —4) 
53. (—9, 11), (—9, 14) 54. (3, 5), (3, —2) 

55. (-1, 7), (3, 7) 56. (3, —2), (—8, —2) 
57. (2,5), 6,4) 58. (1, 1), (6, 3) 

59. (1, 0.6), (—2, —0.6) 60. (—8, 0.6), (2, —2.4) 


61. A fellow student does not understand why the slope of a 
vertical line is undefined. Describe how you would help 
this student understand the concept of undefined slope. 


62. Another student overhears your conversation in Exercise 
61 and states, f do not understand why a horizontal line 
has zero slope and how that is different from undefined or 
no slope. Describe how you would explain the concepts of 
zero slope and undefined slope and how they are different 
from each other. 


In Exercises 63-68, use the intercept form to find 
the equation of the line with the given intercepts. 
The intercept form of the equation of a line with 
intercepts (a, 0) and (0, b) is 


xy a1, a0, D#O. 
a b 
63. x-intercept: (1, 0) 64. x-intercept: (— 3, 0) 


y-intercept: (0, — 4) y-intercept: (0, 4) 

65. x-intercept: (—2, 0) 66. x-intercept: (5, 0) 
y-intercept: (0, —2) y-intercept: (0, 1) 

67. x-intercept: (-4 0) 68. x-intercept: (-3, 0) 


y-intercept: (0, —3) y-intercept: (0, 5) 


In Exercises 69-76, the equations of two lines are 
given. Determine if lines L, and L, are parallel, perpen- 
dicular, or neither. 


69. Ly =3x+4, La y=x-q 
70. L, 
71. L,:2x —-y=1; Lax+2y=-1 
72, Ly: x — Sy 2; L,: —3x + l5y = 6 
73. Ly: x — 3y = —3; Ly: 2x — by = 6 
L 
L 
L 


74, L,:4x — y = —2; L,: 8x — 2y = 6 

12x — 3y — 15 = 0; Lo:3x% + 2y +8 =0 

ix 4y — 12 = 0; L,:3x -— 4y —-8 =90 

In Exercises 77-84, determine if the lines L, and L, 


passing through the indicated pairs of points are 
parallel, perpendicular, or neither. 


77. 1h: (—5, 0), (—2, 1); L,: (0, 1), (3, 2) 

78. L,: (—1, 6), (1, 4); L,: (3, —3), (6, —9) 

79. L;: (0, —1), (5, 9); L;: (0, 3), (4, 1) 

80. L,: (3, 6), (—6, 0); L,: (0, —1), (5, 4) 

81. L,: (—2, —1), (1, 5); Ly: (1, 3), (5, —5) 

82. L,: (4, 8), (—4, 2); Ly: 3, —5),(—1, 4) 

83. L,: (—1, 7), (-6, 4); L,: (0, 1), (5, 4) 

84. L,: (—1, 3), (2, —5); Lp: 3, 0), (2, -7) 

In Exercises 85-90, write equations of the lines 


through the point (a) parallel to the given line and 
(b) perpendicular to the given line. 


Point Line 
85. (6, 2) y-2x=-1 
86. (—5, 4) xty=8 
87. (4, —3) 2x — 3y =5 


88. 
89. 
90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99, 


(5. 3) Sx + 3y=0 
(—1, 0) ian 
(2, 5) x=4 


Temperature Find an equation of the line that gives the 
relationship between the temperature in degrees Celsius C 
and the temperature in degrees Fahrenheit F. Remember 
that water freezes at 0° Celsius (32° Fahrenheit) and boils 
at 100° Celsius (212° Fahrenheit). 


Temperature Use the result of Exercise 91 to complete 
the table. Is there a temperature for which the Fahrenheit 
reading is the same as the Celsius reading? If so, what is it? 


Cc —10° | 10° 177° 


F | 0° 68° | 90° 


Simple Interest A person deposits P dollars in an 
account that pays simple interest. After 2 months, the 
balance in the account is $813 and after 3 months, the 
balance in the account is $819.50. Find an equation that 
gives the relationship between the balance A and the time f 
in months. 


Simple Interest Use the result of Exercise 93 to 
complete the table. 


A $813.00 | $819.50 


t 0} 1 4) 5 | 6 


Wheelchair Ramp The maximum recommended slope 
of a wheelchair ramp is jz. A business is installing a 
wheelchair ramp that rises 34 inches over a horizontal 
length of 30 feet. Is the ramp steeper than recommended? 
(Source: Americans with Disabilities Act Handbook) 


Revenue A line representing daily revenues y in terms 
of time x in days has a slope of m = 100. Interpret the 
change in daily revenues for a one-day increase in time. 


College Enrollment A small college had 3125 students 
in 2005 and 3582 students in 2008. The enrollment follows 
a linear growth pattern. How many students will the college 
have in 2012? 


Annual Salary Your salary was $30,200 in 2007 and 
$33,500 in 2009. Your salary follows a linear growth 
pattern. What salary will you be making in 2012? 


MAKE A DECISION: FOURTH-QUARTER SALES During 
the first and second quarters of the year, a business had 
sales of $158,000 and $165,000. From these data, can you 
assume that the sales follow a linear growth pattern? If the 
pattern is linear, what will the sales be during the fourth 
quarter? 


100. 


101. 


102. 


103. 


104. 
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Fatal Crashes In 1998, there were 37,107 motor 
vehicle traffic crashes involving fatalities in the United 
States. In 2005, there were 39,189 such crashes. Assume 
that the trend is linear. Predict the number of crashes with 
fatalities in 2007. (Source: National Highway Traffic 


Safety Administration) 


MAKE A DECISION: YAHOO! INC. REVENUE In 2000, 
Yahoo!Inc. had revenues of $1110.2 million. In 2003, their 

revenues were $1625.1 million. Assume the revenue 
followed a linear trend. What would the approximate 
revenue have been in 2005? The actual revenue in 2005 was 
$5257.7 million. Do you think the yearly revenue followed 
a linear trend? Explain your reasoning. (Source: 
Yahoo! Inc.) 


Applebee’s Revenue Applebee’s is one of the largest 
casual dining chains in the United States. In 2000, 
Applebee’s had revenues of $690.2 million. In 2004, their 
revenues were $1111.6 million. Assume the yearly 
revenue followed a linear trend. What would the 
approximate revenue have been in 2005? The actual 
revenue in 2005 was $1216.6 million. From these data, is 
it possible that Applebee’s yearly revenue followed a 
linear trend? Explain your reasoning. (Source: 
Applebee’s International, Inc.) 


Scuba Diving The pressure (in atmospheres) exerted 
on a scuba diver’s body has a linear relationship with the 
diver’s depth. At sea level (or a depth of O feet), the 
pressure exerted on a diver is 1 atmosphere. At a depth of 
99 feet, the pressure exerted on a diver is 4 atmospheres. 
Write a linear equation to describe the pressure p (in 
atmospheres) in terms of the depth d (in feet) below the 
surface of the sea. What is the rate of change of pressure 
with respect to depth? (Source: PADI Open Water 
Diver Manual) 


Stone Cutting A stone cutter is making a 6-foot tall 
memorial stone. The diagram shows coordinates labeled 
in feet. The stone cutter plans to make the cut indicated by 
the dashed line. This cut follows a line perpendicular to 
one side of the stone that passes through the point labeled 
(—1, 6). Find an equation of the line of the cut. 
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Linear Modeling 
and Direct 
Variation 


Image Source Pink/Getty Images 
For most breeds, the body weight of 
a dog increases at an approximately 
constant rate through the first several 
months of life. 


/ CHECKPOINT 1 


In Example 1, what are the best 
and worst approximations given by 
the model? © 


m Use a mathematical model to approximate a set of data points. 

@ Construct a linear model to relate quantities that vary directly. 

H® Construct and use a linear model with slope as the rate of change. 
@ Use a scatter plot to find a linear model that fits a set of data. 


Introduction 


The primary objective of applied mathematics is to find equations or 
mathematical models that describe real-world situations. In developing a 
mathematical model to represent actual data, you should strive for two (often 
conflicting) goalsaecuracy and simplicity. That is, you want the model to be 
simple enough to be workable, yet accurate enough to produce meaningful 
results. 

You have already studied some techniques for fitting models to data. For 
instance, in Section 2.2, you learned how to find the equation of a line that 
passes through two points. In this section, you will study other techniques for 
fitting models to data: direct variation, rates of change, and linear regression. 


le cetenye)(- a) A Mathematical Model 


The weight of a puppy recorded every two months is shown in the table. 


Weight (in pounds) | 24 67 | 93 | 117 | 130 


A linear model that approximates the puppy’s weight w (in pounds) in month ¢ is 
w= 11.03t+2.1, 2<t< 12. 
How closely does the model represent the data? 


SOLUTION By graphing the data points with the linear model (see Figure 2.31), 
you can see that the model is a $ood fit’for the actual data. The table shows how 
each actual weight w compares with the weight w* given by the model. 


i t Ww w* 
Zot 2 | 24 | 24.16 
2100+ 
ea 4 | 45 | 46.22 
Ss 60-7 
So 6 | 67 | 68.28 
= 20- 

g | 93 | 90.34 
2 4 6 8 1012 
Moai 10 | 117 | 112.4 
12 | 130 | 134.46 
FIGURE 2.31 


income tax 
dollars) 
w oR 
i=) So 
SS) 
o o 
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State 
(in 
i} 
c=) 
So 
oO 
i 


Taxable income (in dollars) 


FIGURE 2.32 


SECTION 2.3 Linear Modeling and Direct Variation 183 


Direct Variation 


There are two basic types of linear models in x and y. The more general model 
has a y-intercept that is nonzero: y = mx + b, b #0. The simpler model, 
y = mx, has a y-intercept that is zero. In the simpler model, y is said to vary 
directly as x, or to be directly proportional to x. 


Direct Variation 

The following statements are equivalent. 
1. y varies directly as x. 

2. y is directly proportional to x. 


3. y = mx for some nonzero constant m, where m is the constant of 
variation or the constant of proportionality. 


JS errte)(-way State Income Tax ® 


In Colorado, state income tax is directly proportional to taxable income. For a 
taxable income of $30,000, the Colorado state income tax is $1389. Find a 
mathematical model that gives the Colorado state income tax in terms of taxable 
income. 


SOLUTION 

Verbal State _ By. Taxable 

Model: income tax income 

Labels: State income tax = y (dollars) 
Taxable income = x (dollars) 
Income tax rate = m (percent in decimal form) 


Equation: y = mx 


Find m by substituting the given information into the equation y = mx. 


y= mx Direct variation model 
1389 = m(30,000) Substitute y = 1389 and x = 30,000. 
0.0463 = m Income tax rate 


An equation (or model) for state income tax in Colorado is 
y = 0.0463x. 


So, Colorado has a state income tax rate of 4.63% of taxable income. The graph 
of this equation is shown in Figure 2.32. 


/ CHECKPOINT 2 


You buy a flash drive for $14.50 and pay sales tax of $0.87. The sales tax is 
directly proportional to the price. Find a mathematical model that gives the 
sales tax in terms of the price. © 
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Most measurements in the English system and metric system are directly 
proportional. The next example shows how to use a direct proportion to convert 
between miles per hour and kilometers per hour. 


The English and Metric Systems ®) 


While driving, your speedometer indicates that your speed is 64 miles per hour 
or 103 kilometers per hour. Use this information to find a mathematical model 
that relates miles per hour to kilometers per hour. 


SOLUTION Let y represent the speed in miles per hour and let x represent the 
speed in kilometers per hour. Then y and x are related by the equation 


y = mx. 


Use the fact that y = 64 when x = 103 to find the value of m. 


y=mx Direct variation model 
y = 0.62136x 64 = m(103) Substitute y = 64 and x = 103. 
64 
(103, 64) 703 =m Divide each side by 103. 


0.62136 ~ m Use a calculator. 


So, the conversion factor from kilometers per hour to miles per hour is 
approximately 0.62136, and the model is 


y = 0.62136x. 
FIGURE 2.33 The graph of this equation is shown in Figure 2.33. 


/ CHECKPOINT 3 


You buy an ice bucket with a capacity of 44 ounces, or 1.3 liters. Write 
a mathematical model that relates ounces to liters. ™ 


You can use the model from Example 3 to convert any speed in kilometers per 
hour to miles per hour, as shown in the table. 


Kometers per hour Miles per hour 
20 12.4 
40 24.9 
60 37.3 
80 49.7 
100 62.1 
120 74.6 


The conversion equation y = 0.62136x can be approximated by the simpler 
equation y = 2x because 3 = 0.625. 


p yin 
FIGURE 2.34 
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Rates of Change 


A second common type of linear model is one that involves a known rate of 
change. In the linear equation 


y=mx+b 


you know that m represents the slope of the line. In real-life problems, the slope 
can often be interpreted as the rate of change of y with respect to x. Rates of 
change should always be listed in appropriate units of measure. 


Mountain Climbing ®) 


A mountain climber is climbing up a 500-foot cliff. At 1 P.M., the climber is 
115 feet up the cliff. By 4 p.M., the climber has reached a height of 280 feet, as 
shown in Figure 2.34. 


a. Find the average rate of change of the climber. Use this rate of change to find 
an equation that relates the height of the climber to the time. 


b. Use the equation to estimate the time when the climber reaches the top of the 
cliff. 


SOLUTION 


a. Let y represent the climber’s height on the cliff and let ¢ represent the time. 
Then the two points that represent the climber’s two positions are 
(t,,y,) =(, 115) and (t, y,) = (4, 280). 


So, the average rate of change of the climber is 


Average rate of change = Ya 7 ¥1 
tr — ty 
ge 1 
4-1 
= 55 feet per hour. 


An equation that relates the height of the climber to the time is 


y—y, = met — t,) Point-slope form 
y= = Salt = I) Substitute y, = 115, 7, = 1, and m = 55. 
y = 551 + 60. Linear model 


If you had chosen to use the point (t,, y,) to determine the equation, you would 
have obtained a different equation initially: y — 280 = 55(t — 4). However, 
simplifying this equation yields the same linear model y = 55t + 60. 


b. To estimate the time when the climber reaches the top of the cliff, let y = 500 
and solve for ¢ to obtain t = 8. Because t = 8 corresponds to 8 P.M., at the 
average rate of change, the climber will reach the top at 8 P.M. 


/ CHECKPOINT 4 


How long does it take the climber in Example 4 to climb 275 feet? © 
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i y = 32334 164,700 


230,000 + 
220,000 + 
= 210,000-- 
200,000 -- 
2 190,000 ~- 
£ 180,000+ (20, 229,360) 
170,000 ~ 
160,000 
ts 
2 i ia is 
Year (0 © 1990) 
FIGURE 2.35 
V 
A 
5000 (0, 4750) ee 
EB 
Sve V =-4351 + 4750 
° 
7S 3000 + 
& 
8 2000 + 
Gi 
7 1000 + 
(10, 400) 
a 
2 4 6 8 10 
Number of years 
FIGURE 2.36 


/ CHECKPOINT 6 


Write a linear equation to model 
the value of a new machine that 
costs $2300 and is worth $350 
after 10 years. © 


Population of Orlando, Florida ® 


Between 1990 and 2005, the population of Orlando, Florida increased at an 
average rate of approximately 3233 people per year. In 1990, the population was 
about 164,700. Find a mathematical model that gives the population of Orlando 
in terms of the year, and use the model to estimate the population in 2010. 
(Source: U.S. Census Bureau) 


SOLUTION Let y represent the population of Orlando, and let ¢ represent the 
calendar year, with t = O corresponding to 1990. It is convenient to let t = 0 
correspond to 1990 because you were given the population in 1990. Now, using 
the rate of change of 3233 people per year, you have 


Rate of 1990 
change population 


{4 


y= mtt+b 
y = 3233t + 164,700. 
Using this model, you can predict the 2010 population to be 
2010 population = 3233(20) + 164,700 
= 229,360. 
The graph is shown in Figure 2.35. 


/ CHECKPOINT 5 


Use the model in Example 5 to predict the population of Orlando in 2012. © 


Straight-Line Depreciation ® 


A racing team buys a $4750 welder that has a useful life of 10 years. The salvage 
value of the welder at the end of the 10 years is $400. Write a linear equation that 
describes the value of the welder throughout its useable life. 


SOLUTION Let V represent the value of the welder (in dollars) at the end of the 
year ¢t. You can represent the initial value of the welder by the ordered pair 
(0, 4750) and the salvage value by the ordered pair (10, 400). The slope of the 
line is 


_ 400 — 4750 
10 — 0 
= -435 


which represents the annual depreciation in dollars per year. Using the 
slope-intercept form, you can write the equation of the line as follows. 


V = —435t + 4750 Slope-intercept form 


The graph of the equation is shown in Figure 2.36. 


SECTION 2.3 — Linear Modeling and Direct Variation 187 


TECHNOLOGY Scatter Plots and Regression Analysis 


=\ When you use the Another type of linear modeling is a graphical approach that is commonly used 
regression feature of your in statistics. To find a mathematical model that approximates a set of actual data 
graphing utility, you may obtain points, plot the points on a rectangular coordinate system. This collection of 
an “#value, which gives a points is called a scatter plot. You can use the statistical features of a graphing 
measure of how well the model utility to calculate the equation of the best-fitting line for the data in your scatter 
fits the data (see figure). plot. The statistical method of fitting a line to a collection of points is called 
linear regression. A discussion of linear regression is beyond the scope of this 
text, but the program in most graphing utilities is easy to use and allows you to 
analyze linear data that may not be convenient to graph by hand. 


Dentistry ®) 


The table shows the numbers of employees y (in thousands) in dentist offices and 


The closer the value of |r| is clinics in the United States in the years 1993 to 2005. (Source: U.S. Bureau of 
to 1, the better the fit. For the Labor Statistics) 
data in Example 7, r ~ 0.999, 
which implies that the model Year | x Employees, y Year | x Employees, y 
is a good fit. For instructions 
on how to use the regression 1993 3 556 2000 | 10 688 
feature, see Appendix A; 1994 | 4 574 2001 | 11 705 
for specific keystrokes, 
go to the text website at 1995 5 592 2002 | 12 725 
larsonapplied. 
1997 7 629 2004 | 14 760 
1998 8 646 2005 | 15 771 
1999 9 667 


a. Use the regression feature of a graphing utility to find a linear model for the 
data. Let x = 3 represent 1993. 


b. Use a graphing utility to graph the linear model along with a scatter plot of the 
data. 


c. Use the linear model to estimate the number of employees in 2007. 
SOLUTION 


a. Enter the data into a graphing utility. Then, using the regression feature of the 
graphing utility, you should obtain a linear model for the data that can be 
rounded to the following. 


500 


y = 18.48x + 500.4, 3 <x < 15 
FIGURE 2.37 
b. The graph of the equation and the scatter plot are shown in Figure 2.37. 
/ CHECKPOINT 7 c. Substituting x= 17 into the equation y = 18.48x + 500.4, you get 


y = 814.56. So, according to the model, there will be about 815,000 


Redo Exainple 7 uune only me employees in dentist offices and clinics in the United States in 2007. 


data for the years 20002005. © 
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Prize Money at the Indianapolis 500 ® 


The total prize money p (in millions of dollars) awarded at the Indianapolis 500 
in each year from 1995 to 2006 is shown in the table. Construct a scatter plot that 
represents the data and find a linear model that approximates the data. (Source: 


Indianapolis 500) 
P 
aol Year | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
€ 1054 p 8.06 | 8.11 | 8.61 | 8.72 | 9.05 | 9.48 
BS 100+ 
os 
2 S 95. 
Qe a Year | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 
& 904 
- @ ag Dp 9.61 | 10.03 | 10.15 | 10.25 | 10.30 | 10.52 
=I 
= 304 
S 2 iil We is SOLUTION Let ¢ = 5 represent 1995. The scatter plot of the data is shown in 
Year (5 <> 1995) Figure 2.38. Draw a line on the scatter plot that approximates the data. To find an 
equation of the line, approximate two points on the line: (5, 8) and (9, 9). So, the 
FIGURE 2.38 slope of the line is 
m= Pa Pi_ 98 _ gos, 
bt 8-5 
Using the point-slope form, you can determine that an equation of the line is 
p-8= 0.25(t = 5) Point-slope form 
t Pp pe p = 0.25t + 6.75. Slope-intercept form 
5 8.06 8.00 To check this model, compare the actual p-values with the p-values given by the 
6 8 11 8.25 model (these values are labeled as p* in the table at the left). 
7 | 861 | 8.50 / CHECKPOINT 8 
8 8.72 8.75 Redo Example 8 using only the data for 2001 to 2006. ™ 
9 9.05 9.00 
10 9.48 9.25 
11 9.61 9.50 . Name a point that is on the graph of any direct variation equation. 


. What does the constant of variation tell you about the graph of a direct 
variation equation? 


13 | 10.15 | 10.00 . The cost y (in dollars) of producing x units of a product is modeled by 
14 | 10.25 | 10.25 y = 30x + 240. 
15 10.30 | 10.5 Explain what the rate of change represents in this situation. 


. Agirl grows at a rate of 2 inches per year from the time she is 2 years old 
until she is 10 years old. What other information do you need to write an 
equation that models the girl's height during this time period? Explain. 
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Skills Revi 2.3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 4. these skills in the exercise set for this section. For additional help, review Sections 2.1 and 2.2. 


In Exercises 1-4, sketch the line. 


1. y = 2x 20) 
Sh yy = aie sr Il 4.y=4x4+1 


In Exercises 5 and 6, find an equation of the line that has the given slope 
and y-intercept. 


5. Slope: 1;y-intercept: (0, 2) 6. Slope: 3; y-intercept: (0, 3) 


In Exercises 7-10, find an equation of the line that passes through the two 


points. 
7. (1, 3) and (6, 8) 8. (0, 4) and (7, 10) 
9. (1, 5.2) and (5, 4.7) 10. (2, 6.5) and (8, 3.6) 


Exercises 2.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


1. Dog Growth The weight of a puppy recorded every two ©) 3. UPS Revenue The yearly revenues (in billions of dollars) 


months is shown in the table. of UPS from 1997 to 2005 are given by the following 
ordered pairs. 
— ERR (1997, 22.5) (1998, 24.8) (1999, 27.1) 


(2000, 29.8) (2001, 30.6) (2002, 31.3) 
(2003, 33.5) (2004, 36.6) (2005, 42.6) 


Use a graphing utility to create a scatter plot of the data. Let 
Age (in months) 8 10 | 12 x = 7 represent 1997. Then use the regression feature of the 
graphing utility to find a best-fitting line for the data. Graph 
the model and the data together. How closely does the model 
represent the data? (Source: United Parcel Service) 


Weight (in pounds) | 21 44 | 63 


Weight (in pounds) | 82 | 92 | 101 


A linear model that approximates the puppy’s weight w (in oO) rl 
pounds) in month fis w = 8.0¢ + 11, 2 < t < 12. Plot the 

actual data with the model. How closely does the model 
represent the data? 


Consumer Price Index For urban consumers of educa- 
tional and communication materials, the Consumer Price 
Index giving the dollar amount equal to the buying power of 
$100 in December 1997 is given for each year from 1994 to 
2. Non-Wage Earners The numbers of working-age 2005 by the following ordered pairs. 

civilians (in millions) in the United States that were not 


involved in the labor force from 1995 to 2005 are given by ie na ar ot ic ee 
te HeNow ie Crete Dalles (2000, 102.5) (2001, 105.2) (2002, 107.9) 
(1995, 66.3) (1996, 66.6) (1997, 66.8) (2003, 109.8) (2004, 111.6) (2005, 113.7) 


(1998, 67.5) (1999, 68.4) (2000, 70.0) 
(2001, 71.4) (2002, 72.7) (2003, 74.7) 
(2004, 76.0) (2005, 76.8) 


Use a graphing utility to create a scatter plot of the data. Let 
x = 4 represent 1994. Then use the regression feature of the 
graphing utility to find a best-fitting line for the data. Graph 


A linear model that approximates the data is the model and the data together. How closely does the model 
y = 1.16t + 59.1, 5 < t < 15, where y is the number of represent the data? (Source: U.S. Bureau of Labor 
civilians (in millions) and t = 5 represents 1995. Plot the Statistics) 


actual data with the model. How closely does the model 
represent the data? (Source: U.S. Bureau of Labor Statistics) 
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Direct Variation In Exercises 5-10, y is proportional to 
x. Use the x- and y-values to find a linear model that 
relates y and x. 


5.x = 8 y=3 6.x =5,y=9 
7. x = 15, y = 300 8. x = 12, y = 204 
9x = 7, y = 3.2 10. x = 11, y= 15 


Direct Variation In Exercises 11-14, write a linear 
model that relates the variables. 


11. H varies directly as p; H = 27 when p = 9 
12. s is proportional to t; s = 32 when t = 4 
13. c is proportional to d; c = 12 when d = 20 


14. r varies directly as s; r = 25 when s = 40 


15. Simple Interest The simple interest received from an 
investment is directly proportional to the amount of the 
investment. By investing $2500 in a bond issue, you obtain 
an interest payment of $187.50 at the end of 1 year. Find a 
mathematical model that gives the interest / at the end of 1 
year in terms of the amount invested P. 


16. Simple Interest The simple interest received from an 
investment is directly proportional to the amount of the 
investment. By investing $5000 in a municipal bond, you 
obtain interest of $337.50 at the end of | year. Find a 
mathematical model that gives the interest J at the end of 1 
year in terms of the amount invested P. 


17. Property Tax Your property tax is based on the assessed 
value of your property. (The assessed value is often lower 
than the actual value of the property.) A house that has an 
assessed value of $150,000 has a property tax of $5520. 


(a) Find a mathematical model that gives the amount of 
property tax y in terms of the assessed value x of the 
property. 

(b) Use the model to find the property tax on a house that 
has an assessed value of $185,000. 


18. State Sales Tax An item that sells for $145.99 has a 
sales tax of $10.22. 


(a) Find a mathematical model that gives the amount of 
sales tax y in terms of the retail price x. 


(b) Use the model to find the sales tax on a purchase that 
has a retail price of $540.50. 


19. Centimeters and Inches On a yardstick, you notice 
that 13 inches is the same length as 33 centimeters. 


(a) Use this information to find a mathematical model that 
relates centimeters to inches. 


(b) Use the model to complete the table. 


Inches 5 | 10 | 20 | 25 | 30 


Centimeters 


20. Liters and Gallons You are buying gasoline and notice 
that 14 gallons of gasoline is the same as 53 liters. 


(a) Use this information to find a mathematical model that 
relates gallons to liters. 


(b) Use the model to complete the table. 


a | | | | 


In Exercises 21-26, you are given the 2005 value 
of a product and the rate at which the value is 
expected to change during the next 5 years. Use this 
information to write a linear equation that gives the 
dollar value of the product in terms of the year. (Let 
t = 5 represent 2005.) 


2005 Value Rate 
21. $2540 $125 increase per year 
22. $156 $4.50 increase per year 
23. $20,400 $2000 decrease per year 
24. $45,000 $2800 decrease per year 
25. $154,000 $12,500 increase per year 
26. $245,000 $5600 increase per year 


27. Parachuting After opening the parachute, the descent 
of a parachutist follows a linear model. At 2:08 p.M., the 
height of the parachutist is 7000 feet. At 2:10 P.M., the 
height is 4600 feet. 


(a) Write a linear equation that gives the height of the 
parachutist in terms of the time ¢. (Let tf = 0 represent 
2:08 p.M. and let t be measured in seconds.) 


(b) Use the equation in part (a) to find the time when the 
parachutist will reach the ground. 


28. Distance Traveled by a Car You are driving at a 
constant speed. At 4:30 P.M., you drive by a sign that gives 
the distance to Montgomery, Alabama as 84 miles. At 
4:59 P.M., you drive by another sign that gives the distance 
to Montgomery as 56 miles. 


(a) Write a linear equation that gives your distance from 
Montgomery in terms of time t. (Let tf = 0 represent 
4:30 P.M. and let t be measured in minutes.) 


(b) Use the equation in part (a) to find the time when you 
will reach Montgomery. 


29. Straight-Line Depreciation A business purchases a 
piece of equipment for $875. After 5 years the equipment 
will have no value. Write a linear equation giving the value 
V of the equipment during the 5 years. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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Straight-Line Depreciation A business purchases a 
piece of equipment for $25,000. The equipment will be 
replaced in 10 years, at which time its salvage value is 
expected to be $2000. Write a linear equation giving the 
value V of the equipment during the 10 years. 


Sale Price and List Price A store is offering a 15% 
discount on all items. Write a linear equation giving the 
sale price S for an item with a list price L. 


Sale Price and List Price A store is offering a 25% 
discount on all shirts. Write a linear equation giving the 
sale price S for a shirt with a list price L. 


Hourly Wages A manufacturer pays its assembly line 
workers $11.50 per hour. In addition, workers receive a 
piecework rate of $0.75 per unit produced. Write a linear 
equation for the hourly wages W in terms of the number of 
units x produced per hour. 


Sales Commission A salesperson receives a monthly 
salary of $2500 plus a commission of 7% of sales. Write a 
linear equation for the salesperson’s monthly wage W in 
terms of the person’s monthly sales S. 


Deer Population A forest region had a population of 
1300 deer in the year 2000. During the next 8 years, the 
deer population increased by about 60 deer per year. 


(a) Write a linear equation giving the deer population P in 
terms of the year f. Let t = 0 represent 2000. 


(b) The deer population keeps growing at this constant 
rate. Predict the number of deer in 2012. 


Pest Management The cost of implementing an inva- 
sive species management system in a forest is related to the 
area of the forest. It costs $630 to implement the system in 
a forest area of 10 acres. It costs $1070 in a forest area of 
18 acres. 


(a) Write a linear equation giving the cost of the invasive 
species management system in terms of the number of 
acres x of forest. 


(b) Use the equation in part (a) to find the cost of 
implementing the system in a forest area of 30 acres. 


In Exercises 37-40, match the description with one of 
the graphs. Also find the slope of the graph and 
describe how it is interpreted in the real-life situation. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) 


y (b) 


100 


(d) oy 


12345 6 


i 
T 
2 4 6 8 


37. A person is paying $10 per week to a friend to repay a 
$100 loan. 


38. An employee is paid $12.50 per hour plus $1.50 for each 
unit produced per hour. 


39. A sales representative receives $50 per day for food, plus 
$0.48 for each mile traveled. 


40. You purchased a digital camera for $600 that depreciates 
$100 per year. 


41. Think About It You begin a video game with 100 points 
and earn 10 points for each coin you collect. Does this 
description match graph (b) in Exercises 3740? Explain. 


42. Think About It You start with $1.50 and save $12.50 
per week. Does this description match graph (c) in 
Exercises 3740? Explain. 


In Exercises 43-48, can the data be approximated by a 
linear model? If so, sketch the line that best approxi- 
mates the data. Then find an equation of the line. 
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Advertising The estimated annual amounts A (in 
millions of dollars) spent on cable TV advertising for the 


years 1996 to 2005 are shown in the table. (Source: 
Universal McCann) 
Year 1996 | 1997 | 1998 1999 
Advertising, A | 7778 | 8750 | 10,340 | 12,570 


Year 


2000 2001 2002 


Advertising, A 


15,455 | 15,536 | 16,297 


Year 2003 2004 2005 


Advertising, A | 18,814 | 21,527 | 24,501 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 6 represent 1996. Do the data appear 
linear? 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) State the slope of the graph of the linear model from 
part (b) and interpret its meaning in the context of the 
problem. 


(d) Use the linear model to estimate the amounts spent on 
cable TV advertising in 2006 and 2007. Are your 
estimates reasonable? 


30% over the next 50 years as the percent of its citizens that 
are elderly increases. Projections for &pan’s population 
through 2050 are shown in the table. 


Year, t 2005 | 2010 | 2020 
ee) 197.8 | 127.5 | 124.1 
(in millions) 

Year, t 2030 | 2040 | 2050 
ee 117.6 | 1093 | 100.6 
(in millions) 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 5 represent 2005. Do the data appear 
linear? 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


@) 51. 


. Japan The population of dpan is expected to drop by ® 52; 


(c) Identify the slope of the model from part (b) and 
interpret its meaning in the context of the problem. 


(d) Use the linear model to predict the populations in 2015, 
2035, and 2060. Are these predictions reasonable? 


Yearly Revenue The yearly revenues (in millions of 
dollars) for Sonic Corporation for the years 1996 to 2005 
are given by the following ordered pairs. (Source: Sonic 
Corporation) 


(1996, 151.1) 
(1999, 257.6) 
(2002, 400.2) 
(2005, 623.1) 


(1997, 184.0) 
(2000, 280.1) 
(2003, 446.6) 


(1998, 219.1) 
(2001, 330.6) 
(2004, 536.4) 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t = 6 represent 1996. 


(b) Use two points on the scatter plot to find an equation of 
a line that approximates the data. 


(c) Use the regression feature of a graphing utility to find 
a linear model for the data. Use this model and the 
model from part (b) to predict the revenues in 2006 
and 2007. 


(d 


YS 


Sonic Corporation projected its revenues in 2006 and 
2007 to be $695 million and $765 million. How close 
are these projections to the predictions from the models? 


(e) Sonic Corporation also expected their yearly revenue to 
reach $965 million in 2009, 2010, or 2011. Do the 
models from parts (b) and (c) support this? Explain 


your reasoning. 


Revenue per Share The revenues per share of stock (in 
dollars) for Sonic Corporation for the years 1996 to 2005 
are given by the following ordered pairs. (Source: Sonic 


Corporation) 

(1996, 1.48) (1997, 1.90) (1998, 2.29) 
(1999, 2.74) (2000, 3.15) (2001, 3.64) 
(2002, 4.48) (2003, 5.06) (2004, 6.01) 
(2005, 7.00) 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t = 6 represent 1996. 


(b) Use two points on the scatter plot to find an equation of 
a line that approximates the data. 


(c) Use the regression feature of a graphing utility to find 
a linear model for the data. Use this model and the 
model from part (b) to predict the revenues per share in 
2006 and 2007. 


(d) Sonic projected the revenues per share in 2006 and 
2007 to be $8.00 and $8.80. How close are these 
projections to the predictions from the models? 


(e) Sonic also expected the revenue per share to reach 
$11.10 in 2009, 2010, or 2011. Do the models from 
parts (b) and (c) support this? Explain your reasoning. 


© 53. 
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Purchasing Power The value (in 1982 dollars) of each 
dollar received by producers in each of the years from 1991 
to 2005 in the United States is represented by the following 
ordered pairs. (Source: U.S. Bureau of Labor Statistics) 


(1991, 0.822) 
(1994, 0.797) 
(1997, 0.759) 
(2000, 0.725) 
(2003, 0.698) 


(1992, 0.812) 
(1995, 0.782) 
(1998, 0.765) 
(2001, 0.711) 
(2004, 0.673) 


(1993, 0.802) 
(1996, 0.762) 
(1999, 0.752) 
(2002, 0.720) 
(2005, 0.642) 


. Purchasing Power 


(a) Use a spreadsheet software program to generate a 
scatter plot of the data. Let t = 1 represent 1991. Do 
the data appear to be linear? 


(b) Use the regression feature of a spreadsheet software 
program to find a linear model for the data. 


(c) Use the model to estimate the value (in 1982 dollars) 
of 1 dollar received by producers in 2007 and in 2008. 
Discuss the reliability of your estimates based on your 
scatter plot and the graph of your linear model for the 
data. 


The value (in 19824984 dollars) 
of each dollar paid by consumers in each of the years from 
1991 to 2005 in the United States is represented by the 
following ordered pairs. (Source: U.S. Bureau of Labor 
Statistics) 


(1991, 0.734) 
(1994, 0.675) 
(1997, 0.623) 
(2000, 0.581) 
(2003, 0.544) 


(1992, 0.713) 
(1995, 0.656) 
(1998, 0.614) 
(2001, 0.565) 
(2004, 0.530) 


(1993, 0.692) 
(1996, 0.638) 
(1999, 0.600) 
(2002, 0.556) 
(2005, 0.512) 


(a) Use a spreadsheet software program to generate a 
scatter plot of the data. Let t = 1 represent 1991. Do 
the data appear to be linear? 


(b) Use the regression feature of a spreadsheet software 
program to find a linear model for the data. 


(c) Use the model to estimate the value (in 19824984 
dollars) of 1 dollar paid by consumers in 2007 and in 
2008. Discuss the reliability of your estimates based on 
your scatter plot and the graph of your linear model for 
the data. 


Health Services The numbers of employees E (in 
thousands) in the health services industry for the years 
2000 to 2005 are shown in the table. (Source: U.S. 
Department of Health and Human Services) 


Year 2000 2001 2002 
Employees, E 12,718 13,134 | 13,556 
Year 2003 2004 2005 
Employees, E 13,893 14,190 14,523 


57. 
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(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 0 represent 2000. Do the data appear 
to be linear? 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) Use the model to estimate the numbers of employees in 
2007 and 2009. 


(d) Graph the linear model along with the scatter plot of 
the data. Comparing the data with the model, are the 
predictions in part (c) most likely to be high, low, or 
just about right? Explain your reasoning. 


. Health Care The total yearly health care expenditures E 


(in billions of dollars) in the United States for the years 
1996 to 2005 are shown in the table. (Source: U.S. 
Centers for Medicare and Medicaid Services) 


Year 1996 | 1997 | 1998 | 1999 


1073 | 1125 | 1191 | 1265 


Expenditures, E 


Year 2000 | 2001 | 2002 
Expenditures, E |} 1353 | 1470 | 1603 
Year 2003 | 2004 | 2005 
Expenditures, E | 1733 | 1859 | 1988 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t = 6 represent 1996. Do the data appear to 
be linear? 


(b) 


Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) 


Use the model to estimate the health care expenditures 
in 2006, 2007, and 2008. 


(d) Graph the linear model along with the scatter plot. Use 
the trend in the scatter plot to explain why the 
predictions from the model differ from the following 
2007 government projections for the same expenditures: 
$2164 billion in 2006, $2320 billion in 2007, and 


$2498 billion in 2008. 


Think About It Annual data from three years are used 
to create linear models for the population and the yearly 
snowfall of Reno, Nevada. Which model is more likely to 
give better predictions for future years? Discuss the 
appropriateness of using only three data points in each 
situation. 
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Functions 
Hour of Celsius 
the day temperature 


Set A is 
the domain. 
Input: 1, 2, 

3,4, 5,6 


FIGURE 2.39 
Set A to Set B 


Set B contains 
the range. 
Output: 4°, 9°, 
12°, 13°, 15° 


Function from 


Functions and Graphs 


@ Determine if an equation or a set of ordered pairs represents a function. 
@ Use function notation and evaluate a function. 

@ Find the domain of a function. 

@ Write a function that relates quantities in an application problem. 


Introduction to Functions 


Many everyday phenomena involve two quantities that are related to each other 
by some rule of correspondence. Here are some examples. 


1. The simple interest J earned on $1000 for 1 year is related to the annual 
interest rate r by the formula J = 1000r. 


2. The distance d traveled on a bicycle in 2 hours is related to the speed s of the 
bicycle by the formula d = 2s. 


3. The area A of a circle is related to its radius r by the formula A = 7r?. 


Not all correspondences between two quantities have simple mathematical 
formulas. For instance, people commonly match up athletes with jersey numbers 
and hours of the day with temperatures. In each of these cases, however, there is 
some rule of correspondence that matches each item from one set with exactly 
one item from a different set. Such a rule of correspondence is called a function. 


Definition of a Function 


A function f from a set A to a set B is a rule of correspondence that assigns 
to each element x in the set A exactly one element y in the set B. The set A is 
the domain (or set of inputs) of the function f, and the set B contains the 
range (or set of outputs). 


To get a better idea of this definition, look at the function that relates the time 
of day to the temperature in Figure 2.39. This function can be represented by the 
following set of ordered pairs. 


{(1, 9°}, (2, 13°), (3, 15°(4, 15°), (S, 12°), (6, 4} 


In each ordered pair, the first coordinate (x-value) is the input and the second 
coordinate (y-value) is the output. In this example, note the following characteris- 
tics of a function. 


1. Each element of A (the domain) must be matched with an element of 
B (the range). 


2. Some elements of B may not be matched with any element of A. 
3. Two or more elements of A may be matched with the same element of B. 


4. An element of A cannot be matched with two different elements of B. 


SECTION 2.4 — Functions 195 


In the following two examples, you are asked to decide whether different 
correspondences are functions. To do this, you must decide whether each element 
of the domain A is matched with exactly one element of the range B. If any 
element of A is matched with two or more elements of B, the correspondence is 
not a function. For example, people are not a function of their birthday month 
because many people are born in any given month. 


Seri (-wey Testing for Functions 


Let A = {a, b,c} and B = {1, 2, 3, 4,5}. Which of the following sets of ordered 
pairs or figures represent functions from set A to set B? 


a. {(a, 2), (b, 3), (c, 4)} b. {(a, 4), (b, 5)} 


c. A B d. A 


900006 


SOLUTION 


a. This collection of ordered pairs does represent a function from A to B. Each 
element of A is matched with exactly one element of B. 


b. This collection of ordered pairs does not represent a function from A to B. Not 
every element of A is matched with an element of B. 


c. This figure does represent a function from A to B. It does not matter that each 
element of A is matched with the same element of B. 


d. This figure does not represent a function from A to B. The element a of A is 
matched with two elements of B. This is also true of the element b. 


/ CHECKPOINT 1 


Let A = {a, b, c, d} and B = {1, 3,5, 7}. Does the set of ordered pairs 
{(a, 3), (b, 7), (c, 1), (d, 3)} represent a function from set A to set B? ™ 


Representing functions by sets of ordered pairs is a common practice in 
discrete mathematics. In algebra, however, it is more common to represent functions 
by equations or formulas involving two variables. For instance, the equation 


y=x y is a function of x. 


represents the variable y as a function of the variable x. In this equation, x is 
the independent variable and y is the dependent variable. The domain of the 
function is the set of all values taken on by the independent variable x, and the 
range of the function is the set of all values taken on by the dependent variable y. 
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|S erste(-w4y Testing for Functions Represented by Equations 


Which of the equations represent(s) y as a function of x? 
aoxvrt+y=1 
b. -xt+y=1 


SOLUTION ‘To determine whether y is a function of x, try to solve for y in terms 
of x. 


a. Solving for y yields 
x + y=1 Write original equation. 
y=1- x, Solve for y. 


To each value of x there corresponds exactly one value of y. So, y is a function 
of x. 


b. Solving for y yields 
-x+y=1 Write original equation. 
y=lt+x Add x to each side. 


y=t+J1 +x. Solve for y. 


The + indicates that to a given value of x there correspond two values of y. 
So, y is not a function of x. 


/ CHECKPOINT 2 


Does the equation y — 2 = x? represent y as a function of x? © 


Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the equation 
y = 1 — x describes y as a function of x. Suppose you give this function the 
name “f.” Then you can use the following function notation. 

Input Output Equation 

x f(x) f®=1-x+ 
The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, you can write y = f(x). Keep in mind 


that fis the name of the function, whereas f(x) is the value of the function at x. 
For instance, the function given by 


f(x) =3 - 2x 


has function values denoted by f(—1), f(0), (2), and so on. To find these 
values, substitute the specified input values into the given equation. 


Forx=—-1, f(-1)=3-—2(-1)=34+2=5. 
For x = 0, f(0) = 3 — 20) = 3-0 =3. 
For x = 2, f(2) =3 —22) =3-4=-1., 


STUDY TIP 

In Example 3(c), note that 
g(x + 2) is not equal to 
g(x) + g(2). In general, 
g(u + v) # gu) + g(v). 


Fe, <0 
i Fa) = ee x20 


(0, —1) 


-2-+ 


FIGURE 2.40 


/ CHECKPOINT 4 


Evaluate the function in 
Example 4 when x = —3 and 3. © 
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Although fis often used as a convenient function name and x is often used as 
the independent variable, you can use other letters. For instance, 
f(x) = —4x +7, f(t) =P -—4t+7, and g(s)=s? -—454+7 


all define the same function. In fact, the role of the independent variable in a 
function is simply that of a “placeholder.” Consequently, the function above could 
be described by the form 


F(R) = (RR)? — 4() + 7. 


sere Evaluating a Function 


Let g(x) = —x* + 4x + 1. Find the following. 
a. 9(2) b. g(t) c. g(x + 2) 
SOLUTION 
a. Replacing x with 2 in g(x) = —x? + 4x + 1 yields the following. 
g(2) = —(2)2? +422) + 1=-44+84+1=5 
b. Replacing x with ¢ yields the following. 
et) = -(@)? +4) +1 =-P +4641 
c. Replacing x with x + 2 yields the following. 
ee +2) = —-@+2)7 +4@4+2) +1 
—(2 + 4x4+4)+4e4+84+1 
—x7-—4x-4+4x+8+1 
—x7 + 5 


/ CHECKPOINT 3 


Let A(x) = 2x2 + x — 4. Find A(—1). 


A function defined by two or more equations over a specified domain is 
called a piecewise-defined function. 


IS zeteeyey(-w S|) A Piecewise-Defined Function 


Evaluate the function when x = —1, 0, and 1. 
w+, x«x<0 
fay =f x=0 
SOLUTION Because x = —1 is less than 0, use f(x) = x? + 1 to obtain 


f(-1) = (-22 +1=2. 
For x = 0, use f(x) = x — 1 to obtain f(0) = (0) — 1 = —1. For x = 1, use 
f(x) = x — 1 to obtain f(1) = (1) — 1 = 0. The graph of the function is shown 
in Figure 2.40. — 
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DISCOVERY 


Use a graphing utility to graph 
y = /4 — x?. What is the 
domain of this function? Then 
graph y = \/x? — 4. What is 
the domain of this function? 
Do the domains of these two 
functions overlap? If so, for 
what values? 


Finding the Domain of a Function 


The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For instance, the function given by 


1 Domain excludes x-values that result 
~ 72 — 4 in division by zero. 


f(x) 


has an implied domain that consists of all real x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. 
Another common type of implied domain results from the restrictions needed to 
avoid even roots of negative numbers. For example, the function given by 


_ Domain excludes x-values that result in 
fx) = Vx ; 
even roots of negative numbers. 


is defined only for x => 0. So, its implied domain is the interval [0, co). In 
general, the domain of a function excludes values that would cause division by 
zero or result in the even root of a negative number. 


Finding the Domain of a Function 


Find the domain of each function. 


a. f: {(-3,0),(-1,4), 0,2), @,2,4-D} bg) = 

c. Volume of a sphere: V = $a? d. h(x) = V/4 — x 
e. r(x) = 7x +3 

SOLUTION 


a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {—3, —1, 0, 2, 4} 


b. Excluding x-values that yield zero in the denominator, the domain of g is 
the set of all real numbers x such that x # —5. 


c. Because this function represents the volume of a sphere, the values of the 
radius r must be positive. So, the domain is the set of all real numbers r such 
that r > 0. 


d. This function is defined only for x-values for which 4 — x? = 0. Using the 
methods described in Section 1.7, you can conclude that —2 < x < 2. So, the 
domain of h is the interval [—2, 2]. 


e. Because the cube root of any real number is defined, the domain of r is the set 
of all real numbers, or (— 00, 00). 


/ CHECKPOINT 5 


Find the domain of the function f(x) = 6 — x3. © 


In Example 5(c), note that the domain of a function may be implied by the 
physical context. For instance, from the equation V = 3 or, you would have no 
reason to restrict r to positive values, but the physical context implies that a 
sphere cannot have a negative or zero radius. 


-——| 


>| 


|< 


FIGURE 2.41 


/ CHECKPOINT 7 


In Example 7, will the baseball 
clear a 35-foot fence located 
280 feet from home plate? © 
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Applications 


iS <eres}e)(-N-) ~The Dimensions of a Container ® 
You are working with a cylindrical beaker in a chemistry lab experiment. The 
height of the beaker is 4 times the radius, as shown in Figure 2.41. 
a. Write the volume of the beaker as a function of the radius r. 


b. Write the volume of the beaker as a function of the height h. 


SOLUTION 

a. V= arh = ar(4r) = 4rr V is a function of r. 
h\, _ awh} 

b. V= of 4) = “16 V is a function of h. 


/ CHECKPOINT 6 


In Example 6, suppose the radius is twice the height. Write the volume of the 
beaker as a function of the height h. © 


The Path ofa Baseball (R) 


A baseball is hit 3 feet above home plate at a velocity of 100 feet per second and 
an angle of 45°. The path of the baseball is given by the function 


y = —0.0032x7 + x + 3 


where y and x are measured in feet. Will the baseball clear a 10-foot fence located 
300 feet from home plate? 


SOLUTION When x = 300, the height of the baseball is given by 
y = —0.0032(300)? + 300 + 3 = 15 feet. 


The ball will clear the fence, as shown in Figure 2.42. 


y= — 0.0032x2 +x+3 


= 80 

8 

I 
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FIGURE 2.42 


Notice that in Figure 2.42, the baseball is not at the point (0, 0) before it is hit. 
This is because the original problem states that the baseball was hit 3 feet above 
the ground. 
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Settee Patents ® 


The number P (in thousands) of patents issued increased in a linear pattern from 
1998 to 2001. Then, in 2002, the pattern changed from a linear to a quadratic pat- 
tern (see Figure 2.43). These two patterns can be approximated by the function 


_ J6.96t + 106.9, 8<r<ll 
— 6.5507 + 168.27t — 892.1, 12 <t< 15 
with ¢ = 8 corresponding to 1998. Use this function to approximate the total 


number of patents issued between 1998 and 2005. (Source: U.S. Patent and 
Trademark Office) 


07D 
ae 
a 
e 
so 
aw 
T T T T T T T T >t 
8 g) 10 iil 12 13 14 15 
Year (8 < 1998) 
FIGURE 2.43 


SOLUTION For 1998 to 2001, use the equation P = 6.96t + 106.9 to approxi- 
mate the number of patents issued, as shown in the table. For 2002 to 2005, use 
the equation P = —6.550/7 + 168.27t — 892.1 to approximate the number of 
patents issued, as shown in the table. 


t 8 9 10 11 12 13 14 15 
P | 162.6 | 169.5 | 176.5 | 183.5 | 183.9 | 188.5 | 179.9 | 158.2 


P = 6.96t + 106.9 P = —6.550f7 + 168.27t — 892.1 


To approximate the total number of patents issued from 1998 to 2005, add the 
amounts for each of the years, as follows. 
162.6 + 169.5 + 176.5 + 183.5 + 183.9 + 188.5 + 179.9 + 158.2 = 1402.6 


Because the number of patents issued is measured in thousands, you can conclude 
that the total number of patents issued between 1998 and 2005 was approximately 
1,402,600. 


/ CHECKPOINT 8 


The number of cat cadavers purchased for dissection in a biology class from 
2000 to 2008 can be modeled by the function 
_ j2t+ 48, Osts3 
4t+ 42, 4<t<8 


with t = 0 corresponding to 2000. Use the function to approximate the total 
number of cat cadavers purchased from 2000 to 2008. 
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Summary of Function Terminology 


Function: A function is a relationship between two variables such that to 
each value of the independent variable there corresponds exactly one value 
of the dependent variable. 


For instance, let A = {a, b, c} and B = {1, 2, 3, 4}. 


> 
& 


4) 
The set of ordered pairs The set of ordered pairs 
{(a, 1), (b, 2), (c, 4)} is {(a, 1), (a, 2), (b, 2), (, 3), (ce, 4)} 
a function. is not a function. 


Function Notation: y = f(x) 
fis the name of the function. 


y is the dependent variable. 
x is the independent variable. 
f(x) is the value of the function at x. 


Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain 
of f, then fis said to be defined at x. If x is not in the domain of f, then fis 
said to be undefined at x. 


Range: The range of a function is the set of all values (outputs) assumed by 
the dependent variable (that is, the set of all function values). 


Implied Domain: If f is defined by an algebraic expression and the domain is 
not specified, the implied domain consists of all real numbers for which the 
expression is defined. 


. Let A = {0, 2, 4, 6} and B = {1, 3, 5, 7, 9}. Give an example of a set of 
ordered pairs that represent a function from set A to set B. 


. Is £(2) equivalent to 2 - f(x) for every function f? Explain. 


. Give an example of a function whose domain is the set of all real 
numbers x such that x # 6. 


. You want to write the area of a rectangle as a function of the width w. 
What information is needed? Explain. 
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Functions and Graphs 


The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au ste\ale\iavaem use these skills in the exercise set for this section. For additional help, review Sections 0.2, 1.1, 


1.5, and 1.7. 


In Exercises 1-4, simplify the expression. 
1. 2(—3)3 + 4(—3) —7 
Sb (42 iP ae Awe +e )) = 4 = (GE Be = 4) 


In Exercises 5 and 6, solve for y in terms of x. 


Sy 2 ab Sy = 7 = 


In Exercises 7-10, solve the inequality. 
hk, 2 = 4 =O 
9.97 +2x+120 


Exercises 2.4 


2. 4(-1)? — 5(-1) +4 


DP = Age = 2) = G2 = 4) 


fs O = = 0) 
10. x7 — 3x +22>0 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-4, decide whether the set of figures 
represents a function from A to B. 


A = {a, b, c} and B = {1, 2, 3, 4} 
Give reasons for your answers. 


1. @ Bi 2. 
® © 
® © o 

® 

: * oxo 
| | 
©} ® © @ 
® 


In Exercises 5-8, decide whether the set of ordered 
pairs represents a function from A to B. 


A = {0, 1, 2, 3} and B = {—2, —1, 0, 1, 2} 
Give reasons for your answers. 

5. {(0, 1), (1, —2), (2, 0), (3, 2)} 

6. {(0, 1), @, 2), (1, —2), (3, 0), (1, 1)} 

7. {(0, 0), (1, 0), (2, 0), (3, 0)} 

8. {(0, 2), (3, 0), 1, D} 


In Exercises 9-12, decide whether the set of ordered 
pairs represents a function from A to B. 


A = {a, b, c} and B = {0, 1, 2, 3} 

Give reasons for your answers. 
9. {(a, 1), (c, 2), (e, 3), (B, 3)} 

10. {(a, 1), (b, 2), (c, 3)} 

11. {(1, a), (0, a), (2, c), (3, b)} 

12. {(c, 0), (b, 0), (a, 3)} 


In Exercises 13-16, the domain of f is the set 

A ={-2, -1, 0, 1, 2}. 

Write the function as a set of ordered pairs. 
2x 

verti) 


16. f(x) = |x + 1 


13. f(x) = x? 
15. f(x) = Vx +2 


In Exercises 17-26, determine whether the equation 
represents y as a function of x. 


14. f(x) = 


7.x +y=4 18. x= y? 

19, x? +y= 20. x+y? = 
21, 2x +3y= 

22. x? +y?—-2x-4y+1=0 

23. y= xe- 1 24. y= J/x $5 


25. x°y — x7 + 4y = 0 
26. xy -y—-x-2=0 
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(a) h(2) (b) h(—1) 
(c) h(x + 2) (d) h(1.5) 


In Exercises 27-30, fill in the blank and simplify. 34. k(b) = 2b + 7b + 3 
27. f(x) = 6 — 4x (a) k(0) (b) K(—3) 
(a) f3)=6-4(  ) (c) k(a) (d) k(x + 2) 
(b) f(-7)=6-4( ) 35. Vir) = tar 
(c) fO =6-4(  ) (a) V(3) (b) V(O) 
(@) fle+1)=6-4 ) (c) VG) (a) VQ2r) 
1 J382 
28. f(s) = 5 36. A(s) = ~J 
(a) (4) = s - (a) A() (b) A(O) 
(c) A(2x) (d) A(3) 
ayo — 37. f(y) =3 - Vy 
( )+1 
; (a) f(4) (b) f(100) 
(c) fl4x) = (Epi (c) f (4x?) (d) f(0.25) 
F 38. f(x) = Vx + 3-2 
(d) f(x +1) = (+1 (a) f(-3) (b) f() 
ee : (c) f(x — 3) (d) f(x + 4) 
x x 1 
i 39. ex) = 3 16 
(@) st) (Hi)? - 21m) (a) c(4) (b) c(0) 
_ 1 (c) cly + 2) (d) c(y — 2) 
(b) g(—3) (Mam? — 2( ) Shee 
() 1 40. q(t) = Fe 
(c) g(t) = = 
(i) - ) (a) q(2) (b) 4(0) 
@ e+) = ep a (c) q(x) (d) q(—x) 
30. f() = /25- FP 41. f(x) = kl 
(a) f(3) : 125 = ( J (a) f(2) (b) f(—2) 
oe a () 2) (@) fe — 1) 
() fx + 5) = V25 ~ ( : : 42. f(x) = |x| + 4 
(d) f(2x) = /25 — (J)? (a) f(2) (b) f(—2) 
In Exercises 31-44, evaluate the function at each (c) f(x’) (d) f(x + 2) 
specified value of the independent variable and simplify. _f3x-1, x <0 
31. f(x) = 2x -3 aa : +3, x20 
(a) f() (b) f(—3) (a) f(-1) (b) f (0) 
(©) f(x - 1) (a) (4) (c) f(-2) (@) f(2) 
32. e(y) =7 - 3y ae HLA 
44, f(x) = 
(a) (0) (b) 9(2) FR) = J, - 3, x>1 
(c) g(s) (d) g(s + 2) (a) f(—2) (b) f() 
33, A) = 1? = 28 () £(5) (d) f(0) 
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In Exercises 45-52, find all real values of x such that 
F(x) = 0. 

= 

3 

48. f(x) = 2x? — 1llx +5 


45. f(x) = 15 — 3x SS 


47. f(x) =x? —9 
49, f(x) =x -— x 
50. f(x) = x8 — 3x? — 4x + 12 


SL f@) = + Bd 


2 
52. f(x) =3+ f= 4 


In Exercises 53-66, find the domain of the function. 
53. e(x) = 1 — 2x 54. f(x) = 5x7 + 2x - 1 


3y 
56. = —7 
6. s(y) ee 


58. f() = Yt +4 
60. g(x) = Vx t1 


55. h(t) = : 


57. g(y) = ¥Yy — 10 
59. f(x) = Y1-x 


61. e(x) = , 7 ; 5 62. h(x) = 2 a 
63. f(x) = ae 64. f(s) = a ; 
65. f(x) =~ 66. f(x) = aS 


67. Consider f(x) = /x — 2 and g(x) = 3/x — 2. Why are 


the domains of f and g different? 
68. A student says that the domain of 


Jx+1 
x= 3 


f(x) = 


is all real numbers except x = 3. Is the student correct? 
Explain. 


69. Volume of a Box An open box is to be made from 
a square piece of material 18 inches on a side by cutting 
equal squares from the corners and turning up the sides (see 
figure). 


70. 


71. 


72. 


(a) Write the volume V of the box as a function of its 
height x. 


(b) What is the domain of the function? 


(c) Determine the volume of a box with a height of 
4 inches. 


Height of a Balloon A balloon carrying a transmitter 
ascends vertically from a point 2000 feet from the 
receiving station (see figure). Let d be the distance between 
the balloon and the receiving station. Write the height h of 
the balloon as a function of d. What is the domain of 
this function? 


Pa 


Cost, Revenue, and Profit A company produces a 
product for which the variable cost is $11.75 per unit and 
the fixed costs are $112,000. The product sells for $21.95 
per unit. Let x be the number of units produced and sold. 


(a) Add the variable cost and the fixed costs to write 
the total cost C as a function of the number of units pro- 
duced. 


(b) Write the revenue R as a function of the number of 
units sold. 


(c) Use the formula 
P=R-C 
to write the profit P as a function of the number of units 
sold. 


Cost, Revenue, and Profit A company produces a 
product for which the variable cost is $9.85 per unit and the 
fixed costs are $85,000. The product sells for $19.95 per 
unit. Let x be the number of units produced and sold. 


(a) Add the variable cost and the fixed costs to write 
the total cost C as a function of the number of units pro- 
duced. 


(b) Write the revenue R as a function of the number of 
units sold. 


(c) Use the formula 
P=R-C 


to write the profit P as a function of the number of units 
sold. 


73. 


74. 


75. 


76. 


@) 77. 


Path of a Ball The height y (in feet) of a baseball 
thrown by a child is given by 


y= oe +3x+6 

where x is the horizontal distance (in feet) from where the 
ball was thrown. Will the ball fly over the head of another 
child 30 feet away trying to catch the ball? (Assume that 
the child who is trying to catch the ball holds a baseball 
glove at a height of 5 feet.) 


Path of a Salmon Part of the life cycle of a salmon is 
migration for reproduction. Salmon are anadromous fish. 
This means that they swim from the ocean to fresh water 
streams to lay their eggs. During migration, salmon must 
jump waterfalls to reach their destination. The path of a 
jumping salmon is given by 


h = —0.42x? + 2.52x 


where / is the height (in feet) and x is the horizontal 
distance (in feet) from where the salmon left the water. Will 
the salmon clear a waterfall that is 3 feet high if it leaves 
the water 4 feet from the waterfall? 


National Defense The national defense budget 
expenses for veterans V (in billions of dollars) in the 
United States from 1990 to 2005 can be approximated by 
the model 


0.3267? + 3.40r + 28.7, 
0.44117 — 6.23t + 62.6, 


where ¢ represents the year, with t = 0 corresponding to 
1990. Use the model to find total veteran expenses in 1995 
and 2005. (Source: U.S. Office of Management and 
Budget) 


Mobile Homes’ The number N (in thousands) of mobile 
homes manufactured for residential use in the United States 
from 1991 to 2005 can be approximated by the model 


ae 29.08t + 157.0, l< 
4.902 — 151.70t + 1289.2, 8 < 


where f¢ represents the year, with t = 1 corresponding to 
1991. Use the model to find the total number of mobile 
homes manufactured between 1991 and 2005. (Source: 
U.S. Census Bureau) 


Total Sales The total sales S (in millions of dollars) for 
the Cheesecake Factory for the years 1999 to 2005 are 
shown in the table. (Source: Cheesecake Factory) 


V= 


t<7 
t< 15 


Year 1999 | 2000 2001 2002 
Sales, S | 347.5 | 438.3 | 539.1 | 652.0 
Year 2003 2004 2005 

Sales, S | 773.8 | 969.2 | 1177.6 


@® 78. 


79. 
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(a) Use a graphing utility to create a scatter plot of the data. 
Let t represent the year, with tf = 9 corresponding to 


1999. 


(b) Use the regression feature of a graphing utility to find 
a linear model and a quadratic model for the data. 


(c) Use each model to approximate the total sales for each 
year from 1999 to 2005. Compare the values generated 
by each model with the actual values shown in the 
table. Which model is a better fit? Justify your answer. 


Book Value per Share The book values per share B (in 
dollars) for Analog Devices for the years 1996 to 2005 are 
shown in the table. (Source: Analog Devices) 


Year BV/share, B Year BV/share, B 
1996 2.72 2001 7.83 
1997 3.36 2002 7.99 
1998 3.52 2003 8.88 
1999 4.62 2004 10.11 
2000 6.44 2005 10.06 


(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 6 corresponding to 
1996. 


(b) Use the regression feature of a graphing utility to find 
a linear model and a quadratic model for the data. 


(c) Use each model to approximate the book value per 
share for each year from 1996 to 2005. Compare the 
values generated by each model with the actual values 
shown in the table. Which model is a better fit? Justify 
your answer. 


Average Cost The inventor of a new game determines 
that the variable cost of producing the game is $2.95 per 
unit and the fixed costs are $8000. The inventor sells each 
game for $8.79. Let x be the number of games sold. 


(a) Write the total cost C as a function of the number of 
games sold. 


(b) Write the average cost per unit C = C/x as a function 
of x. 


(c) Complete the table. 


x | 100 | 1000 | 10,000 | 100,000 


€ 


(d) Write a paragraph analyzing the data in the table. What 
do you observe about the average cost per unit as x gets 
larger? 
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80. Average Cost A manufacturer determines that the (F 83. MAKE A DECISION: DIVIDENDS The dividends D 


81. 


82. 


variable cost for a new product is $2.05 per unit and the 
fixed costs are $57,000. The product is to be sold for $5.89 
per unit. Let x be the number of units sold. 


(a) Write the total cost C as a function of the number of 
units sold. 


(b) Write the average cost per unit C = C/x as a function 
of x. 


(c) Complete the table. 


x | 100 | 1000 | 10,000 | 100,000 


G 


(d) Write a paragraph analyzing the data in the table. 
What do you observe about the average cost per unit as 
x gets larger? 


Charter Bus Fares For groups of 80 or more people, a 
charter bus company determines the rate per person (in 
dollars) according to the formula 


Rate = 8 — 0.05(n — 80) n= 80 
where n is the number of people in the group. 


(a) Write the total revenue R for the bus company as a 
function of n. 


(b) Complete the table. 


n | 90 } 100 |} 110 | 120 | 130 | 140 | 150 


R 


(c) Write a paragraph analyzing the data in the table. 


Ripples ina Pond A stone is thrown into the middle of 
a calm pond, causing ripples to form in concentric circles. 
The radius r of the outermost ripple increases at the rate of 
0.75 foot per second. 


(a) Write a function for the radius r of the circle formed by 
the outermost ripple in terms of time t. 


(b) Write a function for the area A enclosed by the 
outermost ripple. Complete the table. 


Time, t 1 2);3/4]5 


Radius, r (in feet) 


Area, A (in square feet) 


(c) Compare the ratios A(2)/A(1) and A(4)/A(2). What do 
you observe? Based on your observation, predict the 
area when t = 8. Verify by checking t = 8 in the area 
function. 
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(in dollars) per share declared by Coca-Cola for the years 
1990 to 2005 are shown in the table. (Source: Coca-Cola 


Company) 
Year Dividend, D Year Dividend, D 
1990 0.20 1998 0.60 
1991 0.24 1999 0.64 
1992 0.28 2000 0.68 
1993 0.34 2001 0.72 
1994 0.39 2002 0.80 
1995 0.44 2003 0.88 
1996 0.50 2004 1.00 
1997 0.56 2005 112, 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year, with t = 0 corresponding 
to 1990. 


(b) Use the regression feature of a graphing utility to find 
a linear model and a quadratic model for the data. 


(c) Use the graphing utility to graph each model from part 
(b) with the data. 


(d) Which model do you think better fits the data? Explain 
your reasoning. 


(e) Use the model you selected in part (d) to estimate the 
dividends per share in 2006 and 2007. Coca-Cola 
predicts the dividends per share in 2006 and 2007 will 
be $1.24 and $1.32, respectively. How well do your 
estimates match the ones given by Coca-Cola? 


In Exercises 84 and 85, determine 


whether the statements use the word function in ways 
that are mathematically correct. Explain your reasoning. 


84. 


85. 


86. 


(a) The sales tax on a purchased item is a function of the 
selling price. 


(b) Your score on the next algebra exam is a function of 
the number of hours you study for the exam. 


(a) The amount in your savings account is a function of 
your salary. 


(b) The speed at which a free-falling baseball strikes the 
ground is a function of its initial height. 


Extended Application To work an extended applica- 
tion analyzing the sales per share of St. Jude Medical, Inc. 
for the years 1991 to 2005, visit this text’s website at 
college.hmco.com/info/larsonapplied. (Source: St. Jude 
Medical, Inc.) 
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Mid-Chapter Quiz See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-3, (a) plot the points, (b) find the distance between the points, 
and (c) find the midpoint of the line segment joining the points. 


1. (3:9), @ =5) o: 13) =a), (2707) 3. (4, —2), (-1, -3) 


4. A city had a population of 233,134 in 2004 and 244,288 in 2007. Predict the 
population in 2009. Explain your reasoning. 


In Exercises 5-8, find an equation of the line that passes through the given 
point and has the indicated slope. Then sketch the line. 


Point Slope Point Slope 
5. (3, 5) m=% 6. (—2, 4) m=0 
7. (2, —3) m is undefined. 8. (—2, —5) m=-—2 


In Exercises 9-11, sketch the graph of the equation. Identify any intercepts 
and symmetry. 


9. y=9-Hx 10. y=xJVxt+4 1. y = |x - 3] 


In Exercises 12 and 13, find the standard form of the equation of the circle. 
12. Center: (2, —3); radius: 4 
13. Center: (0, —5); point on circle: (- 1, 3) 


14. Write the equation x? + y? — 2x + 4y —4=0 in standard form. Then sketch 
the circle. 


In Exercises 15 and 16, evaluate the function as indicated and simplify. 


15. f(x) = 3( + 2) - 4 16. g(t) = 22 — FP 
(a) f(0)  (b) f(-3) (a) g(1) (b) (2) 
Year Ces ET Ui ous In Exercises 17 and 18, find the domain of the function. 
of dollars) 
17. h(x) = /x — 4 
2000 14,983 e 
18. f(x) = ——> 
2001 15,547 7” x+2 
2002 18,256 o) In Exercises 19 and 20, use the U.S. Department of Agriculture’s estimates for 
the federal costs C of food stamps (in millions of dollars) shown in the table. 
red alee (Source: U.S. Department of Agriculture) 
2004 24,622 19. Let t = 0 represent 2000. Use a graphing utility to create a scatter plot of the data and 
use the regression feature to find a linear model and a quadratic model for the data. 
2005 28, 567 
20. Use each model you found in Exercise 19 to predict the federal costs of food stamps 
Table for 19 and 20 in 2006 and 2007. 


21. Write the area A of a circle as a function of its circumference C. 
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FIGURE 2.45 


Find the domain and range using the graph of a function. 

Identify the graph of a function using the Vertical Line Test. 

Describe the increasing and decreasing behavior of a function. 

Find the relative minima and relative maxima of the graph of a function. 
Classify a function as even or odd. 


Identify six common graphs and use them to sketch the graph of a 
function. 


The Graph of a Function 


In Section 2.4, you studied functions from an algebraic point of view. In this 
section, you will study functions from a graphical perspective. 

The graph of a function f is the collection of ordered pairs (x, f(x)) such that 
x is in the domain of f. As you study this section, remember that 


x = the directed distance from the y-axis 
f(x) = the directed distance from the x-axis 


as shown in Figure 2.44. If the graph of a function has an x-intercept at (a, 0), then 
ais a zero of the function. In other words, the zeros of a function are the values 
of x for which f(x) = 0. For instance, the function given by f(x) = x? — 4 has 
two zeros: —2 and 2. 

The range of a function (the set of values assumed by the dependent 
variable) is often easier to determine graphically than algebraically. This 
technique is illustrated in Example 1. 


1% erss}e)(-Wiy Finding the Domain and Range of a Function 
Use the graph of the function f, shown in Figure 2.45, to find (a) the domain of f, 
(b) the function values f(—1) and f(2), and (c) the range of f. 
SOLUTION 


a. Because the graph does not extend beyond x = — 1 (on the left) and x = 4 (on 
the right), the domain of f is all x in the interval [—1, 4]. 


b. Because (— 1, —5) is a point on the graph of f, it follows that 


f(-1) = -S. 
Similarly, because (2, 4) is a point on the graph of f, it follows that 
f(2) = 4. 


c. Because the graph does not extend below f(— 1) = —5 or above f(2) = 4, the 
range of f is the interval [—5, 4]. 


/ CHECKPOINT 1 


Use the graph of f(x) = x? — 3 to find the domain and range of f. © 
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By the definition of a function, at most one y-value corresponds to a given 
x-value. This means that the graph of a function cannot have two or more 
different points with the same x-coordinate, and no two points on the graph of a 
function can be vertically above or below each other. It follows, then, that a 
vertical line can intersect the graph of a function at most once. This observation 
provides a convenient visual test called the Vertical Line Test for functions. 


Vertical Line Test for Functions 


A set of points in a coordinate plane is the graph of y as a function of x if 
and only if no vertical line intersects the graph at more than one point. 


| <eteeye)(-W4) Vertical Line Test for Functions 


Use the Vertical Line Test to decide whether the graphs in Figure 2.46 represent 
y as a function of x. 


(a) 
FIGURE 2.46 


SOLUTION 


a. This is not a graph of y as a function of x because you can find a vertical line 
that intersects the graph twice. That is, for a particular input x, there is more 
than one output y. 


b. This is a graph of y as a function of x because every vertical line intersects the 
graph at most once. That is, for a particular input x, there is at most one 


/ CHECKPOINT 2 uu y: 

c. This is a graph of y as a function of x. That is, for a particular input x, there is 
at most one output y. Note that if a vertical line does not intersect the graph, it 
simply means that the function is undefined for that particular value of x. 


Use the Vertical Line Test to decide 
whether the graph of x7 + y = 2 
represents y as a function of x. © 
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FIGURE 2.47 


(a) 


FIGURE 2.48 


/ CHECKPOINT 3 


Describe the increasing or 
decreasing behavior of the 


function f(x) = x? + 3x. @ 


Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph that is shown in Figure 2.47, for example. As 
you move from /eft to right, this graph decreases, then is constant, and then 
increases. 


Increasing, Decreasing, and Constant Functions 


A function fis increasing on an interval if, for any x, and x, in the interval, 
A = A umplics r= ye): 
A function fis decreasing on an interval if, for any x, and x, in the interval, 
X, < X, implies f(x,) > f(x). 


A function fis constant on an interval if, for any x, and x, in the interval, 


FO) =f 


i* ete Increasing and Decreasing Functions 


Describe the increasing or decreasing behavior of each function shown in Figure 
2.48. 


: e)= x3 -—3x 1 


> xX 


t+1, t® 


fO=% 1, 0<t<2 
—t+3, t2 


(b) (c) 


SOLUTION 
a. This function is increasing over the entire real line. 


b. This function is increasing on the interval (—oo, —1), decreasing on the 
interval (— 1, 1), and increasing on the interval (1, 00). 


c. This function is increasing on the interval (— oo, 0), constant on the interval 
(0, 2), and decreasing on the interval (2, 00). 


The points at which a function changes its increasing, decreasing, or constant 
behavior are helpful in determining the relative minimum or relative maximum 
values of the function. 


Relative 
maxima 


/ 


/ 


Relative minima 


FIGURE 2.49 


f(x) =3x?-4x-2 
2 


—4 
FIGURE 2.50 


TECHNOLOGY 


=, For instructions on how 
to use the table feature 
and the minimum feature, 


see Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


> XxX 
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Definition of Relative Minimum and Relative Maximum 


A function value f(a) is called a relative minimum of f if there exists an 
interval (x,, x,) that contains a such that 


X,; <x <x, implies f(a) < f(x). 


A function value f(a) is called a relative maximum of f if there exists an 
interval (x,, x,) that contains a such that 


xX; <x <x, implies f(a) = f(x). 


Figure 2.49 shows several examples of relative minima and relative maxima. 
In Section 3.1, you will study a technique for finding the exact point at which a 
second-degree polynomial function has a relative minimum or relative maximum. 
For the time being, however, you can use a graphing utility to find reasonable 
approximations of these points. 


Serie es Approximating a Relative Minimum 
Use a graphing utility to approximate the relative minimum of the function given 
by f(x) = 3x7 — 4x — 2. 


SOLUTION The graph of fis shown in Figure 2.50. By using the zoom and trace 
features of a graphing utility, you can estimate that the function has a relative 
minimum at the point 


(0.67, = 3.33). Relative minimum 


Later, in Section 3.1, you will be able to determine that the exact point at which 
the relative minimum occurs is z — 1), 


/ CHECKPOINT 4 


Use a graphing utility to approximate the relative maximum of the function 
given by f(x) = -x? + 4x — 2. O 


You can also use the table feature of a graphing utility to approximate numer- 
ically the relative minimum of the function in Example 4. Using a table that 
begins at 0.6 and increments the value of x by 0.01, you can approximate the 
minimum of f(x) = 3x? — 4x — 2 to be — 3.33, which occurs at (0.67, —3.33).A 
third way to find the relative minimum is to use the minimum feature of a 
graphing utility. 


TECHNOLOGY 


If you use a graphing utility to estimate the x- and y-values of a 
relative minimum or relative maximum, the zoom feature will often 


produce graphs that are nearly flat. To overcome this problem, you can 
manually change the vertical setting of the viewing window. The graph will 
stretch vertically if the values of Ymin and Ymax are closer together. 
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/ CHECKPOINT 5 


In Example 5, suppose the cost of 
each additional minute (or portion 
of a minute) is $0.07. Sketch the 
graph of this function. How long 
can you talk without spending 


more than $1? @ 


Functions and Graphs 


Step Functions 
The greatest integer function is denoted by [x] and is defined as 
f(x) = [bX] = the greatest integer less than or equal to x. 


The graph of this function is shown in Figure 2.51. Note that the graph of the 
greatest integer function jumps vertically one unit at each integer and is constant 
(a horizontal line segment) between each pair of consecutive integers. Because of 
the jumps in its graph, the greatest integer function is an example of a type of 
function called a step function. Some values of the greatest integer function are 
as follows. 


[-1] = -1 [-0.5] = -1 
[o] = 0 [0.5] = 0 
[ij =1 [1.5] = 1 


The range of the greatest integer function is the set of all integers. 
If you use a graphing utility to graph a step function, you should set the 
utility to dot mode rather than connected mode. 


The Price of a Telephone Call ®) 


The cost of a long-distance telephone call is $0.10 for up to, but not including, 
the first minute and $0.05 for each additional minute (or portion of a minute). The 
greatest integer function 


C = 0.10 + 0.05[¢], 


can be used to model the cost of this call, where C is the total cost of the call (in 
dollars) and ¢ is the length of the call (in minutes). 


t>0O 


a. Sketch the graph of this function. 
b. How long can you talk without spending more than $1? 
SOLUTION 


a. For calls up to, but not including, 1 minute, the cost is $0.10. For calls between 
1 and 2 minutes, the cost is $0.15, and so on. 


Length of call, t | Cost of call, C 
0O<tr<1 $0.10 
1<t<2 $0.15 
2<t<3 $0.20 

19<t< 20 $1.05 


Using these and other values, you can sketch the graph shown in Figure 2.52. 


b. From the graph, you can see that your phone call must be less than 19 minutes 
to avoid spending more than $1. 


DISCOVERY 


Graph each function with a 
graphing utility. Determine 
whether the function is odd, 
even, or neither. 


f(x) =x? = xt 

Gd) = Dee sb il 

h(x) = 2° — 23 + x 

k(x) = 2° — 2x4 +x-2 

iG) = 2 = 2 = 38 

jd) =P +b Be = 3 Ee 
What do you notice about 
the equations of functions that 
are odd? What do you notice 
about the equations of functions 
that are even? Can you describe 
a way to identify a function as 
odd or even by inspecting its 
equation? Can you describe a 
way to identify a function as 


neither odd nor even by 
inspecting its equation? 
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Even and Odd Functions 


In Section 2.1, you studied different types of symmetry of a graph. A function is 
said to be even if its graph is symmetric with respect to the y-axis and odd if its 
graph is symmetric with respect to the origin. The symmetry tests in Section 2.1 
yield the following tests for even and odd functions. Even though symmetry with 
respect to the x-axis is introduced in Section 2.1, it will not be discussed here 
because a graph that is symmetric about the x-axis is not a function. 


Tests for Even and Odd Functions 
A function given by y = f(x) is even if, for each x in the domain of f, 
fea = FG): 


A function given by y = f(x) is odd if, for each x in the domain of f, 


f(—x) = —f(). 


iS <erye(-wee Even and Odd Functions 


Decide whether each function is even, odd, or neither. 
a. g(x) = — x b. h(x) = 27 + 1 
SOLUTION 


3 — x is odd because 


e+x = —(3 — x) = —g(x). 


a. The function given by g(x) = x 
g(=2) = (=a) = (=a) = 
b. The function given by h(x) = x? + 1 is even because 


h(—x) = (—x)?? +1 = 2? + 1 = A). 


The graphs of the two functions are shown in Figure 2.53. 


-3 2 -!I 1 2 3 
(a) Odd function (symmetric about origin) 


FIGURE 2.53 


(b) Even function (symmetric about y-axis) 


/ CHECKPOINT 6 


Decide whether the function f(x) = —2x? + x — 1 is even, odd, or neither. © 
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Functions and Graphs 


Common Graphs 


Figure 2.54 shows the graphs of six common functions. You need to be familiar 
with these graphs. They can be used as an aid when sketching other graphs. 
For instance, the graph of the absolute value function given by 


f(x) = |x - 2| 
is \/-shaped. 
y 
A 
3 +4 
5 fae 
‘eS 
t t T—> x 
1 2 3 
(a) Constant function (b) Identity function 
y y 2 
A \ f@)=x 
3 a 
| a 
1 rans 
x 
1 2 3 


(d) Square root function 


FIGURE 2.54 


(e) Squaring function (f) Cubing function 


In Exercises 1 and 2, determine whether the statement is true or false. Justify 
your answer. 


. If a < 0, then f(0) is the relative maximum of the function f(x) = ax?. 


. The graph of the greatest integer function is increasing over its entire 
domain. 


. Is the function represented by the following set of ordered pairs even, 
odd, or neither? 


{(, 4), (- 1, 4)} 


. The line x = 1 does not intersect the graph of f. Can you conclude that f is 
a function? Explain. 


Skills Review 2.5 


and 2.4. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 1.4, 1.5, 


ik, Teta! A) tare G2) = =x sp Sue, 
3. Find f(—x) for f(x) = 3/x. 
In Exercises 5 and 6, solve the equation. 


5, 2 = lor =O 


In Exercises 7-10, find the domain of the function. 
y ale) = Ae = 4" 
9. h(t) = *¥/5 — 3t 


Exercises 2.5 


2. Find f(6) for f(x) = x? — 6x. 
Al, Venaval //{(—29) roe yea) = a sb 3. 


6. 2x7 — 3x + 1=0 


Gh, ee) = Dye = Oe sb 20) 


10. ff) =P + 34-5 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, find the domain and range of the 


function. Then evaluate f at the given x-value. 


1. f@) = Vx-1, 2. f(x) = Vx? - 4, 

x=1 x= =2 

y y 

A A 

5+ 

2+ al 

3+ 

1+ a+ 

1+ 

|» x t> x 
i -3-2-1 | 12 3 


7. f(x) = J25 — x, 8. f(x) = Vx? - 9, 
x= x=3 
¥ 
A 
B+ 
6+ 
4 
a+ 
ip fd tebe 
-6-4-2 | 2 4 6 
-4t 


In Exercises 9-12, use the Vertical Line Test to decide 
whether y is a function of x. 


9. y= x 10.x-y=0 
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In Exercises 13-20, describe the increasing and 
decreasing behavior of the function. Find the point or 
points where the behavior of the function changes. 


14, f(x) = x? -— 2x 


13. f(x) = 2x 


ll 
td 

N 

| 
aN 


15. f(x) = x? — 3x? 16. f(x) 


y / 
4 {0.0) 1 


> xX 57 


17, (= 3 = 62 18. ft) = 2" 
‘ 
A 
UA 
= . : > X 
(0, 0) 
(-1,-3) | @,-3) 


20. y= |x + 1] + |x-1| 


2-44 
(2, -2) 22-4 3 


©) In Exercises 21-26, use a graphing utility to graph 


the function, approximate the relative minimum or 
maximum of the function, and estimate the open 
intervals on which the function is increasing or 
decreasing. 


21. f(x) = 29? — 4x 4+ 1 
22. f(x) = —x2 + 6x + 3 
23. f(x) = x3 — 3x? 


24. f(x) = —x3 + 3x41 
25. f(x) = }(—4x4 — 5x3 + 10x? + 8x + 6) 
26. f(x) = H(x4 + x3 — 10x? + 2x — 15) 


In Exercises 27-32, decide whether the function is 
even, odd, or neither. 


27. f(x) = x® — 2x? + 3 
29. g(x) = x3 — 5x 
31. f(x) = xJ/4 — x? 


28. f(t) = #7 + 3r — 10 

30. A(x) = 22 + 3 

32. g(s) = 48/3 

In Exercises 33-36, evaluate the function at each 
specified value of the independent variable. 


33. f(x) = 


(a) f(2) (b) f(2.5) 

(c) f(-2.5) @ f(-4) 
34. f(x) = [-3] 

(a) f(3) (b) f(6.1) 

(c) f(-5.9) (d) f(-9) 
35. f(x) = [x — 1.8] 

(a) f(4) (b) f(3.7) 

(c) f(—S5.8) (d) f(—6.3) 
36. f(x) = [x + 0.3] 

(a) f(2.9) (b) f(4.6) 

(c) f(—2.3) @ f(-4.2) 


In Exercises 37-50, sketch the graph of the function 
and determine whether the function is even, odd, 
or neither. 


37. f(x) = 3 
38. g(x) = x 
39, f(x) =5 — 3x 
40. h(x) = x? — 4 


41. g(s) = e 
42. f(t) = —14 
43. f(x) = V1 -x 


44, g(t) = ¥t-1 
45. f(x) =? 
46. f(x) = |x + 2| 


we+i,x<i 
a fy {Et bess 
x-1,x*<-1 
a: fo = fe PST 


49. 


50. 


x+1, x<0 
f(x) = 34, O<x<2 
3n= Ie eS 
2x-1, x<l 
f(x) = 33, l<x<3 
2ax+1, x>3 


In Exercises 51-64, sketch the graph of the function. 


51. 
53; 
55. 
57. 
59. 
61. 
63. 


65. 


66. 


f(s) =4-x 52. f(x) = 4x + 2 
fa) = -9 54, f(x) = 22 — 4x 
f(x) =1-— x4 56. f(x) = x* — 4x? 
f(x) = 3(3 + |x) 58. f(x) = —1(1 + |x) 


f(x) = Vx +3 60. f(x) = /x - 1 
fx) =P 62. f(x) = 2h] 
f(x) = [x - 1) 64. f(x) = [x + I 


MAKE A DECISION: PRICE OF GOLD The price P (in 
dollars) of an ounce of gold from 1995 to 2005 can be 
approximated by the model 


P = —0.2035134f4 + 8.277868 — 115.14797? + 
635.832t — 819.60, 5<¢t< 15 


where f represents the year, with t = 5 corresponding to 
1995. Use the graph of P to find the maximum price of gold 
between 1995 and 2005. During which years was the price 
decreasing? During which years was the price increasing? 
Is it realistic to assume that the price of gold will continue 
to follow this model? (Source: World Gold Council) 


Price of gold 
(in dollars) 


200 -- 


8 9) 10 Al 12, 13) 14 15 
Year (5 < 1995) 


(tat 
5 16) 7, 


MAKE A DECISION: SALES The sales S (in billions of 
dollars) of petroleum and coal products from 1997 to 2005 
can be approximated by the model 


S = 1.346687 — 57.7219 + 918.3907 — 
6355.84 + 16,367.4, 7 <t< 15 


where f represents the year, with t = 7 corresponding to 
1997. Use the graph of S to find the maximum sales of these 
products between 1997 and 2005. During which years were 
sales decreasing? During which years were sales increas- 
ing? Is it realistic to assume that sales will continue to 
follow this model? (Source: U.S. Census Bureau) 


® 07. 


68. 
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Year (7 © 1997) 


Lung Volume _ The change in volume V (in milliliters) of 
the lungs as they expand and contract during a breath can 
be approximated by the model 


V = (—6.549s? + 26.205 — 3.8), 


where s represents the number of seconds. Graph the 
volume function with a graphing utility and use the trace 
feature to estimate the number of seconds in which the 
volume is increasing and in which the volume is 
decreasing. Find the maximum change in volume between 
0 and 4 seconds. 


Book Value For the years 1990 to 2005, the book value 
B (in dollars) of a share of Wells Fargo stock can be 
approximated by the model 


B = 0.02721? + 0.268r + 1.71, 


O<s<4 


O<srs 15 


where ¢ represents the year, with t = 0 corresponding to 
1990 (see figure). (Source: Wells Fargo) 


(in dollars) 


Book value per share 


alltel 
9 101112131415 


(a) Estimate the maximum book value per share from 1990 
to 2005. 


(b) Estimate the minimum book value per share from 1990 
to 2005. 


® (c) Verify your estimates from parts (a) and (b) with a 


69. 


70. 


graphing utility. 


Reasoning When finding a maximum or minimum 
value in Exercises 6568, why should you also check the 
endpoints of the function? 


Reasoning Assume that the book value B in Exercise 68 
continues to follow the model through 2007. In which year 
is B at a maximum? 


21 


71. 


72. 


73. 


74. 


75. 


76. 
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Maximum Profit The marketing department of a 
company estimates that the demand for a product is given 
by p = 100 — 0.0001x, where p is the price per unit and 
x is the number of units. The cost C of producing x units 
is given by C = 350,000 + 30x, and the profit P for 
producing and selling x units is given by 
P=R-C=xp-C. 

Sketch the graph of the profit function and estimate the 
number of units that would produce a maximum profit. 
Verify your estimate using a graphing utility. 

Maximum Profit The marketing department of a 
company estimates that the demand for a product is given 
by p = 125 — 0.0002x, where p is the price per unit and x 
is the number of units. The cost C of producing x units 
is given by C = 225,000 + 80x, and the profit P for 
producing and selling x units is given by 
P=R-C=xp-C. 

Sketch the graph of the profit function and estimate the 
number of units that would produce a maximum profit. 
Verify your estimate using a graphing utility. 

Cost of Overnight Delivery The cost of sending an 
overnight package from New York to Atlanta is $9.80 for 
up to, but not including, the first pound and $2.50 for each 
additional pound (or portion of a pound). A model for the 
total cost C of sending the package is C = 9.8 + 2.5[hy], 
x > 0, where x is the weight of the package (in pounds). 
Sketch the graph of this function. 


Cost of Overnight Delivery The cost of sending 
an overnight package from Los Angeles to Miami is 
$10.75 for up to, but not including, the first pound and 
$3.95 for each additional pound (or portion of a pound). 
A model for the total cost C of sending the package is 
C = 10.75 + 3.95|[x], x > 0, where x is the weight of the 
package (in pounds). Sketch the graph of this function. 


Strategic Reserve The total volume V (in millions of 
barrels) of the Strategic Oil Reserve R in the United States 
from 1995 to 2005 can be approximated by the model 


v= —2.722P + 61.187 — 451.5t + 1660, 5<t< 10 
34.7t + 179, lists 15 


where ¢ represents the year, with t = 5 corresponding to 
1995. Sketch the graph of this function. (Source: U.S. 
Energy Information Administration) 


Grade Level Salaries The 2007 salary S (in dollars) for 
federal employees at the Step 1 level can be approximated 
by the model 


s= 2904.3x + 12,155, 
11,499.2x — 81,008, 
where x represents the GS’grade. Sketch a bar graph 


that represents this function. (Source: U.S. Office of 
Personnel Management) 


x=1,2,...%,10 
x=11,...,15 


77. 


78. 


79. 


Think About It 


Air Travel The total numbers (in thousands) of U.S. 
airline delays, cancellations, and diversions for the years 
1995 to 2005 are given by the following ordered pairs. 
(Source: U.S. Bureau of Transportation Statistics) 


(1995, 5327.4) (1996, 5352.0) (1997, 5411.8) 
(1998, 5384.7) (1999, 5527.9) (2000, 5683.0) 
(2001, 5967.8) (2002, 5271.4) (2003, 6488.5) 
(2004, 7129.3) (2005, 7140.6) 


(a) Use the regression feature of a graphing utility to find 


a quadratic model for the data from 1995 to 2001. Let 
t represent the year, with f = 5 corresponding to 1995. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data from 2002 to 2005. Let 
t represent the year, with t = 12 corresponding to 2002. 


(c) Use your results from parts (a) and (b) to construct a 
piecewise model for all of the data. 


Revenues The revenues of Symantec Corporation 
(in millions of dollars) from 1996 to 2005 are given by the 
following ordered pairs. (Source: Symantec Corporation) 


(1996, 472.2) (1997, 578.4) (1998, 633.8) 

(1999, 745.7) (2000, 853.6) (2001, 1071.4) 

(2002, 1406.9) (2003, 1870.1) (2004, 2582.8) 

(2005, 4143.4) 

(a) Use the regression feature of a graphing utility to find 
a linear model for the data from 1996 to 2000. Let t rep- 
resent the year, with tf = 6 corresponding to 1996. 

(b) Use the regression feature of a graphing utility to find 


a quadratic model for the data from 2001 to 2005. Let 
t represent the year, with t = 11 corresponding to 2001. 


(c) Use your results from parts (a) and (b) to construct a 
piecewise model for all of the data. 


If fis an even function, determine whether g is even, odd, 
or neither. Explain. 


(a) g(x) = —f(x) 
(b) g(x) = f(—x) 
(c) g(x) = f(x) — 2 
(d) g(x) = fe — 2) 


In Exercises 80-83, find the coordi- 


nates of a second point on the graph of a function f if 
the given point is on the graph and the function is (a) 
even and (b) odd. 


80. (—3, 4) 


81. 


(-3,-7) 


82. (4, 9) 


83. 


(5, 1) 


Transformations 
of Functions 


STUDY TIP 

In items 3 and 4, be sure you 
see that h(x) = f(x — c) 
corresponds to a right shift 
and h(x) = f(x + c) 
corresponds to a left shift. 
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H Use vertical and horizontal shifts to sketch graphs of functions. 
M™ Use reflections to sketch graphs of functions. 
@ Use nonrigid transformations to sketch graphs of functions. 


Vertical and Horizontal Shifts 


Many functions have graphs that are simple transformations of the common 
graphs that are summarized on page 214. For example, you can obtain the graph 
of h(x) = x? + 2 by shifting the graph of f(x) = x? upward two units, as shown 
in Figure 2.55. In function notation, h and f are related as follows. 


h(x) =H=V’?+2= fi (x) +2 Upward shift of two units 


Similarly, you can obtain the graph of g(x) = (x — 2)? by shifting the graph of 
f(x) = x? to the right two units, as shown in Figure 2.56. In this case, the 
functions g and f have the following relationship. 


2)? = f(x — 2) 


g(x) = (x Right shift of two units 


h(x) =x? +2 : nN 


gQ=(e2) ? 


| 
I 
= 
a 
i) 
es) 


FIGURE 2.56 Horizontal Shift to 
the Right 


FIGURE 2.55 Vertical Shift Upward 


The following list summarizes this discussion about horizontal and vertical 
shifts. 


Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts of the graph of 
y = f(x) are represented as follows. 


h(x) = f(x) + ¢ 
eg) 10s) 1a 
HG) fc) 
h(x) = f@ + c) 


1. Vertical shift c units upward: 

2. Vertical shift c units downward: 

3. Horizontal shift c units to the right: 
4. Horizontal shift c units to the left: 
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DISCOVERY 


The point (2, 4) is on the 
graph of f(x) = x2. Predict 
the location of this point if 
the following transformations 
are performed. 


a. f(x — 4) 

b. f(x) + 1 

& je + i) =2 

Use a graphing utility to 
verify your predictions. Can 
you find a general description 
that represents an ordered pair 


that has been shifted horizon- 
tally? vertically? 


Functions and Graphs 


Some graphs can be obtained from a combination of vertical and horizontal 


shifts, as demonstrated in Example 1(b). Vertical and horizontal shifts generate a 
family of functions, each with the same shape but at different locations in the plane. 


Shifts in the Graph of a Function 


Use the graph of f(x) = x? to sketch the graph of each function. 


a. g(x) = 4+ 1 


b. h(x) = (x + 2)2 + 1 


SOLUTION 


a. 


Relative to the graph of f(x) = x°, the graph of g(x) = x° + 1 is an upward 
shift of one unit, as shown in Figure 2.57(a). 


. Relative to the graph of f(x) = x3, the graph of h(x) = (x + 2)? + 1 involves 
a left shift of two units and an upward shift of one unit, as shown in Figure 
2.57(b). 


h(x) = (x +2)3 +1 


(a) Vertical shift: one unit upward 


(b) Horizontal shift: two units left; 
Vertical shift: one unit upward 


FIGURE 2.57 


Note that the functions f, g, and h/ belong to the family of cubic functions. 


/ CHECKPOINT 1 
Use the graph of f(x) = /x to sketch the graph of g(x) = /x— 1-1. m 


TECHNOLOGY 


= Graphing utilities are ideal tools for exploring transformations of 
functions. Try to predict how the graphs of g and h relate to the graph of 


f. Graph f, g, and h/ in the same viewing window to confirm your prediction. 


h(x) = (x — 4)? +3 
h(x) = (x + 1)? — 2 
h(x) = (x + 4)? + 2 


g(x) = (x — 4), 
g(x) = (x + 1), 
g(x) = (x + 4), 


a. f(x) = 2°, 
b. f@) = 2, 
sore, 
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Reflections 


The second common type of transformation is a reflection. For instance, if you 
a / consider the x-axis to be a mirror, the graph of h(x) = —x? is the mirror image 
(or reflection) of the graph of f(x) = x?, as shown in Figure 2.58. 


Reflections in the Coordinate Axes 


Reflections in the coordinate axes of the graph of y = f(x) are represented 
as follows. 


1. Reflection in the x-axis: g(x) = —f(x) 


2. Reflection in the y-axis: h(x) = f(—x) 


FIGURE 2.58 _ Reflection 
1 <etss¥0)(-W4 Reflections of the Graph of a Function 


TECHNOLOGY Compare the graph of each function with the graph of f(x) = Vx. 


=\ You will find programs a. g(x) = — Vx b. A(x) = /—x 
for several models of SOLUTION 

graphing utilities that will give 
you practice working with 
reflections, horizontal shifts, g(x) = —/x = —f(x). See Figure 2.59(a). 
and vertical shifts at the website 
for this text at college.hmco.com/ 
info/larsonapplied. These pro- h(x) = /—x = f(x). See Figure 2.59(b). 
grams will graph the function 


a. The graph of g is a reflection of the graph of fin the x-axis because 


b. The graph of / is a reflection of the graph of fin the y-axis because 


y i 
y=Rx+AyP?+Vv A A 
where R = +1, His an integer 2 | f@)=./x - 3+ 
between — 6 and 6, and V is an _—— 
integer between —3 and 3. cl, L a a gL Fx) = yx 


Each time you run the program, 
different values of R, H, and V 


are possible. From the graph, “4 : : a 
you should be able to determine 
the values of R, H, and V. =I 1 : > Xx 
27 g@)= -./x =e 
(a) Reflection in x-axis (b) Reflection in y-axis 


/ CHECKPOINT 2 


FIGURE 2.59 
Compare the graph of each 


function with the graph When sketching the graph of a function involving square roots, remember that 


of f(x) = |al. the domain must be restricted to exclude numbers that make the radicand 
a. g(x) = —|x| negative. For instance, here are the domains of the functions in Example 2. 
b. A(x) = |—x| @ Domain of g(x) = —/x: x =0 


Domain of h(x) = /-x: x <0 
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4 

4 

sft 
J NT f= G2) 
—— —— 
<4) -=3 =2 = 1 9. 3 

=i! 

=24 

asl: 

-4_ 

(b) 
FIGURE 2.61 


/ CHECKPOINT 4 


The graph labeled h in Figure 


2.61(b) is a transformation of the 
graph of f(x) = (x + 2)?. Find an 


equation for the function h. © 


Functions and Graphs 


Reflections and Shifts 


Use the graph of f(x) = x* to sketch the graph of each function. 
a. g(x) = —(x — 3)? b. A(x) = -2x? + 2 
SOLUTION 


a. To sketch the graph of g(x) = —(x — 3)?, first shift the graph of f(x) = x? to 
the right three units. Then reflect the result in the x-axis. 


b. To sketch the graph of A(x) = —x? + 2, first reflect the graph of f(x) = x? in 
the x-axis. Then shift the result upward two units. 


The graphs of both functions are shown in Figure 2.60. 


C= 


gQ=— (x-3)? 


> xX 


1 
T 
6 


(a) Shift and then reflect in x-axis (b) Reflect in x-axis and then shift 


FIGURE 2.60 


/ CHECKPOINT 3 


Use the graph of f(x) = x° to sketch the graph of each function. 
a. g(x) = —(x + 2)8 b A(x) = -3-3 0 


Finding Equations from Graphs 


The graphs labeled g and / in Figure 2.61(a) are transformations of the graph of 
f(x) = x4. Find an equation for each function. 


SOLUTION The graph of g is a reflection in the x-axis followed by a 
downward shift of two units of the graph of f(x) = x4. So, the equation for g 
is g(x) = —x* — 2. The graph of A is a horizontal shift of one unit to the left 
followed by a reflection in the x-axis of the graph of f(x) = x4. So, the equation 
for his h(x) = —(x + 1). 


Can you think of another way to find an equation for g in Example 4? If 
you were to shift the graph of f upward two units and then reflect the graph in 
the x-axis, you would obtain the equation g(x) = —(x* + 2). The Distributive 
Property yields g(x) = —x* — 2, which is the same equation obtained in 
Example 4. 


DISCOVERY 


Use a graphing utility to graph 
f(x) = 2x2. Compare this graph 
with the graph of h(x) = x?. 
Describe the effect of 
multiplying x? by a number 
greater than 1. Then graph 

g(x) = 5x2. Compare this with 
the graph of h(x) = x?. Describe 
the effect of multiplying x? by a 
number greater than 0 but less 
than 1. Can you think of an 
easy way to remember this 
generalization? Use the table 
feature of a graphing utility to 
compare the values of f(x), g(x), 
and h(x). What do you notice? 
How does this relate to the 
vertical stretch or vertical shrink 
of the graph of a function? 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are rigid transformations because 
the basic shape of the graph is unchanged. These transformations change only 
the position of the graph in the xy-plane. A nonrigid transformation is one that 
causes a distortiona-change in the shape of the original graph. For instance, a 
nonrigid transformation of the graph of y = f(x) is represented by g(x) = cf(x), 
where the transformation is a vertical stretch if |c| > 1 and a vertical shrink if 
0 <lel\-< 1, 


i> erste Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = |x|. 
1 
a. A(x) = 3|x| b. g(x) = 3h 


SOLUTION 
a. Relative to the graph of f(x) = |x 
n(x) = 3|x| = 3flx) 
is a vertical stretch (each y-value is multiplied by 3) of the graph of f. 


, the graph of 


b. Similarly, the graph of 


1 


s(x) = Sx] = 500) 


is a vertical shrink (each y-value is multiplied by +) of the graph of f. 
The graphs of both functions are shown in Figure 2.62. 


A A 
4 
| oo! 
Cr 3 |x| co 1*| 
a+ 
f(x) = |x| iy 
+ t } t——> x t t t t-——> x 
-2 -1 1 2 -2 -1 1 2 


(a) (b) 
FIGURE 2.62 


/ CHECKPOINT 5 


Compare the graph of each function with the graph of f(x) = x. 


a. g(x) =4/x be A(x) = ivi 
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JS <etee(-N Rigid and Nonrigid Transformations 
6-+ 
il Use the graph of f shown in Figure 2.63 to sketch each graph. 
(1,237 a. g(x) = f(x — 2) + 1 


b. h(x) = 3 f(x) 


. SOLUTION 


-6 -5 -4 | 
(-3,0) -24 (-D a. The graph of g is a horizontal shift to the right two units and a vertical shift 
“3 upward one unit of the graph of f. The graph of g is shown in Figure 2.64(a). 
-4-+ 
54 b. The graph of h is a vertical shrink of the graph of f. The graph of h is shown 
FIGURE 2.63 in Figure 2.64(b). 


For x = —5, h(—5) = 3f(—5) = 3(1) = 3. 
For x = —3, h(—3) = ¢f(—3) = #0) = 0. 
For x = —1,A(-1) =4f(-1) = 42) = 1. 
For x = 2, h(2) = $f(2) 1) 


2( 
2 
For x = 4, h(4) = 5f(4) = 5(0) = 0. 


/ CHECKPOINT 6 


Use the graph of g shown in Figure 
2.64(a) to sketch the graph of (a) (b) 
p(x) = 2g(x) — 1. FIGURE 2.64 


In Exercises 1-4, determine whether the statement is true or false. Explain 
your reasoning. 
. Arigid transformation preserves the basic shape of a graph. 


. The graph of g(x) = x? + 5 is a vertical shift downward five units of the 
graph of f(x) = x?. 


. The graph of g(x) = (x — 1)? is a horizontal shift to the left one unit of the 
graph of f(x) = x?. 


. The graph of g(x) = 2x? is an example of a nonrigid transformation of the 
graph of f(x) = x?. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 1.4, 1.5, 
2.4, and 2.5. 


Skills Review 2.6 


In Exercises 1 and 2, evaluate the function at the indicated value. 


ik, etal (3) tore Ae) = 32 = ae sp 15. 2. Find f(—x) for f(x) = 2x/(x — 3). 


In Exercises 3 and 4, solve the equation. 


3. —x° + 10x = 0 4. 3x2 +2x-8=0 


In Exercises 5-10, sketch the graph of the function. 


S, fea) = =2 O; fea) = =x 
hea) =a sr 5 8. jG) = 2 = x 
9. f(x) = 3x — 4 10. f(x) = 9x + 10 


Exercises 2.6 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, describe the sequence of transforma- 
tions from f(x) = x? to g. Then sketch the graph of g 
by hand. Verify with a graphing utility. 


In Exercises 25-34, describe the sequence of transfor- 
mations from f(x) = 3/x to y. Then sketch the graph of 
y by hand. Verify with a graphing utility. 


1. ga) =x - 4 2. g(x) =2? +1 y 

3. g(x) = (x + 2? 4. g(x) = (x — 3) at 

5. (x) = (x — 2)? +2 ral fase 

Geer IES a oe 

7. g(x) = -x? +1 3-2-4123 4 

8. g(x) = —(x - 2° a 

In Exercises 9-16, describe the sequence of transforma- : 

tions from f(x) = |x| to g. Then sketch the graph of g 25. y= ¥S-x 26. y= —Vx 

by hand. Verify with a graphing utility. 71. y=%e-1 28. y = x41 

9. g(x) = |x| + 2 10. g(x) = |x| — 3 6 y=2=5es 1 0.7 282-1 =4 
Me eee = 2 2s Be) = 31. y= Yet 1-1 32. y=2¥e-241 
Bea = Fo 33. y=49% 34. y= 49x -3 


14. g(x) =5-|x- 1 
15. g(x) = |x + 1| -3 
16. g(x) = |x — 2| +2 


In Exercises 17-24, describe the sequence of transfor- 
mations from f(x) = \/x to g. Then sketch the graph of 
g by hand. Verify with a graphing utility. 


17. g(x) = Vx - 3 18. g(x) = Vx +4 . . 
19. g(x) = Vx -34+1 20. g(x) = Vx + 5-2 fr 3 ~ 
21. (x) = /2x 22. (x) = /2x —5 meal 


23. g(x) =2—- Vx-4 


24. g(x) = /-x +1 


In Exercises 35-40, identify the transformation shown 
in the graph and the associated common function. 
Write the equation of the graphed function. 


35.0 Oy 


36. 
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@ 41. 


43. 
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A A 
8+ 
6+ 
at 
a+ 
t+++++++4> « 
-4 -2 2 4 


Use a graphing utility to graph ffor c = —2, 0, and 2 in the 
same viewing window. 


(a) fx) =px te 
(b) f(x) = x(x — c) 
(c) fx) = Hex) 


In each case, compare the graph with the graph of y = 5x. 


. Use a graphing utility to graph ffor c = —2, 0, and 2 in the 


same viewing window. 

(a) f(x) =x +¢ 

(b) fx) = & — c)? 

(ce) (3) =e = 27 Fe 

In each case, compare the graph with the graph of y = x°. 


Use the graph of f(x) = x? to write equations for the 
functions whose graphs are shown. 


(b) y 


44. Use the graph of f(x) = x° to write equations for the 
functions whose graphs are shown. 


(b) y 
i > X 
+> x 
2 
45. Use the graph of f (see figure) to sketch each graph. 
(a) y = f(x) + 2 (b) y = —f(x) 
(c) y = fix — 2) Gh y= ser 3) 
(e) y = 2f(x) (y= fl) 
46. Use the graph of f (see figure) to sketch each graph. 
(a) y =f) - 1 (b) y = f(x + 1) 
(c) y=f@ - 1) (d) y = —f(« — 2) 
(©) y =f(-2) (f) y = af) 
y 
A 
(—2, 4) 
a a ’ > X 
Ty 3,-1) 
Figure for 45 Figure for 46 
47. Use the graph of f (see figure) to sketch each graph. 
(a) y = f(-) (b) y=fx) +4 
(c) y = 2f(x) (d) y = —f(« - 4) 
(e) y= fG) =3 19 We Malte eae 
48. Use the graph of f (see figure) to sketch each graph. 
(a) y = f(« — 5) Oo =="Q) Fo 
() y = 3fQ) d) y = —f&« + 1) 
(e) y= f(-2) (y= fal - 5 
iat Ok ww 
8 es 
(-3, 0) /2- 
a ae: i; | 6 2 a ‘ 
(4,2)47 (6, 2) -10 -6 F27 
AeA es (bese é -4) 
“eA ‘ . 8 10 Pri 
(-2, -2)[ , sat 


Figure for 47 


Figure for 48 


In Exercises 49-52, consider the graph of f(x) = x3. Use 
your knowledge of rigid and nonrigid transformations 
to write an equation for each of the following 
descriptions. Verify with a graphing utility. 


49. The graph of fis shifted two units downward. 

50. The graph of fis shifted three units to the left. 

51. The graph of fis vertically stretched by a factor of 4. 
52. The graph of fis vertically shrunk by a factor of i. 


In Exercises 53-56, consider the graph of f(x) = |x|. 
Use your knowledge of rigid and nonrigid transforma- 
tions to write an equation for each of the following 
descriptions. Verify with a graphing utility. 


53. The graph of f is shifted three units to the right and two 
units upward. 


54. The graph of fis reflected in the x-axis, shifted two units to 
the left, and shifted three units upward. 


55. The graph of f is vertically stretched by a factor of 4 and 
reflected in the x-axis. 


56. The graph of f is vertically shrunk by a factor of 5 and 
shifted two units to the left. 


In Exercises 57-60, consider the graph of g(x) = x. 
Use your knowledge of rigid and nonrigid transforma- 
tions to write an equation for each of the following 
descriptions. Verify with a graphing utility. 

57. The graph of g is shifted four units to the right and three 


units downward. 


58. The graph of g is reflected in the x-axis, shifted two units 
to the left, and shifted one unit upward. 


59. The graph of g is vertically shrunk by a factor of 5 and 
shifted three units to the right. 


60. The graph of g is vertically stretched by a factor of 2, 
reflected in the x-axis, and shifted three units upward. 


In Exercises 61 and 62, use the graph of f(x) = x? — 3x? 
to write an equation for the function g shown in the 
graph. 
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61. 


63. The point (3, 9) on the graph of f(x) = x? has been shifted 
to the point (4, 7) after a rigid transformation. Identify the 
shift and write the new function g in terms of f- 


64. The point (8,2) on the graph of f(x) = 3/x has been 
shifted to the point (5,0) after a rigid transformation. 
Identify the shift and write the new function h in terms 
of f. 

65. Profit A company’s weekly profit P (in hundreds of 
dollars) from a product is given by the model 


P(x) = 80 + 20x — 0.5x2, 0< x < 20 


where x is the amount (in hundreds of dollars) spent on 
advertising. 


® (a) Use a graphing utility to graph the profit function. 


(b) The company estimates that taxes and operating costs 
will increase by an average of $2500 per week during 
the next year. Rewrite the profit equation to reflect this 
expected decrease in profits. Identify the type of 
transformation applied to the graph of the equation. 


(c 


VY 


Rewrite the profit equation so that x measures 
advertising expenditures in dollars. [Find P(x/100).] 
Identify the type of transformation applied to the graph 
of the profit function. 


66. Automobile Aerodynamics The number of horsepower 
H required to overcome wind drag on an automobile is 
approximated by 


A(x) = 0.002x? + 0.005x — 0.029, 10 < x < 100 
where x is the speed of the car (in miles per hour). 
@ (a) Use a graphing utility to graph the function. 


(b) Rewrite the horsepower function so that x represents 
the speed in kilometers per hour. [Find H(x/1.6).] 
Identify the type of transformation applied to the graph 
of the horsepower function. 


® 67. Exploration Use a graphing utility to graph the six 


functions below in the same viewing window. Describe any 
similarities and differences you observe among the graphs. 
(a)y=x (b) y= x? ©) y=x 
(d) y = x* e) y=x (f) y = x° 

68. Reasoning Use the results of Exercise 67 to make a 


conjecture about the shapes of the graphs of y = x’ and 
y = x8. Use a graphing utility to verify your conjecture. 
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Find the sum, difference, product, and quotient of two functions. 


The Algebra of 
Functions 


Form the composition of two functions and determine its domain. 
Identify a function as the composition of two functions. 


Use combinations and compositions of functions to solve application 
problems. 


Arithmetic Combinations of Functions 


list as two real numbers can be combined by the operations of addition, 
subtraction, multiplication, and division to form other real numbers, two 
functions can be combined to create new functions. For example, the functions 
given by f(x) = 2x — 3 and g(x) = x? — 1 can be combined as follows. 


f(x) + g(x) = (2x — 3) +0? —- 1D =x? 4+2x-4 Sum 
f(x) — g(x) = (2x — 3) —- 0? —- DP = - x? 4+2x-2 Difference 
f(x)glx) = (2x — 3)(x? — 1) = 2x3 — 3x7 — 2x + 3 Product 

- a — >. x#+1, g(x) #0 @tient 


The domain of an arithmetic combination of the functions f and g consists of all 
real numbers that are common to the domains of f and g. 


Sum, Difference, Product, and Quotient of Functions 


Let f and g be two functions with overlapping domains. Then, for all x 
common to both domains, the sum, difference, product, and quotient of f 
and g are defined as follows. 


1. Sum: (f + g)(x) = f(x) + a(x) 
2, Dijerences “(f — 2) (%) = Filx) = eta) 
3. Product: (fg)\(x) = f(x) + g(x) 

ae f\,) — fo) 
4. Quotient: roy AG) g(x) #0 


Finding the Sum of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f + g)(a). 
SOLUTION 
(f+ g(x) = f(x) + g(x) = (2x +1) 4+ 0? + 2x - 1 =H x? + 4x 


/ CHECKPOINT 1 
Given f(x) = x? — 4 and A(x) = x? + x + 3, find (f+ h)(x). & 


STUDY TIP 


Note that in Example 2, 
(f — g)(2) can also be evaluated 
as follows. 


G8)2) 2) c(2) 
= (22) + 1 
= [2 42 BQ) = U1] 
=5-7 
=-2 
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Finding the Difference of Two Functions 


Given the functions 

f(x) = 2x + Land g(x) = 2x7 + 2x- 1 
find (f — g)(x). Then evaluate the difference when x = 2. 
SOLUTION The difference of the functions f and g is given by 


(f _ 2) (x) = f (x) = g(x) Definition of difference of two functions 


(2x + 1) — (x? + 2x — 1) Substitute for f(x) and g(x). 
yee Simplify. 
When x = 2, the value of this difference is 
(f — g)(2) = -(2)2 +2 = -2. 


/ CHECKPOINT 2 


Given f(x) = x? — 4 and A(x) = x? + x + 3, find(f — h)(x). Then evaluate the 
difference when x = 3. © 


In Examples | and 2, both f and g have domains that consist of all 
real numbers. So, the domains of (f + g) and (f — g) are also the set of all real 
numbers. Remember that any restrictions on the domains of f and g must be 
considered when forming the sum, difference, product, or quotient of f and g. 


The Quotient of Two Functions 


Find the domains of (4 (x) and (£9 for the functions 
& 
f@=/x and gx) = /4—x. 
SOLUTION The quotient of fand g is given by 


(4) tO wt 
g ax) 4 = 2 
and the quotient of g and fis given by 


(£)o0 _ g(x) V4— 2 


f(x) ne: 
The domain of f is [0, co) and the domain of g is [—2, 2]. The intersection of 


these two domains is [0, 2], which implies that the domains of f/g and g/f are as 
follows. Notice that the domains differ slightly. 


Domain of . [0, 2) Domain of ; (0, 2] 


/ CHECKPOINT 3 


Find the domains of (4 (x) and (*) (x) for the functions f(x) = x — 1 and 
h(x) =x —- 3. © 
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Domain of g 


FIGURE 2.65 


Domain of f 


Functions and Graphs 


Composition of Functions 


Another way to combine two functions is to form the composition of one with 
the other. For instance, if f(x) = x? and g(x) = x + 1, the composition of f with 
g is given by 


fee) =fe+ 1) G+ 1. 


This composition is denoted as f © g and is read as “fomposed with g? 


Definition of the Composition of Two Functions 


The composition of the functions f and g is given by 


(f° g)(x) = f(e()). 


The domain of f © g is the set of all x in the domain of g such that g(x) is in 
the domain of f. (See Figure 2.65.) 


From the definition above, it follows that the domain of f © g is always a subset 
of the domain of g, and the range of f° g is always a subset of the range of f. 


}><etss})(-- Composition of Functions 


Given f(x) = x + 2 and g(x) = 4 — x’, find the following. 
a. (f° g)(x) 

b. (g of )(x) 

SOLUTION 


a. The composition of f with g is as follows. 


(f° g)(x) = f(e(x)) Definition of f > g 
= f(4 - x?) Definition of g(x) 
=(4— x7) +2 Definition of f(x) 
=-7+6 Simplify. 


b. The composition of g with fis as follows. 


(@ -/)0) = aC /00) Defniion off 
= g(x + 2) Definition of f(x) 
=4-(%«+2) Definition of g(x) 


=4- (24+ 4+ 4) Expand. 
= —x* — 4x Simplify. 
Note that, in this case, (f° g)(x) # (g °f)(x). 


/ CHECKPOINT 4 
Given f(x) = x? — 2 and g(x) = x + 1, find(f° g)(x). & 


TECHNOLOGY 


=\ In Example 5, the domain 
of the composite function 
is [—3, 3]. To convince yourself 
of this, use a graphing utility to 
graph 


y=(Vo-#P-9 
as shown in the figure below. 


Notice that the graphing utility 
does not extend the graph to the 


left of x = —3 or to the right of 
x=3., 


/ CHECKPOINT 6 


Write the function given by 
h(x) = (x — 1)? + 2asa 
composition of two functions. © 
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iS <errye)(-wy Finding the Domain of a Composite Function 


Find the composition (f° g)(x) for the functions given by 
f(x) =22 -9 and g(x) = J9- x. 
Then find the domain of f° g. 
SOLUTION The composition of the functions is as follows. 
(f° g(x) = f(g(x)) 
= (V9) 
=(Vo—x2P-9 
=9-x—-9 
= — x? 


From this result, it might appear that the domain of the composition is the set of 
all real numbers. However, because the domain of fis the set of all real numbers 
and the domain of g is [—3, 3], the domain of f « g is [—3, 3]. 


/ CHECKPOINT 5 


Find the composition (f° g)(x) for the functions given by f(x) = /x and 
g(x) = 3 — x. Then find the domain of f° g. © 


In Examples 4 and 5, you formed the composition of two functions. To 
decompose’a composite function, look for an ihner’function and an Suter” 
function. For instance, the function h given by 


h(x) = (8x — 5)3 
is the composition of f with g, where f(x) = x? and g(x) = 3x — 5. That is, 


h@) = (x — 5) = [g@)P = fle). 


In the function h, g(x) = 3x — 5 is the inner function and f(x) = x° is the outer 
function. 


Jeetsy)(-N Identifying a Composite Function 


Write the function given by A(x) = 5 as a composition of two functions. 


oe 
(x — 2) 
SOLUTION One way to write h as a composition of two functions is to take the 
inner function to be g(x) = x — 2 and the outer function to be 


1 
fa) = 5 =x? 
x 
Then you can write 


ha) = Tay = O27 = Fle — 2) = Flea). 
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Andy Williams/Getty Images 
The Capitol building in Washington, 
D.C. is where each state's 


Congressional representatives convene. 
In recent years, no party has had a 
strong majority, which can make it 
difficult to pass legislation. 


Applications 


Political Makeup of the U.S. Senate ® 


Consider three functions R, D, and J that represent the numbers of Republicans, 
Democrats, and Independents, respectively, in the U.S. Senate from 1967 to 2005. 
Sketch the graphs of R, D, and J and the sum of R, D, and J in the same coordinate 
plane. The numbers of senators from each political party are shown below. 


Year | /& | @ | # Yer || & | iD | wf 
1967 | 36 | 64 | O 1987 | 45 | 55 | 0 
1969 | 42 | 58 | O 1989 | 45 | 55 | O 
1971 | 44 | 54 | 2 1991 | 44 | 56 | O 
1973 | 42 | 56 | 2 1993 | 43 | 57 | O 
1975 | 37 | 61 | 2 1995 | 52 | 48 | O 
1977 | 38 | 61 | 1 1997 | 55 | 45 | 0 
1979 ; 41 | 58 | 1 1999 | 55 | 45 | 0 
1981 | 53 | 46 | 1 2001 | 50 | 50 | O 
1983 | 54 | 46 | O 2003 | 51 | 48 | 1 
1985 | 53 | 47 | O 2005 | 55 | 44 | 1 


SOLUTION The graphs of R, D, and J are shown in Figure 2.66. Note that the 
sum of R, D, and J is the constant function R + D + I = 100. This follows from 
the fact that the number of senators in the United States is 100 (two from each 
state). 


805 R+D+I Democrats 


Number of senators 
e~ an 
o co 
1 i 


205 Independents Republicans 


TN a a a a cy CN yt ON 
67 69 71 73 75 77 79 81 83 85 87 89 91 93 95 97 99 Ol 03 05 


Year 


FIGURE 2.66 Numbers of U.S. Senators by Political Party SSS 


/ CHECKPOINT 7 


In Example 7, consider the function f given by f = 100 — (R + D). What does 
j represent in the context of the real-life situation? ™ 
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Scertey(-em Bacteria Count ®) 


The number of bacteria in a certain food is given by 
N(T) = 20T? — 807 + 500, 2<T< 14 


where 7 is the temperature of the food in degrees Celsius. When the food is 
removed from refrigeration, the temperature of the food is given by 


T(t) =4t+2, O<t<3 


where ¢ is the time in hours. Find (a) the composition N(7(t)), (b) the number 
of bacteria in the food when ¢ = 2 hours, and (c) how long the food can remain 
unrefrigerated before the bacteria count reaches 2000. 


SOLUTION 
a. M(T(t) = 20(4r + 2)? — 80(4r + 2) + 500 
= 20(167 + 16r + 4) — 320r — 160 + 500 
= 320P + 320r + 80 — 320t — 160 + 500 
= 3207 + 420 
b. When t = 2, the number of bacteria is 
N(T(2)) = 320(2)? + 420 = 1280 + 420 = 1700. 


c. The bacteria count will reach N = 2000 when 320f + 420 = 2000. By 
solving this equation, you can determine that the bacteria count will reach 
2000 when ft ~ 2.2 hours. So, the food can remain unrefrigerated for about 
2 hours and 12 minutes. 


/ CHECKPOINT 8 


In Example 8, how long can the food remain unrefrigerated before the 
bacteria count reaches 1000? © 


1. Given g(x) = x? + 3x andf(x) = 2x + 3, describe and correct the error 
in finding (g — f)(x). 
g= = x? + 3x = 
=x?+x+ 
. Given f(x) = x? and g(x) = 2x — 1, describe and correct the error in 
finding (f° g)(x). 


. Explain why the domain of the composition f° g is a subset of the domain 
of g. 
. Are the domains of the functions given by h(x) = x — 3 and 


1 
x= the same? Explain. 
g(x) Ra p 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 0.7. 


In Exercises 1-10, perform the indicated operations and simplify the result. 


ite : 
oo lx 
3 D 
b = 4 
a= x(x — 2) 


1 
2 


at Tai 


Tie a (2) 8. 
(WAes 
9. 5 (in 10. 


Exercises 2.7 


2 2 

“x+3 x-3 
2! 

“x-5 3 

( 5G (=) 

“\x2 — 4 ie 


x2 + 3x 


x : 
(==) : (snes, 


(x/4) — (4/x) 
wo a 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-4, use the graphs of f and g to graph 
h(x) = (f + g)(x). 


1. y 2. 


In Exercises 5-12, find (a) (f + g)(x), (b) (Ff - g)(%), 
(c) (fg)(x), and (d) (f/g)(x). What is the domain of f/g? 


5. f(x) =x4+1, g(x) =x-1 
6. f(x) = 2x — 3, g(x) =1-—x 
7. f(x) = 22, efx) =1l—<x 

8. f(x) = 2x + 3, g(x) =x? - 1 
9 f(x =24+5, gx) = JI —x 


2 


w+ 1 


10. f(x) = Vx? -— 4, g(x) = 
Lf) = 5 a) = 5 


12. f@)=—. ea) =e 


+7 


In Exercises 13-24, evaluate the function for 
f(x) = 2x + 1 and g(x) = x? — 2. 


13, (f + g)G) 14. (f — g)(—2) 
15. (f — g)(2t) 16. (f + g)(t - 1) 
17. (fg)(—2) 18. (fg)(—6) 

z f 
w.(Z)9 2. (2}o 
21. (f — g)(0) 


22. (f + g)(1) 

ha 
23. (£\ 1) — g(3) 
24. (2f)(5) + (3g)(—4) 


In Exercises 25-28, find (a) f° g, (b) g °f, and (c) f ef. 
25. f(x) = 3x, g(x) = 2x +5 

26. f(x) = 2x - 1, g(x) =7-—x 

27. f(x) = x7, g(x) = 3x41 


28. f0) =, gh) => 


In 
29 
30 
31 
32 


36 


In 


Exercises 29-36, find (a) f° g and (b) g ef. 
f(x) = Ve F4, g(x) =x? 

fx) = ¥x-1, ge =O 4+1 

f(x) =5x-3, gx) =3x4+1 

~ f(x) = bx +1, g(x) =2x +3 

£0) = Vx, eX) = Vx 

. f(x) = 2x — 3, g(x) = 2x — 3 

. f(x) = |x], ga) =x +6 

Fe) HPs, 2) = 2° 


Exercises 37-40, determine the domain of (a) 7, 


(b) g, and (c) feg. 


37 
38 


39 


40 


In 


» f(x) = 22 +3, (x) = Vx 
~ f(x) =¥x4+ 1, g(x) = x3 


.f)=4 a=x-2 


AQ) = 3G, ax 43 


Exercises 41-44, use the graphs of f and g to 


evaluate the functions. 


(b) 


(fe 


- (a) (f + 8)(3) 


42. (a) (f — g)(1) (b) (fg)(4) 
43. (a) (f° g)(2) (b) (g °f)(2) 
44. (a) (f° g)(0) (b) (g °f)(3) 
In Exercises 45-52, find two functions f and g such that 
(f © g)(x) = h(x). (There are many correct answers.) 
45. h(x) = (2x + 1)? 46. h(x) = (1 — x)? 
47. h(x) = Yx7 - 4 48. h(x) = /9 -—x 
1 

49. h(x) _ x+2 

4 
50. h(x) = (x + 22 
51. h(x) = (x + 4)? + 2(x + 4) 
52. h(x) = (x + 3)3” 
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53. 


54. 


55. 


56. 
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Stopping Distance While driving at x miles per hour, 
you are required to stop quickly to avoid an accident. The 
distance the car travels (in feet) during your reaction time 
is given by R(x) = 3y, The distance the car travels (in feet) 
while you are braking is given by 


as aes 
B(x) = is" 


Find the function that represents the total stopping 
distance T. (Hint: T = R + B.) Graph the functions R, B, 
and T on the same set of coordinate axes for 0 < x < 60. 


Cost The weekly cost C of producing x units in a 
manufacturing process is given by the function 

C(x) = 70x + 800. 

The number of units x produced in ¢ hours is given by 

x(t) = 40¢. 

Find and interpret (C © x)(1). 

Cost The weekly cost C of producing x units in a 
manufacturing process is given by the function 

C(x) = 50x + 495. 

The number of units x produced in ¢ hours is given by 

x(t) = 308. 

Find and interpret (C ° x)(#). 

Comparing Profits A company has two manufacturing 
plants, one in New érsey and the other in California. From 
2000 to 2008, the profits for the manufacturing plant in 
New érsey were decreasing according to the function 

P, = 18.97 — 0.551, t = 0,1, 2,3, 4,5, 6,7, 8 


where P, represents the profits (in millions of dollars) and 
t represents the year, with tf = 0 corresponding to 2000. On 
the other hand, the profits for the manufacturing plant in 
California were increasing according to the function 


P, = 15.85 + 0.67t, t = 0, 1, 2, 3,4, 5, 6,7, 8. 


Write a function that represents the overall company 
profits during the nine-year period. Use the stacked bar 
graph in the figure, which represents the total profits for 
the company during this nine-year period, to determine 
whether the overall company profits were increasing or 
decreasing. 


v 
i) 


EE 
[isei]iceay] 


Profits 
(in millions of dollars) 
3s 
o 
o 
i 


Year (0 © 2000) 
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Comparing Sales You own two fast-food restaurants. 
During the years 2000 to 2008, the sales for the first 
restaurant were decreasing according to the function 


R, = 525 — 15.2t, t = 0,1, 2,3, 4,5, 6, 7,8 


where R, represents the sales (in thousands of dollars) and 
t represents the year, with t = 0 corresponding to 2000. 
During the same nine-year period, the sales for the second 
restaurant were increasing according to the function 


R, = 392 + 8.5t, t = 0,1, 2,3,4,5,6, 7, 8. 


Write a function that represents the total sales for the two 
restaurants. Use the stacked bar graph in the 
figure, which represents the total sales during this 
nine-year period, to determine whether the total sales were 
increasing or decreasing. 


R 

A 
3 1000.00; R Rx] 
3 —~ 900.00 ai ten ee — 
6 & 800003;4 H H F HH oH OE 
23 70000; H H H HH 
E22 600.00; a ee Ee 
8 ° 500.00+— | |} HF 
$ 400.004 mt 
e cE >t 


OF 2) 37 4° 5" 6 7 8 
Year (0 <& 2000) 


. Female Labor Force The table shows the marital status 


of women in the civilian labor force for the years 1995 to 
2005. The numbers (in millions) of working women whose 
status is single, married, or other (widowed, divorced, or 
separated) are represented by the variables y,, y,, and y,, 
respectively. (Source: U.S. Bureau of Labor Statistics) 


Year Yi We ¥3 

1995 ) 15.5 | 33.4 ] 12.1 
1996 | 15.8 | 33.6 | 12.4 
1997 | 16.5 | 33.8 | 12.7 
1998 | 17.1 | 33.9 | 12.8 
1999 | 17.6 | 34.4 | 12.9 
2000 | 17.8 | 35.1 | 13.3 
2001 | 18.0 | 35.2 | 13.6 
2002 | 18.2 | 35.5 | 13.7 
2003 | 18.4 | 36.0 | 13.8 
2004 | 18.6 | 35.8 | 14.0 
2005 | 19.2 | 35.9 | 14.2 


® (a) Create a stacked bar graph for the data. 


59. 


60. 


(b) Use the regression feature of a graphing utility to find 
linear models for y,, y5, and y3. Let t represent the year, 
with t = 5 corresponding to 1995. 


(c) Use a graphing utility to graph the models for y,, y>, y3, 
and 


Ya = Y1 + yn + 3 
in the same viewing window. Use y, to predict the total 
number of women in the work force in 2007 and 2009. 


Cost, Revenue, and Profit The table shows the 
revenues y, (in thousands of dollars) and total costs y, (in 
thousands of dollars) for a sports memorabilia store for the 
years 1998 to 2008. 


Year Mi Y2 Year wil y2 
1998 | 40.9 | 29.8 2004 | 71.0 | 51.1 
1999 | 46.3 | 32.9 2005 | 75.7 | 53.7 
2000 | 51.3 | 36.5 2006 | 80.8 | 57.6 
2001 | 55.9 | 39.9 2007 | 85.6 | 62.1 
2002 | 60.8 | 43.8 2008 | 90.7 | 68.7 
2003 | 65.9 | 46.9 


(a) Use the regression feature of a graphing utility to find 
linear models for y, and y,. Let f represent the year, 
with t = 8 corresponding to 1998. 


(b) Use a graphing utility to graph the models for y,, y9, 
and 
¥3 ~V~ 2 


in the same viewing window. What does y, represent in 
the context of the problem? Determine the value of y, 
in 2010. 


(c) Create a stacked bar graph for y, and y,. What do the 
heights of the bars represent? 


Bacteria Count The number of bacteria in a certain 
food product is given by 

NT) = 10T? — 20T + 600, 
where T is the temperature of the food. When the food is 


removed from the refrigerator, the temperature of the food 
is given by 


T(t) = 3t+ 1 


1<T< 20 


where f is the time in hours. Find (a) the composite 
function M(7(t)) and (b) the time when the bacteria count 
reaches 1500. 
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61. Bacteria Count The number of bacteria in a certain 65. Jack in the Box 
food product is given by 


N(T) = 25T2 — 507+ 300, 2<T<20 2001 2002 2003 2004 2005 
where T is the temperature of the food. When the food is a $27.22 | $28.19 | $19.38 | $25.20 | $36.21 


removed from the refrigerator, the temperature of the food 
is given by $2.11 $2.33 $2.04 $2.27 $2.48 


T(t) = 2t+ 1 
; : ; : : (Source: Jack in the Box) 
where f is the time in hours. Find (a) the composite 


function M(7(t)) and (b) the time when the bacteria count 66. Find the domains of (f/g)(x) and (g/f)(x) for the functions 


reaches 750. 
fd = Jx and g(x) = JO- &. 
62. Troubled Waters <A pebble is dropped into a calm ae 
Why do the two domains differ? 


pond, causing ripples in the form of concentric 


circles. The radius (in feet) of the outermost ripple is given True or False? In Exercises 67 and 68, determine 
by whether the statement is true or false. Justify your 
r(t) = 0.6t answer. 

where 1 is time in seconds after the pebble strikes the water. 67. If f(x) = x + 1 and g(x) = 6x, then 

The area of the outermost circle is given by the function (f° g)(x) = (g f (x). 

A(r) = ar?. 68. If you are given two functions f(x) and g(x), you can 
Find and interpret (A ° r)(2). calculate (f° g)(x) if and only if the range of g is a subset 


ae of the domain of f. 
63. Consumer Awareness The suggested retail price of a 


new hybrid car is p dollars. The dealership advertises a 
factory rebate of $2000 and a 10% discount. 


(a) Write a function R in terms of p giving the cost of the 
hybrid car after receiving the rebate from the factory. 


(b) Write a function S in terms of p giving the cost of the 
hybrid car after receiving the dealership discount. 


(c) Form the composite functions (R @ S)(p) and (S © R)(p) 
and interpret each. 


(d) Find (R © $)(20,500) and (S » R)(20,500). Which yields 
the lower cost for the hybrid car? Explain. 


Price-Earnings Ratio In Exercises 64 and 65, the 


average annual price-earnings ratio for a corporation's AP/Wide World Photos 
stock is defined as the average price of the stock unPower Corporation develops and manu- 
divided by the earnings per share. The average price of factures solar-electric power products. Sun- 
a corporation's stock is given as the function P and the Power's new higher efficiency solar cells 
earnings per share is given as the function E. Find the generate up to 50% more power than other 
price-earnings ratios, P/E, for the years 2001 to 2005. solar technologies. SunPower’s technology was 
64. Cheesecake Factory developed by Dr. Richard Swanson and his 
students while he was Professor of Engineering 
Year | 2001 2002 2003 2004 2005 at Stanford University. SunPower’s 2006 reve- 
nues are projected to increase 300% from its 

IP $18.34 | $23.17 | $23.63 | $29.04 | $33.90 2005 revenues. 

E $0.53 $0.64 $0.75 $0.88 $1.09 69. Research Project Use your campus library, the 
Internet, or some other reference source to find 


information about an alternative energy business 
experiencing strong growth similar to the example 
above. Write a brief report about the company or 
small business. 


(Source: Cheesecake Factory) 
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Section 2.8 


Inverse Functions 


fw=axt+4 


Domain of f 


Range of f ~! 
fl@=x-4 


FIGURE 2.67 


Range of f 


Domain of f ~! 


Functions and Graphs 


@ Determine if a function has an inverse function. 
@ Find the inverse function of a function. 
™ Graph a function and its inverse function. 


Inverse Functions 


Recall from Section 2.4 that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the 
set B = {5, 6, 7, 8} can be written as follows. 


f(x) =x +4 {(, 5), (2, 6), (3, 7), (4, 8)} 


By interchanging the first and second coordinates of each of these ordered pairs, 
you can form the inverse function of f, which is denoted by f~!. It is a function 
from the set B to the set A and can be written as follows. 


f@) =a — 4: {6, 1), ©, 2), (7, 3), (8, 49) 


Note that the domain of f is equal to the range of f~! and vice versa, as shown in 
Figure 2.67. Also note that the functions f and f have the effect of tindoing” 
each other. In other words, when you form the composition of f with f~! or the 
composition of f~! with f, you obtain the identity function, as follows. 


ff) =f -4.=@-4)4+4=%x 
f UG) =fO@+4=@4+4)-4=% 
Finding Inverse Functions Informally 


Find the inverse function of f(x) = 4x. Then verify that both f(f~'(x)) and 
f'(f(x)) are equal to the identity function. 


SOLUTION The given function multiplies each input by 4. To tindo’this func- 
tion, you need to divide each input by 4. So, the inverse function of f(x) = 4x is 


You can verify that both f(f'(x)) and f~'(f(x)) are equal to the identity 
function as follows. 


FF") (2) 4(] x 


Ff) = Fa) = B= 


/ CHECKPOINT 1 


Find the inverse function of f(x) = a Then verify that both f(f~!(x)) and 


f—'(f(x)) are equal to the identity function. = 


/ CHECKPOINT 2 


Find the inverse function of 
f(x) = x + 10. Then verify that 
both f(f~'(x)) and f~'( f(x) are 


equal to the identity function. © 
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Finding Inverse Functions Informally 


Find the inverse function of 
f(x) =x - 6. 
Then verify that both f( f~'(x)) and f~'(f(x)) are equal to the identity function. 


SOLUTION The given function subtracts 6 from each input. To tindo’this func- 
tion, you need to add 6 to each input. So, the inverse function of f(x) = x — 6 is 


fa) =x+6. 


You can verify that both f(f~'(x)) and f~'(f(x)) are equal to the identity 
function as follows. 


f(f-'@) =f + 6) Substitute x + 6 for f~!(x). 
= (x + 6) — 6 Substitute x + 6 into f(x). 
=x Identity function 

f-'G) =f-'@ - 6) Substitute x — 6 for f(x). 
=(x-6)+6 Substitute x — 6 into f~!(x). 
=a Identity function 


The formal definition of inverse function is as follows. 


| Definition of Inverse Function 
Let f and g be two functions such that 
f(g(x)) = x for every x in the domain of g 
and 
e(f(x)) =x for every x in the domain of f. 


Under these conditions, the function g is the inverse function of the function 
f. The function g is denoted by f~! (read ‘finversey. So, 


att wart ef (0) a, 


The domain of f must be equal to the range of f~', and the range of f must 
be equal to the domain of f~!. 


Don’t be confused by the use of —1 to denote the inverse function f~!. In this 
text, f~' always refers to the inverse function of the function f and not to the 
reciprocal of f(x). That is, 


1 
fe) Sa 
F(x) 
If the function g is the inverse function of the function f, it must also be true 
that the function f is the inverse function of the function g. For this reason, you 
can say that the functions f and g are inverse functions of each other. 
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DISCOVERY 


Graph the equations from 
Example 3 and the equation 
y = x on a graphing utility 
using a square viewing 


window. 
yy = ke = il 
gear Ml 
ey x a 
My Se 


What do you observe about the 
graphs of y, and y,? 


/ CHECKPOINT 4 


Which of the functions given by 
x+4 


g(x) = and h(x) = - +4 


is the inverse function of 
f(x) =3x- 4?) a 


Functions and Graphs 


Serie Verifying Inverse Functions 


Show that the following functions are inverse functions. 


f(x) = 2x7 -1 and g(x) = 2/ i 


SOLUTION 


flaw) =#( ae x21) 


=x+1-1 
=X 
2x3 - 1) +1 
a(/)) = 28 — 1) = @/ 
_ 3/2 
2 
= 3/x3 


V CHECKPOINT 3 
Show that the following functions are inverse functions. 


f(y) = +6 and g(x) =¥7x-68 


Serie me Verifying Inverse Functions 


Which of the functions given by 
= 2 
g(x) = a and h(x) = 2 +2 


5 
x= 2 


is the inverse function of f(x) = ? 


SOLUTION By forming the composition of f with g, you can see that 


x= 2 5 25 
lato) =H 5 =p = 12 


# Xx. 


Because this composition is not equal to the identity function x, it follows that g 
is not the inverse function of f: By forming the composition of f with h, you have 


5 _ Ss _ : 
5/x)+2]-2 5/x 
So, it appears that / is the inverse function of f You can confirm this result by 


showing that the composition of h with f is also equal to the identity function. 
(Try doing this.) 


Fli(x)) = ie ‘ 2] =7 


STUDY TIP 


Note in Step 3 of the guidelines 
for finding inverse functions that 
it is possible for a function to 
have no inverse function. For 
instance, the function given 

by f(x) = x? has no inverse 
function. 


SECTION 2.8 _ Inverse Functions 241 


Finding Inverse Functions 


For simple functions (such as the ones in Examples | and 2), you can find inverse 
functions by inspection. For more complicated functions it is best to use the 
following guidelines. The key step in these guidelines is switching the roles of x 
and y. This step corresponds to the fact that inverse functions have ordered pairs 
with the coordinates reversed. 


Finding Inverse Functions 
1. In the equation for f(x), replace f(x) by y. 
2. Interchange the roles of x and y. 


3. Solve the new equation for y. If the new equation does not represent y as 
a function of x, the function f does not have an inverse function. If the 
new equation does represent y as a function of x, continue to Step 4. 

4. Replace y by f~!(x) in the new equation. 


5. Verify that f and f~! are inverse functions of each other by showing that 
the domain of f is equal to the range of f~', the range of f is equal to the 
domain of f~!, and f(f~'(x)) = x = f7!(f(@)). 


)%<erss}e)(- yy) Finding Inverse Functions 


: : : 23; 
Find the inverse function of f(x) = —— 
SOLUTION 
= 3 
f(x) = 5) : Write original function. 
> 3% 
y= ) Replace f(x) by y. 
Say 
Se 5) Interchange x and y. 
2x = 5 — 3y Multiply each side by 2. 
3y =5 — 2x Isolate the y-term. 
= 2x 
; Solve for y. 
3 
52, 
fO=-3 Replace y by f~1(1). 


Note that both f and f~! have domains and ranges that consist of the entire set of 
real numbers. Check that f( f~!(x)) = x and f7!(f(x)) = x. 


/ CHECKPOINT 5 


Find the inverse function of f(x) = 4x + 5. © 
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TECHNOLOGY 


=, Access the website 
for this text at 
college.hmco.com/info/ 
larsonapplied for a graphing 


utility program that will graph a 
function f and its reflection in 
the line y = x. Programs for 
several models of graphing 
utilities are available. 


=i att 
OS) pp 


ae 


FIGURE 2.69 


The Graph of an Inverse Function 


The graphs of a function f and its inverse function f~! are related to each other in 
the following way. If the point (a, b) lies on the graph of f, then the point (b, a) 
must lie on the graph of f~!, and vice versa. This means that the graph of f~! is 
a reflection of the graph of fin the line y = x, as shown in Figure 2.68. 


The graph of f~' is a reflection of the 
graph of f in the line y = x. 


FIGURE 2.68 


The Graphs of f and f~! 


Sketch the graphs of the inverse functions given by 
f(x) =2x-3 and f(x) =5(x + 3) 


in the same coordinate plane and show that the graphs are reflections of each 
other in the line y = x. 


SOLUTION The graphs of fand f~! are shown in Figure 2.69. Visually, it appears 
that the graphs are reflections of each other in the line y = x. You can further 
verify this reflective property by testing a few points on each graph. Note in the 
following list that if the point (a, b) is on the graph of f, then the point (b, a) is on 
the graph of f~!. 


Graph of f(x) = 2x — 3 Graph of f~'(x) = $(x + 3) 
(0, —3) (—3, 0) 
(1, -1) (—1, 1) 
(2, 1) (1, 2) 
(3,3) (3, 3) 


/ CHECKPOINT 6 


Sketch the graphs of the inverse functions given by f(x) = 2x + 2 and 


f '@) = 3x — 5 in the same coordinate plane and show that the graphs are 


reflections of each other in the line y = x. © 
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The Study Tip on page 241 mentioned that the function given by 
fy) = 


has no inverse function. What this means is that, assuming the domain of f is the 
entire real line, the function given by f(x) = x? has no inverse function. If the 
domain of f is restricted to the nonnegative real numbers, however, then f does 
have an inverse function, as demonstrated in Example 7. 


The Graphs of f and f~! 


Sketch the graphs of the inverse functions given by 
f(x) =x, x>0, and f(x) = /x 


in the same coordinate plane and show that the graphs are reflections of each 
other in the line y = x. 


4 SOLUTION The graphs of fand f~! are shown in Figure 2.70. Visually, it appears 
9+ 3.9 6 fO)exr%zx20 17 that the graphs are reflections of each other in the line y= x. You can 
gt Pl further verify this reflective property by testing a few points on each graph. Note 
sll. ré in the following list that if the point (a, b) is on the graph of f, then the point (b, a) 
Pall ee is on the graph of f~!. 
°F 0,0) | | ia Graph of f(x) =x, x20 Graph of f~'(x) = x 

(0, 0) (0, 0) 

(1,1) Gi) 

(2, 4) (4, 2) 

as (3, 9) (9, 3) 
FIGURE 2.70 You can verify algebraically that the functions are inverse functions of each other 


by showing that f(f~!(x)) = x and f~'( f(x)) = x as follows. 
fUf'@) =f(Vx) = (Vx) =x, ifx = 0 
fOF@) =f 02) = Je =x, ifx20 


/ CHECKPOINT 7 


Sketch the graphs of the inverse functions given by f(x) = x? + 3, x = 0, and 
f'(x) = /x — 3 in the same coordinate plane and show that the graphs are 
reflections of each other in the line y = x. © 


The guidelines for finding the inverse function of a function include an 
algebraic test for determining whether a function has an inverse function. The 
reflective property of the graphs of inverse functions gives you a geometric test 
for determining whether a function has an inverse function. This test is called the 
Horizontal Line Test for inverse functions. 


Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if no horizontal line 
intersects the graph of f at more than one point. 
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Applying the Horizontal Line Test 


Use the graph of f to determine whether the function has an inverse function. 
a. f(x) = - 1 b. f(x) =x - 1 
SOLUTION 
a. The graph of the function given by 
fo) =8-1 


is shown in Figure 2.71(a). Because no horizontal line intersects the graph of 
fat more than one point, you can conclude that f does have an inverse function. 


b. The graph of the function given by 
fe) =? =1 


is shown in Figure 2.71(b). Because it is possible to find a horizontal line that 
intersects the graph of f at more than one point, you can conclude that f does 
not have an inverse function. 


(a) (b) 
FIGURE 2.71 et 


/ CHECKPOINT 8 


Use the graph of f to determine whether the function has an inverse function. 


a. f(x) = |x| 
b. f(x) = Vx m 


. What can you say about the functions m and n given that m(n(x)) = x for 
every x in the domain of n and n(m(x)) = x for every x in the domain of m? 


. Given that the functions g and h are inverses of each other and (a, b) is a 
point on the graph of g, name a point on the graph of h. 


3. Explain how to find an inverse function algebraically. 


. The line y = 2 intersects the graph of f(x) at two points. Does f have an 
inverse? Explain. 


Skills Review 2.8 


1.1, 1.5, and 2.4. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.4, 


In Exercises 1-4, find the domain of the function. 


i, fe) = 26047 1 
3. 90) = So 


In Exercises 5-8, simplify the expression. 


In Exercises 9 and 10, solve for x in terms of y. 


_ 2x—6 
3 


O wy 


Exercises 2.8 


2, ie) = Je 1 
a a 5 
GT 1o(! al 


10. y= 2#/2x —4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-4, find the inverse function of the 
function f given by the set of ordered pairs. 


1. {(1, 4), (2, 5), (3, 6), (4, 7)} 
2. {(6, 2), (5, 3), (4, 4), (3, 5)} 
3. {(-1, 1), (2, 2), (—3, 3), (-4, 4)} 
4. {(6, —2), (5, —3), (4, —4), (3, —5)} 


©) In Exercises 5-8, find the inverse function informally. 


Verify that f(f-"(x)) = x and f-"(F(x)) = x. 


5. f(x) = 2x 6. f(x) = = 


7. f(x) =x-5 8. f(x) =x +7 

In Exercises 9-16, show that f and g are inverse 
functions by (a) using the definition of inverse 
functions and (b) graphing the functions. Make sure 
you test a few points, as shown in Examples 6 and 7. 


9. f(x) = 5x + 1, a) = = 
10. f(x) = 3 — 4x, g(x) = 2 x 7 
1. f@@) =x, g(x) = Yx 


12. f@)=+, 8) = + 


13. f(x) = Vx —4, g(x) =? +4, x =0 


14. f(xy) =9 - 2x7, x20 


ex) = /9-x, x <9 
15. fx) =1-—x, gw = Yl -x 
16. fl) = x20 

g(x) =——, O0<x<1 


In Exercises 17-20, use the graph of f to complete the 
table and to sketch the graph of f=". 


17. 


a Oj} 1] 2 4 


f-'@) 


3 
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18. 


20. 


2 OR 


1 
pl 
\ 


-~6 -5 -4 -3 -2 -1 


In Exercises 21-36, determine whether the function 
has an inverse function. If it does, find its inverse 
function. 


21. f(x) = x4 22. f(x) = A 
23. g(x) = 24. f(x) = 3x +5 
3% pt) = <4 Qe 


27. f(x) = (x + 3), x = -3 
28. g(x) = (x — 5)? 


29, h(x) = — 40-70) S e449), x22 
31. f(x) = J/2x + 3 32. f(x) = Vx — 2 
33. g(x) = x? — x4 34. f(x) = — i 


35. f(x) = 25-— x7, x< 0 36. f(x) = 364-27, x <0 


Error Analysis In Exercises 37 and 38, a student has 
handed in the answer to a problem on a quiz. Find the 
error(s) in each solution and discuss how to explain 
each error to the student. 


37. Find the inverse function f~! of f(x) = /2x — 5. 


©) In Exercises 39-48, find the inverse function f—' of the 
function f. Then, using a graphing utility, graph both f 
and f-' in the same viewing window. 


39. f(x) = 2x -3 40. f(x) = 5x +2 
41. f(x) = © 42. f(x) = +1 
43. f(x) = /x 44, f(x) =x2, x >0 
45. f(xy) = V16- x, O<x<4 

46.90 = an 

47. f(x) = Y¥x4+2 48. f(x) = «3 — 2 


In Exercises 49-52, does the function have an inverse 
function? Explain your reasoning. 


49. y 50. y 
at 54 
3+ y=fte) ‘= 


51. y 52. y 
A 


In Exercises 53-58, graph the function and use the 


53. 


Horizontal Line Test to determine whether the 
function has an inverse function. 
as 
uaa ; 2 54. f(x) = 10 
h(x) = |x — 5| 56. g(x) = (x — 3)? 


55. 


57. f(x) = -JV9 — x? 


58. f(x) = (x — 1) 


In Exercises 59-62, use the functions given by 


f(x) = ax ~3 and o@=2 


to find the value. 


59. 
61. 


60. (g-! © f~')(—3) 
62. (g-' eg ')(—4) 


aa me 0) 
(f-* of 6) 


In Exercises 63-66, use the functions given by 
F(x) =x+4 and g(x)=2x-5 
to find the composition of functions. 


63. 
65. 


67. 


68. 


® 69. 


goiof-! 64, fo! ogo! 
(fog)! 66. (g °f)' 
Cost With fixed daily costs of $1500, the cost C for a 


T-shirt business to make x personalized T-shirts is given by 
C(x) = 7.50x + 1500. Find the inverse function C7 !(x) 
and explain what it represents. Describe the domains of 
C(x) and C7 !(x). 


Profit A company’s profit P for producing x units is 
given by P(x) = 47x — 5736. Find the inverse function 
P~'(x) and explain what it represents. Describe the 
domains of P(x) and P~!(x). 


Movie Theaters The average prices of admission y 


(in dollars) to a movie theater for the years 1998 to 2005 
are shown in the table. 
ciation of America, Inc.) 


(Source: Motion Picture Asso- 


eee 4.69 | 5.08 | 5.39 | 5.66 
Year 2002 | 2003 | 2004 | 2005 
eae 5.81 | 6.03 | 621 | 641 


(a) Use a graphing utility to create a scatter plot of the 
data. Let ¢ represent the year, with t = 8 corresponding 
to 1998. 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


@) 70. 


71. 


72. 


73. 
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(c) Algebraically find the inverse function of the model in 
part (b). Explain what this inverse function represents 


in a real-life context. 


(d) Use the inverse function you found in part (c) to 
estimate the year in which the average admission price 
to a movie theater will reach $8.00. 


Lead Exposure A project is conducted to study the 
amount of lead accumulated in the bones of humans. The 
concentration L (in micrograms per gram of bone mineral) 
of lead found in the tibia of a man is measured every five 
years. The results are shown in the table. 


Age 15 | 20 | 25 30 32 40 


12.2 | 13.8 | 16.0 


Lead, LZ | 3.2 | 5.4 | 9.2 


(a) Use a graphing utility to create a scatter plot of the 
data. Let x represent the age (in years) of the man. 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) Algebraically find the inverse function of the model in 
part (b). Explain what this inverse function represents 
in a real-life context. 


(d) Use the inverse function you found in part (c) to 
estimate the age of the man when the concentration of 
lead in his tibia reaches 25 micrograms per gram of 
bone mineral. 


Reasoning You are helping a friend to find the inverse 
function of a one-to-one function. He states that 
interchanging the roles of x and y is theating.’Explain 
how you would use the graphs of f(x) = x? + 1, x = 0, 
and f(x) = x — 1 to justify that particular step in the 
process of finding an inverse function. 


Diesel Mechanics 
y = 0.03x2 + 245.5, 


The function given by 
0<x < 100 


approximates the exhaust temperature y for a diesel engine 
in degrees Fahrenheit, where x is the percent load for the 
diesel engine. Solve the equation for x in terms of y and use 
the result to find the percent load for a diesel engine when 
the exhaust temperature is 410°F. 


Earnings-Dividend Ratio From 1995 to 2005, the 
earnings per share for Wal-Mart Stores were approximately 
related to the dividends per share by the function given by 


f(x) = J/0.0161x> + 0.008, 0.6 < x < 2.63 


where f represents the dividends per share (in dollars) and 
x represents the earnings per share (in dollars). In 2004, 
Wal-Mart paid dividends of $0.48 per share. Find the 
inverse function of f and use the inverse function to 
approximate the earnings per share in 2004. (Source: 
Wal-Mart Stores, Inc.) 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 250. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 2.1 Review Exercises 


a Plot points in the Cartesian plane, find the distance between two points, 1-6 
and find the midpoint of a line segment joining two points. 


x +x Vy =| 


d= JS = AE EO = HE Midpoint ( 


2" 2 
m Determine whether a point is a solution of an equation. 7,8 
a Sketch the graph of an equation using a table of values. OL MO 
a Find the x- and y-intercepts, and determine the symmetry, of 11-16 


the graph of an equation. 
a Write the equation of a circle in standard form. 17-20 
@-hP +y-kPar 


Section 2.2 
a Find the slope of a line passing through two points. 21-24 
— 23 vi 
Hy ~ %4 
a Use the point-slope form to find the equation of a line. 25-28 
yy — ml 4) 
m Use the slope-intercept form to sketch a line. 29-32 
y=mx+b 
m Use slope to determine if lines are parallel or perpendicular, and write the 33-40 


equation of a line parallel or perpendicular to a given line. 


Parallel lines: m, = m, 


Perpendicular lines: m, = = 
Section 2.3 
= Construct and use a linear model to relate quantities that vary directly. 41-50 
Direct variation: y = mx 
a Construct and use a linear model with slope as the rate of change. 51-53 
a Use a scatter plot to find a linear model that fits a set of data. 54 


* 


Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/infoNarsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 
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Section 2.4 


a Determine if an equation or a set of ordered pairs represents a function. 


= Use function notation, evaluate a function, and find the domain of a function. 


a Write a function that relates quantities in an application problem. 


Section 2.5 


a Find the domain and range using the graph of a function. 
a Identify the graph of a function using the Vertical Line Test. 
m Describe the increasing and decreasing behavior of a function. 
a Find the relative maxima and relative minima of the graph of a function. 
a Classify a function as even or odd. 
In an even function, f(—x) = f(x) 
In an odd function, f(—x) = —f(x) 


a Identify six common graphs and use them to sketch the graph of a function. 


Section 2.6 


a Use vertical and horizontal shifts, reflections, and nonrigid transformations 
to sketch graphs of functions. 


Section 2.7 


a Find the sum, difference, product, and quotient of two functions. 
a Form the composition of two functions and determine its domain. 
a Identify a function as the composition of two functions. 


a Use combinations and compositions of functions to solve 
application problems. 


Section 2.8 

a Verify that two functions are inverse functions of each other. 
LF) =x 
FF) = x 


m Determine if a function has an inverse function. 
mw Find the inverse function of a function. 
m Graph a function and its inverse function. 


a Find and use an inverse function in an application problem. 


Study Strategies 


Review Exercises 


55-60 
61-69 
70-72 


73-76 
77-82 
73-76, 92 
73-76 
73-76 


83-9] 


93-100 


101-106 
107-110 
111-114 
115-118 


119, 120, 125-128 


119-129 

121-128 

121-128 
12) 


a To Memorize or Not to Memorize? When studying mathematics, you often need to memorize formulas, rules, and 
properties. The formulas that you use most often can become committed to memory through practice. Some formulas, 
however, are used infrequently or may be easily forgotten. When you are unsure of a formula, you may be able to derive it 
using other information that you know. For instance, if you forget the standard form of the equation of a circle, you can use 
the Distance Formula and properties of a circle to derive it, as shown on pages 164 and 165. If you also forget the Distance 
Formula, you can depict the distance between two generic points graphically and use the Pythagorean Theorem to derive 


the formula, as shown on page 158. 


u Choose Convenient Values for Yearly Data When you work with data involving years, you may want to reassign 
simpler values to represent the years. For instance, you might represent the years 1992 to 2009 by the x-values 2 to 19. 
If you sketch a graph of these data, be sure to account for this in the x-axis title: Year (2 <> 1992). 
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Review Exercises 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-4, (a) plot the points, (b) find the 
distance between the points, and (c) find the midpoint 
of the line segment joining the points. 


1, (3;:2),(=3, =5) 
2. (—9, 3), (5, 7) 
3. (3.45, 6.55), (— 1.06, — 3.87) 
4. (—6.7, —3.9), (5.1, 8.2) 
In Exercises 5 and 6, find x such that the distance 
between the points is 25. 
5. (10, 10), (x, —5) 
6. (x, —5), (—15, 10) 
In Exercises 7 and 8, determine whether the point is a 
solution of the equation. 
7. y = 2x7 — 7x — 15 
(a) (5,0) (b) (—2,7) 
8. y = V16 — x? 
(a) (1,5) (b) (4, 0) 
In Exercises 9 and 10, complete the table. Use the 


resulting solution points to sketch the graph of the 
equation. 


9. y=—-hxt+2 


10. y = x? — 3x 


In Exercises 11-16, sketch the graph of the equation. 
Identify any intercepts and test for symmetry. 


ll. y=2?° +3 12. y? =x 
13. y= 3x-4 14. y= /9-x 
15. y=x+1 16. y = |x — 3| 


In Exercises 17 and 18, find the standard form of the 
equation of the specified circle. 


17. Center: (—1, 2); radius: 6 
18. Endpoints of the diameter: (—2, —3), (4, 5) 


In Exercises 19 and 20, write the equation of the circle 
in standard form and sketch its graph. 


19, x2 + y? — 4x + 6y — 12 =0 
20. 4x? + 4y? — 4x — 8y - 11 =0 


In Exercises 21-24, plot the points and find the slope of 
the line passing through the points. 


21. (3, 7), (2, -1) 22, (3, —2),(—1, —2) 
23. (3, 4), (3, —2) 24. (—1, 5), (2, —3) 
In Exercises 25-28, find an equation of the line that 


passes through the point and has the indicated slope. 
Sketch the line. 


Point Slope 
25. (0, —5) m=3 
26. (3, 0) = —} 
27. (—2, 6) m= 
28. (5, 4) m is undefined. 


In Exercises 29-32, find the slope and y-intercept (if 
possible) of the line specified by the equation. Then 
sketch the line. 


29. 5x — 4y + 11 =0 
30. 3y — 2 =0 

31. 17 — 5x = 10 

32. 16x + 12y — 24=0 


In Exercises 33-36, determine whether the lines L, and 
L, passing through the pairs of points are parallel, 
perpendicular, or neither. 


33, L,; 0,3), (=2, 1); Le (—8, =3), (4,9) 

34. L,: (—3, —1), (2,5); L»: (2, 1), (8, 6) 

35. L,: (3, 6), (—1, —5); Ly: (—2, 3), (4,7) 

36. L,: (—1, 2), (—1, 4); L,: (7, 3), (4, 7) 

In Exercises 37-40, write an equation of the line 


through the point (a) parallel to the given line and (b) 
perpendicular to the given line. 


Point Line 
37. (3, —2) 5x — 4y = 
38. (—8, 3) 2x + 3y = 
39. (—1, —2) y=2 
40. (0, 5) x= -3 


Review Exercises 251 


Direct Variation In Exercises 41-44, y is proportional oP) 54. Sales The sales S$ (in millions of dollars) for Intuit 


to x. Use the x- and y-values to find a linear model that 
relates x and y. 


41.x=3,y=7 

42. x=5,y =3.8 
= 10, y = 3480 
44. x = 14,y = 1.95 


iN 
» 
a 

| 


Direct Variation In Exercises 45-48, write a linear 
model that relates the variables. 


45. A varies directly as r; A = 30 when r = 6. 
46. y varies directly as z;} y = 7 when z = 14. 
47. ais proportional to b; a = 15 when b = 20. 


48. m varies directly as n; m = 12 whenn = 21. 


49. Property Tax The property tax in a city is based on the 
assessed value of the property. A house that has an assessed 
value of $80,000 has a property tax of $2920. Find a math- 
ematical model that gives the amount of property tax y in 
terms of the assessed value of the property x. Use the model 
to find the property tax on a house that has an assessed 
value of $102,000. 


50. Feet and Meters You are driving and you notice a 
billboard that indicates it is 1000 feet or 305 meters to the 
next restaurant of a national fast-food chain. Use this infor- 
mation to find a linear model that relates feet to meters. Use 
the model to complete the table. 


Feet 20 | 50 | 100 | 120 


Meters 


51. Fourth-Quarter Sales During the second and third 
quarters of the year, a business had sales of $275,000 and 
$305,500, respectively. Assume the growth of the sales 
follows a linear pattern. What will sales be during the 
fourth quarter? 


52. Dollar Value The dollar value of a product in 2008 is 
$75 and the item is expected to increase in value at a rate 
of $5.95 per year. Write a linear equation that gives the 
dollar value of the product in terms of the year. Use this 
model to predict the dollar value of the product in 2010. 
(Let t = 8 represent 2008.) 


53. Straight-Line Depreciation A _ small business 
purchases a piece of equipment for $135,000. After 10 
years, the equipment will have to be replaced. Its salvage 
value at that time is expected to be $5500. Write a linear 
equation giving the value V of the equipment during the 
10 years it will be used. 


Corporation for the years 2000 to 2005 are shown in the 
table. (Source: Intuit Corporation) 


Year | Sales S (in millions of dollars) 
2000 1093.8 
2001 1261.5 
2002 1358.3 
2003 1650.7 
2004 1867.7 
2005 2079.9 


(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 0 corresponding to 
2000. Do the data appear to be linear? 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) Use the linear model from part (b) to predict sales in 
2006 and 2007. 


(d) Intuit Corporation predicts sales of $2325 million for 
2006 and $2500 million for 2007. Do your estimates 
from part (c) agree with those of Intuit Corporation? 
Which set of estimates do you think is more reason- 
able? Explain. 


In Exercises 55-58, decide whether the equation 
represents y as a function of x. 


55. 3x — 4y = 12 56. 2 =-9 

57. y= J/x +3 58. x7 + y? — 6x + By =0 
In Exercises 59 and 60, decide whether the set of 
ordered pairs represents a function from A to B. 
A={1,2,3} B={-3,-4, -7} 

Give reasons for your answer. 

59. {(1, —3), (2, —7), (3, —3)} 

60. {(1, —4), (2, —3), (3, —9)} 

In Exercises 61 and 62, evaluate the function at each 


specified value of the independent variable and 
simplify. 


61. f(x) = Vx t+ 4-5 
(a) f(5) (b) f(0) (©) f(-4) Gd) f(x + 3) 


2x-1, x<l 
a. po) = [57 x > 1 


(a) f(0) (b) fU) © FR) @ fl-4) 


252 CHAPTER 2 __ Functions and Graphs 


In Exercises 63-68, find the domain of the function. 


63. f(x) = 2x? + 7x + 3 64. g(t) = 7 2 Fi 
65. h(x) = /x +5 66. f(t) = ¥t — 3 
67. a() =~ — 68. h(x) = /16 — 2 


@® 69. Reasoning A student has difficulty understanding why 


the domains of 


2— 4 
h(x) =~——_ and k(x) = —— 
x x — 4 
are different. How would you explain their respective 
domains algebraically? How could you use a graphing 
utility to explain their domains? 


70. Volume of a Box An open box is to be made from a 
square piece of material 20 inches on a side by cutting 
equal squares from the corners and turning the sides up 
(see figure). 


(a) Write the volume V of the box as a function of its 
height x. 


(b) What is the domain of this function? 

® (c) Use a graphing utility to graph the function. 

71. Balance in an Account A person deposits $6500 in an 
account that pays 6.85% interest compounded quarterly. 


(a) Write the balance of the account in terms of the time t 
that the principal is left in the account. 


(b) What is the domain of this function? 


72. Vertical Motion The velocity v (in feet per second) of 
a ball thrown vertically upward from ground level is given 
by 
v(t) = —32t + 80 
where ¢ is the time (in seconds). 

(a) Find the velocity when t = 1. 


(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 


(c) Find the velocity when t = 3. 


In Exercises 73-76, (a) determine the domain and 
range of the function, (b) determine the intervals 
over which the function is increasing, decreasing, or 
constant, (c) determine if the function is even, odd, 
or neither, and (d) approximate any relative minimum 
or relative maximum values of the function. 


73. f(x) =x? +1 74. f(x) = J/x? -— 9 
1 ' 

5+ 
4-4 


-3 -2 -1 1 2 3 TT T 
-5 -3 


=P eNWARUNDA~100 


76. f(x) = |x — 2| 


y 


In Exercises 77-82, use the Vertical Line Test to decide 
whether y is a function of x. 


13 


77. y = 3x 78. y = 4x 


81. x? = 2xy —- 1 


In Exercises 83-90, sketch the graph of the function. 
83. f(x) = |x + 3} 84. g(x) = V2 — 16 
85. h(x) = 2[x] + 1 86. f(x) = 3 
x+2, x<0 
87. g(x) = 42, x=0 
xw+2,x>0 
88 od = [eS 
89. h(x) = x? — 3x 
90. f(x) = J9- 2 


91. Cost of Overnight Delivery The cost of sending an 
overnight package from Los Angeles to Dallas is $10.25 for 
up to, but not including, the first pound and $2.75 for each 
additional pound (or portion of a pound). A model for the 
total cost C of sending the package is 


C = 10.25 + 2.75[x], x>0 


where x is the weight of the package (in pounds). Sketch 
the graph of this function. 


o) 92. Revenue A company determines that the total revenue 


R (in hundreds of thousands of dollars) for the years 1997 
to 2010 can be approximated by the function 


R 0.02547 + 0.817 — 2.5t + 8.75, 7<t< 20 


where f¢ represents the year, with t = 7 corresponding to 
1997. Graph the revenue function using a graphing utility 
and use the trace feature to estimate the years during which 
the revenue was increasing and the years during which the 
revenue was decreasing. 


In Exercises 93 and 94, describe the sequence of 
transformations from f(x) = x? to g. Then sketch the 
graph of g. 


93. g(x) = -—(x — 1)? — 2 94. g(x) = -x? + 3 

In Exercises 95 and 96, describe the sequence of 
transformations from f(x) = x to g. Then sketch 
the graph of g. 


95. g(x) = —/x -2 96. g(x) = /x +2 
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In Exercises 97 and 98, describe the sequence of 
transformations from f(x) = 3/x to g. Then sketch the 
graph of g. 

97. g(x) = Y¥x +2 

98. o(x) = 2x 


In Exercises 99 and 100, identify the transformation 
shown in the graph and the associated common func- 
tion. Write the equation of the graphed function. 


99. 100. 


In Exercises 101 and 102, find (f + g)(x), (f — g)(X), 
(fg)(x), and (f/g)(x). What is the domain of f/g? 


101. f(x) = 3x —-1, g(x) =x? + 2x 

102. f(x) = 3x, g(x) = Vx? +1 

In Exercises 103-106, evaluate the function for 
f(x) = x? + 3x and g(x) = 2x — 5. 

103. (f + g)(2) 104. (f — g)(-1) 


105. (fe)(3) 106. (Ajo 


In Exercises 107-110, find and determine the domains 
of (a) f° g and (b) g °f. 


107. f(x) = x7, g(x) =x +3 
108. f(x) = 2x —5, g(x) = x7 +2 


109. f(x) =-, g(x) = 3x + x? 


Jn * 


110. f(x) ==, gi) = x3 


be 


In Exercises 111-114, find two functions f and g such 
that (f © g)(x) = A(x). (There are many correct answers.) 


W11. A(x) = (6x — 5)? 
112. A(x) = Y¥x +2 
1 
114. h(x) = (x — 3)? + 2(x — 3) 


113. h(x) = 
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115. MAKE A DECISION: COMPARING SALES You own 
two dry cleaning establishments. From 2000 to 2008, the 
sales for one of the establishments were increasing 
according to the function 


R, = 499.7 — 0.31 + 0.277, t= 0,1, 2,3, 4,5, 6,7, 8 


where R, represents the sales (in thousands of dollars) 
and f represents the year, with t = 0 corresponding to 
2000. During the same nine-year period, the sales for the 
second establishment were decreasing according to the 
function 


R, = 300.8 — 0.627, + = 0, 1, 2,3, 4,5, 6, 7, 8. 


Write a function that represents the total sales for the two 
establishments. Make a stacked bar graph to represent the 
total sales during this nine-year period. Were total sales 
increasing or decreasing? 


116. Area A square concrete foundation is prepared 
as a base for a large cylindrical aquatic tank that is to be 
used in ecology experiments (see figure). 


x 


(a) Write the radius r of the tank as a function of the 
length x of the sides of the square. 


(b) Write the area A of the circular base of the tank as a 
function of the radius r. 
(c) Find and interpret (A ¢ r)(x). 

117. MAKEADECISION You are a sales representative for an 
automobile manufacturer. You are paid an annual salary 
plus a bonus of 3% of your sales over $500,000. Consider 
the two functions given by 
f(x) = x — 500,000 
and 


g(x) = 0.03x. 


If x is greater than $500,000, does f(g(x)) or g(f(x)) 
represent your bonus? Explain. 


118. Bacteria The number AN of bacteria is given by 
N(T) = 8T? — 14T + 200, where T is the temperature (in 
degrees Fahrenheit). The temperature is 7(t) = 2¢ + 2, 
where f is the time in hours. Find and interpret (N ° 7)(t). 


In Exercises 119 and 120, show that f and g are inverse 
functions of each other. 


x= 5 
3] 
120. f(x) = ¥x - 3, gi) = +3 


119. f(x) = 3x +5, g(x) = 


In Exercises 121-124, determine whether the function 
has an inverse function. If it does, find the inverse 
function and graph f and f- in the same coordinate 
plane. 

121. f(x) = 3x? 


122. f(x) = ¥x +1 


123. f(x) = ; 


124. f(x) = = 


In Exercises 125-128, (a) find f~', (b) sketch the graphs 
of f and f—" on the same coordinate plane, and (c) 
verify that f-"(f(x)) = x and f(f-"(x)) = x. 


125. f(x) = 3x - 3 
126. f(x) = /x +1 
127. f(x) = x7, x=0 
128. f(x) = ¥x-1 


©) 129. Federal Student Aid The average awards A (in 


dollars) of federal financial aid (including grants and 
loans) for the years 2000 to 2005 are shown in the table. 
(Source: U.S. Department of Education) 


Year | Average award, A (in dollars) 
2000 2925 
2001 2982 
2002 3089 
2003 3208 
2004 3316 
2005 3425 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year, with t = 0 corresponding 
to 2000. 


(b) Use the regression feature of a graphing utility to find 
a linear model for the data. 


(c) If the data can be modeled by a one-to-one function, 
find the inverse function of the model and use it to 
predict in what year the average award will be $3600. 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, find the distance between the points and the midpoint 
j of the line segment connecting the points. 


1. (—3, 2), (5, —2) 2. (3.25, 7.05), (—2.37, 1.62) 


3. Find the intercepts of the graph of y = (x + 5)(x — 3). 


t> x 4. Describe the symmetry of the graph of y = ar 


5. Find an equation of the line through (—3, 5) with a slope of 2 


6. Write the equation of the circle in standard form and sketch its graph. 
x2 + y?—-6x + 4y-3=0 


y In Exercises 7 and 8, decide whether the statement is true or false. Explain. 
A 
ral 7. The equation 2x — 3y = 5 identifies y as a function of x. 
8. If A = {3, 4,5} and B = {—1, —2, —3}, the set {(3, —9), (4, —2), (5, —3)} 
ai represents a function from A to B. 
ail In Exercises 9 and 10, (a) find the domain and range of the function, (b) 
| }—> x determine the intervals over which the function is increasing, decreasing, or 
4 “eM at constant, (c) determine whether the function is even or odd, and (d) approx- 
imate any relative minimum or relative maximum values of the function. 
Figure for 10 9. f(x) =2 — x? (See figure.) 10. g(x) = Vx? — 4 (See figure.) 
In Exercises 11 and 12, sketch the graph of the function. 
abl, <0 
11. g(x) = 41, x=0 
r+i1,x>0 
Year | Population, P 12. h(x) = (« — 3)? + 4 
2010 21.4 In Exercises 13-16, use f(x) = x? + 2 and g(x) = 2x — 1 to find the function. 
2015 22.4 13. (f — g)(x) 
2020 22.9 14. (fg)(x) 
15. (fo g)(x 
2025 255 (f° )te) 
16. g7!(x) 
2030 24.3 
17. A business purchases a piece of equipment for $30,000. After 5 years, the equipment 
2035 25.3 will be worth only $4000. Write a linear equation that gives the value V of the equip- 
2040 26.3 ment during the 5 years. 
® 18. Population The projected populations P (in millions) of children under the age of 
2045 21,2 5 in the United States for selected years from 2010 to 2050 are shown in the table. Use 
2050 28.1 a graphing utility to create a scatter plot of the data and find a linear model for the 
data. Let ¢ represent the year, with tf = 10 corresponding to 2010. (Source: U.S. 


Table for 18 Census Bureau) 
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Many professional athletes sign contracts with sportswear companies to 
promote clothing lines and footwear. Quadratic functions are often used to 
model real-life phenomena, such as the profit from selling a line of sportswear. 
You can use a quadratic model to determine how much money a company can 
spend on advertising to obtain a certain profit. (See Section 3.4, Example 9.) 


Applications 


Polynomial and rational functions are used to model and solve 
many real-life applications. The applications listed below repre- 
sent a sample of the applications in this chapter. 


m Liver Transplants, Exercise 60, page 268 
m Cost of Dental Care, Exercise 59, page 301 
m Health Care Spending, Exercise 78, page 333 


Quadratic 


Functions and 
Models 
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® Sketch the graph of a quadratic function and identify its vertex and 
intercepts. 


B® Find a quadratic function given its vertex and a point on its graph. 
™ Construct and use a quadratic model to solve an application problem. 


The Graph of a Quadratic Function 


In this and the next section, you will study the graphs of polynomial functions. 


Definition of a Polynomial Function 


Let n be a nonnegative integer and let a,, a,,_,, . 
numbers with a, # 0. The function given by 


.., 5, G,, Ay be real 


Ae) 0 cree a tise ary 


is called a polynomial function of x with degree n. 


Polynomial functions are classified by degree. Recall that the degree of a 
polynomial is the highest degree of its terms. For instance, the polynomial 
function given by 


f (x) =a, a#0 Constant function 


has degree 0 and is called a constant function. In Chapter 2, you learned that the 
graph of this type of function is a horizontal line. The polynomial function given 
by 

f(x) =axt+b, a#0 Linear function 


has degree 1 and is called a linear function. In Chapter 2, you learned that the 
graph of the linear function given by f(x) = ax + bis a line whose slope is a and 
whose y-intercept is (0, b). In this section, you will study second-degree polyno- 
mial functions, which are called quadratic functions. 

For instance, each of the following functions is a quadratic function. 


f(xy) =x? +60x4+2 g(x) = 204+ 1)? -3 Ate) = (e- 24+ 1) 


Definition of a Quadratic Function 
Let a, b, and c be real numbers with a # 0. The function of x given by 
f(x) =ax?+bxt+e Qddratic function 


is called a quadratic function. 


The graph of a quadratic function is called a parabola. It is “ U’shaped and 
can open upward or downward. 
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All parabolas are symmetric with respect to a line called the axis of 
symmetry, or simply the axis of the parabola. The point at which the axis 
intersects the parabola is the vertex of the parabola, as shown in Figure 3.1. If the 
leading coefficient is positive, the graph of f(x) = ax? + bx + c is a parabola 
that opens upward, and if the leading coefficient is negative, the graph of f(x) = 
ax* + bx + cis a parabola that opens downward. 


y y 
nN A 
Opens upward Vertex is 


high point 
/ 


> XxX 


< 
Vertex is low point 


Opens downward 


FIGURE 3.1 


The simplest type of quadratic function is 
f(x) = ax’. 


Its graph is a parabola whose vertex is (0, 0). When a > 0, the vertex is the point 
with the minimum y-value on the graph, and when a < 0, the vertex is the point 
with the maximum y-value on the graph, as shown in Figure 3.2. 


pee 


eee “ll 
f(x) = ax d Maximum: (0, 0) 
va 


t t T T t t > x T > Xx 
-3 -2 -1 1 2 3 -3 
—1 + Minimum: (0, 0) 
2-4 
-3-+ 
a > 0: Parabola opens upward a < 0: Parabola opens downward 


FIGURE 3.2 


When sketching the graph of f(x) = ax’, it is helpful to use the graph of 
y = x’ as a reference, as discussed in Section 2.6. There you saw that when 
a > 1, the graph of y = af(x) is a vertical stretch of the graph of y = f(x). When 
0 <a < 1, the graph of y = af(x) is a vertical shrink of the graph of y = f(x). 
This is demonstrated again in Example 1. 


/ CHECKPOINT 1 


Sketch the graph of f(x) = 4x. 
Then compare the graph with the 
graph of y = x”. & 
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> <etss}e)(-Wi Sketching the Graph of a Quadratic Function 
a. Compared with the graph of y = x2, each output of f(x) = 4x? vertically 
Shrinks’the graph by a factor of freating the wider parabola shown in 
Figure 3.3(a). 


b. Compared with the graph of y = x?, each output of g(x) = 2x? vertically 


Stretches’the graph by a factor of 2, creating the narrower parabola shown in 
Figure 3.3(b). 


A y Hea De = 


FIGURE 3.3 


In Example 1, note that the coefficient a determines how widely the parabola 
given by f(x) = ax? opens. If |a| is small, the parabola opens more widely than 
if |a| is large. 

Recall from Section 2.6 that the graphs of y = f(x +c), y =f(x) +, 
y = —f(x), and y = f(—x) are rigid transformations of the graph of y = f(x). For 
instance, in Figure 3.4, notice how the graph of y = x? can be transformed to 
produce the graphs of f(x) = —x? + 1 and g(x) = (x + 2)? — 3. 


A gQr=(2) 7-3 7 


FIGURE 3.4 
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The Standard Form of a Quadratic Function 
The standard form of a quadratic function is 
f(x) = a(x — h)?? +k. 


This form is especially convenient for sketching a parabola because it identifies 
the vertex of the parabola. 


Standard Form of a Quadratic Function 
The quadratic function given by 
ji@=ae—AP +h, @#O 


is said to be in standard form. The graph of fis a parabola whose axis 
is the vertical line x = h and whose vertex is the point (h, k). If a > 0, 
the parabola opens upward, and if a < 0, the parabola opens downward. 


To write a quadratic function in standard form, you can use the process of 
completing the square, as illustrated in Example 2. 


Graphing a Parabola in Standard Form 


Sketch the graph of f(x) = 2x7 + 8x + 7 and identify the vertex. 


SOLUTION Begin by writing the quadratic function in standard form. The first 
step in completing the square is to factor out any coefficient of x? that is not 1. 


f(x) = 2x7 + 8x +7 Write original function. 
5 = 2(x? + 4x) +7 Factor 2 out of x terms. 
HC AG ED) == 1 : 200 4 ath aw) o7 Add and subtract 4 within parentheses 


to complete the square. 


(4/2)? 


After adding and subtracting 4 within the parentheses, you must now regroup the 
terms to form a perfect square trinomial. The — 4 can be removed from inside the 
parentheses. But, because of the 2 outside the parentheses, you must multiply 
—4 by 2 as shown below. 


f(x) = 2(x2 + 4x + 4) — 2(4) +7 Regroup terms. 
y=2x? 
= 2(x2 + 4x+4)-84+7 Simplify. 
1 =2(x+ 2) -1 Standard form 
(2,5 From this form, you can see that the graph of fis a parabola that opens upward 
, with vertex (— 2, — 1). This corresponds to a left shift of two units and a downward 
FIGURE 3.5 shift of one unit relative to the graph of y = 2x’, as shown in Figure 3.5. 


/ CHECKPOINT 2 


Sketch the graph of f(x) = 2x? — 12x + 20 and identify the vertex. ™ 


3, D 


ze Lf \N\ 

a i 

2s 
y=—x? f@)=-@-3)? +1 
FIGURE 3.6 


(1, 2) 


FIGURE 3.7 


/ CHECKPOINT 4 


Find an equation of the parabola 
whose vertex is (3, 4) and that 
passes through the point (2, 5). = 
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Graphing a Parabola in Standard Form 


Sketch the graph of f(x) = —x? + 6x — 8 and identify the vertex. 


SOLUTION As in Example 2, begin by writing the quadratic function in standard 
form. 


f(x) = —x? + 6x — 8 Write original function. 
= — (x? = 6x) — 8 Factor — 1 out of x terms. 
Add and subtract 9 within parentheses 
ee ee = = Pp 
> (x 6x + 9 9) 8 to complete the square. 
(— 6/2)? 
= —(x? — 6x + 9) — (-9) — 8 Regroup terms. 
=-(@-3)+1 Standard form 


So, the graph of f is a parabola that opens downward with vertex at (3, 1), as 
shown in Figure 3.6. 


/ CHECKPOINT 3 


Sketch the graph of f(x) = —3x? + 12x + 1 and identify the vertex. 


Finding an Equation of a Parabola 


Find an equation of the parabola whose vertex is (1, 2) and that passes through 
the point (0, 0), as shown in Figure 3.7. 


SOLUTION Because the parabola has a vertex at (h, k) = (1, 2), the equation 
must have the form 


f(x) = a(x _ 1)? 2. Standard form 


Because the parabola passes through the point (0, 0), it follows that when x = 0, 
f(x) must equal 0. Substitute 0 for x and 0 for f(x) to obtain the equation 


0 = a(O — 1)? +2. 
This equation can be solved easily for a, and you can see that 

a= -2. 
You can now write an equation of the parabola. 

f@) = -2(@ - 1)? +2 Substitute for a, h, and k in standard form. 

= —2x? + 4x Simplify. 

To find the x-intercepts of the graph of f(x) = ax? + bx + c, you must solve 
the equation 

ax? + bx +c=0. 


If the equation ax? + bx + c does not factor, you can use the Qidratic Formula 
to determine the x-intercepts. Remember, however, that a parabola may have no 
x-intercepts. 
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=\ Your graphing utility may 
have minimum and 

maximum features that 
determine the minimum and 
maximum points of the graph 
of a function. You can use these 
features to find the vertex of a 
parabola. For instructions on 
how to use the minimum and 
maximum features, see 
Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 
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Applications 


Many applications involve finding the maximum or minimum value of a quadratic 
function. By writing f(x) = ax? + bx + c in standard form, you can determine 
that the vertex occurs at x = —b/2a. 


The Maximum Height of a Baseball ®) 


A baseball is hit 3 feet above the ground at a velocity of 100 feet per second and 
at an angle of 45° with respect to the ground. The path of the baseball is given by 


f(x) = —0.0032x2 + x + 3 


where f(x) is the height of the baseball (in feet) and x is the distance from home 
plate (in feet). What is the maximum height reached by the baseball? 


SOLUTION For this quadratic function, you have 
f(x) = ax? + bx t+ 
= —0.0032x? + x + 3. 


So, a = —0.0032 and b = 1. Because the function has a maximum when 
x = —b/2a, the baseball reaches its maximum height when it is 


b 1 
2a 2(—0.0032) 


from home plate. At this distance, the maximum height is 
f(156.25) = —0.0032(156.25)? + 156.25 + 3 = 81.125 feet. 
The path of the baseball is shown in Figure 3.8. 


= 156.25 feet 


Xx 


y 
= A 
3 Meng ® (156.25, 81.125) 
S ol A 
& 1 
3 L 
‘so | | | > xX 

100 200 300 
Distance (in feet) 
FIGURE 3.8 


/ CHECKPOINT 5 


In Example 5, suppose the baseball is hit at a velocity of 70 feet per second. 
The path of the baseball is given by f(x) = —0.007x? + x + 4, where f(x) is 
the height of the baseball (in feet) and x is the distance from home plate 

(in feet). What is the maximum height reached by the baseball? © 


In Section 2.3 you plotted data points in the coordinate plane and estimated 
the best-fitting line. Fitting a quadratic model by this same process would be 
complicated. Most graphing utilities have a built-in statistical program that 
easily calculates the best-fitting quadratic model for a set of data points. Refer to 
the user’s guide of your graphing utility for the required steps. 


TECHNOLOGY 


=\, For instructions on how 
to use the regression 
feature, see Appendix A; 


for specific keystrokes, 

go to the text website at 
college.hmco.com/info/ 

larsonapplied. 
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FIGURE 3.9 
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Serye(-M Fitting a Quadratic Function to Data ® 


Sparrow Population The table shows the numbers N of sparrows in a nature 
preserve for the years 1993 to 2008. Use a graphing utility to plot the data and 
find the quadratic model that best fits the data. Find the vertex of the graph of the 
quadratic model and interpret its meaning in the context of the problem. Let 
x = 3 represent the year 1993. 


Year 1993 ) 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
is 3 4 5 6 7 8 9 10 
Number, NV | 211 | 187 | 148 | 120 | 95 76 67 62 


Year 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008 
x 11 12 13 14 15 16 17 18 
Number, NV | 66 71 92 107 | 128 | 145 | 167 | 197 


SOLUTION Begin by entering the data into your graphing utility and displaying 
the scatter plot. From the scatter plot that is shown in Figure 3.9(a) you can see 
that the points have a parabolic trend. Use the quadratic regression feature to find 
the quadratic function that best fits the data. The quadratic equation that best fits 
the data is 


N = 2.53x7 — 53.5x + 350, 3 <x < 18. 


Graph the data and the equation in the same viewing window, as shown in Figure 
3.9(b). By using the minimum feature of your graphing utility, you can see that 
the vertex of the graph is approximately (10.6, 67.2), as shown in Figure 3.9(c). 
The vertex corresponds to the year in which the number of sparrows in the nature 
preserve was the least. So, in 2001, the number of sparrows in the nature preserve 
reached a minimum. 
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/ CHECKPOINT 6 


In Example 6, use the model to predict the number of sparrows in the nature 
preserve in 2011. © 
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is <ererse)(-Way Charitable Contributions ® 


The percent of their income that a family gives to charities is related to their 
income level. For families with annual incomes between $5000 and $100,000, the 
percent P can be modeled by 


P(x) = 0.0014x? — 0.1529x + 5.855, 5 <x < 100 


where x is the annual income (in thousands of dollars). Use the model to estimate 
the income that corresponds to the minimum percent of income given to charities. 


SOLUTION One way to answer the question is to sketch the graph of the 
quadratic function, as shown in Figure 3.10. From this graph, it appears that the 
minimum percent corresponds to an income level of about $55,000. 


FIGURE 3.10 
Another way to answer the question is to use the fact that the minimum point of 
the parabola occurs when x = —b/2a. 
b =0)1529 
x=- =~ 54.6 


2a ——«-2(0.0014) — 


From this x-value, you can conclude that the minimum percent corresponds to an 
income level of about $54,600. 


/ CHECKPOINT 7 


A manufacturer has daily production costs C (in dollars per unit) of 
C = 0.15x” — 9x + 700 where x is the number of units produced. How many 
units should be produced each day to yield a minimum cost per unit? © 


. Does the vertex of the graph of f(x) = —3(x + 1)? — 1 contain a minimum 
y-value or a maximum y-value? Explain. 

. Is the quadratic function given by f(x) = 2(x — 1)? + 3 written in standard 
form? Explain. 


. Write an equation of a parabola that is the graph of y = x? shifted right 
three units, downward one unit, and vertically stretched by a factor of 2. 


. The graph of the quadratic function given by f(x) = a(x — 1)? + 3 has two 
x-intercepts. What can you conclude about the value of a? 
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Skills Revi 3] The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11S Neview v. these skills in the exercise set for this section. For additional help, review Sections 1.3 and 1.4. 


In Exercises 1-4, solve the quadratic equation by factoring. 


1. 2x2 + 1lx —6=0 2, Sy = De = 9 = 0) 
3.3 +%-— 2x2 =0 4. x2 + 20x + 100 = 0 


In Exercises 5-10, use the Quadratic Formula to solve the quadratic equation. 


5. x26 +4=0 6. x2 +4x+1=0 
7. 2x2 — 16x + 25 =0 8. 3x2 + 30x + 74 =0 
9. x2 +3x+1=0 1), 2 45 ke = 3 = 0 


Exercises ol See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-8, match the quadratic function with its (g) ¥ St (h) : 
graph. [The graphs are labeled (a), (b), (0), (d), (e), (f), t s ; zr py (-1, 3) 
(g), and (h).] ala 3 5 
(b) eae | | 
Sal 4 ) 
—-4-+ 
++ x 
6 ; =O57 =34 
1 
2 1. f(x) = —(x — 3)? 2. f(x) = (x + 5)? 
aR 3-2) 4 3. f(x) =x? — 4 4. fx) =5-—2# 
(c) y qd) oy 5. fx) = (e+ 3P -2 6. fa) =@- 12-5 
) 7. f(x) = —(x + 1)? +3 8. f(x) = (x -— 2)? - 4 


In Exercises 9-14, find an equation of the parabola. 


(e) 
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14. y 
2 (5, 0) 
t +— t——}>- x 
242 8 1012 
ae (3, -8) 
-6 
-8 
-10 
-12 


In Exercises 15-18, compare the graph of the quadratic 
function with the graph of y = x. 


15. f(x) = 5x? 
fe 7 
x 


In Exercises 19-36, sketch the graph of the quadratic 
function. Identify the vertex and intercepts. 

19. f(x) = 3x? 

21. f(x) = 16 — x? 

23. f(x) = (x + 5)? — 6 
25. e(x) =x?7 + 2x41 
27. f(x) = —(x? + 2x — 3) 
29. f(x) =-x+3 


20. f(x) = —2x? 

22. h(x) = x? — 9 

24. f(x) = (x — 6)? + 3 
26. h(x) = x? — 4x +2 
28. f(x) = —(x? + 6x — 3) 
30. f(x) = x2 + 3x +4 


31. f(x) = -—x? + 2x+5 
33. h(x) = 4x2 — 4x + 21 
35. f(x) = ¢(x2 — 16x + 32) 


32. f(x) = -x? — 4x 4+ 1 
34. f(x) = 2x7 -—x +1 
36. g(x) = 3(x2 + 4x — 2) 


In Exercises 37-40, find an equation of the parabola 
that has the indicated vertex and whose graph passes 


through the given point. 


37. Vertex: (2, —1); point: (4, —3) 
38. Vertex: (—3, 5); point: (—6, — 1) 
39. Vertex: (5, 12); point: (7, 15) 
40. Vertex: (—2, —2); point: (— 1, 0) 


Polynomial and Rational Functions 


In Exercises 41-46, find two quadratic functions whose 
graphs have the given x-intercepts. Find one function 
whose graph opens upward and another whose graph 
opens downward. (There are many correct answers.) 


41. (2,0), (—1, 0) 42. (—4, 0), (0, 0) 
43. (0, 0), (10, 0) 44. (4, 0), (8, 0) 
45. (—3, 0), (—3, 0) 46. (—3, 0), (2, 0) 


47. Optimal Area The perimeter of a rectangle is 200 feet. 
Let x represent the width of the rectangle. Write a quadratic 
function for the area of the rectangle in terms of its width. 
Find the vertex of the graph of the quadratic function and 
interpret its meaning in the context of the problem. 


48. Optimal Area The perimeter of a rectangle is 540 feet. 
Let x represent the width of the rectangle. Write a quadratic 
function for the area of the rectangle in terms of its width. 
Find the vertex of the graph of the quadratic function and 
interpret its meaning in the context of the problem. 


49. Optimal Area A rancher has 1200 feet of fencing 
with which to enclose two adjacent rectangular corrals (see 
figure). What measurements will produce a maximum 
enclosed area? 


50. Optimal Area An indoor physical-fitness room consists 
of a rectangular region with a semicircle on each end (see 
figure). The perimeter of the room is to be a 200-meter run- 
ning track. What measurements will produce a maximum 
area of the rectangle? 


<< ——————— , ———__> 


Optimal Revenue In Exercises 51 and 52, find the 
number of units that produces a maximum revenue. 
The revenue R is measured in dollars and x is the num- 
ber of units produced. 


51. R = 1000x — 0.02x? 52. R = 80x — 0.0001 x? 
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53. Optimal Cost A manufacturer of lighting fixtures has ® 57. Cable TV Subscribers The table shows the average 


54. 


daily production costs C (in dollars per unit) of 
C(x) = 800 — 10x + 0.25x? 


where x is the number of units produced. How many fix- 
tures should be produced each day to yield a minimum cost 
per unit? 

Optimal Profit The profit P (in dollars) for a manufac- 
turer of sound systems is given by 

P(x) = —0.0003x? + 150x — 375,000 


where x is the number of units produced. What production 
level will yield a maximum profit? 


. Maximum Height of a Diver The path of a diver is 


given by 
y= Set Fx + 10 


where y is the height (in feet) and x is the horizontal 
distance from the end of the diving board (in feet) (see 
figure). Use a graphing utility and the trace or maximum 
feature to find the maximum height of the diver. 


. Maximum Height The winning men’s shot put in the 


2004 Summer Olympics was recorded by Yuriy Belonog of 
Ukraine. The path of his winning toss is approximately 
given by 

y 0.01 1x? + 0.65x 4 
where y is the height of the shot (in feet) and x is the 
horizontal distance (in feet). Use a graphing utility and the 


trace or maximum feature to find the length of the winning 
toss and the maximum height of the shot. 


8.3 


Height (in feet) 


Distance (in feet) 


@) 58. 


numbers S (in millions) of basic cable subscribers for the 
years 1995 to 2005. (Source: Kagan Research, LLC) 


Year 1995 | 1996 | 1997 | 1998 
Subscribers, S | 60.6 | 62.3 | 63.6 | 64.7 
Year 1999 | 2000 | 2001 | 2002 
Subscribers, § | 65.5 | 66.3 | 66.7 | 66.5 
Year 2003 | 2004 | 2005 
Subscribers, S | 66.1 | 65.7 | 65.3 


(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 5 corresponding to 
1995. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 

(c) Use a graphing utility to graph the model from part (b) 
in the same viewing window as the scatter plot. 


(d) Use the graph of the model from part (c) to estimate 
when the number of basic cable subscribers was the 
greatest. Does this result agree with the actual data? 


Price of Gold The table shows the average annual prices 


P (in dollars) of gold for the years 1996 to 2005. (Source: 
World Gold Council) 
Year 1996 1997 1998 1999 
Price of gold, P | 387.82 | 330.98 | 294.12 | 278.55 
Year 2000 2001 2002 2003 
Price of gold, P | 279.10 | 272.67 | 309.66 | 362.91 
Year 2004 2005 
Price of gold, P | 409.17 | 444.47 


(a) Use a graphing utility to create a scatter plot of the 
data. Let tf represent the year, with t = 6 corresponding 
to 1996. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 


(c) Use a graphing utility to graph the model from part (b) 
in the same viewing window as the scatter plot. 


(d) Use the graph of the model from part (c) to estimate 
when the price of gold was the lowest. Does this result 
agree with the actual data? 


268 


CHAPTER 3 


Polynomial and Rational Functions 


©) 59. Tuition and Fees The table shows the average values of ©) 61. Regression Problem Let x be the number of units (in 


. Liver Transplants 


tuition and fees F (in dollars) for in-state students at public 
institutions of higher education in the years 1996 to 2005. 
(Source: U.S. National Center for Educational Statistics) 


Year 1996 | 1997 | 1998 | 1999 | 2000 
Tuition and | 4179 | 2271 | 2360 | 2430 | 2506 
fees, F 
Year 2001 | 2002 | 2003 | 2004 | 2005 
Tuition and | 556 | 2700 | 2903 | 3319 | 3638 
fees, F 


(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 6 corresponding to 
1996. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 


(c) Use a graphing utility to graph the model from part (b) 


in the same viewing window as the scatter plot of the 
data. 


(d) Use the graph of the model from part (c) to predict the 
average value of tuition and fees in 2008. 


The table shows the numbers L of 
liver transplant procedures performed in the United States 
in the years 1995 to 2005. (Source: U.S. Department of 
Health and Human Services) 


Year 1995 | 1996 | 1997 | 1998 
Transplants, L | 3818 | 3918 | 4005 | 4356 
Year 1999 | 2000 | 2001 | 2002 
Transplants, L | 4586 | 4816 | 5177 | 5326 
Year 2003 | 2004 | 2005 
Transplants, L | 5671 | 6168 | 6444 


(a) Use a graphing utility to create a scatter plot of the data. 
Let ¢ represent the year, with t = 5 corresponding to 
1995. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 


(c) Use a graphing utility to graph the model from part (b) 
in the same viewing window as the scatter plot of the 
data. 


(d) Use the graph of the model from part (c) to predict 
the number of liver transplant procedures performed in 
2008. 


@ «2. 
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tens of thousands) that a computer company produces and let 
p(x) be the profit (in hundreds of thousands of dollars). The 
table shows the profits for different levels of production. 


Units, x 2 4 6 8 10 
Profit, p(x) | 270.5 | 307.8 | 320.1 | 329.2 | 325.0 
Units, x 12 14 16 18 20 
Profit, P(x) 311.2 | 287.8 | 254.8 | 212.2 | 160.0 


(a) Use a graphing utility to create a scatter plot of the data. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for p(x). 


(c) Use a graphing utility to graph your model for p(x) with 
the scatter plot of the data. 


(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


(e) With these data and this model, the profit begins to 
decrease. Discuss how it is possible for production to 
increase and profit to decrease. 


Regression Problem Let x be the angle (in degrees) at 
which a baseball is hit with no spin at an initial speed of 40 
meters per second and let d(x) be the distance (in meters) 
the ball travels. The table shows the distances for the 
different angles at which the ball is hit. (Source: The 


Physics of Sports) 
Angle, x 10 15 30 36 42 
Distance, d(x) | 58.3 | 79.7 | 126.9 | 136.6 | 140.6 
Angle, x 4 45 48 54 60 
Distance, d(x) | 140.9 | 140.9 | 139.3 | 132.5 | 120.5 


(a) Use a graphing utility to create a scatter plot of the data. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for d(x). 


(c) Use a graphing utility to graph your model for d(x) with 
the scatter plot of the data. 


(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


Write the quadratic function 
f(x) = ax? + bx + 


in standard form to verify that the vertex occurs at 


(Cae) 
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5 ® Sketch a transformation of a monomial function. 
Polynomial H Determine right-hand and left-hand behavior of graphs of 
ja polynomial functions. 
Functions of m@ Find the real zeros of a polynomial function. 
Higher Degree m Sketch the graph of a polynomial function. 


m Use a polynomial model to solve an application problem. 


Graphs of Polynomial Functions 


In this section, you will study basic characteristics of the graphs of polynomial 
functions. The first characteristic is that the graph of a polynomial function is 
continuous. Essentially, this means that the graph of a polynomial function has no 
breaks, as shown in Figure 3.11(a). Functions with graphs that are not continuous 
are not polynomial functions, as shown in Figure 3.11(b). 


y y 
A A 
>x a >x 
(a) Continuous (b) Not continuous 
FIGURE 3.11 


The second characteristic is that the graph of a polynomial function has only 
smooth, rounded turns, as shown in Figure 3.12(a). A polynomial function 
cannot have a sharp turn, as shown in Figure 3.12(b). 


ay: y 
A A 
>X 
>xX 
(a) Polynomial functions have (b) Polynomial functions cannot 
smooth, rounded turns. have sharp turns. 


FIGURE 3.12 
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/ CHECKPOINT 1 


Sketch the graph of 
fx) =@- 3. a 


Polynomial and Rational Functions 


The polynomial functions that have the simplest graphs are monomial 
functions of the form f(x) = x”, where n is an integer greater than zero. From 
Figure 3.13, you can see that when n is even, the graph is similar to the graph of 
f(x) = x?, and when n is odd, the graph is similar to the graph of f(x) = x°. 
Moreover, the greater the value of n, the flatter the graph near the origin. 


(a) If n is even, the graph of y = x” (b) If n is odd, the graph of y = x” 
touches the axis at the x-intercept. crosses the axis at the x-intercept. 
FIGURE 3.13 


ie ets})(-Wa Sketching Transformations of Monomial Functions 


Sketch the graph of each function. 
a. f(x) = —x% b. h(x) = (x + 1)4 
SOLUTION 


a. Because the degree of f(x) = —.x> is odd, its graph is similar to the graph of 
y = x*. In Figure 3.14(a), note that the negative coefficient has the effect 
of reflecting the graph about the x-axis. 


b. The graph of h(x) = (x + 1)* is a left shift, by one unit, of the graph of y = x‘, 
as shown in Figure 3.14(b). 


-2 (-1, 0) 


(a) (b) 
FIGURE 3.14 


DISCOVERY 


For each function below, identify 
the degree of the function 

and whether it is even or odd. 
Identify the leading coefficient, 
and whether the leading 


coefficient is positive or negative. 


Use a graphing utility to graph 
each function. Describe the 
relationship between the 
function’s degree and the sign 

of its leading coefficient and the 
right-hand and left-hand behavior 
of the graph of the function. 


5 WH ae = Be = sear Ml 


a 
11 ie alls nai ea) a 


G y= =e =x + Sx +3 
Gh VW = 38 ap one — 2 

e. y = 2x7 + 3x —-4 

f. ya x = 3 2 = 1 
g.y=xr+3x+2 

th WS S20 = 32 = Soe cr a 
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The Leading Coefficient Test 


In Example 1, note that both graphs eventually rise or fall without bound 
as x moves to the right. Whether the graph of a polynomial function eventually 
rises or falls can be determined by the function’s degree (even or odd) and 


by its leading coefficient (positive or negative), as indicated in the Leading 
Coefficient Test. 


Leading Coefficient Test 


As x moves without bound to the left or to the right, the graph of the 
polynomial function given by 


FO) = Ga che a aie ote ds, 
eventually rises or falls in the following manner. 


1. When n is odd: 


y y 
K cad 
fa) > © f(x) > ue 
asx — oo Bee S22 in| 
ia 
eS os i ‘ 
1 _ i 1 eH 1 
1 ‘\ n | ! \ 
I \ 1 \ ' ' 
n \ I \ I 1 
U \ ! 1! 1 
ver. Vi fae 
\ \, 
| perce Nes Ss as X > co 
as x —> —co ma oa 
If the leading coefficient is If the leading coefficient is negative 
positive (a, > 0), the graph falls (a, < 0), the graph rises to the 
to the left and rises to the right. left and falls to the right. 
2. When 7 is even: 
ay y 
hf) > 4 
‘ase aa 
ox f@) > = 
1 \ as x 00 aa 
1 \ 7 S 
1 \ 7 N 
\ 1 y \ 
\ 
\ 
: i fe) > \ 
yf Sx) Soo as xX > co 
WW ase co 
a X x come, 
If the leading coefficient is If the leading coefficient is negative 
positive (a, > 0), the graph (a, < 0), the graph falls to the left 
rises to the left and right. and right. 


The dashed portions of the graphs indicate that the test determines only the 
right-hand and left-hand behavior of the graph. 


The notation “f(x) > — 00 as x > —oo’ indicates that the graph falls to the 
left. The notation “f(x) > occas x— odindicates that the graph rises to the right. 
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A ff) =-x3 + 4x 


FIGURE 3.15 


STUDY TIP 


The function in Example 3 
part (a) is a fourth-degree 
polynomial function. This 
can also be referred to as a 
quartic function. 


Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of f(x) = —x? + 4x. 


SOLUTION Because the degree is odd and the leading coefficient is negative, the 
graph rises to the left and falls to the right, as shown in Figure 3.15. 


/ CHECKPOINT 2 


Describe the right-hand and left-hand behavior of the graph of 
f(x) = -—2xt+ +x. O 


In Example 2, note that the Leading Coefficient Test tells you only whether 
the graph eventually rises or falls to the right or left. Other characteristics of 
the graph, such as intercepts, relative minima, and relative maxima, must be 
determined by other tests. For example, later you will use the number of real 
zeros of a polynomial function to determine how many times the graph of the 
function crosses the x-axis. 


Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of each function. 
a. f(x) = xt -— 5x2 +4 b. f(x) =x -— x 
SOLUTION 


a. Because the degree is even and the leading coefficient is positive, the graph 
rises to the left and right, as shown in Figure 3.16(a). 


b. Because the degree is odd and the leading coefficient is positive, the graph 
falls to the left and rises to the right, as shown in Figure 3.16(b). 


Y f@)=x4t-5x74+4 
A 


>X 


FIGURE 3.16 


/ CHECKPOINT 3 


Describe the right-hand and left-hand behavior of the graph of 
f(x) = x4 — 4x2. o 


FIGURE 3.17 


f(x) =x3—x?2-2x 
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Real Zeros of Polynomial Functions 


It can be shown that for a polynomial function f of degree n, the following 
statements are true. Remember that the zeros of a function are the x-values for 
which the function is zero. 


1. The graph of fhas, at most, n — | turning points. Turning points are points at 
which the graph changes from increasing to decreasing or vice versa. For 
instance, the graph of f(x) = x+ — 1 has at most 4 — | = 3 turning points. 


2. The function f has, at most, n real zeros. For instance, the function given by 
f(x) = x*+ — 1 has at most n = 4 real zeros. (You will study this result in 
detail in Section 3.6 on the Fundamental Theorem of Algebra.) 


Finding the zeros of polynomial functions is one of the most important 
problems in algebra. There is a strong interplay between graphical and algebraic 
approaches to this problem. Sometimes you can use information about the graph 
of a function to help find its zeros, and in other cases you can use information 
about the zeros of a function to help sketch its graph. 


Real Zeros of Polynomial Functions 


If fis a polynomial function and a is a real number, then the following 
statements are equivalent. 


1. x = ais a zero of the function f. 

2. x = ais a solution of the polynomial equation f(x) = 0. 
3. (x — a) is a factor of the polynomial f(x). 

4. (a, 0) is an x-intercept of the graph of f. 


In the equivalent statements above, notice that finding zeros of polynomial 
functions is closely related to factoring and finding x-intercepts. 


Finding Zeros of a Polynomial Function 


Find all real zeros of f(x) = x? — x? — 2x. 


SOLUTION By factoring, you obtain the following. 


f(x) = x3 — x? — 2x Write original function. 
= x (x? =k 2) Remove common monomial factor. 
= x(x — 2)(x + 1) Factor completely. 
So, the real zeros are x = 0, x = 2, and x = —1, and the corresponding 


x-intercepts are (0, 0), (2,0), and (—1, 0), as shown in Figure 3.17. Note that 
the graph in the figure has two turning points. This is consistent with the fact that 
the graph of a third-degree polynomial function can have at most 3 — 1 = 2 
turning points. 


/ CHECKPOINT 4 


Find all real zeros of f(x) = x? — 4. © 
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HiGo) = Dye db Dy? 


FIGURE 3.18 
x | f(x) 
=f 7 
0.5 | —0.3125 
1 -1 
1.5 | 1.6875 


/ CHECKPOINT 6 


Sketch the graph of 
f(x) = 2x3 — 3x2. 


> XxX 


Finding Zeros of a Polynomial Function 


Find all real zeros of f(x) = —2x*+ + 2x?. 
SOLUTION In this case, the polynomial factors as follows. 
f(x) = —2x?(e? — 1) = -2x7(x — I + 1) 


So, the real zeros are x = 0, x = 1, and x = —1, and the corresponding 
x-intercepts are (0, 0), (1,0), and (—1, 0), as shown in Figure 3.18. Note that 
the graph in the figure has three turning points, which is consistent with the fact 
that the graph of a fourth-degree polynomial function can have at most three 
turning points. 


/ CHECKPOINT 5 


Find all real zeros of f(x) = x° — x. @ 


In Example 5, the real zero arising from — 2x” = 0 is called a repeated zero. 
In general, a factor (x — a)* yields a repeated zero x = a of multiplicity k. If k is 
odd, the graph crosses the x-axis at x = a. If k is even, the graph touches (but does 
not cross) the x-axis at x = a. This is illustrated in Figure 3.18. 


Sketching the Graph of a Polynomial Function 


Sketch the graph of f(x) = 3x4 — 4x3. 


SOLUTION Because the leading coefficient is positive and the degree is even, 
you know that the graph eventually rises to the left and right, as shown in Figure 
3.19(a). By factoring f(x) = 3x* — 4x3 as f(x) = x3(3x — 4), you can see that 
the zeros of fare x = 0 and x = 4 (both of odd multiplicity). So, the x-intercepts 
occur at (0, 0) and (4 0). To sketch the graph by hand, find a few additional 
points, as shown in the table. Then plot the points and draw a continuous curve 
through the points to complete the graph, as shown in Figure 3.19(b). If you are 
unsure of the shape of a portion of a graph, plot some additional points. 


y 


nN , f(x) = 3x* — 4x3 

Pate 

6+ 

5+ 

Uptoleft 4+ Up to right 
Bale 
pes 
(0,0) 1+ 7/4 
(3-0) 

th +—_+—+ t-—+—_—> x 
-4 -3 -2 -1 1 2 3 4 a | 3°44 
(a) (b) 
FIGURE 3.19 


TECHNOLOGY 


=\ Example 6 uses an 
algebraic approach to 

describe the graph of the 
function. A graphing utility 
is a valuable complement to 
this approach. Remember 
that when using a graphing 
utility, it is important that you 
find a viewing window that 
shows all important parts of the 


graph. For instance, the graph 
below shows the important 
parts of the graph of the 
function in Example 6. 


2 
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4000 -- £$\ 


Amount (in dollars) 


>x 


— 
20 40 60 80 100 
Income 
(in thousands of dollars) 


FIGURE 3.20 
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Application 


Charitable Contributions Revisited ®) 


Example 7 in Section 3.1 discussed the model 
P(x) = 0.0014x? — 0.1529x + 5.855, 5 <x < 100 


where P is the percent of annual income given to charities and x is the annual 
income (in thousands of dollars). Note that this model gives the charitable 
contributions as a percent of annual income. To find the amount that a family 
gives to charity, you can multiply the given model by the income 1000x (and 
divide by 100 to change from percent to decimal form) to obtain 


A(x) = 0.014x3 — 1.529x2 + 58.55x, 5 <x < 100 


where A represents the amount of charitable contributions (in dollars). Sketch 
the graph of this function and use the graph to estimate the annual salary of a 
family that gives $1000 a year to charities. 


SOLUTION Because the leading coefficient is positive and the degree is odd, you 
know that the graph eventually falls to the left and rises to the right. To sketch the 
graph by hand, find a few points, as shown in the table. Then plot the points and 
complete the graph, as shown in Figure 3.20. 


BY 5 25 45 65 86 100 
A(x) | 256.28 | 726.88 | 814.28 | 1190.48 | 2527.48 | 4565.00 


From the graph you can see that an annual contribution of $1000 corresponds to 
an annual income of about $59,000. 


/ CHECKPOINT 7 


The median prices P (in thousands of dollars) of new privately owned homes in 
housing developments from 1998 to 2008 can be approximated by the model 


P(t) = 0.13943 — 4.421? + 51.1¢ — 39 


where f represents the year, with t = 8 corresponding to 1998. Sketch the graph 
of this function and use the graph to estimate the year in which the median 
price of a new privately owned home was about $195,000. = 


. Write a function whose graph is a downward shift, by one unit, and a 
reflection in the x-axis, of the graph of y = x’. 

. The graph of a fifth-degree polynomial function rises to the left. Describe 
the right-hand behavior of the graph. 

. Name a zero of the function f given that (x — 5) is a factor of the 
polynomial f(x). 


. Does the graph of every function with real zeros cross the x-axis? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au US ste\ale\uiareeyan use these skills in the exercise set for this section. For additional help, review Sections 0.6, 1.3, 


1.4, and 1.5. 


In Exercises 1-6, factor the expression completely. 


1. 12x2 + 7x — 10 
4. 3 + 125 


In Exercises 7-10, find all real solutions of the equation. 


7. 5x7 +8=0 
9. 4x2 + 4x — 11 =0 


Exercises 3.2 


2. 25x? — 60x? + 36x 
5. x9 + 3x2 — 4x — 12 


8. x? — 6x +4=0 
10. x* — 18x? + 81 =0 


3. 12z4 + 1723 + 52? 
6. x3 + 2x? + 3x +6 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, match the polynomial function with 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), 
(f), (g), and (h).] 


(b) 


(f) Y 


(g) ‘4 (h) 


1. f(x) = $08 + 2x2 — 3x) 
2. f(x) = x? — 2x 
3. f(x) = 5x4 —-x 
4. f(x) = —3x4 — 4x3 
5. f(x) = 3x3 — 9x + 1 
6. f(x) = x — 5x9 + 4x 
7. f(x) = -i3 +x 3 
8. f(x) = —2° + 5x3 — 4x 
In Exercises 9-12, use the graph of y = x? to sketch the 
graph of the function. 
9. f(x) =~ -2 
11. fi) = (+17 -4 


10. f(x) = (x + 3) 

12. f(x) = -—(« - 237 +2 
In Exercises 13-16, use the graph of y = x‘ to sketch 
the graph of the function. 
13. f(x) = (x + 3)4 

15. f(x) = 3 — x 


14. f(x) =x4-4 
16. f(x) = 3(x — 1)4 
In Exercises 17-26, describe the right-hand and 


left-hand behavior of the graph of the polynomial 
function. 


17. f(x) = -x +1 18. f(x) = 5x3 + 5x 
19. e(x) =6-— 4° +x- 3x 20. f(x) = 2 -— 5x + 7.5 
21. f(x) = 4x8 — 2 22. h(x) = 1 — x® 


23. f(x) = 2 + 5x — x? — x3 + 2x4 
4 
a Ge” a 


25. h(t) = —3(2 — 5t + 3) 
26. f(s) 4(s3 + 5s? — 7s + 1) 
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In Exercises 27-30, determine (a) the maximum number 61. Modeling Polynomials Determine the equation of the 
of turning points of the graph of the function and (b) fourth-degree polynomial function f whose graph is shown. 
the maximum number of real zeros of the function. : 

27. f(x) =22-— 4x +1 28. f(x) = —3x4 +1 A 

29. f(x) = —x + x4 - x 30. f(x) = 2x3 +x? + 1 

Algebraic and Graphical Approaches In Exercises te x 

31-46, find all real zeros of the function algebraically. _1/ : 

Then use a graphing utility to confirm your results. ag || 

31. fi) =9 -— 2 32. f(x) = x2 — 25 wee, “oe 

33. h(t) =P + 8t+ 16 34. f(x) = x? — 12x + 36 

35. f(x) =4x2 + 1x —-3 36. f(x) = 422 +2x—-3 62. Modeling Polynomials Determine the equation of the 


third-degree polynomial function g whose graph is shown. 


37. f(x) = 2x7 + 4x + 6 

38. g(x) = —5(x? + 2x — 4) 

39. f() =F — 4° + 4¢t 

40. f(x) = x* — x — 20x? 

41. g(t) = 31 — 
1 


42. f(x) = 3 - 5x - 


+> x 


-4-3 Layee 
43. f(x) = 2x* — 2x7 — 40 ; (1, 0) 
44. e(t) =P — 6F + OF 
45. f(x) = x — 3x? + 2x — 6 ©) 63. Credit Cards The numbers of active American Express 
46. f(x) = 28 — 4x2 — 25x + 100 cards C (in millions) in the years 1997 to 2006 are shown 


in the table. (Source: American Express) 


Analyzing a Graph _ In Exercises 47-58, analyze the sss...» 
graph of the function algebraically and use the results Year 1997 | 1998 | 1999 | 2000 | 2001 
to sketch the graph by hand. Then use a graphing —...1...1..,.1)..)...,1 
utility to confirm your sketch. 


47. f(x) = bx +5 48. h(x) = —3x +2 
49. f(t) = 3(2 - 4t - 1) 
50. g(x) = —x2 + 10x — 16 


Cards, C | 42.7 | 42.7 | 46.0 | 51.7 | 55.2 


Year 2002 | 2003 | 2004 | 2005 | 2006 


Cards, C | 57.3 | 60.5 | 65.4 | 71.0 | 78.0 


51. f(x) = 4° — 0° 52. fz) = 1-2 (a) Use a graphing utility to create a scatter plot of the data. 
SS. fa) = 2 = Se 54. f(x) = ri xt = 2x? Let ¢ represent the year, with t = 7 corresponding to 
55. g(t) = —4(t — 2)°(t + 2) 1997. 

56. f(x) = x(x — 2)°%x + 1) (b) Use what you know about end behavior and the scatter 

plot from part (a) to predict the sign of the leading 

57. f(x) = 1— x8 58. g(x) = 1 — (x + 1)° coefficient of a quartic model for C. 

59. Modeling Polynomials Sketch the graph of a polyno- (c) Use the regression feature of a graphing utility to find 
mial function that is of fourth degree, has a zero of multi- a quartic model for C. Does your model agree with 
plicity 2, and has a negative leading coefficient. Sketch your answer from part (b)? 
another graph under the same conditions but with a positive (d) Use a graphing utility to graph the model from part (c). 
leading coefficient. Use the graph to predict the year in which the number 

60. Modeling Polynomials Sketch the graph of a polyno- of active American Express cards would be about 
mial function that is of fifth degree, has a zero of multiplic- 92 million. Is your prediction reasonable? 


ity 2, and has a negative leading coefficient. Sketch 
another graph under the same conditions but with a positive 
leading coefficient. 
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Population The immigrant population P (in millions) 
living in the United States at the beginning of each decade 
from 1900 to 2000 is shown in the table. (Source: Center 
of Immigration Studies) 


Year 1900 | 1910 | 1920 | 1930 
Population, P | 10.3 13.5 13.9 14.2 
Year 1940 | 1950 | 1960 | 1970 
Population, P | 11.6 | 10.3 | 9.7 9.6 
Year 1980 | 1990 | 2000 
Population, P | 14.1 | 19.8 | 30.0 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t = 0 correspond to 1900. 


(b) Use what you know about end behavior and the scatter 
plot from part (a) to predict the sign of the leading coef- 
ficient of a cubic model for P. 


(c) Use the regression feature of a graphing utility to find 
a cubic model for P. Does your model agree with your 
answer from part (b)? 


(d) Use a graphing utility to graph the model from part (c). 
Use the graph to predict the year in which the 
immigrant population will be about 45 million. Is your 
prediction reasonable? 


Advertising Expenses The total revenue R (in millions 
of dollars) for a soft-drink company is related to its 
advertising expenses by the function 


(—x3 + 600x2), 0 <x < 400 


= 50,000 
where x is the amount spent on advertising (in tens of 
thousands of dollars). Use the graph of R to estimate the 
point on the graph at which the function is increasing most 
rapidly. This point is called the point of diminishing returns 
because any expenditure above this amount will yield less 
return per dollar invested in advertising. 


Revenue 
(in millions of dollars) 


t t t i= + 

100 200 300 
Advertising expense 

(in tens of thousands of dollars) 


Polynomial and Rational Functions 


66. 


67. 


. Comparing Graphs 


. Comparing Graphs 


Advertising Expenses The total revenue R (in millions 
of dollars) for a hotel corporation is related to its advertis- 
ing expenses by the function 


R = —0.148x3 + 4.889x? — 17.778x + 125.185, 
0 <x< 20 


where x is the amount spent on advertising (in millions of 
dollars). Use the graph of R to estimate the point on the 
graph at which the function is increasing most rapidly. This 
point is called the point of diminishing returns because any 
expenditure above this amount will yield less return per 
dollar invested in advertising. 


R 


500 
400 


300 


Revenue 
(in millions of dollars) 


200 


100 


4 8 2 616 20 


Advertising expense 
(in millions of dollars) 


Maximum Value An open box with locking tabs is to be 
made from a square piece of material 24 inches on a side. 
This is to be done by cutting equal squares from the corners 
and folding along the dashed lines shown in the figure. 
Verify that the volume of the box is given by the function 
V(x) = 8x(6 — x)(12 — x). Determine the domain of the 
function V. Then sketch a graph of the function and estimate 
the value of x for which V(x) is maximum. 


——— 24 in. ———> 


Use a graphing utility to graph 
the functions given by f(x) = x*, g(x) = x4, and h(x) = x°. 
Do the three functions have a common shape? Are their 
graphs identical? Why or why not? 


Use a graphing utility to graph the 
functions given by f(x) =x3, g(x) = x, and h(x) = x7. Do 
the three functions have a common shape? Are their graphs 
identical? Why or why not? 


Polynomial 
Division 


y f(x) =6x3- 19x? + 16x-4 


=1-+ 


FIGURE 3.21 


/ CHECKPOINT 1 


Divide x7 — 6x? + 5x + 12 by 
x — 4, and use the result to factor 
the polynomial completely. © 
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Divide one polynomial by a second polynomial using long division. 
Simplify a rational expression using long division. 
Use synthetic division to divide two polynomials. 


Use the Remainder Theorem and synthetic division to evaluate a 
polynomial. 


Use the Factor Theorem to factor a polynomial. 


Use polynomial division to solve an application problem. 


Long Division of Polynomials 


In this section, you will study two procedures for dividing polynomials. These 
procedures are especially valuable in factoring polynomials and finding the zeros 
of polynomial functions. To begin, suppose you are given the graph of 


f(x) = 6x3 — 19x? + 16x — 4. 


Notice that a zero of f occurs at x = 2, as shown in Figure 3.21. Because x = 2 
is a zero of the polynomial function f, you know that (x — 2) is a factor of f(x). 
This means that there exists a second-degree polynomial g(x) such that 


f(x) = (& — 2) + gq). 


To find q(x), you can use long division, as illustrated in Example 1. 


Long Division of Polynomials 


Divide the polynomial 6x? — 19x? + 16x — 4 by x — 2, and use the result to 
factor the polynomial completely. 


SOLUTION 
6x7 — 7x +2 
x — 2) 6x3 — 19x? + 16x — 4 
6x? — 12x? Multiply: 6x? by x — 2. 
—7x? + 16x Subtract and bring down 16x. 
—7Tx? + 14x Multiply: —7x by x — 2 
2x —4 Subtract and bring down —4. 
2x —4 Multiply: 2 by x — 2. 
0) Subtract. 


From this division, you can conclude that 


6x3 — 19x? + lox — 4 = (x — 2)(6x2 — 7x + 2) 


and by factoring the quadratic 6x7 — 7x + 2, you have 
6x? — 19x27 + 16x — 4 = (x — 2)(2x — 1)(3x — 2). 
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Note that the factorization shown in Example 1| agrees with the graph shown in 
Figure 3.21 in that the three x-intercepts occur at x = 2, x = 5, and x = 3. 


In Example 1, x — 2 is a factor of the polynomial 6x7 — 19x? + 16x — 4, 
and the long division process produces a remainder of zero. Often, long division 
will produce a nonzero remainder. For instance, when you divide x* + 3x + 5 by 


x + 1, you obtain the following. 
x+2 4 @otient 


Divisor [> xt1)x2+3x+5 <i Dividend 
w+ x 
2x + 5 
2x + 2 


3 <q Remainder 


In fractional form, you can write this result as follows. 


Remainder 
Dividend @tient 
SSS 
ey 
x + 3x + 5 
<a +2t 
x+1 x+1 
—— —— 
Divisor Divisor 


This implies that 
4+ 3xt+5=(x + I(x +2) 4+3 Multiply each side by (x + 1). 


which illustrates the following well-known theorem called the Division 
Algorithm. 


The Division Algorithm 


If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is 
less than or equal to the degree of f(x), there exist unique polynomials q(x) 
and r(x) such that 


F(x) = d(x)q(x) + r(x) 


Dividend @tient 


Divisor Remainder 


where r(x) = 0 or the degree of r(x) is less than the degree of d(x). If the 
remainder r(x) is zero, d(x) divides evenly into f(x). 


The Division Algorithm can also be written as 


fF) _ ay 4, 209 


dx) 7 * ay 
In the Division Algorithm, the rational expression f(x)/d(x) is improper because 
the degree of f(x) is greater than or equal to the degree of d(x). On the other hand, 
the rational expression r(x)/d(x) is proper because the degree of r(x) is less than 
the degree of d(x). 


/ CHECKPOINT 3 


Divide 


by 


5x* + 10x? — 7x? + 28x — 39 


x?+2x—-4. © 
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Before you apply the Division Algorithm, follow these steps. 
1. Write the dividend and divisor in descending powers of the variable. 


2. Insert placeholders with zero coefficients for missing powers of the variable. 


|e <erss}e)(-w4 Long Division of Polynomials 
Divide x* — 1 by x — 1. 


SOLUTION Because there is no x?-term or x-term in the dividend, you need to 
line up the subtraction by using zero coefficients (or leaving spaces) for the 
missing terms. 


w+ xt] 
x= Ih xe + 0x? + Ox -— 1 Insert Ox? and Ox. 
we x? Multiply x? by x — 1. 

x? + Ox Subtract and bring down Ox. 

e- x Multiply x by x — 1. 
x= 1 Subtract and bring down — 1. 
x= Multiply 1 by x — 1. 

0 Subtract. 


So, x — 1 divides evenly into x7 — 1 and you can write 


/ CHECKPOINT 2 


Divide x7 + 8byx+ 2. © 


You can check the result of a division problem by multiplying. For instance, 
in Example 2, try checking that (x — IQ? +x4+ 1) =x —- 1. 


Long Division of Polynomials 


Divide 2x+ + 4x3 — 5x? + 3x — 2 by x7 + 2x — 3. 


SOLUTION 
2x? +1 
x2 + 2x — 3) 2x4 + 43 — 5x2 + 3x -2 
2x4 + 4x3 — 6x? Multiply 2x2 by x2 + 2x — 3. 
x 3x = 2 Subtract and bring down 3x — 2. 
x2 + 2x — 3 Multiply 1 by x2 + 2x — 3. 
x+1 Subtract. 


Note that the first subtraction eliminated two terms from the dividend. When this 
happens, the quotient skips a term. So, you can write 
2x* + 4x3 — 5x? + 3x -2 x+1 


=22+1+—=~ 7 
x? + 2x - 3 fe x2 + 2x -— 3 
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STUDY TIP 


This algorithm for synthetic 
division works only for divisors 
of the form x — k. Remember 
that x + k = x — (—4). 


Synthetic Division 


There is a nice shortcut for long division of polynomials when dividing by 
divisors of the form x — k. This shortcut is called synthetic division. We 
summarize the pattern for synthetic division of a cubic polynomial as follows. 
(The pattern for higher-degree polynomials is similar.) 


Synthetic Division (for a Cubic Polynomial) 
To divide ax? + bx* + cx + dby x — k, use the following pattern. 
k (a) b c d ~<— Coefficients of dividend 


ALA 4 
e ae @ (r) ~<— Remainder 


——————— 
Coefficients of quotient 


Vertical pattern: Add terms in columns. 
Diagonal pattern: Multiply results by k. 


ie<ett)(- Me Using Synthetic Division 


Use synthetic division to divide xt — 10x? — 2x + 4 by x + 3. 


SOLUTION You should set up the array as follows. Note that a zero is included 
for the missing x?-term in the dividend. 


-3] 43 0-10 -2 4 


arena 


Then, use the synthetic division pattern by adding terms in columns and 
multiplying the results by —3. 


Divisor: x + 3 Dividend: x* — 10x? — 2x + 4 
=3 1 0 —10 =. 4 
| -3 9 3-3 
oN NS) 
Ay / # aay 
LY |" | Ly | 
1 —3 —1 1 a ~<— Remainder: 1 
@tient: x + = 3x2 -—xt1 
4 — 10x? — 2x + 4 1 
So, you have ~ Sa 3 = we -— 3x? -x4+14 743" 


/ CHECKPOINT 4 


Use synthetic division to divide 2x37 — 7x? — 80 byx — 5. © 


TECHNOLOGY 


Remember, you can also 

evaluate a function with 
your graphing utility by 
entering the function in the 
equation editor and using the 


table feature in ASKnode. 

For instructions on how to use 
the table feature, see Appendix 
A; for specific keystrokes, 

go to the text website at 
college.hmco.com/info/ 
larsonapplied. 
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Remainder and Factor Theorems 


The remainder obtained in the synthetic division process has an important 
interpretation, as described in the Remainder Theorem. 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, the remainder is 


r= fk). 


The Remainder Theorem tells you that synthetic division can be used 
to evaluate a polynomial function. That is, to evaluate a polynomial function f 
at x = k, divide f(x) by x — k. The remainder will be f(k), as illustrated in 
Example 5. 


Using the Remainder Theorem 


Use the Remainder Theorem to evaluate the following function when x = —2. 
f(x) = 3x3 + 8x2 + 5x - 7 
SOLUTION Using synthetic division, you obtain the following. 
=2 3 8 > =] 
=6 =4 =2 
3 2 1 =9 
Because the remainder is r = —9, you can conclude that 
f(-2) = —9. 


This means that (—2, —9) is a point on the graph of f. You can check this by 
substituting x = —2 in the original function. 


CHECK 
f(—2) = 3(—2)3 + 8(-2)? + 5(—2) — 7 
= 3(-8) + 8(4) -10 -7 = -9 


/ CHECKPOINT 5 


Use the Remainder Theorem to evaluate f(x) = 4x° + 6x? + 4x + 5 
when x = —1. © 


Another important theorem is the Factor Theorem, which is stated below. 


Factor Theorem 


A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 


You can think of the Factor Theorem as stating that if (x — k) is a factor of f(x), 
then f(k) = 0. Conversely, if f(k) = 0, then (x — &) is a factor of f(x). 
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—-30 + 


-~40 + 


FIGURE 3.22 


JS crele(-Me Factoring a Polynomial: Repeated Division 


Show that (x — 2) and (x + 3) are factors of the polynomial 
f(x) = 2x4 + 7x3 — 4x7 — 27x — 18. 
Then find the remaining factors of f(x). 


SOLUTION Using synthetic division with the factor (x — 2), you obtain 
the following. 


2 2 F aa a7 = 18 
4 22 36 18 ‘ a aa 
oil 18 9 0 = remainder, so f(2) = 0 and 


(x — 2) is a factor. 


Take the result of this division and perform synthetic division again using the 
factor (x + 3). 


ee 11 18 9 


-6 -15 —-9 
0 remainder, so f(—3) = 0 and 
2 5 3 0 = (x + 3) is a factor. 


Qidratic: 2x2 + 5x +3 

Because the resulting quadratic expression factors as 

2x? + 5x + 3 = (2x + 3)(x + 1) 
the complete factorization of f(x) is 

f(x) = (« — 2)(x + 3)(2x + 3)(x + 1). 
Note that this factorization implies that fhas four real zeros: 

2, -3, —3, and - 1. 
This is confirmed by the graph of f, which is shown in Figure 3.22. 


/ CHECKPOINT 6 


Show that (x + 2) and (x + 4) are factors of the polynomial 
f(x) = x4 + 6x3 + 7x? — 6x — 8. Then find the remaining factors of f(x). ® 


Uses of The Remainder in Synthetic Division 


The remainder r obtained in the synthetic division of f(x) by x — k 
provides the following information. 


1. The remainder r gives the value of f at x = k. That is, r = f(k). 
2. Ifr = 0, (« — k) is a factor of f(x). 
3. If r = 0, (k, 0) is an x-intercept of the graph of f. 


Throughout this text, the importance of developing several problem-solving 
strategies is emphasized. In the exercises for this section, try using more than one 
strategy to solve several of the exercises. For instance, if you find that x — k 
divides evenly into f(x) (with no remainder), try sketching the graph of f. You 
should find that (k, 0) is an x-intercept of the graph. 


FIGURE 3.23 


<5 


FIGURE 3.24 
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Application 


Tax Liability 


The 2005 federal income tax liability for an employee who was single and 
claimed no dependents is given by the function 


y = 0.00000066x? + 0.113x — 1183, 10,000 < x < 100,000 


where y represents the tax liability (in dollars) and x represents the employee’s 
yearly salary (in dollars) (see Figure 3.23). (Source: U.S. Department of the 
Treasury) 


a. Find a function that gives the tax liability as a percent of the yearly salary. 

b. Graph the function from part (a). What conclusions can you make from the 
graph? 

SOLUTION 

a. Because the yearly salary is given by x and the tax liability is given by y, the 


percent (in decimal form) of yearly salary that the person owes in federal 
income tax is 


_ 0.00000066x? + 0.113x — 1183 
x 


= 0.00000066x + 0.113 — us 


b. The graph of the function P is shown in Figure 3.24. From the graph you can 
see that as a person’s yearly salary increases, the percent that he or she must 
pay in federal income tax also increases. 


/ CHECKPOINT 7 


Using the function P from part (a) of Example 7, what percent of a $39,000 
yearly salary does a person owe in federal income tax? © 


. How should you write the dividend x° — 3x + 10 to apply the Division 
Algorithm? 
. Describe and correct the error in using synthetic division to divide 
x3 + 4x? - x -—Abyx+4. 
1 4 -1 
32 124 
1 8 31 


. A factor of the polynomial f(x) is (x — 3). What is the value of (3)? 


. A fourth-degree polynomial is divided by a first-degree polynomial. What 
is the degree of the quotient? 
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SrilleiRevi 33 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11s Neview uv. these skills in the exercise set for this section. For additional help, review Sections 0.5 and 0.6. 


In Exercises 1-4, write the expression in standard polynomial form. 


1. (x — 1)@? + 2) +5 2. (x2 — 3)(Qx + 4) +8 
34 (Ge 4b ING? = De +e 3) = 10) A, (Gest Qe = Be) = 5 


In Exercises 5-10, factor the polynomial. 


Bb a? = ake ak 3B (js Bit = Ware = (30) 
7. 3x2 + 2x — 5 8. 9x2 — 24x + 16 
O), dhe = (Or 4b Gye 10. 6x3 + 7x? + 2x 


Exercises 3.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-18, use long division to divide. Dividend Divisor 
Dividend Divisor 21. 4x3 — 9x + 8x? — 18 xD 
1. 3x7 -— 7x +4 x-1 22. 9x3 — 16x — 18x? + 32 x-2 
23. 9x7 = Ve = 12 x-—4 23. —x? + 75x — 250 x + 10 
3. 2x7 + 10x + 12 x+3 24, 3x7 — 16x? — 72 x-6 
4. 2x7 +x- 11 x+5 25. x4 — 409 — 7x2 +22x4+24 x43 
5. 2x3 + 6x7 — x — 3 2x2 — 1 26. 6x+ — 15x3 — 11x x+2 
6. 3x3 — 12x? — 2x + 8 3x? — 2 27. 10x* — 50x37 — 800 x—-6 
7. x4 + 59° + Gx —x— 2 ED 28. x — 13x4 — 120x + 80 x +3 
8. xt + 2x3 — 3x? — 8x — 4 r— 4 29. 2x° — 30x73 — 37x + 13 x-4 
9. 7x + 3 x+4 30. 5x3 x+3 
10. 8x — 5 2x + 3 31, —3x* t= 2 
11. 6x7 + 10x7 +x +8 2x2 +1 32. 22° #3 
12. 2x3 — 8x2 + 3x —9 x—-4 33.5: = 3+ 2 = x? x+1 
13. x3 — 27 x2-1 34. 180x — x* x—-6 
14.8 —9 etl 35. 4x3 + 16x? — 23x — 15 x+5 
15. 8 — 4x7 + 5x -2 x+2 36. 3° — 4° + 5 x-3 
Saree aoe In Exercises 37-44, write the function in the form 
17, 2x5 — 83+ 4x - 1 x= 2+ 1 ipo Deter 
oy aa for the given value of k, and demonstrate that f(k) = r. 
In Exercises 19-36, use synthetic division to divide. 37. f(x) =x +2? — 12x + 20, k= 3 
Dividend Divisor 38. f(x) = x3 — 2x7 -— 15x +7, k 4 
19. 2x3 + 5x2 — 7x + 20 x+4 39. f(x) = 3x +22 + 5x-2, k =F 


Nie 


20. 3x3 — 23x? — 12x + 32 x-8 40. f(x) = 4x4 + 6x3 + 4x? — 5x 4+ 13, k 


41. f(x) = +2? -3x-12, k= 3 
42. f(x) = x3 + 3x7 — 7x - 6, k J/2 
43. f(x) = 2x3 +22 -14x- 10, kK=1+ V3 


44, f(x) = 3x3 — 19x2 + 27x 


7, k=3- V2 


In Exercises 45-50, use synthetic division to find each 


function value. 


45. f(x) = 2° — 3x2 — 4x - 1 

(a) f(—2) (b) f(-4) 

(c) f() (d) f(3) 
46. g(x) = x® — 4x4 4+ 3x7 + 2 

(a) g(2) (b) g(—4) 

(c) g(7) (d) g(-1) 
47. f(x) = 2x3 — 3x? + 8x — 14 

(a) f(2) (b) f(-1) 

(c) f(.1) (d) f(3) 
48. f(x) = 3x4 — 7x3 + 5x — 12 

(a) f(1) (b) f(4) 

(c) f(-3) (d) f(—1.2) 
49. f(x) = 1.2x3 — 0.5x? — 2.1x — 2.4 

(a) f(2) (b) f(—6) 

() £(3) (@ f() 
50. f(x) = 0.4x4 — 1.6x3 + 0.7x? — 2 

(a) f() (b) f(—2) 

(c) (5) (d) f(—10) 


In Exercises 51-56, (a) verify the given factors of f(x), 
(b) find the remaining factor of f(x), (c) use your results 
to write the complete factorization of f(x), (d) list all 
real zeros of f, and (e) confirm your results by using a 
graphing utility to graph the function. 


Function Factors 
51. f(x) = x3 — 12x — 16 (x + 2), (x — 4) 
52. f(x) = x3 — 28x — 48 (x + 4), (x — 6) 
53. f(x) = 3x3 + 10x2-27x-10 (3x + 1),(x—2) 
54. f(x) = 5x3 — 11x? — 38x + 8 (5x — 1), (x — 4) 
55. f(x) = x3 + 2x2 - 3x -6 (x — 73), (x + 2) 
56. f(x) =23 + 2x2 - 2-4 (x — V2), (x + 2) 


) 57. You divide a polynomial by another polynomial. The 


remainder is zero. What conclusion(s) can you make? 


® 58. Suppose that the remainder obtained in a polynomial divi- 


sion by x — kis zero. How is the divisor related to the graph 
of the dividend? 
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In Exercises 59-64, match the function with its graph 
and use the result to find all real solutions of f(x) = 0. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y (b) k 


(d) 


59. f(x) =x? — 2x7 — 7x + 12 
60. f(x) =2x8 — x? — 5x +2 


61. f(x) = x3 + 5x? + 6x +2 

62. f(x) = x3 — 5x2 + 2x + 12 
63. f(x) = x3 + 3x? — 5x — 15 
64. f(x) = x3 — 2x7 — 5x + 10 


65. Modeling Polynomials A third-degree polynomial 
function f has real zeros — 1, 2, and 2 Find two different 
polynomial functions, one with a positive leading 
coefficient and one with a negative leading coefficient, that 
could be f. How many different polynomial functions are 


possible for f ? 


66. Modeling Polynomials A fourth-degree polynomial 
function g has real zeros —2, 0, 1, and 5. Find two 
different polynomial functions, one with a positive leading 
coefficient and one with a negative leading coefficient, that 
could be g. How many different polynomial functions are 
possible for g? 
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In Exercises 67-74, simplify the rational expression. 


x? — 10x? + 31x — 30 
7. 
S n= 3 
68 x3 + 15x? + 68x + 96 
: x+4 
6x3 + x? — 21x — 10 
9, 
2x+1 
3x3 — 5x2 — 34x + 24 
70. ud 
1 x4 — 5x3 + 14x? — 120x 
: x2 +x+ 20 
x* + x3 + 3x? + 10x 
a x2—x +5 
x* + 4x3 — 6x2 — 36x — 27 
73. a9 
xt 4+ x3 -— 13x27 -—x 4+ 12 
a x24+x- 12 


75. Examination Room A rectangular examination room 
in a veterinary clinic has a volume of 


B+ Ih? + 34x + 24 


cubic feet. The height of the room is x + 1 feet (see 
figure). Find the number of square feet of floor space in the 
examination room. 


76. Veterinary Clinic A rectangular veterinary clinic has a 
volume of 


x? + 55x? + 650x + 2000 


cubic feet (the space in the attic is not counted). The height 
of the clinic is x + 5 feet (see figure). Find the number of 
square feet of floor space on the first floor of the clinic. 


Polynomial and Rational Functions 


77. Profit A company making fishing poles estimated that 
the profit P (in dollars) from selling a particular fishing 
pole was 


P = —140.75x3 + 5348.3x? — 76,560, 0 < x < 35 


where x was the advertising expense (in tens of thousands 
of dollars). For this fishing pole, the advertising expense 
was $300,000 (x = 30) and the profit was $936,660. 


(a) From the graph shown in the figure, it appears that the 
company could have obtained the same profit by spend- 
ing less on advertising. Use the graph to estimate 
another amount the company could have spent on 
advertising that would have produced the same profit. 


P 
A 
1,100,000 —- 


900,000 —- 


700,000 =- 


500,000 =- 


300,000 =- 


x 
(30, 936,660) 


Profit (in dollars) 


100,000 — 


— 100,000 


Advertising expense 
(in tens of thousands of dollars) 


(b) Use synthetic division to confirm the result of part (a) 
algebraically. 


78. Profit A company that produces calculators estimated that 
the profit P (in dollars) from selling a particular model of 
calculator was 


P 152x3 + 7545x? 


169,625, O<x< 45 


where x was the advertising expense (in tens of thousands 
of dollars). For this model of calculator, the advertising 
expense was $400,000 (x = 40) and the profit was 
$2,174,375. 


® (a) Use a graphing utility to graph the profit function. 
(b) Could the company have obtained the same profit by 
spending less on advertising? Explain your reasoning. 


79, Writing Briefly explain what it means for a divisor to 
divide evenly into a dividend. 


80. Writing Briefly explain how to check polynomial 
division, and justify your answer. Give an example. 


Exploration In Exercises 81 and 82, find the constant 
c such that the denominator will divide evenly into the 
numerator. 


wei+ 4° — 3x tc —w+xt+e 
81. * 4x7 — 3x+ 32.2. 2 +x+ec 


x=5 KP 2 


Real Zeros of 
Polynomial 
Functions 


STUDY TIP 

When the leading coefficient is 
1, the possible rational zeros 
are simply the factors of the 
constant term. 


f@=ax 4x41 


FIGURE 3.25 
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Find all possible rational zeros of a function using the Rational Zero Test. 

@ Find all real zeros of a function. 

& Approximate the real zeros of a polynomial function using the 
Intermediate Value Theorem. 

& Approximate the real zeros of a polynomial function using a graphing 
utility. 

® Apply techniques for approximating real zeros to solve an application 

problem. 


The Rational Zero Test 


The Rational Zero Test relates the possible rational zeros of a polynomial 
function (having integer coefficients) to the leading coefficient and to the constant 
term of the polynomial. 


The Rational Zero Test 
If the polynomial function given by 
a ee ea aca 
has integer coefficients, then every rational zero of f has the form 


a factor of the constant terma) __ p 
a factor of the leading coefficienta, q 


Rational zeros = 


where p and q have no common factors other than 1. 


Make a list of possible rational zeros. Then use a trial-and-error method to 
determine which, if any, are actual zeros of the polynomial function. 


Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of f(x) = x7 + x + 1. 


SOLUTION Because the leading coefficient is 1, the possible rational zeros are 
the factors of the constant term, 1 and —1. By testing these possible zeros, you 
can see that neither checks. 


fH =0)3+1+1=3 f(-)) = (-18 + (-) +1=-1 


So, you can conclude that the given function has no rational zeros. Note from the 
graph of fin Figure 3.25 that f does have one real zero (between — | and 0). By 
the Rational ¢ro Test, you know that this real zero is not a rational number. 


/ CHECKPOINT 1 


Find the rational zeros of f(x) = x3 + 2x7 + 1. o 
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Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of 
f(x) = x4 —- x +2? - 3x - 6. 


SOLUTION Because the leading coefficient is 1, the possible rational zeros are 
the factors of the constant term. 


Possible rational zeros: +1, +2, +3, +6 
Test each possible rational zero. The test shows x = —1 and x = 2 are the only 


two rational zeros of the function. 


/ CHECKPOINT 2 


Find the rational zeros of f(x) = x4 + 2x3 + x7 -— 4. m 


If the leading coefficient of a polynomial is not 1, the list of possible 
rational zeros can increase dramatically. In such cases, the search can be 
shortened in several ways: (1) a programmable calculator can be used to speed up 
the calculations; (2) a graph, created either by hand or with a graphing utility, can 
give a good estimate of the locations of the zeros; and (3) synthetic division 
can be used to test the possible rational zeros. 


TECHNOLOGY 


=) There are several ways to use your graphing utility to locate the zeros 
of a polynomial function after listing the possible rational zeros. You 
can use the fable feature by setting the increments of x to the smallest 


difference between possible rational zeros, or use the table feature in ASK 
mode. In either case the value in the function column will be 0 when x is a 
zero of the function. Another way to locate zeros is to graph the function. 
Be sure that your viewing window contains all the possible rational zeros. 


To see how to use synthetic division to test the possible rational zeros, let’s 


take another look at the function given by 
fC@)= ae 16 


i f(x) = x4 = 38 +22 = 3x -6 
from Example 2. To test that x = —1 and x = 2 are zeros of f, you can apply 
synthetic division, as follows. 
=] 1 =] 1 =3 =6 2 1 =2 3 =6 
=] 2 =3 6 2 0 6 
1 =2 3-6 0 1 0 3 0 


So, you have 
f(x) = (« + Ie — 2)(x? + 3). 
Because the factor (x? + 3) produces no real zeros, you can conclude that 


x = —1 and x = 2 are the only real zeros of f. This is verified in the graph of f 
FIGURE 3.26 shown in Figure 3.26. 


=f. 
=i 


/ CHECKPOINT 3 


Find the rational zeros of 
f(@) = 2x3 +524+%x-2. @ 


-12- 


f(%) = 10x? — 15x? — 16x +12 


FIGURE 3.27 
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Finding the first zero is often the hardest part. After that, the search is 
simplified by using the lower-degree polynomial obtained in synthetic division. 
Once the lower-degree polynomial is quadratic, either factoring or the Qadratic 
Formula can be used to find the remaining zeros. 


Using the Rational Zero Test 


Find the rational zeros of f(x) = 2x? + 3x? — 8x + 3. 
SOLUTION The leading coefficient is 2 and the constant term is 3. 


Factors of 3 +1,+3 
Factorsof2 +1,+2 


1 
Possible rational zeros: = +1,43, +> +5 


By synthetic division, you can determine that x = | is a rational zero. 
1 2 3. -8 3 
2 > 3 
2 > =3 0 
So, f(x) factors as 
f(x) = (& — 1)(2x7 + 5x — 3) 
= (x — 1)(2x — 1)@ + 3) 


and you can conclude that the rational zeros of fare x = 1,x = 5, and x = —3. 


Using the Rational Zero Test 


Find all the real zeros of f(x) = 10x? — 15x? — 16x + 12. 
SOLUTION The leading coefficient is 10 and the constant term is 12. 


Factorsof 12  +1,+2,+3,+4,+6,+12 
Factors of 10 +1,+2,+5,+10 


Possible rational zeros: 


With so many possibilities (32, in fact), it is worth your time to stop and sketch a 
graph. From Figure 3.27, it looks like three reasonable choices would be x = — g 
x =, and x = 2. Testing these by synthetic division shows that only x = 2 
checks. So, you have 


f(x) = (x — 2)(10x? + 5x — 6). 


Using the Qadratic Formula, you find that the two additional zeros are irrational 
numbers. 


gS 2 2. 95680 and gS a e8 
20 20 
You can conclude that the real zeros of fare x = 2, x ~ 0.5639, and x ~ —1.0639. 


/ CHECKPOINT 4 
Find the rational zero of f(x) = 3x3 + 2x? — 5x +6. © 
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Polynomial and Rational Functions 


The Intermediate Value Theorem 


The next theorem, called the Intermediate Value Theorem, tells you of the 
existence of real zeros of polynomial functions. The theorem implies that if 
(a, f(a)) and (b, f(b)) are two points on the graph of a polynomial function such 
that f(a) # f(b), then for any number d between f(a) and f(b) there must be a 
number c between a and b such that f(c) = d. (See Figure 3.28.) 


FIGURE 3.28 


Intermediate Value Theorem 


Let a and b be real numbers such that a < b. If fis a polynomial function 
such that f(a) # f(b), then, in the interval [a, b], f takes on every value 
between f(a) and f(b). 


The Intermediate Value Theorem helps you locate the real zeros of a 
polynomial function in the following way. If you can find a value x = a where a 
polynomial function is positive, and another value x = b where it is negative, you 
can conclude that the function has at least one real zero between these two 
values. For example, the function given by 


f(xy) =P +241 


is negative when x = —2 and positive when x = —1. So, it follows from the 
Intermediate Value Theorem that f must have a real zero somewhere between — 2 
and — 1, as shown in Figure 3.29. 


f@)a=xr 4x7 41 


|—> x 
2 


FIGURE 3.29 


By continuing this line of reasoning, you can approximate any real zeros of 
a polynomial function to any desired level of accuracy. This concept is further 
demonstrated in Example 5. 


feaee a Il 


FIGURE 3.30 _ fhas a zero 
between —8 and —0.7. 


STUDY TIP 


To help you visually determine 
when you have zoomed in 
enough times to reach the 
desired level of accuracy, set 
the Xcale of the viewing 
window to the accuracy you 
need and zoom in repeatedly. 
For instance, to approximate the 
zero to the nearest hundredth, 
set the Xcale to 0.01. 
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Sette (-e yy Approximating a Zero of a Polynomial Function 


Use the Intermediate Value Theorem to approximate a real zero of 
f(xy) = 8-2 +1. 


SOLUTION Begin by computing a few function values, as follows. 


x |-2 |-1/0]1 
fem —-11|)-1/1]1 


Because f(—1) is negative and f(0) is positive, you can apply the Intermediate 
Value Theorem to conclude that the function has a zero between —1 and 0. 
To pinpoint this zero more closely, divide the interval [—1, 0] into tenths and 
evaluate the function at each point. When you do this, you will find that 


f(—0.8) = —0.152 
and 
f(—0.7) = 0.167. 


So, f must have a zero between —0.8 and —0.7, as shown in Figure 3.30. By 
continuing this process, you can approximate this zero to any desired level 
of accuracy. 


/ CHECKPOINT 5 


Use the Intermediate Value Theorem to approximate a real zero of 
fm=e+x-4 5 


Approximating Zeros of Polynomial Functions 


There are several different techniques for approximating the zeros of a 
polynomial function. All such techniques are better suited to computers or 
graphing utilities than they are to Hand calculations.In this section, you will 
study two techniques that can be used with a graphing utility. The first is called 
the zoom-and-trace technique. 


Zoom-and-Trace Technique 


To approximate a real zero of a function with a graphing utility, use the 
following steps. 


1. Graph the function so that the real zero you want to approximate appears 
as an x-intercept on the screen. 


2. Move the cursor near the x-intercept and use the zoom feature to zoom in 
to get a better look at the intercept. 


3. Use the trace feature to find the x-values that occur just before and just 
after the x-intercept. If the difference between these values is sufficiently 
small, use their average as the approximation. If not, continue zooming in 
until the approximation reaches the desired level of accuracy. 
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10 


-10 


-10 
FIGURE 3.32 


Polynomial and Rational Functions 


10 


The amount that a graphing utility zooms in is determined by the zoom 
factor. The zoom factor is a positive number greater than or equal to | that gives 
the ratio of the larger screen to the smaller screen. For instance, if you zoom in 
with a zoom factor of 2, you will obtain a screen in which the x- and y-values are 
half their original values. This text uses a zoom factor of 4. 


> <eree(-N Approximating a Zero of a Polynomial Function 


Approximate a real zero of 
f(x) = + 4x42 
to the nearest thousandth. 
SOLUTION To begin, use a graphing utility to graph the function, as shown in 
Figure 3.31(a). Set the %cale to 0.001 and zoom in several times until the tick 


marks on the x-axis become visible. The final screen should be similar to the one 
shown in Figure 3.31(b). 


5 0.020 
ae _ . 
“5 —0.020 


(a) (b) 
FIGURE 3.31 


At this point, you can use the trace feature to determine that the x-values just to 
the left and right of the x-intercept are 


x ~ —0.4735 and x ~ —0.4733. 
So, to the nearest thousandth, you can approximate the zero of the function to be 
x ~ —0.473. 


To check this, try substituting —0.473 into the function. You should obtain a 
result that is approximately zero. 


/ CHECKPOINT 6 


Approximate a real zero of f(x) = 2x? — x + 3 to the nearest thousandth. © 


In Example 6, the cubic polynomial function has only one real zero. Remember 
that functions can have two or more real zeros. In such cases, you can use the 
zoom-and-trace technique for each zero separately. For instance, the function 
given by 

f@ =28-47°+x4+2 
has three real zeros, as shown in Figure 3.32. Using a zoom-and-trace approach 
for each real zero, you can approximate the real zeros to be 


x ~ —0.562, x= 1.000, and x ~ 3.562. 


TECHNOLOGY 


=\ For instructions on how 
to use the zoom, trace, 
zero, and root features, see 


Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 
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The second technique that can be used with some graphing utilities is to 
employ the graphing utility’s zero or root feature. The name of this feature differs 
with different calculators. Consult your user’s guide to determine if this feature is 
available. 


1 etss}e)(-Way Approximating the Zeros of a Polynomial Function 


Approximate the real zeros of f(x) = x3 — 2x7 —x + 1. 


SOLUTION To begin, use a graphing utility to graph the function, as shown in the 
first screen in Figure 3.33. Notice that the graph has three x-intercepts. To 
approximate the leftmost intercept, find an appropriate viewing window and use 
the zero feature, as shown below. The calculator should display an approximation 
of x ~ —0.8019377, which is accurate to seven decimal places. 


3 


W1Eas hs ntl 


-2 3 
Lert Bound? 
HoTBe9FA72 Y=". H6E29 
-3 -3 
Find an appropriate viewing window, Move the cursor to the left of the 
then use the zero feature. intercept and press “Enter.” 


i eel tt eat ha 
H 


Guess? 
Ha. FRESE? T=.10f0f8E1 


Right Bound? 
HS. PEGE? =.10e0 Ebel 


Move the cursor to the right of the Move the cursor near the intercept 
intercept and press “Enter.” and press “Enter.” 


FIGURE 3.33 


By repeating this process, you can determine that the other two zeros are 
x ~ 0.555 and x ~ 2.247. 


/ CHECKPOINT 7 


Approximate the real zeros of f(x) = x° — 4x7 + 3x + 1. o 
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You may be wondering why so much time is spent in algebra trying to find 
the zeros of a function. The reason is that if you have a technique that will enable 
you to solve the equation f(x) = 0, you can use the same technique to solve the 
more general equation 


f(x) = 


where c is any real number. This procedure is demonstrated in Example 8. 


Solving the Equation f(x) =c 


Find a value of x such that f(x) = 30 for the function given by 
f(x) = x3 — 4x + 4. 

SOLUTION The graph of 
f(x) = -— 4x44 


is shown in Figure 3.34. Note from the graph that f(x) = 30 when x is about 3.5. 
To use the zoom-and-trace technique to approximate this x-value more closely, 
consider the equation 


x — 4x + 4 = 30 
x — 4x — 26 = 0. 


So, the solutions of the equation f(x) = 30 are precisely the same x-values as the 
zeros of 


g(x) = x3 — 4x — 26. 


Using the graph of g, as shown in Figure 3.35, you can approximate the zero of 
g to be 


x ~ 3.41. 
You can check this value by substituting x = 3.41 into the original function. 
fGB.41) = (B.41)> — 48.41) + 4 
= 30.01 ¥ 


Remember that with decimal approximations, a check usually will not produce an 
exact value. 


35 10 


—5 -10 
FIGURE 3.34 FIGURE 3.35 
/ CHECKPOINT 8 


Find a value of x such that f(x) = 20 for the function given by 
fi) = 3+ 42-1. Oo 


320+ p. 
zt (2) (32.8, 275) 
240 


Profit (in tens 
of thousands of dollars) 
= 
| 


10 20 30 40 50 
Advertising expense (in tens 
of thousands of dollars) 


FIGURE 3.36 
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Application 


Example 9 
WEN Gay S Ae (@)\ Profit and Advertising Expenses ®) 


A company that produces sports clothes estimates that the profit from selling a 
particular line of sportswear is given by 


P = —0.014x7 + 0.752x? — 40, O0< x < 50 


where P is the profit (in tens of thousands of dollars) and x is the advertising 
expense (in tens of thousands of dollars). According to this model, how much 
money should the company spend on advertising to obtain a profit of $2,750,000? 


SOLUTION From Figure 3.36, it appears that there are two different values of x 
between 0 and 50 that will produce a profit of $2,750,000. However, because of 
the context of the problem, it is clear that the better answer is the smaller of the 
two numbers. So, to solve the equation 


—0.014x? + 0.752x? — 40 = 275 
—0.014x7 + 0.752x? — 315 = 0 
find the zeros of the function 
g(x) = —0.014x3 + 0.752x7 — 315. 
Using the zoom-and-trace technique, you can find that the leftmost zero is 
x ~ 32.8. 
You can check this solution by substituting 
x = 32.8 
into the original function. 
P = —0.014(32.8)3 + 0.752(32.8)? — 40 
=~ 275 
The company should spend about $328,000 on advertising for the line of 


sportswear. 


/ CHECKPOINT 9 


In Example 9, how much should the company spend on advertising to obtain a 
profit of $2,500,000? 


. Use the Rational Zero Test to explain why 3 is not a possible rational zero 
of f(x) = 3x2 -—x +2. 

. Can you use the zero feature of a graphing utility to find rational zeros of 
a function? Irrational zeros? Imaginary zeros? Explain your reasoning. 

. Is it possible for a polynomial function to have no real zeros? Explain your 
reasoning. 


. Explain how to use the Intermediate Value Theorem to approximate the 
real zeros of a function. 
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SrilleiRevi 34 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11S Neview v. these skills in the exercise set for this section. For additional help, review Sections 1.5 and 3.3. 


In Exercises 1 and 2, find a polynomial function with integer coefficients 
having the given zeros. 


1. -1,3,3 
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2. —2,0,3,2 


In Exercises 3 and 4, use synthetic division to divide. 


x — 9x3 + 5x + 18 


eb x+3 
4 3x4 + 17x37 + 10x? — 9x — 8 
; x+3 


In Exercises 5-8, use the given zero to find all the real zeros of f. 
5. f(x) = 2x3 + 11x? + 2x — 4, x =3 

6 #@) = Ge = 4he2 = 1D = GO, ve = 10 

7. f(x) = 4x3 — 13x? — 4x + 6, x = -} 

8. f(x) = 10x3 + 51x? + 48x — 28, x = 2 


In Exercises 9 and 10, find all real solutions of the equation. 


9, xt — 3x° +2=0 10. x* — 7x2 + 12=0 
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See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


©) In Exercises 1 and 2, use the Rational Zero Test to list 


all possible rational zeros of f. Then use a graphing 
utility to graph the function. Use the graph to help 
determine which of the possible rational zeros are 
actual zeros of the function. 


1. f(x) = 293 +x? - 4x -4 

2. f(x) = 2x4 — x? — 6 

In Exercises 3-6, find the rational zeros of the poly- 
nomial function. 

3. f(x) = 8 — 32 — Br t+ 6 

4, f(x) =298 + 3x27 -—x-3 

5. f(x) = 4x4 — 1722 +4 

6. f(x) 2x4 + 13x37 — 21x? + 2x + 8 


In Exercises 7-14, find all real zeros of the function. 
7. f(x) = 8 — 6x? + 11x — 6 

8. g@) = - 4° -—x +4 

9. h(t) = 1° + 12t? + 21r + 10 

10. f(x) = 2° — 4x? + 5x — 2 


11. C(x) = 2x9 + 3x? - 1 

12. f(x) = 3x3 — 19x? + 33x — 9 
13. f(x) = x4 — 11x? + 18 

14. P(t) = t4 — 19t? + 48 


In Exercises 15-20, find all real solutions of the poly- 
nomial equation. 


15. z*#- 2 -2z-4=0 

16. x* — 13x? — 12x =0 

17. 2y4 + Ty? — 26y* + 23y -6=0 
18. 2x4 — 11x39 — 6x? + 64x + 32 = 0 
19, x — x4 — 3x3 + 5x? — 2x = 0 

20. x — 7x4 + 10x? + 14x? — 24x = 0 


In Exercises 21 and 22, (a) list the possible rational 
zeros of f, (b) sketch the graph of f so that some of the 
possible zeros in part (a) can be discarded, and (c) 
determine all real zeros of f. 

21. f(x) = 32x93 — 52x? + 17x + 3 

22. f(x) = 4x3 + 7x? — 11x — 18 
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In Exercises 23-26, use the Intermediate Value 
Theorem to show that the function has at least one 
zero in the interval [a, b]. (You do not have to 
approximate the zero.) 


23. f(x) =«3 + 2x —5, [1,2] 

24. f(x) =x — 3x +3, [-2,-1] 

25. f(x) = x+ — 3x? - 10, [2,3] 

26. f(x) x3 + 2x2 + Ix — 3, [3,4] 

In Exercises 27-30, use the Intermediate Value 


Theorem to approximate the zero of f in the interval 
[a, b]. Give your approximation to the nearest tenth. 
(If you have a graphing utility, use it to help you 
approximate the zero.) 


27. f(x) =P +x-1, [0,1] 

28. f(x) =e +x4+1, [-1,0] 

29, f(x) =x4- 102-11, [3,4] 

30. f(x) + 3x7 + 9x - 2, [4,5] 


In Exercises 31-36, match the function with its graph. 
Then approximate the real zeros of the function to 
three decimal places. [The graphs are labeled (a), (b), 
(c), (d), (e), and (f).] 


(a) y (b) y 


(c) (d) 


(e) 


31. f(x) = 8 — 2x +2 
33. f(x) = 2x3 — 6x? 4 


32. f(x) =~ +x- 1 


6x — 1 
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34. f(x) = 5x* — 20x? + 20x — 4 
35. f(x) e+ 3x7 -x4+ 1 
36. f(x) = —x3 + 4x 4+ 2 


) In Exercises 37-40, use the zoom and trace features of 
a graphing utility to approximate the real zeros of f. 
Give your approximations to the nearest thousandth. 


37. f(xy) =x+-—x-3 38. f(x) = 43 + 14x — 8 
39. f(x) = x3 — 3.9x? 4 1.881 
40. f(x) 4 


4.79x 


) In Exercises 41-44, use the zero or root feature of a 
graphing utility to approximate the real zeros of f. Give 
your approximations to the nearest thousandth. 


41. f(x) =x4++x-3 

42. f(x) = -x4 +2844 

43. f(x) = 7x4 — 42x3 + 43x24 
44, f(x) = 3x4 — 12x3 + 27x? 4 


216x 
4x —4 


324 


In Exercises 45-48, match the cubic function with the 

numbers of rational and irrational zeros. 

(a) Rational zeros: 0; Irrational zeros: 1 

Irrational zeros: 0 
2 


(c) Rational zeros: 1; Irrational zeros: 


0 

(b) Rational zeros: 3; 
1 

1: Irrational zeros: O 

46. f(x) =» — 2 


48. f(x) = 23 — 2x 


(d) Rational zeros: 
45. f(x) = - 1 
47. f(x) = - x 
49. Dimensions of aBox An open box is to be made from 
a rectangular piece of material, 18 inches by 15 inches, by 


cutting equal squares from the corners and turning up the 
sides (see figure). 


We Gi 
15 => 
Boast | 


=x— ]8 ——> 


(a) Write the volume V of the box as a function of x. 
Determine the domain of the function. 


(b) Sketch the graph of the function and approximate the 
dimensions of the box that yield a maximum volume. 


(c) Find values of x such that V = 108. Which of these 
values is a physical impossibility in the construction of 
the box? Explain. 


(d) What value of x should you use to make the tallest 
possible box with a volume of 108 cubic inches? 
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50. 


51. 


52. 


53. 


Dimensions of a Box An open box is to be made from 
a rectangular piece of material, 16 inches by 12 inches, by 
cutting equal squares from the corners and turning up the 
sides (see figure). 


/=/ 


| | 


| 7 = 


(a) Write the volume V of the box as a function of x. 
Determine the domain of the function. 


(b) Sketch the graph of the function and approximate the 
dimensions of the box that yield a maximum volume. 


(c) Find values of x such that V = 120. Which of these val- 
ues is a physical impossibility in the construction of the 
box? Explain. 


(d) What value of x should you use to make the tallest 
possible box with a volume of 120 cubic inches? 


Dimensions of a Terrarium A rectangular terrarium 
with a square cross section has a combined length and girth 
(perimeter of a cross section) of 108 inches (see figure). 
Find the dimensions of the terrarium, given that the volume 
is 11,664 cubic inches. 


<< xX — 


Figure for 51 and 52 


Dimensions of a Terrarium A rectangular terrarium 
has a combined length and girth (perimeter of a cross 
section) of 120 inches (see figure). Find the dimensions of 
the terrarium, given that the volume is 16,000 cubic inches. 


Geometry A bulk food storage bin with dimensions 
2 feet by 3 feet by 4 feet needs to be increased in size to 
hold five times as much food as the current bin. (Assume 
each dimension is increased by the same amount.) 


(a) Write a function that represents the volume V of the 
new bin. 


(b) Find the dimensions of the new bin. 
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54. Geometry A rancher wants to enlarge an existing 


rectangular corral such that the total area of the new corral 
is 1.5 times that of the original corral. The current corral’s 
dimensions are 250 feet by 160 feet. The rancher wants to 
increase each dimension by the same amount. 


(a) Write a function that represents the area A of the new 
corral. 


(b) Find the dimensions of the new corral. 


(c) A rancher wants to add a length to the sides of the 
corral that are 160 feet, and twice the length to the sides 
that are 250 feet, such that the total area of the new 
corral is 1.5 times that of the original corral. Repeat 
parts (a) and (b). Explain your results. 


. Medicine The concentration C of a chemical in the 


bloodstream ¢ hours after injection into muscle tissue is 

given by 
_ 3Pr +t 
P+ 50 


t= 0. 


The concentration is greatest when 


314 + 243 — 300r — 50 = 0. 


Approximate this time to the nearest hundredth of an hour. 


. Transportation Cost The transportation cost C (in 


thousands of dollars) of the components used in manufac- 
turing prefabricated homes is given by 


C= 100( 72° Ee 


x a6): mee 


where x is the order size (in hundreds). The cost is a 
minimum when 


3x3 — 40x? — 2400x 


36,000 = 0. 


Approximate the optimal order size to the nearest unit. 


. Online Sales The revenues per share R (in dollars) for 


Amazon.com for the years 1996 to 2005 are shown in the 
table. (Source: Amazon.com) 


1996 0.07 2001 8.37 
1997 0.51 2002 10.14 
1998 1.92 2003 13.05 
1999 4.75 2004 17.16 
2000 7.73 2005 20.41 


(a) Use a graphing utility to create a scatter plot of the data. 
Let ft represent the year, with t = 6 corresponding to 
1996. 
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(b) Use the regression feature of a graphing utility to find 
a linear model, a quadratic model, a cubic model, and a 
quartic model for the data. 


(c) Use a graphing utility to graph each model separately 
with the data in the same viewing window. How well 
does each model fit the data? 


(d) Use each model to predict the year in which the revenue 
per share is about $37. Explain any differences in the 
predictions. 


. Population The numbers P (in millions) of people age 


18 and over in the United States for the years 1996 to 2005 
are shown in the table. (Source: U.S. Census Bureau) 


Year Population, P Year Population, P 
1996 199.2 2001 2125 
1997 201.7 2002 215.1 
1998 204.4 2003 217.8 
1999 207.1 2004 220.4 
2000 209.1 2005 222.9 


(a) Use a graphing utility to create a scatter plot of the data. 
Let t = 6 correspond to 1996. 


(b) Use the regression feature of a graphing utility to find 
a linear model, a quadratic model, and a cubic model 
for the data. 


(c) Use a graphing utility to graph each model separately 
with the data in the same viewing window. How well 
does each model fit the data? 


(d) Use each model to predict the year in which the 
population is about 231,000,000. Explain any differ- 
ences in the predictions. 


Cost of Dental Care The amount that $100 worth of 
dental care at 19824984 prices would cost in a different 
year is given by a CPI (Consumer Price Index). The CPIs 
for dental care in the United States for the years 1996 to 
2005 are shown in the table. (Source: U.S. Bureau of 
Labor Statistics) 


Year CPI Year (Corl 

1996 | 216.5 2001 | 269.0 
1997 | 226.6 2002 | 281.0 
1998 | 236.2 2003 | 292.5 
1999 | 247.2 2004 | 306.9 
2000 | 258.5 2005 | 324.0 


© 60. 


61. 


62. 
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(a) Use a spreadsheet software program to create a scatter 
plot of the data. Let ¢ represent the year, with t = 6 
corresponding to 1996. 


(b) Use the regression feature of a spreadsheet software 
program to find a linear model, a quadratic model, a 
cubic model, and a quartic model for the data. 


(c) Use each model to predict the year in which the CPI 
for dental care will be about $400. Then discuss the 
appropriateness of each model for predicting future 
values. 


Solar Energy Photovoltaic cells convert light energy 
into electricity. The photovoltaic cell and module domestic 
shipments S (in peak kilowatts) for the years 1996 to 2005 
are shown in the table. (Source: Energy Information 
Administration) 


Year Shipments, S Year Shipments, S 
1996 13,016 2001 36,310 
1997 12,561 2002 45,313 
1998 15,069 2003 48,664 
1999 21,225 2004 78,346 
2000 19,838 2005 134,465 


(a) Use a spreadsheet software program to create a scatter 
plot of the data. Let t represent the year, with t = 6 
corresponding to 1996. 


(b) Use the regression feature of a spreadsheet software 
program to find a cubic model and a quartic model for 
the data. 


(c) Use each model to predict the year in which the 
shipments will be about 1,000,000 peak kilowatts. 
Then discuss the appropriateness of each model for 
predicting future values. 


Advertising Cost A company that produces video 
games estimates that the profit P (in dollars) from selling a 
new game is given by 


P 82x37 + 7250x? 


450,000, O< x < 80 


where x is the advertising expense (in tens of thousands of 
dollars). Using this model, how much should the company 
spend on advertising to obtain a profit of $5,900,000? 


Advertising Cost A company that manufactures 
hydroponic gardening systems estimates that the profit P 
(in dollars) from selling a new system is given by 


P 35x37 + 2700x? — 300,000, 0 < x < 70 


where x is the advertising expense (in tens of thousands of 
dollars). Using this model, how much should the company 
spend on advertising to obtain a profit of $1,800,000? 
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MAKE A DECISION: DEMAND FUNCTION A company 
that produces cell phones estimates that the demand D for 
anew model of phone is given by 


D x8 + 54x? — 140x — 3000, 


10 < x < 50 


where x is the price of the phone (in dollars). 


©) (a) Use a graphing utility to graph D. Use the trace feature 


64. 


to determine the values of x for which the demand is 
14,400 phones. 


(b) You may also determine the values of x for which the 
demand is 14,400 phones by setting D equal to 14,400 
and solving for x with a graphing utility. Discuss this 
alternative solution method. Of the solutions that 
lie within the given interval, what price would you 
recommend the company charge for the phones? 


MAKE A DECISION: DEMAND FUNCTION A company 
that produces hand-held organizers estimates that the 
demand D for a new model of organizer is given by 


D 0.005x3 + 2.65x7 — 70x — 2500, 50 < x < 500 


where x is the price of the organizer (in dollars). 


@ (a) Use a graphing utility to graph D. Use the trace feature 


65. 


67. 


to determine the values of x for which the demand will 
be 80,000 organizers. 


(b) You may also determine the values of x for which the 
demand will be 80,000 organizers by setting D equal to 
80,000 and solving for x with a graphing utility. 
Discuss this alternative solution method. Of the 
solutions that lie within the given interval, what price 
would you recommend the company charge for the new 
organizers? 


Height of a Baseball A baseball is launched upward 
from ground level with an initial velocity of 48 feet per 
second, and its height h (in feet) is 


h(t) = —16f7 + 482, 


where f¢ is the time (in seconds). You are told the ball 
reaches a height of 64 feet. Is this possible? 


Osts3 


. Exploration Use a graphing utility to graph the function 


fm=xt-4°4+k 


for different values of k. Find the values of k such that the 
zeros of f satisfy the specified characteristics. (Some parts 
do not have unique answers.) 


(a) Four real zeros 
(b) Two real zeros and two complex roots 


Reasoning Is it possible that a second-degree 
polynomial function with integer coefficients has one 
rational zero and one irrational zero? If so, give an 
example. 
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68. 


69. 


70. 


71. 


Reasoning Is it possible that a third-degree polynomial 
function with integer coefficients has one rational zero and 
two irrational zeros? If so, give an example. 


Use the information in the table. 
Interval Value of f(x) 
(—oo, —2) Positive 
(—2, 1) Negative 
(1, 4) Negative 
(4, co) Positive 


(a) What are the three real zeros of the polynomial 
function f? 


(b) What can be said about the behavior of the graph of f at 
x= 1? 

(c) What is the least possible degree of f ? Explain. Can the 
degree of f ever be odd? Explain. 


(d) Is the leading coefficient of f positive or negative? 
Explain. 


(e) Write an equation for f. (There are many correct 
answers.) 


(f) Sketch a graph of the equation you wrote in part (e). 


Graphical Reasoning The graph of one of the follow- 
ing functions is shown below. Identify the function shown 
in the graph. Explain why each of the others is not the 
correct function. Use a graphing utility to verify your result. 


(a) f(x) = x7(x + 2)(x — 3.5) 


(b) g(x) = ( + 2)(x — 3.5) 

(c) A(x) = (x + 2)(x — 3.5)(x? + 1) 

(d) k(x) = (x + 1)(x + 2)(x — 3.5) 
A 


=i6e 
=94+4 
= 37 
—49-4 


Extended Application To work an extended applica- 
tion analyzing the sales per share of Best Buy, visit this 
text’s website at college.hmco.com. (Source: Best Buy) 
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Mid-Chapter Quiz See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1 and 2, sketch the graph of the quadratic function. Identify the 
vertex and the intercepts. 

1. f(x) = (x + 1)? - 2 

2. f(x) = 25 — x? 

In Exercises 3 and 4, describe the right-hand and left-hand behavior of the 
graph of the polynomial function. Verify with a graphing utility. 

3. f(x) = —2x3 + 7x? — 9 

4. f(x) = 2x4 + 7x? -— 8 


5. Use synthetic division to evaluate f(x) = 2x+ + x3 + 18x? — 4 when x = —3. 


In Exercises 6 and 7, write the function in the form f(x) = (x — k)q(x) + r for 
the given value of k, and demonstrate that f(k) = r. 


6. f(x) =x*- 5x? +4, k=1 
7. f(x) = 28 + 5x2 -— 2x - 24, k 3 


x4 + 9x3 — 32x? — 99x + 180 
x? + 2x — 15 : 


8. Simplify zs 


In Exercises 9-12, find the real zeros of the function. 
9. f(x) 2x3 — 7x2 + 10x + 35 

10. f(x) = 4x4 — 37x77 +9 

11. f(x) = 3x4 + 4x3 — 3x -4 

12. f(x) = 2x3 — 3x? + 2x 


Year Area, A 


1996 iz 
( I ) 13. The profit P (in dollars) for a clothing company is 
1997 11.0 ” ( ) © ey 
P = —95x3 + 5650x? — 250,000, 0 <x < 55 
1998 27.8 


where x is the advertising expense (in tens of thousands of dollars). What is the 
1999 39.9 profit for an advertising expense of $450,000? Use a graphing utility to approximate 
another advertising expense that would yield the same profit. 


an gas ® 14. Crops The worldwide land areas A (in millions of hectares) of transgenic crops 
2001 52.6 for the years 1996 to 2006 are shown in the table. (Source: International Service for 
the Acquisition of Agri-Biotech Applications) 
aug sat (a) Use a graphing utility to create a scatter plot of the data. Let f represent the year, 
2003 67.7 with t = 6 corresponding to 1996. 
(b) Use the regression feature of a graphing utility to find a linear model, a quadratic 
2004 81.0 model, a cubic model, and a quartic model for the data. 
2005 90.0 (c) Use a graphing utility to graph each model separately with the data in the same 
viewing window. How well does each model fit the data? 
2006 102.0 


(d) Use each model to predict the year in which the land area will be about 
Table for 14 150 million hectares. Explain any differences in the predictions. 
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Complex Numbers 


Complex numbers 


Real Imaginary 
numbers numbers 
=a -2+i 
3. =a i 
V2, 0 Pure 
imaginary 
numbers 
3i 
FIGURE 3.37 
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Perform operations with complex numbers and write the results in 
standard form. 


Find the complex conjugate of a complex number. 

Solve a polynomial equation that has complex solutions. 

Plot a complex number in the complex plane. 

Determine whether a complex number is in the Mandelbrot Set. 


The Imaginary Unit i 


Some quadratic equations have no real solutions. For instance, the quadratic 
equations 


x7+1=0 and x =-5 


Equations with no real solutions 


have no real solutions because there is no real number x that can be squared to 
produce a negative number. To overcome this deficiency, mathematicians utilized 
an expanded system of numbers that used the imaginary unit i, which is defined 
as 


Imaginary unit 


where i? = — 1. By adding real numbers to real multiples of this imaginary unit, 
we obtain the set of complex numbers. Each complex number can be written in 
the standard forma + bi. 


Definition of a Complex Number 


If a and b are real numbers, the number a + bi is called a complex number, 
and it is said to be written in standard form. If b = 0, the number 

a + bi = ais areal number. If b # 0, the number a + bi is called an 
imaginary number. A number of the form bi, where b # 0, is called 

a pure imaginary number. 


The set of real numbers is a subset of the set of complex numbers, as shown 
in Figure 3.37. This is true because every real number a can be written as a 
complex number using b = 0. That is, for every real number a, we can write 
a=a+0i. 


Equality of Complex Numbers 


Two complex numbers a + bi and c + di written in standard form are equal 


to each other, 
at+bi=ct+di 


Equality of two complex numbers 


if and only if a = candb = d. 
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Operations with Complex Numbers 


To add (or subtract) two complex numbers, you add (or subtract) the real and 
imaginary parts of the numbers separately. 


Addition and Subtraction of Complex Numbers 


If a + bi and c + di are two complex numbers written in standard form, 
their sum and difference are defined as follows. 


Sum: (a + bi) + (c + di) =(a+c)+ (6+ di 
Difference: (a + bi) — (c + di) = (a— c) + (b - d)i 


The additive identity in the complex number system is zero (the same as 
in the real number system). Furthermore, the additive inverse of the complex 
number a + bi is 


—(a + bi) = -a — bi. Additive inverse 
So, you have 


(a + bi) + (-a — bi) = 04+ 0:1 = 0. 


|e etss)(-Way Adding and Subtracting Complex Numbers 
Perform the operation(s) and write each result in standard form. 
a. (3 — 1) + (2+ 3/ b. 21+ (-—4- 23) « 3 -(-2 +3) + (-5 4+) 
SOLUTION 


a 3-)+(2+3) =3 -i+2+3i Remove parentheses. 
=3+4+2-i+3i Group like terms. 
=(3 + 2) 4+ (—1 + 3)i 
=5+2i Write in standard form. 
b. 2i + (—4 — 2i) = 2i —- 4 - 2i Remove parentheses. 
= -4+2i -2i Group like terms. 
=—-4 Write in standard form. 


ce 3—-(-24+3)+(-5+) =3+2-3i-S5+i 
=3+2-5-3i+i 

0 — 2i 

= -2j 


/ CHECKPOINT 1 


Perform the operation(s) and write each result in standard form. 
a. (4+ 7i) + (1 - 69) b. 3i — (-2 + 31) - (2+ 53) @ 


Note in Example 1(b) that the sum of two imaginary numbers can be a real number. 
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DISCOVERY 
Fill in the blanks: 
jf=i P= P= 
?=—-] f= j= 
L==) = jl = 
Ss = = 


What pattern do you see? Write 


a brief description of how you 
would find i raised to any 
positive integer power. 


/ CHECKPOINT 2 
Find each product. 
a. 4(—2 + 33) 

b. (5 — 3i)? = 


Polynomial and Rational Functions 


Many of the properties of real numbers are valid for complex numbers as 
well. Here are some examples. 


Associative Properties of Addition and Multiplication 
Commutative Properties of Addition and Multiplication 
Distributive Property of Multiplication Over Addition 
Notice how these properties are used when two complex numbers are multiplied. 
(a + bi\(c + di) = a(c + di) + bile + di) 
= ac + (ad)i + (bc)i + (bd)i? 
= ac + (ad)i + (be)i + (bd)(-1) 2 = -1 
= ac — bd + (ad)i + (bc)i 
= (ac — bd) + (ad + bc)i 


Distributive Property 


Distributive Property 


Commutative Property 
Associative Property 


Rather than trying to memorize this multiplication rule, you should simply 
remember how the Distributive Property is used to multiply two complex numbers. 
The procedure is similar to multiplying two binomials and combining like terms 
(as in the FOIL Method). 


Multiplying Complex Numbers 


Find each product. 


a. (i)(—3i) b. (2 — i(4 + 3i) c. (3 + 21)(3 — 2i) d. (3 + 2i)? 
SOLUTION 
a. (i)(—3i) = —3i? Multiply. 

= —3(-1) z= -1 

=3 Simplify. 


b. (2 — )(4 + 31) = 8 + 61 — 4i — 37? 
= 8 + 6i — 4i — 3(-1) 
=84+346i-4i 


Distributive Property 
?z=-1 


Group like terms. 


=11+2i Write in standard form. 
c. (3 + 21)(3 — 2i) = 9 — 61 + 6i — 47 Distributive Property 
=9- 4(-1) pS =] 
=9+4 Simplify. 
= 13 Write in standard form. 
d. (3 + 21)? = 9 + 61 + 61 + 4? Distributive Property 
=9+ 4(-1) + 12i i2=-1 
=9-4+4 12i Simplify. 
=5+ 121 Write in standard form. 


TECHNOLOGY 


Some graphing utilities 
can perform operations 


with complex numbers. For 
specific keystrokes, go to the 
text website at college.hmco.con/ 
info/larsonapplied. 


/ CHECKPOINT 3 


6-7 


1-2 


Write in standard form. © 
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Complex Conjugates 


Notice in Example 2(c) that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. In general, the product of two complex 
conjugates can be written as follows. 
(a + bi)(a — bi) = a? — abi + abi — b??? 
=a -b(-lb=a+b 


Complex conjugates can be used to write the quotient of a + bi and c + di 
in standard form, where c and d are not both zero. To do this, multiply the 
numerator and denominator by the complex conjugate of the denominator 
to obtain 


ao ge bi(cw di) _ (oct bd + en ad 
c+di ctdi\c-di c2 + d? : 


Writing Quotients of Complex Numbers in 
Standard Form 


Write each quotient in standard form. 


= 1 2+ 31 
tad “4-2: 
SOLUTION 
1 1 L=7 Multiply numerator and denominator 
a. 1+i ~ 1 4GAT =F@ by complex conjugate of denominator. 
l= 
= PP? Expand. 
ee — 
i—a a 
l=i oo 
= a Simplify. 
1 1, feat 
= 3 = 7! Write in standard form. 
2+3i 2431/44 2i Multiply numerator and denominator 
b. 4—2i ~ 4—2i\4 4+ 2i by complex conjugate of denominator. 
8 + 4i + 12i + 67? 
= 16 = 472 Expand. 
_ 8-6 + 16i oe 
16 +4 ae 
2+ 16i — 
= implify. 
20 
1 ; bee 
= 10 F 5! Write in standard form. 
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STUDY TIP 


The definition of principal 
square root uses the rule 


SR = JED 


fora > O and b < O. This rule 
is not valid if both a and b are 
negative. For example, 


/{=5)(—5) = 425 = 5. 
whereas 
=) 5 


To avoid problems with 
multiplying square roots of 
negative numbers, be sure to 
convert complex numbers to 
standard form before 
multiplying. 


y = 3x*-2x45 


| | | | | | | | : 
T T T [> % 


T T T T 
-4 -3 -2 -1 1 2 3 4 


FIGURE 3.38 


/ CHECKPOINT 5 
Solve x2 + 3x +4=0. © 


Polynomial and Rational Functions 


Complex Solutions 


When using the Qidratic Formula to solve a quadratic equation, you often 
obtain a result such as / —3, which you know is not a real number. By factoring 
out i = ./—1, you can write this number in standard form. 


VA Sa) = a 1 Wt 
The number 3 is called the principal square root of —3. 


Principal Square Root of a Negative Number 


If ais a positive number, the principal square root of the negative number 
—a is defined as 


a= ~/ ai. 


Writing Complex Numbers in Standard Form 


a. /-3/-12 = /3iJ12i = J/367?2 = 
b. /-48 — /-27 = V48i — 271 = 473i 
e, (-1 + /=3) = (-14+ V3) 

(- 1)? — 231 + (V3)() 
= 1-2 /3i + 3(-1) 
—2-2/3i 


(-1) = -6 
3/34 = 4/34 


/ CHECKPOINT 4 
Write 4 + ./—9 in standard form. © 


Complex Solutions of a Quadratic Equation 


Solve 3x? — 2x +5 =0. 


SOLUTION 
at) (ai + /(—2)2 — 
x= ( 2) sae 43)(5) Quadratic Formula 
2+ +/—56 or 
— Simplify. 
6 
24 2VJ14i = 
———— Write in i-form. 
6 
= ; + vi I Write in standard form. 


The graph of f(x) = 3x2 — 2x + 5, shown in Figure 3.38, does not touch or cross 
the x-axis. This confirms that the equation in Example 5 has no real solution. 


Imaginary axis 


FIGURE 3.39 


Imaginary axis 


> Real axis 


FIGURE 3.40 
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Applications 


Most applications involving complex numbers are either theoretical (see the next 
section) or very technical, and so are not appropriate for inclusion in this text. 
However, to give you some idea of how complex numbers can be used in 
applications, a general description of their use in fractal geometry is presented. 
To begin, consider a coordinate system called the complex plane. ist as 
every real number corresponds to a point on the real number line, every complex 
number corresponds to a point in the complex plane, as shown in Figure 3.39. 
In this figure, note that the vertical axis is the imaginary axis and the horizontal 
axis is the real axis. The point that corresponds to the complex number a + bi 
is (a, b). 


Complex number > Ordered pair 
at bi (a, b) 


From Figure 3.39, you can see that i is called the imaginary unit because it is 
located one unit from the origin on the imaginary axis of the complex plane. 


Plotting Complex Numbers in the Complex Plane 


Plot each complex number in the complex plane. 
a. 2+ 31 b. -1 + 2: c. 4 
SOLUTION 


a. To plot the complex number 2 + 3i, move (from the origin) two units to 
the right on the real axis and then three units upward. See Figure 3.40. In 
other words, plotting the complex number 2 + 37 in the complex plane is 
comparable to plotting the point (2, 3) in the Cartesian plane. 


b. The complex number —1 + 2i corresponds to the point (—1, 2). See Figure 3.40. 
c. The complex number 4 corresponds to the point (4, 0). See Figure 3.40. 


/ CHECKPOINT 6 


Plot —3i in the complex plane. © 


In the hands of a person who understands fractal geometry, the complex 
plane can become an easel on which stunning pictures, called fractals, can be 
drawn. The most famous such picture is called the Mandelbrot Set, named after 
the Polish-born mathematician Benoit Mandelbrot. To draw the Mandelbrot Set, 
consider the following sequence of numbers. 


c Cte (+c? +c, [(e? +c? +cP +e, 


The behavior of this sequence depends on the value of the complex number c. 
For some values of c, this sequence is bounded, which means that the absolute 
value of each number (ja + bil = J/a* + B?) in the sequence is less than some 
fixed number WN. For other values of c, this sequence is unbounded, which means 
that the absolute values of the terms of the sequence become infinitely large. If 
the sequence is bounded, the complex number c is in the Mandelbrot Set, and if 
the sequence is unbounded, the complex number c is not in the Mandelbrot Set. 
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CHAPTER 3 


Polynomial and Rational Functions 


Example 7 
WV éa9:ea) xe (@)\ Members of the Mandelbrot Set 


Decide whether each complex number is a member of the Mandelbrot Set. 
a. —2 b. i ec. 1t+i 
SOLUTION 


a. For c = —2, the corresponding Mandelbrot sequence is 


=2, 2s Bs 2, 2s Qy.80h-% 


Because the sequence is bounded, the complex number —2 is in the 
Mandelbrot Set. 


. For c = i, the corresponding Mandelbrot sequence is 


i, =1+% = hy =1+ 4, =T; = HF th. es 


Because the sequence is bounded, the complex number i is in the Mandelbrot 
Set. 


. Forc = 1 + i, the corresponding Mandelbrot sequence is 


Lk 1 + 33, = 7 nt 1 — 97i, —9407 — 193i, 
88454401 + 3631103i,... 


Because the sequence is unbounded, the complex number | + 7 is not in the 
Mandelbrot Set. 


/ CHECKPOINT 7 


Decide whether —3 is in the Mandelbrot Set. Explain your reasoning. © 


With this definition, a picture of the Mandelbrot Set would have only two 


colors: one color for points that are in the set (the sequence is bounded) and one 
color for points that are outside the set (the sequence is unbounded). Figure 3.41 
shows a black and yellow picture of the Mandelbrot Set. The points that are black 
are in the Mandelbrot Set and the points that are yellow are not. 


Imaginary axis 


Real axis 


FIGURE 3.41 Mandelbrot Set 
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To add more interest to the picture, computer scientists discovered that 
the points that are not in the Mandelbrot Set can be assigned a variety of 
colors, depending on How quickly’ their sequences diverge. Figure 3.42 shows 
three different appendages of the Mandelbrot Set using a spectrum of colors. 
(The colored portions of the picture represent points that are not in the 
Mandelbrot Set.) 


FIGURE 3.42 


American Mathematical Society 


Figures 3.43, 3.44, and 3.45 show other types of fractal sets. From these 
pictures, you can see why fractals have fascinated people since their discovery 
(around 1980). 


Fred Espenak/Photo Researchers, Inc. Gregory Sams/Photo Researchers, Inc. Francoise Sauze/Photo Researchers, Inc. 


FIGURE 3.43 FIGURE 3.44 FIGURE 3.45 


1. Is 3 + /—4 written in standard form? Explain. 


2. Is —(m + ni) the complex conjugate of (m + ni)? Use multiplication to 
justify your answer. 


3. Is —2./2 the principal square root of —8? Explain. 


4. Can the difference of two imaginary numbers be a real number? Justify 
your answer with an example. 
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Sills Revi 35 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11s Neview v. these skills in the exercise set for this section. For additional help, review Sections 0.4 and 1.4. 


In Exercises 1-8, simplify the expression. 


Pai 2. /500 

3. /20 - J/5 4, /27 — /243 

5. /24/6 6. 2/18/32 
1 2 

ae a 


In Exercises 9 and 10, solve the quadratic equation. 


9. x24+x-1=0 10. x2 + 2x-—1=0 


Exercises 3.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
1. Write out the first 16 positive integer powers of i 21. 12 + 5i) -(7-) 

- 99 3 “16 : - _ 

(i, i7,i3,. . .,i!®), and write each as i, —i, 1, or — 1. What 22. (3 + 2i) — 6 + 131) 


pattern do you observe? 


23. (—2 8) + (5 50 
2. Use the pattern you found in Exercise 1 to help you write ( v-8) ( /-50) 
each power of i as i, —i, 1, or — 1. 24. (5 J 18) (3 be a/ 32) 


(a) 2 (b) B7 (ec) 727 (dd) 7? Be eo) eG esi) 
26. (1.6 + 3.2’) + (—5.8 + 4.31) 
27. (3 + 4i)? + (3 — 4%) 
28. (2 — 5i)? — (2 + 5i)? 


In Exercises 3-6, find the real numbers a and b such 
that the equation is true. 


3.a+ bb =7+ 12i 


.a+bi=-2-5i Be 3 3) 8 


4 

5. (a+ 3) + (b-1i=7-4i aes ea a 

6. (a + 6) + 2bi = 6 — Si 31. (/—10) 
ay J=75) 


In Exercises 7-18, write the complex number in 


standard form and find its complex conjugate. a8 Sl) 

7.9+ J=16 8.24 Jn5 34. (6 — Si)(1 + 3) 

9, -3-— /=12 10. 1 + /=8 35. (3 + 4i)(3 — 4i) 

11. =21 12. 45 ae 2H 29 

13. —6i + ?2 14. 4:2 — 273 aie ou =") 

15. —5i5 38. —2i(7 + 9i) 

16. (-3) 39. (5 + 6i)? 

7, (/=8l 43 40. (3 — 7i) 

18. (/=4) — 5 41. (/5 — V3i)(V5 + /3i) 


42. (/14 + /10i)(/14 — V10i) 
In Exercises 19-44, perform the indicated operation 43. (2 — /—8)(8 + /—6) 
and write the result in standard form. 
(3 + /=5)(7 — V=10) 


19. (—4 + 3i + (6 — 2%) 
20. (13 — 27) + (—5 + 61) 


44. 


In Exercises 45-56, write the quotient in standard form. 


g, (21 = TH)(4 + 31) 


° 2= St 


S51 


46. 
131 


48. 


50. 


3 

(5 — 21 

(3 — i)(2 + Si) 
4+ 3i 


54. 


56. 


Error Analysis In Exercises 57 and 58, a student has 
handed in the specified problem. Find the error(s) and 
discuss how to explain the error(s) to the student. 


57. Write 


5 
3-= 2i 


in standard form. 


(1 — 3V3)i - 2V3 


In Exercises 59-66, solve the quadratic equation. 


59. x7 —-2x+2=0 
61. 4x2 + 16x + 17 
63. 4x7 + 16x + 15 
65. 167 — 4t+ 3 =0 


60. x7 + 6x + 10 =0 
62. 9x? — 6x + 37 =0 
64. 9x? — 6x + 35 = 0 
66. 5s? + 68 + 3 = 0 


® In Exercises 67-70, solve the quadratic equation and 
then use a graphing utility to graph the related quad- 
ratic function in the standard viewing window. Discuss 
how the graph of the quadratic function relates to the 
solutions of the quadratic equation. 


Equation 
67. P +x+2=0 
68. —x? + 3x -5=0 
69. x2 + 3x-5=0 
70. —x? — 3x +4=0 


Function 
y=xr 4x42 
y= x? + 3x—5 


y=x4+ 3x —5 
y= x -—3x+4 
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In Exercises 71-76, plot the complex number. 


71. 3 72. i 
TS, S24 74. —2 — 3i 
75. 1 — 2i 76. —2i 


In Exercises 77-82, decide whether the number is in 
the Mandelbrot Set. Explain your reasoning. 


77. c=0 78. c=2 
79.c=1 80. c= —-1 
81. c = $i 82. c = -i 


In Exercises 83 and 84, determine whether the 
statement is true or false. Explain. 


83. There is no complex number that is equal to its conjugate. 


84. The conjugate of the sum of two complex numbers is equal 
to the sum of the conjugates of the two complex numbers. 


© Greg Smith/CORBIS 


ractal Graphics, established in 1992, built a 
world-class reputation as a leader in 
application of 3-D visualization technology as 


applied to the interpretation of complex 
geoscientific models. In 2002, Fractal Graphics 
split to form the software development group 
Fractal Technologies Pty Ltd and the geological 
consulting group Fractal Geoscience. Fractal 
Technologies develops dimensional data 
management and visualization software for the 
geosciences. One of Fractal Technologies’ 
product suites is FracS!S, which stores geological, 
geochemical, and geophysical data with an 
interactive visualization environment. 


85. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information about a company that uses algorithms 
to generate 3-D images or gaming software. Write a 
brief paper about such a company or small business. 
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The Fundamental 


Theorem of 
Algebra 


m™ Use the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem to write a polynomial as the product of linear factors. 

Find a polynomial with real coefficients whose zeros are given. 

m@ Factor a polynomial over the rational, real, and complex numbers. 

@ Find all real and complex zeros of a polynomial function. 


The Fundamental Theorem of Algebra 


You have been using the fact that an nth-degree polynomial function can have at 
most 7 real zeros. In the complex number system, this statement can be improved. 
That is, in the complex number system, every nth-degree polynomial function has 
precisely n zeros. This important result is derived from the Fundamental 
Theorem of Algebra, first proved by the famous German mathematician Carl 
Friedrich Gauss (17774855). 


The Fundamental Theorem of Algebra 


If f(x) is a polynomial of degree n, where n > 0, then f has at least one zero 
in the complex number system. 


Using the Fundamental Theorem of Algebra and the equivalence of zeros and 
factors, you obtain the following theorem. 


Linear Factorization Theorem 
If f(x) is a polynomial of degree n 
jEQD SG ae i Ye 8 SB rae a, 
where n > 0, then f(x) has precisely n linear factors 
fe) = ale =—e\le—@)> > -@=e) 


where c,,¢5,. . . ,c, are complex numbers and a, is the leading 
coefficient of f(x). 


Note that neither the Fundamental Theorem of Algebra nor the Linear 
Factorization Theorem tells you how to find the zeros or factors of a polynomial. 
Such theorems are called existence theorems. To find the zeros of a polynomial 
function, you still must rely on the techniques developed in the earlier parts of 
the text. 

Remember that the 1 zeros of a polynomial function can be real or complex, 
and they may be repeated. Example | illustrates several cases. 
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> <erss}e)(-way Zeros of Polynomial Functions 


Determine the number of zeros of each polynomial function. Then list the zeros. 


a. f(x) =x -2 b. f(x) =x? — 6x + 9 
c. f(x) = x3 + 4x d. f(x) =x*- 1 
SOLUTION 


a. The first-degree polynomial function given by f(x) = x — 2 has exactly one 
zero: x = 2. 


b. Counting multiplicity, the second-degree polynomial function given by 
f(x) = x? — 6x + 9 = (x — 3)(x — 3) 
has exactly two zeros: x = 3 and x = 3. 
c. The third-degree polynomial function given by 
f(x) = 8 + 4x = x(x — 2i)(x + 23) 
has exactly three zeros: x = 0,x = 2i, and x = —2i. 
d. The fourth-degree polynomial function given by 
f(x) =x4-1=@-D)e@e+DG-d)e+) 


has exactly four zeros: x = 1, x 1,x =i, and x = —i. 


/ CHECKPOINT 1 


Determine the number of zeros of f(x) = x* — 36. Then list the zeros. © 


TECHNOLOGY 


=\ Remember that when you use a graphing utility to locate the zeros 
of a function, the only zeros that appear as x-intercepts are the real 
zeros. Compare the graphs below with the four polynomial functions in 
Example 1. Which zeros appear on the graphs? 


: (b) 
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Sa) =x 4+x342x2-12x48 
y 


FIGURE 3.46 


Example 2 shows how you can use the methods described in Sections 3.3 and 
3.4 (the Rational gro Test, synthetic division, and factoring) to find all the zeros 
of a polynomial function, including the complex zeros. 


Finding the Zeros of a Polynomial Function 


Find all of the zeros of 
f(x) = 0 +28 + 2x? — 12x + 8 
and write the polynomial as a product of linear factors. 


SOLUTION From the Rational ¢ro Test, the possible rational zeros are +1, 
+2, +4, and +8. Synthetic division produces the following. 


1 1 0 1 2 =—12 8 
1 1 2 4 =§ 
1 1 2 4 —8 0 > isa zero. 
1 1 1 2 4 —8 
1 2, 4 8 
1 2 4 8 0 > lisa repeated zero. 


8 
1 0 4 0 ED -2isazero. 

So, you have 

f(x) =P +23 + 2x? — 12x + 8 

= (x — I) — I) + 2)? + 4). 

By factoring x* + 4 as the difference of two squares over the imaginary numbers 

xv? -—(-4)= (x JA) (x + /-4) 

= (x — 2i)(x + 2i) 


you obtain 

f(x) = & — IY — Yi + 2) — 21% + 23) 
which gives the following five zeros of f. 

1, 1, —2, 2i, and —2i 


Note from the graph of fshown in Figure 3.46 that the real zeros are the only ones 
that appear as x-intercepts. 


/ CHECKPOINT 2 


Find all the zeros of each function and write the polynomial as the product of 
linear factors. 


a. f(x) = x4 + 8-9 
b. g(x) = — Sx4§ +404 4° 4+ 3x +9 © 


DISCOVERY 
Use a graphing utility to graph 
fGs) = 2 ab x = Dee sr Il 
and 
abd) = 22 +b x? = Die = Il, 


How many zeros does f have? 
How many zeros does g have? 
Is it possible for an odd-degree 
polynomial function with real 
coefficients to have no real 
zeros (only complex zeros)? 
Can an even-degree polynomial 
function with real coefficients 
have only imaginary zeros? If 
so, how does the graph of such 
a polynomial function behave? 
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Conjugate Pairs 


In Example 2, note that the two imaginary zeros are conjugates. That is, they are 
of the form a + bi anda — bi. 


Complex Zeros Occur in Conjugate Pairs 


Let f be a polynomial function that has real coefficients. If a + bi, where 
b # 0, is a zero of the function, then the conjugate a — bi is also a zero of 
the function. 


Be sure you see that this result is true only if the polynomial function has real 
coefficients. For instance, the result applies to the function given by 
f(x) = x? + 1, but not to the function given by g(x) = x — i. 

You have been using the Rational ¢ro Test, synthetic division, and factoring 
to find the zeros of polynomial functions. The Linear Factorization Theorem 
enables you to reverse this process and find a polynomial function when its zeros 
are given. 


Finding a Polynomial Function with Given Zeros 


Find a fourth-degree polynomial function with real coefficients that has — 1, — 1, 
and 3: as zeros. 


SOLUTION Because 37 is a zero and the function is stated to have real 
coefficients, you know that the conjugate — 37 must also be a zero. So, —1, —1, 
3i, and —3i are the four zeros and from the Linear Factorization Theorem, f (x) 
can be written as a product of linear factors, as shown. 


f(x) = ae + DO + D& — 3) + 39 


For simplicity, let a = 1. Then multiply the factors with real coefficients to get 
(x? + 2x + 1) and multiply the complex conjugates to get (x? + 9). So, you 
obtain the following fourth-degree polynomial function. 


f(x) = Ge? + 2x + I(x? + 9) 
= x4 + 2x3 + 10x? + 18x + 9 


/ CHECKPOINT 3 


Find a fourth-degree polynomial function with real coefficients that has 
—3, 3, and 2i as zeros. © 


Factoring a Polynomial 


The Linear Factorization Theorem shows that you can write any nth-degree 
polynomial as the product of 7 linear factors. 


F(x) = a, — ¢)@& — en) — €5)- + > @& — ,) 
However, this result includes the possibility that some of the values of c; are 
complex. The following result implies that even if you do not want to get involved 


with fmaginary factors,’you can still write (as the product of linear and/or 
quadratic factors. 
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Factors of a Polynomial 


Every polynomial of degree n > 0 with real coefficients can be written as 
the product of linear and quadratic factors with real coefficients, where the 
quadratic factors have no real zeros. 


A quadratic factor with no real zeros is said to be irreducible over the reals. 
Be sure you see that this is not the same as being irreducible over the rationals. 
For example, the quadratic 


P+t1=(-)a+ 1 


is irreducible over the reals (and therefore over the rationals). On the other hand, 
the quadratic 


2 —2=(x- V2\(x + V2) 


is irreducible over the rationals, but it is reducible over the reals. 


Screw e Factoring a Polynomial 


Use the polynomial x* — x? — 20 to complete the following. 


a. Write the polynomial as the product of factors that are irreducible over the 
rationals. 


b. Write the polynomial as the product of linear factors and quadratic factors that 
are irreducible over the reals. 


c. Write the polynomial in completely factored form. 
d. How many of the zeros are rational, irrational, or imaginary? 
SOLUTION 


a. Begin by factoring the polynomial into the product of two quadratic 
polynomials. 


x4 — x? — 20 = (x? — 5)(x? + 4) 


Both of these factors are irreducible over the rationals. 
b. By factoring over the reals, you have 
x4 — x? — 20 = (x + J5)(x - J5) (x2 + 4) 
where the quadratic factor is irreducible over the reals. 
c. In completely factored form, you have 
xt — x? — 20 = (x + J5)(x = V5) (x — 2i)(x + 2i). 


d. Using the completely factored form, you can conclude that there are no 
rational zeros, two irrational zeros (+ 5 1, and two imaginary zeros (+2i). 


/ CHECKPOINT 4 


In Example 4, complete parts (a)d) using the polynomial x+ + x? — 12. @ 
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Finding the Zeros of a Polynomial Function 


Find all the zeros of f(x) = x* — 3x° + 6x? + 2x — 60, given that 1 + 37 is a 
zero of f. 


SOLUTION Because imaginary zeros occur in conjugate pairs, you know that 
1 — 37 is also a zero of f. This means that both 


[x —(1 + 3)] and [x - (1 - 30] 
are factors of f(x). Multiplying these two factors produces 

le=— Ol) +3) le=— 01 — 30) —[6-— 1) = 3ele = 1) +3] 
(x — 1)? — 97 
= x7 — 2x + 10. 


Using long division, you can divide x? — 2x + 10 into f(x) to obtain the following. 
r- x- 6 
PP -De4 10) = 3 +o r= 6 
x4 — 2x3 + 10x? 
—x— 4+ 2x 
=x? + 2x7 — 10x 


—6x? + 12x — 60 
— 6x? + 12x — 60 
0 


So, you have 
f(x) = (x? — 2x + 10)? — x — 6) 
= (x2 — 2x + 10)(« — 3)(x + 2) 


and you can conclude that the zeros of fare 1 + 37, 1 — 3i,3, and —2. 


/ CHECKPOINT 5 


Find all the zeros of f(x) = 3x3 — 5x? + 48x — 80, given that 4i is a zero 
of f. & 


. Given that 2 + 3/ is a zero of a polynomial function f with real coeffi- 
cients, name another zero of f. 


. Explain how to find a second-degree polynomial function with real 
coefficients that has —i as a zero. 


. Explain the difference between a polynomial that is irreducible over the 
rationals and a polynomial that is irreducible over the reals. Justify your 
answer with examples. 


. Does the Fundamental Theorem of Algebra indicate that a cubic function 
must have at least one imaginary zero? Explain. 
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Skills Review 3.6 


In Exercises 1-4, write the complex number in standard form and find its 
complex conjugate. 


14] 29 
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The following warm-up exercises involve skills that were covered in earlier sections. You will use 
these skills in the exercise set for this section. For additional help, review Section 3.5. 


8 = fa a 20) 464) S14 


In Exercises 5-10, perform the indicated operation and write the result in 
standard form. 


Seah a) = =a) 
Tal 9)(G 7) 


il ar 2 
“jf =6 


6. (12 — 4i) + 20: 
& (2 = SN 4b 5) 


10. (3 + 2i)% 


Exercises 3.6 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, determine the number of zeros of the 28. 9(x) = 3x97 — 4x7 + 8x + 8 

polynomial function. 29, (x) = x4 — 4x3 + 82 — 16x + 16 

Lf) =x-7 2. g(x) = x" — 256 30. A(x) = x4 + 6x3 + 10x? + 6x + 9 

3. A(x) = —x3 + 2x2 — 5 4. f(t) = —2P — 3P +1 31. f(x) = x4 + 10x2 +9 

5. f(x) = 6x — x" 32, f(x) = x4 + 29x2 + 100 

6. f(x) = 3 — Tx? — Sx + 9x8 33. f(t) = 5 + 5t4 — 78 — 4372 — 8r — 48 

In Exercises 7-34, find all the zeros of the function and 34. e(x) = 2° — Bx" 4+ 2829 — 56x? + 64x — 32 


write the polynomial as a product of linear factors. 


7. fe) = 2+ 16 
9. h(x) = 2x? — 5x45 
Ui. f(x) = x4 — 81 


8. f(x) = 2x7 + 36 


10. g(x) =x? 4 


t 10x + 23 


12. f(t) = t* — 625 


13. g(x) = x8 + 5x 14. g(x) = 8 4 
15. h(x) = x9 — 11x? — 15x + 325 
16. h(x) = x° — 3x7 + 4x - 2 

17. g(x) = x3 — 6x? + 13x — 10 
18. f(x) = x3 — 2x7 — 11x + 52 
19. f() = 8 — 3P — 15t + 125 
20. f(x) = x3 + 8x? + 20x + 13 
21. f(x) = 8 + 242 + 214% + 740 
22. A(x) = x3 -—x+6 

23. h(x) = x9 + 9x? + 27x + 35 
24. f(s) = 2s? — 5s? + 12s — 5 
25. f(x) = 16x? — 20x? — 4x + 15 
26. f(x) = 9x3 — 15x? + 11x — 5 
27. f(x) = 5x3 — 9x? + 28x + 6 


t 7x 


In Exercises 35-44, find a polynomial with real 
coefficients that has the given zeros. (There are many 
correct answers.) 


35. —2, 3i, —3i 36. 5, 2i, —2i 
97. 1.245253 38. 6, —5 + 2i, —5 — 2i 
39. —4, 3i, —3i, 2i, —2i 40. 2, 2,2, 4i, —4i 

41. —5,-5,1 + V3i 42. 0,0,4,1 +i 


43. 3,-1,3 + J2i 


In Exercises 45-48, write the polynomial (a) as 
the product of factors that are irreducible over the 
rationals, (b) as the product of linear and quadratic 
factors that are irreducible over the reals, and (c) in 
completely factored form. 

45. x+ — 7x7 — 8 

46. x* — 6x? — 72 


47. x4 — 5x3 + 4x2 +4 - 15 
(Hint: One factor is x7 — 2x + 3.) 

48. x4 + x3 + 8x? + Ox — 9 
(Hint: One factor is x? + 9.) 
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In Exercises 49-58, use the given zero of f to find all ® 64. Revenue The demand equation for a stethoscope is 
the zeros of f. 


49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 


@ 59. 


@ 60. 


® 61. 


@ 02. 


® 63. 


f(x) = 3x3 — 7x2 + 12x — 28, 2i 

f(x) = 3x3 — x7 + 27x — 9, 3i 

f(x) = x* — 2x3 + 37x? — 72x + 36, 6: 

f(x) = 23 — 7x? — x + 87, 542i 

f(x) = 43 + 23x? + 34x — 10, 3+i 

f(x) = 3x3 — 10x? + 31x + 26,2 + 3i 

f(x) = x4 + 3x3 — 5x2 — 21x + 22, -3 4+ /2i 
f(x) = 2x3 — 13x? + 34x — 35,2 — J3i 

f(x) = 8x3 — 142 + 18x - 9, 3(1 — J5i) 
f(x) = 25x3 — 55x? — 54x — 18, 3o(-2 + V2i) 


Graphic Reasoning Solve x+ — 5x? + 4 = 0. Thenuse 
a graphing utility to graph 


y=xt— 5x7? 4+ 4, 


What is the connection between the solutions you found 
and the intercepts of the graph? 


Graphical Reasoning Solve x* + 5x? + 4=0. Then 
use a graphing utility to graph 


y=xtt 5x2 + 4. 


What is the connection between the solutions you found 
and the intercepts of the graph? 


Graphical Analysis Find a fourth-degree polynomial 
function that has (a) four real zeros, (b) two real zeros, and 
(c) no real zeros. Use a graphing utility to graph the 
functions and describe the similarities and differences 
among them. 


Graphical Analysis Find a sixth-degree polynomial 
function that has (a) six real zeros, (b) four real zeros, (c) 
two real zeros, and (d) no real zeros. Use a graphing utility 
to graph the functions and describe the similarities and 
differences among them. 


Profit The demand and cost equations for a stethoscope 
are given by 

p = 140 — 0.0001x 

and 

C = 80x + 150,000 


where p is the unit price (in dollars), C is the total cost (in 
dollars), and x is the number of units. The total profit P (in 
dollars) obtained by producing and selling x units is 
given by 

P=R—-C=xp —C. 

Try to determine a price p that would yield a profit of 


$9 million, and then use a graphing utility to explain why 
this is not possible. 


65. 


66. 


67. 


68. 


69. 


70. 


@) 71. 


72. 


given by 
p = 140 — 0.0001x 


where p is the unit price (in dollars) and x is the number of 
units sold. The total revenue R obtained by producing and 
selling x units is given by 

R= xp. 

Try to determine a price p that would yield a revenue of 
$50 million, and then use a graphing utility to explain why 
this is not possible. 


Reasoning The imaginary number 2i is a zero of 
f(x) = x3 — 2ix? — 4x + 8i 


but the complex conjugate of 2i is not a zero of f(x). Is this 
a contradiction of the conjugate pairs statement on page 
317? Explain. 


Reasoning The imaginary number 1 — 21 is a zero of 
f(x) = — (1 — 2i)x? — 9x + 9(1 — 23) 


but 1 + 2iis not a zero of f(x). Is this a contradiction of the 
conjugate pairs statement on page 317? Explain. 


Reasoning Letfbe a fourth-degree polynomial function 
with real coefficients. Three of the zeros of f are 


3,1 + 7,and 1 —i. 
Explain how you know that the fourth zero must be a real 


number. 


Reasoning Let be a fourth-degree polynomial function 
with real coefficients. Three of the zeros of f are 

—1, 2, and 3 + 2i. 

What is the fourth zero? Explain. 

Reasoning Let f be a third-degree polynomial function 


with real coefficients. Explain how you know that f must 
have at least one zero that is a real number. 


Reasoning Let f be a fifth-degree polynomial function 
with real coefficients. Explain how you know that f must 
have at least one zero that is a real number. 


Think About It A student claims that a third-degree 
polynomial function with real coefficients can have three 
complex zeros. Describe how you could use a graphing 
utility and the Leading Coefficient Test (Section 3.2) to 
convince the student otherwise. 


Think About It A student claims that the polynomial 
Spe 12 

may be factored over the rational numbers as 

(x — V3)(x + V3)(x — 2)(x + 2). 


Do you agree with this claim? Explain your answer. 
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Rational 
Functions 


FIGURE 3.47 


Polynomial and Rational Functions 


Find the domain of a rational function. 


m@ Find the vertical and horizontal asymptotes of the graph of a rational 
function. 


m@ Sketch the graph of a rational function. 


Sketch the graph of a rational function that has a slant asymptote. 
Use a rational function model to solve an application problem. 


Introduction 
A rational function is one that can be written in the form 


rome 


q(x) 
where p(x) and g(x) are polynomials and q(x) is not the zero polynomial. In this 
section, assume that p(x) and g(x) have no common factors. Unlike polynomial 
functions, whose domains consist of all real numbers, rational functions often have 
restricted domains. In general, the domain of a rational function of x includes all 
real numbers except x-values that make the denominator zero. 


Finding the Domain of a Rational Function 


1 
Find the domain of f(x) = — and discuss its behavior near any excluded x-values. 
x 


SOLUTION The domain of fis all real numbers except x = 0. To determine the 
behavior of f near this x-value, evaluate f(x) to the left and right of x = 0. 


x | 0 ~~] 0.001 | 0.01 | 0.1] 0.5 | 4 
f(x) | cox— | 1000 | 100 | 10 | 2 | 1 


Note that as x approaches 0 from the left, f(x) decreases without bound. In 
contrast, as x approaches 0 from the right, f(x) increases without bound. The 
graph of f is shown in Figure 3.47. 


/ CHECKPOINT 1 


Find the domain of f(x) = 


and discuss the behavior of f near any 


excluded x-values. © 


1 
Vertical 24 FO) = 5 
asymptote: 
y-axis 
i= 
i i if i 
T T T T 
-l 1 2 
_, | Horizontal 
asymptote: 
X-axis 
FIGURE 3.48 
2x+1 
f(x) = as Tl y 
i ry 
i 
t 4+ 
i Horizontal 
asymptote: 
\ a 
1 vi 2, 
ae a a 
} 
Vertical ; 
asymptote: | 1 
x=-1 i 
t t t i> 
3 —2 -1 1 
(a) 
FIGURE 3.49 


> 


x 
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Horizontal and Vertical Asymptotes 
In Example 1, the behavior of f near x = 0 is denoted as follows. 


f(x) >= -coasx 307 f(x) > coasx >0* 


f(x) decreases without bound 
as x approaches 0 from the left. 


f(x) increases without bound 
as x approaches 0 from the right. 


The line x = O is a vertical asymptote of the graph of f, as shown in Figure 3.48. 
In this figure, note that the graph of f also has a horizontal asymptotethe line 
y = 0. The behavior of fnear y = 0 is denoted as follows. 


f(x) > Oasx > —co f(x) = Oasx > co 


Zz 


ie 
f(x) approaches 0 as x 
increases without bound. 


f(x) approaches 0 as x 
decreases without bound. 


Definition of Vertical and Horizontal Asymptotes 
1. The line x = ais a vertical asymptote of the graph of f if 
f(x) > co or f(x) — -020 
as x — a, either from the right or from the left. 
2. The line y = b is a horizontal asymptote of the graph of fif 
a) 


BS 2 =p CO Ora! =p C2, 


The graph of a rational function can never intersect its vertical asymptote. It 
may or may not intersect its horizontal asymptote. In either case, the distance 
between the horizontal asymptote and the points on the graph must approach zero 
(as x > 00 or x > — 00). Figure 3.49 shows the horizontal and vertical asymptotes 
of the graphs of three rational functions. 


: “ 2 
1 x)= 
f(x) C212 
| 
| 
1 
i) 
| 
| | 1 >xXx 
t } | | > xXx T 1 t + 2 
“t= 1 Z = : a 
Horizontal Vertical Horizontal 
asymptote: asymptote: asymptote: 
y=0 x=1 y=0 


(b) (c) 


The graphs of f(x) = 1/x in Figure 3.48 and f(x) = (2x + 1)/(x + 1) in 
Figure 3.49(a) are hyperbolas. 
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Horizontal 
asymptote: 
y=0 


Horizontal 
asymptote: y = 2 


i 
| 
-4 -3 -2 - 1 2 3 4 
Vertical Vertical 
asymptote: | asymptote: 
x=—1 x= I 
1 
(b) 
FIGURE 3.50 


Find all horizontal and vertical asymptotes of the graph of f(x) = 


Polynomial and Rational Functions 


Asymptotes of a Rational Function 


Let f be the rational function given by 
DMG: Opes et airy 


0 sp loge ar (dp 


0. 


1. The graph of f has vertical asymptotes at the zeros of q(x). 


2. The graph of f has one or no horizontal asymptote determined by 
comparing the degrees of p(x) and q(x). 


a. If n < m, the graph of f has the line y = 0 (the x-axis) as a horizontal 
asymptote. 


b. If n = m, the graph of f has the line y = a,/b,, (ratio of the leading 
coefficients) as a horizontal asymptote. 


c. Ifn > m, the graph of f has no horizontal asymptote. 


Finding Horizontal and Vertical Asymptotes 


Find all horizontal and vertical asymptotes of the graph of each rational function. 


SOLUTION 


a. For this rational function, the degree of the numerator is Jess than the degree 


of the denominator, so the graph has the line y = 0 as a horizontal asymptote. 
To find any vertical asymptotes, set the denominator equal to zero and solve 
the resulting equation for x. Because the equation 3x? + 1 = 0 has no real 
solutions, you can conclude that the graph has no vertical asymptote. The 
graph of the function is shown in Figure 3.50(a). 


. For this rational function, the degree of the numerator is equal to the degree of 


the denominator. The leading coefficient of the numerator is 2 and the leading 
coefficient of the denominator is 1, so the graph has the line y = 2 as a 
horizontal asymptote. To find any vertical asymptotes, set the denominator 
equal to zero and solve the resulting equation for x. 


x2—-1=0 Set denominator equal to zero. 
(x + 1) - 1) =0 Factor. 
x+1=0 = x=-1 Set 1st factor equal to 0. 
x-1=0 ==> x=1 Set 2nd factor equal to 0. 
This equation has two real solutions x = —1 and x = 1, so the graph has the 
lines x = —1 and x = 1 as vertical asymptotes. The graph of the function is 


shown in Figure 3.50(b). 


/ CHECKPOINT 2 


x+i1é so 


DISCOVERY 
Consider the rational function 


x7—-4 
x—-2° 


f(x) = 


Is x = 2 in the domain of f? 
Graph f on a graphing utility. 

Is there a vertical asymptote at 
x = 2? Describe the graph of /. 
Factor the numerator and reduce 
the rational function. Describe 
the resulting function. Under 
what conditions will a rational 
function have no vertical 
asymptote? 


Horizontal all 


asymptote: 
9-4 
y=0 2 


Vertical 


asymptote: 
ge) 


ce a ee cee ee es et 


FIGURE 3.51 
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Sketching the Graph of a Rational Function 


Guidelines for Graphing Rational Functions 


Let f(x) = p(x)/q(x), where p(x) and q(x) are polynomials with no 
common factors. 


1. Find and plot the y-intercept (if any) by evaluating f(0). 


2. Find the zeros of the numerator (if any) by solving the equation p(x) = 0. 
Then plot the corresponding x-intercepts. 


3. Find the zeros of the denominator (if any) by solving the equation 
q(x) = 0. Then sketch the corresponding vertical asymptotes. 


4. Find and sketch the horizontal asymptote (if any) by using the rule for 
finding the horizontal asymptote of a rational function. 


5. Test for symmetry. 


6. Plot at least one point both between and beyond each x-intercept and 
vertical asymptote. 


7. Use smooth curves to complete the graph between and beyond the vertical 
asymptotes. 


Testing for symmetry can be useful, especially for simple rational functions. 
For example, the graph of f(x) = 1/x is symmetric with respect to the origin, and 
the graph of g(x) = 1/x? is symmetric with respect to the y-axis. 


Sketching the Graph of a Rational Function 


Sketch the graph of g(x) = — 

— 
SOLUTION Begin by noting that the numerator and denominator have no 
common factors. 


y-intercept: (0, —3), because g(0) = —3 


x-intercept: None, numerator has no zeros. 


Vertical asymptote: x = 2, zero of denominator 


Horizontal asymptote: y = 0, degree of p(x) < degree of q(x) 


Additional points: —4 rT 2 315 


—0.5 | —3 | Undefined | 3 | 1 


g(x) 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 3.51. In the figure, note that the graph of g is a vertical 
stretch and a right shift of the graph of y = 1/x. 


/ CHECKPOINT 3 


1 
Sketch the graph of f(x) = oe 
x 
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Note that in the examples in this section, the vertical asymptotes are included 


in the table of additional points. This is done to emphasize numerically the 
behavior of the graph of the function. 


Sketching the Graph of a Rational Function 


x 
ketch thi h of = >—.. 
Vertical Bie i alla Fs) eH KS 2 
asymptote: 
? x=2 SOLUTION Factor the denominator to determine more easily the zeros of the 
Vertical denominator. 
ee | | fla) 7 - 7 % 
xw—-x-2 («+ 1) - 2) 
y-intercept: (0, 0), because f(0) = 
—— —+»x x-intercept: (0, 0) 
-1 2\3 
‘Horizontal Vertical asymptotes: x = —1,x = 2, zeros of denominator 
ae Horizontal asymptote: y = 0, degree of p(x) < degree of q(x) 
\ = 
Additional 
points: Een —0.5 | 1 7 
z R . f(x) | —0.3 | Undefined | 0.4. | —0.5 | Undefined | 0.75 
Tele 
=x=-2 
FIGURE 3.52 The graph is shown in Figure 3.52. Confirm the graph with your graphing utility. 
/ CHECKPOINT 4 
Sketch th Mora 
Vertical y ea . grap . i x? + x — 6 |_| 
asymptote: 
x= —2, 
RTT a J<etss}e)(- Sketching the Graph of a Rational Function 
asymptote: asymptote: ee _ 9) 
yee mee Sketch the graph of f(x) = faa 


SOLUTION By factoring the numerator and denominator, you have 


4 6 2(x2-— 9)  2(x — 3)(x + 3) 


eC 


=a i rP-4 9 (x— 2)(x + 2)° 
-4-+- 
yp (0, 3), because f(0) = 
De 
fo) a?) xp (—3, 0) and (3, 0) 
dn x = —2,x = 2, zeros of denominator 
FIGURE 3.53 bn y = 2, degree of p(x) = degree of q(x) 
Sin With respect to y-axis, because f(—x) = f(x) 
/ CHECKPOINT 5 : a = 05 12 25 6 


Sketch the graph of 


5(x2 — 1) 
?-9 8 The graph is shown in Figure 3.53. 


f(x) | Undefined | 4.67 | Undefined | —2.44 | 1.6875 


f(x) = 


Vertical 
asymptote: 


asymptote: 
+ y= 


=X 


fas = 


2 
a aeap Ih 


FIGURE 3.54 
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Slant Asymptotes 


Consider a rational function whose denominator is of degree 1 or greater. If the 
degree of the numerator is exactly one more than the degree of the denominator, 
the graph of the function has a slant (or oblique) asymptote. For example, the 
graph of 


has a slant asymptote, as shown in Figure 3.54. To find the equation of a slant 
asymptote, use long division. For instance, by dividing x + 1 into x? — x, you have 
pe ae x . 2 

x +1 


f(x) = ' xt 1 


Slant asymptote 
(y=x- 2) 


As x increases or decreases without bound, the remainder term 2/(x + 1) 
approaches 0, so the graph of f approaches the line y = x — 2, as shown in 
Figure 3.54. 


A Rational Function with a Slant Asymptote 


Sie eee 
Sketch the graph of f(x) = ree 
a 
SOLUTION First write fin two different ways. Factoring the numerator enables 
you to recognize the x-intercepts. 
-8=2=2 =2e7 0 
KS] 


F(x) 


K—= 1 


Then long division enables you to recognize that the line y = x is a slant 
asymptote of the graph. 


x—2 2 2 

=f =a 

(0, 2), because f(0) = 2 
(—1, 0) and (2, 0) 


x = 1, zero of denominator 


fe) == 


y-intercept: 
x-intercepts: 
Vertical asymptote: 


Horizontal asymptote: None; degree of p(x) > degree of g(x) 


Slant asymptote: y=x 
Additional points: x 9 05/1 15 3 
f(x) | —13 | 4.5 | Undefined | —2.5 | 2 
The graph is shown in Figure 3.55. 
V CHECKPOINT 6 
ee Bea 2 


Sketch the graph of f(x) = aoa 
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TECHNOLOGY 


=\ Most graphing utilities do 
not produce good graphs 
of rational functions (the 
presence of vertical asymptotes 


is a problem). To obtain a 
reasonable graph, you should 
set the utility to dot mode. For 
specific keystrokes, go to the 
text website at college.hmco.com/ 
infoNarsonapplied. 


iS 

A 
100+ : 
szal & 
oz 80- (90, 72.0) 
au JO, 
2% 607 i 
s 3 50 + (85,45.3)/ | 
Se 40+ : 
Zz F 30 LIc= 80,000 p 
Oz || 100-7 
6 10+ 

P 
20 40 60 80 100 
Percent of 
pollutants removed 
FIGURE 3.56 


Applications 


There are many examples of asymptotic behavior in business and biology. For 
instance, the following example describes the asymptotic behavior related to the 
cost of removing smokestack emissions. 


iS <eresye)(-Wan Cost-Benefit Model ® 


A utility company burns coal to generate electricity. The cost of removing a 
certain percent of the pollutants from the stack emissions is typically not a linear 
function. That is, if it costs C dollars to remove 25% of the pollutants, it would 
cost more than 2C dollars to remove 50% of the pollutants. As the percent of 
pollutants removed approaches 100%, the cost tends to become prohibitive. The 
cost C (in dollars) of removing p percent of the smokestack pollutants is given by 


_ 80,000p 
100 — p’ 
Suppose that you are a member of a state legislature that is considering a law 


that will require utility companies to remove 90% of the pollutants from their 
smokestack emissions. The current law requires 85% removal. 


a. How much additional expense is the new law asking the utility company 
to incur? 


b. According to the model, would it be possible to remove 100% of the pollutants? 
SOLUTION 


a. The graph of this function is shown in Figure 3.56. Note that the graph has a 
vertical asymptote at p = 100. Because the current law requires 85% removal, 
the current cost to the utility company is 


C= UU) Substitute 85 f 
100 — 85 ubstitute or p. 
= $453,333. Use a calculator. 


If the new law increases the percent removal to 90%, the cost to the utility 
company will be 


= sooo) Substitute 90 fi 
100 — 90 ubstitute or p. 
= $720,000. Use a calculator. 


The new law would require the utility company to spend an additional 
$720,000 — $453,333 = $266,667. 


b. From Figure 3.56, you can see that the graph has a vertical asymptote at 
p = 100. Because the graph of a rational function can never intersect its 
vertical asymptote, you can conclude that it is not possible for the company to 
remove 100% of the pollutants from the stack emissions. 


/ CHECKPOINT 7 


In Example 7, suppose the new law will require utility companies to remove 
95% of the pollutants. Find the additional cost to the utility company. 
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Per Capita Land Area ® 


A model for the population P (in millions) of the United States from 1960 to 2005 
is P = 2.5049t + 179.214, where f represents the year, with tf = 0 corresponding 
to 1960. A model for the land area A (in millions of acres) of the United States 
from 1960 to 2005 is A = 2263.960. Construct a rational function for per capita 
land area L (in acres per person). Sketch a graph of the rational function. Use the 
model to predict the per capita land area in 2013. (Source: U.S. Census Bureau) 


SOLUTION The rational function for the per capita land area L is 


A __2263.960 
P 2.50497 + 179.214 


The graph of the function is shown in Figure 3.57. To find the per capita land area 
in 2013, substitute t = 53 into L. 


= 2263.960 = 2263.960 ~ 2263.960 
2.5049t + 179.214 2.5049(53) + 179.214 311.974 


= 7.26 


The per capita land area will be approximately 7.3 acres per person in 2013. 


Per capita land area 
(in acres per person) 
2 SN 
T—1—t T 


See Sn en Gisclneall a ile, albania ale u 
5 10 15 20 25 30 35 40 45 50 55 60 
Year (0 © 1960) 


FIGURE 3.57 


/ CHECKPOINT 8 


In Example 8, use the model to predict the per capita land area in 2020. © 


In Exercises 1-4, determine whether the statement is true or false. Justify 
your answer. 
x2 + 2x — 8 


1. The domain of f(x) = 2us6 


x=3. 


is all real numbers except x = —3 and 


x2 -— 1 
x?+4x+4 


. The graph of g(x) = 


has vertical asymptotes x = —1 and 
x=1. 
. The graph of every rational function has a horizontal asymptote. 


. A rational function f has a numerator of degree n. The graph of f has a 
slant asymptote. So, the denominator has degree n. 
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Skills Revi 37 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11S Neview v. these skills in the exercise set for this section. For additional help, review Sections 0.6 and 2.2. 


In Exercises 1-6, factor the polynomial. 


1. x? — 4x D, DS = Oe 
3. x2 — 3x — 10 4. x? — 7x + 10 
5. x3 + 4x? + 3x 6. 2° — 4x2 — 2x + 8 


In Exercises 7-10, sketch the graph of the equation. 


7.y=2 
Ser = = 
9 y=x-2 


10S yall 


Exercises I See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-8, find the domain of the function and (c) : (d) 
identify any horizontal and vertical asymptotes. wv alk 
3x x 1 
= = —__ t t t—> X 
1. f@) == 5 2. f(x) = 5 7) = 1 
xoT 1 =Sx 
3. f(x) = 5=% 4. F(x) = i } 
3x7 + 1 3x tx-5 eh 
5. f(x) = x 4+ 9 6. FQ) = w+ 1 
; (e) Y (f) > 
= = 4+ 
Ts f(x) @ +a 8. f(x) (x — 1)? 3-- i 
27 ' 
In Exercises 9-12, find any (a) vertical, (b) horizontal, p44 ee aes, 
and (c) slant asymptotes of the graph of the function. -17 12345 
Then sketch the graph of f. al 
2 = =4eb ; 
io == 10. f(z) = 273 
c= 3 x= 9 4 2 
2 3 13. f(x) = - 14. f(x) = —— 
1. f(x) = —— 12. f(x) = 4 2 are 
Bs a | x= 1 eras | 3 — 4x 
15. f(x) = 16. f(x) = 
In Exercises 13-18, match the function with its graph. * 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 17. fla) = x+4 18. f(x) = _x+2 
(a) (b) y x= 2 x+1 
jill ail pots x In Exercises 19-22, compare the graph of f(x) = 1/x 
ae 234 with the graph of g. 
3+ 1 
eee lees 19. g(x) = f(xy) -2 =—-2 
25h x 
=~ - 
ar 20. g(x) = f(x + 1) 


xt] 


21. g(x) = — FG) = -2 


22. g(x) 


In Exercises 23-26, compare the graph of f(x) = 4/x2 
with the graph of g. 


23. gx) =f) +3= 543 


f(x +1 


24. g(x) = f(x — 1) 


28, g(x) = -f@) = -S 


26. g(x) = Eft) = 


In Exercises 27-30, compare the graph of f(x) = 8/x? 
with the graph of g. 


AO 7e ess 
28. g(x) = f(x — 3) = 7— ag 
29. g(x) = =f) = - 5 


30. g(x) = FFG) = 5 


i 
2x? 


47. 


49. 


51. 


52. 


53. 


54. 


56. 


50. 


55. 
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1 3 
fy) =a +2 48. flx) = 2-5 
x2 
h(x) = 29 
2: 
i) = 
AY 
a(s) = set 
x 
a) = 243 
x 
DONS ae 
=X 
IO) 345-6 
3x 
fe) = = 
2x 
I) =a ee 


In Exercises 57-60, write a rational function f that has 
the specified characteristics. (There are many correct 
answers.) 


57. 


58. 


In Exercises 31-56, sketch the graph of the rational 59 
function. To aid in sketching the graphs, check for 
intercepts, symmetry, vertical asymptotes, and hori- 


zontal asymptotes. 
1 


31. f(x) = 


x+3 
33. flx) = +5 
38. fx) = 
37. f(x) = = : 
39. f(x) = == + 
ai. f() = 2+ 
43. C(x) = > “* 
45. s(x) = 5 + 2 


32. f(x) = 


60. 


1 


Vertical asymptote: None 
Horizontal asymptote: y = 2 
Vertical asymptotes: x = 0,x = 3 


Horizontal asymptote: y = —3 


. Vertical asymptotes: x = —2,x = 1 


Horizontal asymptote: None 


Vertical asymptote: x = 3 


Horizontal asymptote: x-axis 


r— 3 ® In Exercises 61-64, find a counterexample to show 
34. f(x) = 1 that the statement is incorrect. 
, +S 61. Every rational function has a vertical asymptote. 
36. f(x) = = 62. Every rational function has at least one asymptote. 
63. A rational function can have only one vertical asymptote. 
yee 
38. f(x) = 725 64. The graph of a rational function with a slant asymptote 
cannot cross its slant asymptote. 
ies — 
, —x ® 65. Is it possible for a rational function to have all three 
— 1 types of asymptotes (vertical, horizontal, and slant)? Why 
42. f(t) = Fi or why not? 
1 — 3x ) 66. Is it possible for a rational function to have more than one 
44, P(x) = = horizontal asymptote? Why or why not? 
1 
46. h(x) = —- + 1 


=3 
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67. 


68. 


69. 


70. 


71. 
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MAKE A DECISION: SEIZURE OF ILLEGAL DRUGS The 
cost C (in millions of dollars) for the federal government to 
seize p percent of an illegal drug as it enters the country is 
_ 3528p 
100 — p’ 
(a) Find the cost of seizing 25% of the drug. 


@ 0 <p < 100. 


(b) Find the cost of seizing 50% of the drug. 
(c) Find the cost of seizing 75% of the drug. 


(d) According to this model, would it be possible to seize 
100% of the drug? Explain. 


MAKE A DECISION: WATER POLLUTION The cost C (in 
millions of dollars) of removing p percent of the industrial 
and municipal pollutants discharged into a river is 


= cae 0 <p < 100. 

(a) Find the cost of removing 15% of the pollutants. 
(b) Find the cost of removing 50% of the pollutants. 
(c) Find the cost of removing 80% of the pollutants. 


(d) According to the model, would it be possible to remove 
100% of the pollutants? Explain. 


Population of Deer The Game Commission introduces 
100 deer into newly acquired state game lands. The popu- 
lation N of the herd is given by 

_ 25(4 + 21) 

1+ 0.02r? 

where f is time (in years). 
(a) Find the populations when ¢ is 5, 10, and 25. 
(b) What is the limiting size of the herd as time progresses? 


Population of Elk The Game Commission introduces 
40 elk into newly acquired state game lands. The population 
N of the herd is given by 

_ 10(4 + 22) 

1+ 0.03¢7 

where f is time (in years). 
(a) Find the populations when ¢ is 5, 10, and 25. 
(b) What is the limiting size of the herd as time progresses? 


Defense The table shows the national defense outlays D 
(in billions of dollars) from 1997 to 2005. The data can be 
modeled by 


1.4937 — 39.06t + 273.5 
0.005177 — 0.1398r + 1° 


7<t< 15 


where ¢ is the year, with t = 7 corresponding to 1997. 
(Source: U.S. Office of Management and Budget) 
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72. 


73: 


mil Ee 
1997 270.5 2002 348.6 
1998 268.5 2003 404.9 
1999 274.9 2004 455.9 
2000 294.5 2005 465.9 
2001 305.5 


(a) Use a graphing utility to plot the data and graph the 
model in the same viewing window. How well does the 
model represent the data? 


(b) Use the model to predict the national defense outlays 
for the years 2010, 2015, and 2020. Are the predictions 
reasonable? 


(c) Determine the horizontal asymptote of the graph of 
the model. What does it represent in the context of the 
situation? 


Average Cost The cost C (in dollars) of producing 
x basketballs is C = 375,000 + 4x. The average cost C per 
basketball is 


c C _ 375,000 + = 


x50! 
Ps x 


(a) Sketch the graph of the average cost function. 


(b) Find the average costs of producing 1000, 10,000, and 
100,000 basketballs. 


(c) Find the horizontal asymptote and explain its meaning in 
the context of the problem. 


Human Memory Model Psychologists have developed 
mathematical models to predict memory performance as a 
function of the number of trials n of a certain task. Consider 
the learning curve modeled by 


0.6 + 0.95(n — 1) 
1+ 0.95(n — 1)’ 


n>0O 


where P is the percent of correct responses (in decimal 
form) after n trials. 


(a) Complete the table. 


nm}1}/2)3])/4)]5]6/7]8)]9 7 10 


12 


(b) According to this model, what is the limiting percent of 
correct responses as n increases? 


74. Human Memory Model Consider the learning curve 
modeled by 


0.55 + 0.87(n — 1) 
1+087(n—- 1)’ 


n>0O 


where P is the percent of correct responses (in decimal 
form) after 7 trials. 


(a) Complete the table. 


n/}1}/2);3]/4]5}]6/]7/]/8)]9 7 10 


P 


(b) According to this model, what is the limiting percent of 
correct responses as n increases? 


75. Average Recycling Cost The cost C (in dollars) of 
recycling a waste product is 


C = 450,000 + 6x, x >0 
where x is the number of pounds of waste. The average 
recycling cost C per pound is 


C= C _ 450,000 + ay Pee 
x x 


® (a) Use a graphing utility to graph C. 
(b) Find the average costs of recycling 10,000, 100,000, 


1,000,000, and 10,000,000 pounds of waste. What can 
you conclude? 


76. Drug Concentration The concentration C of a 
medication in the bloodstream ¢ minutes after sublingual 
(under the tongue) application is given by 


St = 1 
Cl) = w+5 


t> 0. 


©) (a) Use a graphing utility to graph the function. Estimate 
when the concentration is greatest. 


(b) Does this function have a horizontal asymptote? If so, 
discuss the meaning of the asymptote in terms of the 
concentration of the medication. 


77. Domestic Demand The U.S. domestic demand D 
(in millions of barrels) for refined oil products from 1995 
to 2005 can be modeled by 


D = 100.9708t + 6083.999, 5 <?t< 15 


where ¢ represents the year, with tf = 5 corresponding to 
1995. The population P (in millions) of the United States 
from 1995 to 2005 can be modeled by 


P = 3.0195t + 251.817, 5 < ts 15 


where ¢ represents the year, with t = 5 corresponding to 
1995. (Sources: U.S. Energy Information Administration 
and the U.S. Census Bureau) 


(a) Construct a rational function B to describe the per 
capita demand for refined oil products. 
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® (b) Use a graphing utility to graph the rational function B. 


(c) Use the model to predict the per capita demand for 
refined oil products in 2010. 


78. Health Care Spending The total health care spending 
H (in millions of dollars) in the United States from 1995 to 
2005 can be modeled by 
H = 6136.36 — 22,172.7¢ + 979,909, 5<t< 15 


where f represents the year, with t = 5 corresponding to 
1995. The population P (in millions) of the United States 
from 1995 to 2005 can be modeled by 


P = 3.0195t + 251.817, S5< ts 15 


where f represents the year, with t = 5 corresponding to 
1995. (Sources: U.S. Centers for Medicare and Medicaid 
Services and the U.S. Census Bureau) 


(a) Construct a rational function S$ to describe the per 
capita health spending. 


® (b) Use a graphing utility to graph the rational function S. 


(c) Use the model to predict the per capita health care 
spending in 2010. 


79, 100-Meter Freestyle The winning times for the men’s 
100-meter freestyle swim at the Olympics from 1952 to 
2004 can be approximated by the quadratic model 


y = 86.24 — 0.752t + 0.00377, 52 <1 < 104 


where y is the winning time (in seconds) and t represents 
the year, with tf = 52 corresponding to 1952. (Sources: 
The World Almanac and Book of Facts 2005) 


® (a) Use a graphing utility to graph the model. 


(b) Use the model to predict the winning times in 2008 and 
2012. 


(c) Does this model have a horizontal asymptote? Do you 
think that a model for this type of data should have a 
horizontal asymptote? 


80. 3000-Meter Speed Skating The winning times for the 
women’s 3000-meter speed skating race at the Olympics 
from 1960 to 2006 can be approximated by the quadratic 
model 


y = 0.02027 — 5.066r + 550.24, 60 <t < 106 


where y is the winning time (in seconds) and f represents 
the year, with f = 60 corresponding to 1960. (Sources: 
World Almanac and Book of Facts 2005 and NBC) 


(a) Use a graphing utility to graph the model. 


) (b) Use the model to predict the winning times in 2010 and 
2014. 


(c) Does this model have a horizontal asymptote? Do you 
think that a model for this type of data should have a 
horizontal asymptote? 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 336. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 3.1 Review Exercises 
m Sketch the graph of a quadratic function and identify its vertex and intercepts. 1-4 
m Find a quadratic function given its vertex and a point on its graph. 5,6 
= Construct and use a quadratic model to solve an application problem. 7-12 


Section 3.2 


m Determine right-hand and left-hand behavior of graphs of polynomial functions. 13-16 
When n is odd and the leading coefficient is positive, 
f(x) > — 00 as x — 00 and f(x) 300 as x00. 
When n is odd and the leading coefficient is negative, 
F(x) 3 00 as x — 00 and f(x)  —00 as x00. 
When n is even and the leading coefficient is positive, 
f(x) 3 00 as x — 00 and f(x) 300 as x00. 
When n is even and the leading coefficient is negative, 
f(x) > — 00 as x > — 00 and f(x) = —00 as x00. 


a Find the real zeros of a polynomial function. 17-20 


Section 3.3 


a Divide one polynomial by a second polynomial using long division. Al, 22 
m Simplify a rational expression using long division. 23, 24 
a Use synthetic division to divide two polynomials. Pao, PAG, Sill, SP 
mu Use the Remainder Theorem and synthetic division to evaluate a polynomial. if, PKS) 
a Use the Factor Theorem to factor a polynomial. JA), SX) 
Section 3.4 

a Find all possible rational zeros of a function using the Rational Zero Test. 33, 34 
a Find all real zeros of a function. 35-42 
a Approximate the real zeros of a polynomial function using the Intermediate 43, 44 

Value Theorem. 

m Approximate the real zeros of a polynomial function using a graphing utility. 45, 46 
a Apply techniques for approximating real zeros to solve an application problem. 47, 48 


* 


Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/arsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 
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Section 3.5 Review Exercises 
a Find the complex conjugate of a complex number. 49-52 
a Perform operations with complex numbers and write the results in standard form. 53-68 


(a+ bi) + (c+ di)=(at+c+(b+ a) 
(@+ &) = (e+ di) =(@ =O + = ahi 
(a + bi)(c + di) = (ac — bd) + (ad + be)i 


a Solve a polynomial equation that has complex solutions. 69-72 
mg Plot a complex number in the complex plane. 73, 74 
Section 3.6 

a Use the Fundamental Theorem of Algebra and the Linear Factorization 75-80 

Theorem to write a polynomial as the product of linear factors. 

a Find a polynomial with real coefficients whose zeros are given. 81, 82 
a Factor a polynomial over the rational, real, and complex numbers. 83, 84 
a Find all real and complex zeros of a polynomial function. 85-88 
Section 3.7 

a Find the domain of a rational function. 89-92 
a Find the vertical and horizontal asymptotes of the graph of a rational function. 89-92 

fea) Gigof AP Gage © SP eo oP GigE AP ay 


ee Ob se 


Let 
2) Ae) Gate gid" eo oo sb ae se 
1. The graph of f has vertical asymptotes at the zeros of q(x). 
2. The graph of f has one or no horizontal asymptote determined by comparing 
the degrees of p(x) and q(x). 
a. If n < m, the graph of fhas the line y = 0 (the x-axis) as a horizontal asymptote. 
b. If n = m, the graph of f has the line y = a,,/b,, (ratio of the leading 
coefficients) as a horizontal asymptote. 


c. Ifn > m, the graph of f has no horizontal asymptote. 


a Sketch the graph of a rational function, including graphs with slant asymptotes. 93-98 
a Use a rational function model to solve an application problem. 99-103 
Study Strategies 


a Use a Graphing Utility A graphing calculator or graphing software for a computer can help you in this course in 
two important ways. As an exploratory device, a graphing utility allows you to learn concepts by allowing you to compare 
graphs of functions. For instance, sketching the graphs of f(x) = x? and f(x) = —x? helps confirm that the negative 
coefficient has the effect of reflecting the graph about the x-axis. As a problem-solving tool, a graphing utility frees you 
from some of the difficulty of sketching complicated graphs by hand. The time you can save can be spent using mathematics 
to solve real-life problems. 


a Problem-Solving Strategies If you get stuck when trying to solve a real-life problem, consider the strategies below. 


1. Draw a Diagram. If feasible, draw a diagram that represents the problem. Label all known values and unknown values on 
the diagram. 


2. Solve a Simpler Problem. Simplify the problem, or write several simple examples of the problem. For instance, if you are 
asked to find the dimensions that will produce a maximum area, try calculating the areas of several examples. 


3. Rewrite the Problem in Your Own Words. Rewriting a problem can help you understand it better. 


4. Guess and Check. Try guessing the answer, then check your guess in the statement of the original problem. By refining 
your guesses, you may be able to think of a general strategy for solving the problem. 


©) 9. Optimal Cost 
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See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-4, sketch the graph of the quadratic ©) 11. Regression Problem Let x be the angle (in degrees) at 


function. Identify the vertex and intercepts. 
1. f(x) = (+ 3) -5 
2. g(x) = —(e - 1)? +3 
3. A(x) = 3x? — 12x + 11 
4. f(x) = F(x? + 5x — 4) 
In Exercises 5 and 6, find an equation of the parabola 


that has the indicated vertex and whose graph passes 
through the given point. 


5. Vertex: (—5, —1); point: (—2, 6) 
6. Vertex: (2,5); point: (4, 7) 


7. Optimal Area The perimeter of a rectangular archaeo- 
logical dig site is 500 feet. Let x represent the width of the 
dig site. Write a quadratic function for the area of the 
rectangle in terms of its width. Of all possible dig sites with 
perimeters of 500 feet, what are the measurements of the 
one with the greatest area? 


8. Optimal Revenue Find the number of units that 
produces a maximum revenue R (in dollars) for 


R = 900x — 0.015x? 
where x is the number of units produced. 


A manufacturer of retinal imaging 
systems has daily production costs C (in dollars per unit) of 


C = 25,000 — 50x + 0.065x? 
where x is the number of units produced. 
(a) Use a graphing utility to graph the cost function. 


(b) Graphically estimate the number of units that should 
be produced to yield a minimum cost per unit. 


(c) Explain how to confirm the result of part (b) 
algebraically. 


® 10. Optimal Profit The profit P (in dollars) for an electron- 


ics company is given by 

P = —0.00015x? + 155x — 450,000 

where x is the number of units produced. 

(a) Use a graphing utility to graph the profit function. 


(b) Graphically estimate the number of units that should be 
produced to yield a maximum profit. 


(c) Explain how to confirm the result of part (b) 
algebraically. 


12. 


which a baseball is hit with a 30-hertz backspin at an initial 
speed of 40 meters per second and let d(x) be the distance 
(in meters) the ball travels. The table shows the distances 
traveled for the different angles at which the ball is hit. 
(Source: The Physics of Sports) 


x 10 | 15 | 30 36 42 43 
d(x) | 61.2 | 83.0 | 130.4 | 139.4 | 143.2 | 143.3 
x 44 | 45 | 48 54 60 

d(x) | 142.8 | 142.7 | 140.7 | 132.8 | 119.7 


(a) Use a graphing utility to create a scatter plot of the data. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 


(c) Use a graphing utility to graph the model from part (b) 
in the same viewing window as the scatter plot of the 
data. 


(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


Doctorates in Science The numbers of non-US. 
citizens from Thailand with temporary visas that were 
awarded doctorates in science for the years 2000 to 2005 
are shown in the table. (Source: National Science 
Foundation) 


Year 2000 | 2001 | 2002 | 2003 


Number, D | 90 118 130 138 


Year 2004 | 2005 


Number, D | 128 115 


(a) Use a graphing utility to create a scatter plot of the data. 
Let f represent the year, with t = 0 corresponding to 
2000. 


(b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. 

(c) Use a graphing utility to graph the model from part (b) 
in the same viewing window as the scatter plot of the 
data. 


(d) Find the vertex of the graph of the model from part (c). 
Interpret its meaning in the context of the problem. 


In Exercises 13-16, describe the right-hand and 
left-hand behavior of the graph of the polynomial 
function. 


13. f(x) = 5x8 + 2x 

14. f(x) = 5 + 4x3 — x? 

15. f(x) = —x® + 3x4 - x? + 6 
16. f(x) = 3x4 + 3x2 + 2) 


In Exercises 17-20, find all real zeros of the function. 
17. f(x) = 16 — x? 

18. f(x) = x4 — 62+ 8 

19. f(x) = x3 — 7x? + 10x 

20. f(x) = x3 — 6x? — 3x + 18 


In Exercises 21 and 22, use long division to divide. 


Dividend Divisor 
21. 2x3 — 5x7 -— x 2x +1 
22. x* — 5x3 + 10x? — 12 xe = eA 


In Exercises 23 and 24, simplify the rational expression. 


3 + 2, + — + De = 
23. x 9x 2x — 48 24. xt + 5x 20x — 16 
x2 xw—4 


In Exercises 25 and 26, use synthetic division to divide. 


Dividend Divisor 
25. 38 -— 6x +9 x+3 
26. © — att x38 — 13077 +x4+6 x-2 


In Exercises 27 and 28, use synthetic division to find 
each function value. 


27. f(x) = 6 + 2x? — 3x3 
28. f(x) = 2x4 + 3x7 + 6 


(a) f(2) 
(a) f(5) 


(b) f(-1) 
(b) f(-1) 
In Exercises 29 and 30, (a) verify the given factors of 
F(x), (b) find the remaining factors of f(x), (c) use your 
results to write the complete factorization of f(x), 


(d) list all real zeros of f, and (e) confirm your results 
by using a graphing utility to graph the function. 


Factors 
(x — 5), (x + 3) 
(3x — 1), (x + 5) 


Function 
29. f(x) = x3 — 4x? — 11x + 30 
30. f(x) = 3x3 + 23x? + 37x — 15 


@® 31. Profit The profit P (in dollars) from selling a motorcycle 
is given by 


P 42x? + 3000x? 


6000, O0< x < 65 


where x is the advertising expense (in tens of thousands of 


dollars). For this motorcycle, the advertising expense was 
$600,000 (x = 60) and the profit was $1,722,000. 
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(a) Use a graphing utility to graph the function and use the 
result to find another advertising expense that would 
have produced the same profit. 


(b) Use synthetic division to confirm the result of part (a) 
algebraically. 


® 32. Profit The profit P (in dollars) from selling a novel is 


given by 

P = —150x3 + 7500x? — 450,000, 0 <x < 45 

where x is the advertising expense (in tens of thousands of 

dollars). For this novel, the advertising expense was 

$400,000 (x = 40), and the profit was $1,950,000. 

(a) Use a graphing utility to graph the function and use 
the result to find another advertising expense that 
would have produced the same profit. 


(b) Use synthetic division to confirm the result of part (a) 
algebraically. 


® In Exercises 33 and 34, use the Rational Zero Test to list 


all possible rational zeros of f. Then use a graphing 
utility to graph the function. Use the graph to help 
determine which of the possible rational zeros are 
actual zeros of the function. 


33. f(x) 
34. f(x) 


3x* + 4x3 — 5x2 + 10x — 8 


In Exercises 35-42, find all real zeros of the function. 
35. f(x) = x39 + 2x7 — 5x — 6 

36. g(x) = 2x3? — 15x* + 24x + 16 

37. h(x) = 3x4 — 27x? + 60 

38. f(x) = 2° — 4x3 + 3x 

39. B(x) = 6x? — 19x? + 11x + 6 

40. C(x) = 3x4 + 3x3 — 7x? — x +2 

41. p(x) = at -— 3? - 2x -4 

42. g(x) = x° — 2x4 + 2x3 — 4x? — 3x +6 


In Exercises 43 and 44, use the Intermediate Value 
Theorem to approximate the zero of f in the interval 
[a, b]. Give your approximation to the nearest tenth. 


43. f(x) = — 4x + 3, [-3, -2] 
44. f(x) = + 5x +x-1, [0,1] 


® In Exercises 45 and 46, use a graphing utility to approx- 


imate the real zeros of f. Give your approximations to 
the nearest thousandth. 


45. f(x) = 5x3 — 11x — 3 
46. f(x) = 2x4 — 9x3 — 5x2 + 10x + 12 
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® 47. Wholesale Revenue The revenues R (in millions of 


@ 48. 
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dollars) for Costco Wholesale for the years 1996 to 2005 
are shown in the table. (Source: Costco Wholesale) 


Year | Revenue, R Year | Revenue, R 
1996 19,566 2001 34,797 
1997 21,874 2002 38,762 
1998 24,270 2003 42,546 
1999 27,456 2004 48,107 
2000 32,164 2005 52,935 


(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year, with t = 6 corresponding 
to 1996. 


(b) Use the regression feature of a graphing utility to find 
a linear model, a quadratic model, a cubic model, and 
a quartic model for the data. 


(c) Use a graphing utility to graph each model separately 
with the data in the same viewing window. How well 
does each model fit the data? 


(d) Use each model to predict the year in which the 
revenue will be about $65 billion. Explain any 
differences in the predictions. 


Shoe Sales The sales § (in millions of dollars) for 
Steve Madden for the years 1996 to 2005 are shown in the 


table. (Source: Steve Madden, LTD) 
Year | Sales, S Year | Sales, S 
1996 45.8 2001 | 243.4 
1997 59.3 2002 | 326.1 
1998 85.8 2003 | 324.2 
1999 163.0 2004 | 338.1 
2000 | 205.1 2005 | 375.8 


(a) Use a graphing utility to create a scatter plot of the 
data. Let tf represent the year, with t = 6 corresponding 
to 1996. 


(b) Use the regression feature of a graphing utility to find 
a linear model, a quadratic model, and a quartic model 
for the data. 


(c) Use a graphing utility to graph each model separately 


with the data in the same viewing window. How well 
does each model fit the data? 


(d) Use each model to predict the year in which the sales 
will be about $500 million. Explain any differences in 
the predictions. 
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In Exercises 49-52, write the complex number in 
standard form and find its complex conjugate. 


49. /-—32 50. 12 
SL. =3- = 16 52. 2 — /—18 


In Exercises 53-64, perform the indicated operation 
and write the result in standard form. 


53. (7 — 4i) + (-2 + Si) 
54. (14 + 6i) — (—1 — 2i) 


55. (1 + /—12)(5 — /-3) 

56. (3 — /—4)(4 — /—49) 

57. (5 + 8i)(5 — 8i) 58. (4 + 3i)($ — 3) 
59, —2i(4 — 5i) 60. —3(—2 + 4i) 

61. (3 + 41) 62. (2 — 5i)? 

63. (3 + 2i)? + (3 — 2i)? 64. (1 + i)? — i — i)? 


In Exercises 65-68, write the quotient in standard 
form. 


$= 3 — 4i 
ae ea =e: 

4 — 3i 2 
67. 7 oo eae 


In Exercises 69-72, solve the equation. 
69. 2x7 -x+3=0 

70. 3x7 + 6x +11=0 

71. 4° + 11x +3=0 

72. 9x7 — 2x +5=0 


In Exercises 73 and 74, plot the complex number. 

13%. —3 4 Qi 74. -1-4i 

In Exercises 75-80, find all the zeros of the function and 
write the polynomial as a product of linear factors. 
75. f(x) = 24+ — 81 

76. h(x) = 2x* — 5x* + 4x — 10 

77. f(t) =P + 5P + 3t4+ 15 

78. h(x) = x4 + 17x? + 16 

79. g(x) = 4x3 — 8x? + 9x — 18 

80. f(x) = 29° — 2x4 + 8 -— 2? + 2x-1 


In Exercises 81 and 82, find a polynomial with real 
coefficients that has the given zeros. (There are many 
correct answers.) 


81. 1, 37, —3i 
82.. 1, =2,1 = 34,1 + 3i 


In Exercises 83 and 84, write the polynomial (a) as 
the product of factors that are irreducible over the 
rationals, (b) as the product of linear and quadratic 
factors that are irreducible over the reals, and (c) in 
completely factored form. 


83. x4 + 5x? — 24 


84. x4 — 2x3 — 2x? — 14x — 63 
(Hint: One factor is x? + 7.) 


In Exercises 85-88, use the given zero of f to find all 
the zeros of f. 


85. f(x) = 43 — x? + 64x — 16, 4i 
86. f(x) = 50 — 75x + 2x7 — 3x3, 5i 
87. f(x) = x4 + 7x3 + 24x? + 58x + 40, 1+ 31 
88. f(x) = x4 + 43 + 8x2 +4447, -2- V3i 


In Exercises 89-92, find the domain of the function 
and identify any horizontal or vertical asymptotes. 


89. f(x) = ; 

90. f(x) = as 
91. f(s) = a ; 

92. f(x) = ee 


In Exercises 93-96, sketch the graph of the rational 
function. As sketching aids, check for intercepts, sym- 
metry, vertical asymptotes, and horizontal asymptotes. 


3 x 4 
93. P(x) = ao 94. f(x) = GT 
=3% 
95. g(x) = a 2 96. h(x) = me + 3x5 


In Exercises 97 and 98, find all possible asymptotes 
(vertical, horizontal, and/or slant) of the given func- 
tion. Sketch the graph of f. 


x? — 16 x3 
x-4 oe eae 


97. f(x) = 


99. Average Cost The cost C (in dollars) of producing x 
charcoal grills is C = 125,000 + 9.65x. The average cost 
C per charcoal grill is 
c C _ 125,000 + 9.65x 


x xX 


, «> 0, 


(a) Sketch the graph of the average cost function. 


(b) Find the average cost of producing 1000, 10,000, 
100,000, and 1,000,000 charcoal grills. What can you 
conclude? 
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100. Average Recycling Cost The cost C (in dollars) of 
recycling a waste product is 


C = 325,000 + 8.5x, x >0 
where x is the number of pounds of waste. The average 
recycling cost C per pound is 


c= C _ 325,000 + oer Peat 
x x 


(a) Sketch the graph of C. 


(b) Find the average cost of recycling 1000, 10,000, 
100,000, and 1,000,000 pounds of waste. What can 
you conclude? 


101. Population of Fish The Wildlife Commission intro- 
duces 60,000 game fish into a large lake. The population 
N (in thousands) of the fish is 


20(3 + 5r) 


N= 7 40.000" 


t=0 


where ¢ is time (in years). 
(a) Find the populations when t = 5, 10, and 25. 


(b) What is the limiting number of fish in the lake as time 
progresses? 


102. Human Memory Model Consider the learning curve 
modeled by 
0.7 + 0.65(n — 1) 
= > 
oT ates) fe 
where P is the percent of correct responses (in decimal 
form) after n trials. 


(a) Complete the table. 


n}1)/2/3])]4/5]6/7]8]9 | 10 


1P 


(b) According to this model, what is the limiting percent 
of correct responses as n increases? 


103. Smokestack Emissions The cost C (in dollars) of 
removing p percent of the air pollutants in the stack 
emissions of a utility company that burns coal to generate 
electricity is 

105,000p 
=e < 
100 — p’ 0 <p < 100. 


(a) Find the cost of removing 25% of the pollutants. 
(b) Find the cost of removing 60% of the pollutants. 
(c) Find the cost of removing 99% of the pollutants. 


(d) According to the model, would it be possible to 
remove 100% of the pollutants? Explain. 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


1. Sketch the graph of the quadratic function given by 
fx) = -3@ - 1)? - 5. 
Identify the vertex and intercepts. 
2. Describe the right-hand and left-hand behavior of the graph of f. 
(a) f(x) = 12x3 — 5x? — 49x + 15 
(b) f(x) = 5x4 — 3x3 + 2x? + 11x + 12 


x* + 4x3 — 19x? — 106x — 120 


3. Simplify = 10 


4. List all the possible rational zeros of 
f(x) = 4x4 — 16x3 + 3x? + 36x — 27. 


Use synthetic division to show that x = -3 and x = 3 are zeros of f. Using these 
results, completely factor the polynomial. 


) 5. The sales per share S (in dollars) for Cost Plus, Inc. for the years 1996 to 2005 are 
es a shown in the table at the left. (Source: Cost Plus Inc.) 
1996 11.79 (a) Use a graphing utility to create a scatter plot of the data. Let ¢ represent the year, 
1997 13.33 with t = 6 corresponding to 1996. 
(b) Use the regression feature of a graphing utility to find a linear model, a quadratic 
1998 15.81 model, and a cubic model for the data. 
1999 19.60 (c) Use a graphing utility to graph each model separately with the data in the same 
viewing window. How well does each model fit the data? 
2000 23.50 F F : : 
(d) Use each model to predict the year in which the sales per share will be about $50. 
2001 26.38 Then discuss the appropriateness of each model for predicting future values. 
2002 32.12 In Exercises 6-9, perform the indicated operation and write the result in 
standard form. 
2003 36.73 
6. (12 + 3i) + (4 — 6i) 
ne oe 7. G02) — 6 49) 
2005 43.99 8. (5 + /=12)(3 — /=12) 
Table for 5 9. (4 + 31)(2 — Si) 


1+i 


10. Write the quotient in standard form: 
In Exercises 11 and 12, solve the quadratic equation. 
11. 0? +5x+7=0 12. 2x7 —5x+11=0 


13. Find a polynomial with real coefficients that has 2, 5, 37, and — 3i as zeros. 


14. Find all the zeros of f(x) = x9 + 2x2 + 5x + 10, given that /5i is a zero. 


15. Sketch the graph of f(x) = at Label any intercepts and asymptotes. What is the 


domain of f? 


Exponential and 
Logarithmic Functions 


5 
$ 
E 
E 
z 
12) 


Some scientists believe the duration of short-term memory is less than a minute. 
In contrast, the duration of long-term memory is theoretically unlimited. You can 
use logarithmic functions to model long-term memory to see how well humans 
retain information over time. (See Section 4.2, Example 10.) 


Applications 


Exponential and logarithmic functions are used to model and 
solve many real-life applications. The applications listed below 
represent a sample of the applications in this chapter. 


=m Population Growth, Exercises 65 and 66, page 352 


m= Bone Graft Procedures, Example 11, page 379 
m Super Bowl Ad Revenue, Exercise 43, page 393 


Exponential 
Functions 
Logarithmic 
Functions 
Properties of 
Logarithms 

Solving Exponential 
and Logarithmic 
Equations 
Exponential and 
Logarithmic Models 
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Use the compound interest formulas. 


a m@ Evaluate an exponential expression. 
Exponential m Sketch the graph of an exponential function. 
a m@ Evaluate and sketch the graph of the natural exponential function. 
Functions 2 E 
| 


Use an exponential model to solve an application problem. 


Exponential Functions 


So far, this text has dealt only with algebraic functions, which include 
polynomial functions and rational functions. In this chapter, you will study two 
types of nonalgebraic functions—exponential functions and logarithmic func- 
tions. These functions are examples of transcendental functions. 


Definition of Exponential Function 
The exponential function f with base a is denoted by 


FQ) = a 


where a > 0, a # 1, and x is any real number. 


The base a = | is excluded because it yields 


f@ sta i. 


This is a constant function, not an exponential function. 

You already know how to evaluate a* for integer and rational values of x. For 
example, you know that 4° = 64 and 4!/? = 2. However, to evaluate 4* for any 
real number x, you need to interpret forms with irrational exponents. For the 
purposes of this text, it is sufficient to think of 


av? (where \/2 ~ 1.414214) 


as that value having the successively closer approximations 


14 141 1.414 1.4142 1.41421, ,1.414214 
’ > > > gore ek te 


a a a a a a 


eerste) Evaluating an Exponential Expression 


Scientific Calculator 


Number Keystrokes Display 
2% 2W) 7G & 0.113314732 


Vv CHECKPOINT 1 Graphine Catcalator 


Use a calculator to evaluate Number Keystrokes Display 


2.2)'8. Round your result to 
aes decimal aan o 2" 2 7 ENTER) 1133147323 


FIGURE 4.1 


> x 


FIGURE 4.2 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 4. 


Graphs of y = a* 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2° b. g(x) = 4 
SOLUTION The table below lists some values for each function, and Figure 4.1 


shows their graphs. Note that both graphs are increasing. Moreover, the graph of 
g(x) = 4° is increasing more rapidly than the graph of f(x) = 2°. 


BG —2}-1]0],14)2 3 
(a= 2) 5 5 1|/2/4 /8 
ga=4)i | 5 1 | 4 | 16 | 64 


/ CHECKPOINT 2 
Sketch the graph of f(x) = 5°. @ 


Graphs of y = a~* 


In the same coordinate plane, sketch the graph of each function. 
a. F(x) =2-* db. G(x) = 4* 
SOLUTION The table below lists some values for each function, and Figure 4.2 


shows their graphs. Note that both graphs are decreasing. Moreover, the graph of 
G(x) = 4~* is decreasing more rapidly than the graph of F(x) = 2~. 


i —3 | —-2]-1;/0}],1)2 
Eten 8 4 2 1}4)4 
G(x) =4~* | 64 | 16 | 4 Lyi fd 


/ CHECKPOINT 3 
Sketch the graph of F(x) = 5~*. & 


The tables in Examples 2 and 3 were evaluated by hand. You could, of 
course, use the table feature of a graphing utility to construct tables with even 
more values. 

In Example 3, note that the functions given by F(x) = 2~* and G(x) = 4~* 
can be rewritten with positive exponents. 


F(x) =2-*=(!)' and GQ) = 4-* = (4) 
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CHAPTER 4 


Exponential and Logarithmic Functions 


Comparing the functions in Examples 2 and 3, observe that 


F(x) = 2>* = f(—x) and G(x) = 4-* = g(—x). 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f: The 


graphs of G and g have the same relationship. 


The graphs in Figures 4.1 and 4.2 are typical of the exponential functions 
y = a* and y = a ~“. They have one y-intercept and one horizontal asymptote 
(the x-axis), and they are continuous. The basic characteristics of these 


exponential functions are summarized in Figures 4.3 and 4.4. 


Characteristics of Exponential Functions 


Graph of y = a*,a > 1 Graph of y = a*,a > 1 

Domain: (—c, oo) *Domain: (—©, co) 

*Range: (0, 00) *Range: (0, 00) 

Intercept: (0, 1) Intercept: (0, 1) 

e Increasing e Decreasing 

¢ x-axis is a horizontal asymptote ° x-axis is a horizontal asymptote 
(a* 30 as x — 00) (a *> 0 as x00) 

¢ Continuous ¢ Continuous 


¢Reflection of graph of y = a* 
about y-axis 


y 


FIGURE 4.3 FIGURE 4.4 


DISCOVERY 
Use a graphing utility to graph 

Vea 
for a = 3, 5, and 7 in the same viewing window. (Use a viewing window in 
which —2 < x < | andO < y < 2.) How do the graphs compare with each 
other? Which graph is on the top in the interval (— 00, 0)? Which is on the 
bottom? Which graph is on the top in the interval (0, 00)? Which is on the 
bottom? 

Repeat this experiment with the graphs of y = b* for b = s 4, and a 
(Use a viewing window in which —1 < x < 2 and 0 < y < 2.) What can 
you conclude about the shape of the graph of y = b* and the value of b? 


STUDY TIP 


Notice in Example 4(b) that 
shifting the graph downward 
two units also shifts the 
horizontal asymptote of 
f(x) = 3% from the x-axis 

(y = 0) to the line y = —2. 
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In the following example, notice how the graph of y = a’ is used to sketch 


the graphs of functions of the form f(x) = b + a**¢. 


JS erse(-em Transformations of Graphs of Exponential Functions 


Each of the following graphs is a transformation of the graph of f(x) = 3, as 
shown in Figure 4.5. 


a. 


Because g(x) = 3**! = f(x + 1), the graph of g can be obtained by shifting 
the graph of f one unit to the Jeff. 


. Because A(x) = 3* — 2 = f(x) — 2, the graph of A can be obtained by 


shifting the graph of f downward two units. 


. Because k(x) = —3* = —f(x), the graph of k can be obtained by reflecting the 


graph of fin the x-axis. 


. Because j(x) = 3~* = f(—x), the graph of j can be obtained by reflecting the 


graph of fin the y-axis. 


g(x) =3tt! 


FIGURE 4.5 


/ CHECKPOINT 4 
Sketch the graph of f(x) = 2*~!. m 
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-4 -3 -2 -1 1 
(a) 


-4 -3 -2 -l 1 
(b) 
FIGURE 4.7 


| g@)=5 


f@ = 2e0.24x 


ul 7 0.58x 


Exponential and Logarithmic Functions 


The Natural Base e 
In many applications, the most convenient choice for a base is the irrational 
number 


e = 2.718281828... 


called the natural base. The function given by f(x) = e* is called the natural 
exponential function. Its graph is shown in Figure 4.6. The graph of the natural 
exponential function has the same basic characteristics as the graph of the 
exponential function given by f(x) = a* (see page 344). Be sure you see that for 
the exponential function given by f(x) = e’, e is the constant 2.718281828 ..., 
whereas x is the variable. 


Evaluating the Natural Exponential Function 


Use a calculator to evaluate the function given by f(x) = e* when x = 2 and 
5 ae 


SOLUTION 


Scientific Calculator 


Number Keystrokes Display 

e 2 [e*] 7.389056099 
e! 1 [ex] 0.367879441 
Graphing Calculator 

Number Keystrokes Display 

e (2nd) [ex] 2 OQ) (ENTER) 7.389056099 
e! (2nd) [e*] (-) 1 Q) (ENTER) 3678794412 


/ CHECKPOINT 5 


Use a calculator to evaluate f(x) = e* when x = 6. © 


Graphing Natural Exponential Functions 


Sketch the graph of each natural exponential function. 
a. f(x) = 20.24% b. g(x) = Fe 058x 


SOLUTION ‘To sketch these two graphs, you can use a calculator to plot several 
points on each graph, as shown in the table. Then, connect the points with smooth 
curves, as shown in Figure 4.7. Note that the graph in part (a) is increasing, 
whereas the graph in part (b) is decreasing. 


/ CHECKPOINT 6 
Sketch the graph of f(x) = e®*. o 


x 3 2 1 0 1 2 3 
f(x) = 2e°74* =| 0.974 | 1.238 | 1.573 | 2 2.542 | 3.232 | 4.109 
g(x) = $e 058x 2.849 | 1.595 | 0.893 | 0.5 | 0.280 | 0.157 | 0.088 


DISCOVERY 


Use a calculator and the 
formula A = P( + r/n)” 

to calculate the amount in an 
account when P = $3000, 

r = 6%, tis 10 years, and the 
number of compoundings is 

(1) by the day, (2) by the hour, 
(3) by the minute, and (4) by the 
second. Use these results to 
present an argument that 
increasing the number of 
compoundings does not mean 
unlimited growth of the amount 
in the account. 
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Compound Interest 


One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. The formula for the balance in an 
account that is compounded n times per year is A = P(1 + r/n)"’, where A is 
the balance in the account, P is the initial deposit, r is the annual interest rate (in 
decimal form), and ¢ is the number of years. Using exponential functions, you 
will develop this formula and show how it leads to continuous compounding. 

Suppose a principal P is invested at an annual interest rate r, compounded 
once a year. The principal at the end of the first year, P,, is equal to the initial 
deposit P plus the interest earned, Pr. So, 


P,=P+ Pr. 
This can be rewritten by factoring out P from each term as follows. 
P,=P+Pr 
= P(1+r) 


This pattern of multiplying the previous principal by 1 + ris then repeated each 
successive year, as shown below. 


Year Balance After Each Compounding 

0 P=P 

1 P,=P(0 +7) 

2 Pi=Pd+n=P1+rn0 +r) = PO +r)? 
3 


P= PL +r =P +r? +r) = PO +r) 


t P= P(1 + ri 


To accommodate more frequent (quarterly, monthly, or daily) compounding 
of interest, let n be the number of compoundings per year and let ¢ be the number 
of years. Then the rate per compounding is r/n and the account balance after ¢ 
years is 


nt 
A= (1 +2) 
n 


If you let the number of compoundings n increase without bound, the process 
approaches what is called continuous compounding. In the formula for n 
compoundings per year, let m = n/r. This produces 


nt 
A= (1 + *) 
n 
1 mrt 
= (1 + 4) 
m 


“AIT. 


As m increases without bound, it can be shown that [1 + (1/m)]” approaches e. 
From this, you can conclude that the formula for continuous compounding is 
A = Pe". 


Amount (balance) with n compoundings per year 


Amount with n compoundings per year 


Substitute mr for n and simplify. 


Property of exponents 
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Formulas for Compound Interest 


After ¢ years, the balance A in an account with principal P and annual 
interest rate r (in decimal form) is given by the following formulas. 


nt 


1. For n compoundings per year: A = (1 ar *) 
2. For continuous compounding: A = Pe” 


Be sure that the annual interest rate is written in decimal form. For instance, 
6% should be written as 0.06 when using compound interest formulas. 


Example 7 
Wéa-W)xe(@\N| Compound Interest ®) 


You invest $12,000 at an annual rate of 3%. Find the balance after 5 years when 
the interest is compounded (a) quarterly, (b) monthly, and (c) continuously. 
Which type of compounding earns the most money? 


SOLUTION 
a. For quarterly compounding, you have n = 4. So, in 5 years at 3%, the 
balance is 
r nt 
A= (i =F *) Formula for compound interest 
n 
0.03 \*©) 
= 12,000 (1 + me) Substitute for P, r, n, and t. 
= $13,934.21. Use a calculator. 
b. For monthly compounding, you have n = 12. So, in 5 years at 3%, the 
balance is 
r nt 
A=P\i1+ *) Formula for compound interest 
n 
0.03 \"" 
= 12,000( 1 + oa) Substitute for Pr n and t. 
= $13,939.40 Use a calculator. 
c. For continuous compounding, the balance is 
A = Pe" Formula for continuous compounding 
= 12,000e°-% (5) Substitute for P, r, and t. 
/ CHECKPOINT 7 = $13,942.01 Use a calculator. 
You invest $6000 at an annual Note that continuous compounding yields more than quarterly and monthly 
rate of 4%. Find the balance after compounding. This is typical of the two types of compounding. That is, for a 
7 years when the interest is given principal, interest rate, and time, continuous compounding will always 


compounded continuously. © yield a larger balance than compounding n times a year. 


1? 
— 19 (1)t/24,100 
& 10 P=10(2) 
gy 
S74 
a 64 
oe 
= ad (100,000, 0.564) 
& 2s 
a 
are aes 
e @  @ 
% % % 
Years of decay 
FIGURE 4.8 
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Another Application 


Example 8 
EV ¢ay- Sp) Ae (0) Radioactive Decay 


In 1986, a nuclear reactor accident occurred in Chernobyl in what was then the 
Soviet Union. The explosion spread highly toxic radioactive chemicals, such as 
plutonium, over hundreds of square miles, and the government evacuated the city 
and the surrounding area. Consider the model 
pe io 

which represents the amount of plutonium P that remains (from an initial 
amount of 10 pounds) after ¢ years. Sketch the graph of this function over the 
interval from t = 0 to t = 100,000, where t = 0 represents 1986. How much of 
the 10 pounds of plutonium will remain in the year 2010? How much of the 
10 pounds will remain after 100,000 years? Why is this city uninhabited? 


SOLUTION The graph of this function is shown in Figure 4.8. Note from this 
graph that plutonium has a half-life of about 24,100 years. That is, after 24,100 
years, half of the original amount of plutonium will remain. After another 24,100 
years, one-quarter of the original amount will remain, and so on. In the year 2010 
(t = 24), there will still be 


( Poo 


P=10 5 ( | wae 


= 10(5 ~ 9,993 pounds 


of the original amount of plutonium remaining. After 100,000 years, there will 
still be 


p- ioe ~ 10(3)*"” = 0.564 pound 


of the original amount of plutonium remaining. This city is uninhabited because 
much of the original amount of radioactive plutonium still remains in the city. 


/ CHECKPOINT 8 


In Example 8, how much of the initial 10 pounds of plutonium will remain in 
the year 2086? © 


. Is the value of 8% when x = 3 equivalent to the value of 8~* when 
xX = —3? Explain. 


. What formula would you use to find the balance A of an account after 


t years with a principal of $1000 earning an annual interest rate of 5% 
compounded continuously? 


3. What is the range of the graph of f(x) = 5* — 1? 


. Write a natural exponential function whose graph is the graph of y = e* 
shifted two units to the left and three units upward. 


350 CHAPTER 4 __ Exponential and Logarithmic Functions 


Sills Revi 4.1 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
1s Neview 4. these skills in the exercise set for this section. For additional help, review Sections 0.3 and 0.4. 


In Exercises 1-12, use the properties of exponents to simplify the expression. 


45x 

il, SG) Py, BABE) 3. re 

2.x 
>= 5, (4%)? 6. (4%)5 

ox =I) 

ie (=) 8. (4%)1/2 9, (23x)-1/3 
34x 1/4 

10. (=) 11. (16*)!/4 12. (277) 


Exercises 4.] See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-10, use a calculator to evaluate the ex- (e) y (f) 
pression. Round your result to three decimal places. a 
3-4 
1. (2.6)!3 2. (1.07)°° al 
3. 100(1.03)~!4 4. 1500(2~5/2) % 
5. 6 v2 6. 1.3%5 ee 
= x 
7. ef 8. e75 = iL 
9. 2/3 10. e°?7 
y y 
(9) (h) rf 


In Exercises 11-18, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), (f), (g), and 
(h).] 


x 


(a) (b) 
: 11. f(x) = 2° 12. f(x) = 2> 
13. f(x) = -2* 14. f(x) = -2*-1 
15. f(x) = 2° +3 16. f(x) =2-*-1 
17. f(x) = 2**1 18. f(x) = 2*-3 


(d) 
In Exercises 19-36, sketch the graph of the function. 


19, efx) = 4° 20. fx) = GY 
21. f(x) = 4 22, h(x) = ( 


—— 


NIW PI 


—— 


211123456 2 x+2 
nea 23. h(x) = 4*-3 24. g(x) = ( 
ai re es 3 - (3)> 
wail 432-111234 25. g(x) = 4°" — 2 26. f(x) = (3) "+2 
27. y=2-* 28. y=3-" 
29. y=e Ol 30. y = e°* 


31, 7G) =22 32. f(x) = 3e792* 


33. f(x) = e* 
35. g(x) =1+e* 


34. h(x) = e*~? 
36. Nt) = 1000e~°" 
Compound Interest In Exercises 37-40, complete the 


table to find the balance A for P dollars invested at 
rate r for t years, compounded n times per year. 


n 1 214 12 | 365 | Continuous 


A 


37. P = $5000, r = 8%, t = 5 years 

38. P = $1000, r = 10%, t = 10 years 

39. P = $2500, r = 12%, t = 20 years 

40. P = $1000, r = 10%, t = 40 years 

Compound Interest In Exercises 41-44, complete the 


table to find the amount P that must be invested at 
rate r to obtain a balance of A = $100,000 in t years. 


t 1 10 | 20 | 30 | 40 | 50 


ip 
41. r = 9%, compounded continuously 
42. r = 12%, compounded continuously 


43. r = 10%, compounded monthly 
44, r = 7%, compounded daily 


45. Compound Interest A bank offers two types of inter- 
est-bearing accounts. The first account pays 5% interest 
compounded quarterly. The second account pays 3% interest 
compounded continuously. Which account earns more 
money? Why? 


46. Compound Interest A bank offers two types of inter- 
est-bearing accounts. The first account pays 6% interest 
compounded monthly. The second account pays 5% interest 
compounded continuously. Which account earns more 
money? Why? 


47. MAKE A DECISION: CASH SETTLEMENT You invest a 
cash settlement of $10,000 for 5 years. You have a choice 
between an account that pays 6.25% interest compounded 
monthly with a monthly online access fee of $5 and an 
account that pays 5.25% interest compounded continuously 
with free online access. Which account should you choose? 
Explain your reasoning. 


48. MAKE A DECISION: SALES COMMISSION You invest a 
sales commission of $12,000 for 6 years. You have a choice 
between an account that pays 4.85% interest 
compounded monthly with a monthly online access fee of 
$3 and an account that pays 4.25% interest compounded 
continuously with free online access. Which account 
should you choose? Explain your reasoning. 
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Compound Interest On the day a child was born, a 
lump sum P was deposited in a trust fund paying 6.5% 
interest compounded continuously. In Exercises 49-52, 
use the balance A of the fund on the child’s 25th birth- 
day to find P. 


49. A = $100,000 
51. A = $750,000 


50. A = $500,000 
52. A = $1,000,000 


Compound Interest On the day you were born, a 
lump sum P was deposited in a trust fund paying 7.5% 
interest compounded continuously. In Exercises 53-56, 
use the balance A of the fund, which is the balance on 
your 21st birthday, to find P. 


53. A = $100,000 54. A = $500,000 
55. A = $750,000 56. A = $1,000,000 


@ 57. Demand Function The demand function for a limited 


edition comic book is given by 


2) 
p= 3000( 1 _ pcan) 


(a) Find the price p for a demand of x = 75 units. 
(b) Find the price p for a demand of x = 200 units. 
(c) Use a graphing utility to graph the demand function. 


(d) Use the graph from part (c) to approximate the demand 
when the price is $100. 


® 58. Demand Function The demand function for a home 


theater sound system is given by 


7 
p= 7500{ 1 oe _ om) 


(a) Find the price p for a demand of x = 200 units. 
(b) Find the price p for a demand of x = 900 units. 
(c) Use a graphing utility to graph the demand function. 


(d) Use the graph from part (c) to approximate the demand 
when the price is $400. 


59. Bacteria Growth The number of a certain type of 
bacteria increases according to the model 


P(t) = 100¢291896" 
where f¢ is time (in hours). 

(a) Find P(0). (b) Find P(5). 
(c) Find P(10). (d) Find P(24). 


60. Bacteria Growth As aresult of a medical treatment, the 
number of a certain type of bacteria decreases according to 
the model 


P(t) = 100e~ 985" 

where f¢ is time (in hours). 
(a) Find P(0). 

(c) Find P(10). 


(b) Find P(5). 
(d) Find P(24). 
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Exponential and Logarithmic Functions 


Present Value The present value of money is the @ 69. Radioactive Decay Five pounds of the element 


principal P you need to invest today so that it will 
grow to an amount A at the end of a specified time. 
The present value formula 


—nt 
P= ali + 1) . 
n 
is obtained by solving the compound interest formula 
t 
A= Pl: + ry" 
n 


for P. Recall that t is the number of years, ris the inter- 
est rate per year, and rn is the number of compoundings 
per year. In Exercises 61-64, find the present value of 
amount A invested at rate r for t years, compounded n 
times per year. 


61. A = $10,000, r = 6%, t = 
62. A = $50,000, r = 7%, t = 
63. A = $20,000, r = 8%, t = 
64. A = $1,000,000, r = 8%, t = 20 years, n = 2 


5 years,n = 4 
10 years, n = 12 
6 years,n = 4 


65. Population Growth The population P of a town 
increases according to the model 


P(t) = 4500 e9-9272¢ 


where ¢ represents the year, with tf = 0 corresponding to 
2000. Use the model to predict the population in each year. 


(a) 2010 (b) 2012 

(c) 2015 (d) 2020 

Population Growth The population P of a small city 
increases according to the model 

P(t) = 36,000¢°°!5& 


where ¢ represents the year, with tf = 0 corresponding to 
2000. Use the model to predict the population in each year. 


(a) 2009 (b) 2011 
(c) 2015 (d) 2018 


Radioactive Decay Strontium-90 has a half-life of 29.1 
years. The amount S of 100 kilograms of strontium-90 
present after ¢ years is given by 


S = 100e~ 00238, 


66. 


67. 


How much of the 100 kilograms will remain after 50 years? 


Radioactive Decay Neptunium-237 has a half-life of 
2.1 million years. The amount N of 200 kilograms of 
neptunium-237 present after ¢ years is given by 


68. 


N = 200e~ 0.000000330071 


How much of the 200 kilograms will remain after 20,000 
years? 


71. 


72. 


plutonium (77°Pu) is released in a nuclear accident. The 
amount of plutonium P that is present after tf months is 
given by P = 5e~ 1507, 


(a) Use a graphing utility to graph this function over the 
interval from ¢t = 0 to t = 10. 


(b) How much of the 5 pounds of plutonium will remain 
after 10 months? 


(c) Use the graph to estimate the half-life of 7°°Pu. Explain 
your reasoning. 


. Radioactive Decay One hundred grams of radium 


(??6Ra) is stored in a container. The amount of radium R 
present after ¢ years is given by R = 100e~ 9.200433, 


(a) Use a graphing utility to graph this function over the 
interval from t = 0 to t = 10,000. 


(b) How much of the 100 grams of radium will remain 
after 10,000 years? 


(c) Use the graph to estimate the half-life of 7?°Ra. Explain 
your reasoning. 


Guitar Sales The sales S (in millions of dollars) for 
Guitar Center, Inc. from 1996 to 2005 can be modeled by 


S = 63.7093), 6 <t< 15 


where ¢ represents the year, with t = 6 corresponding to 
1996. (Source: Guitar Center, Inc.) 


(a) Use the graph to estimate graphically the sales for 
Guitar Center, Inc. in 1998, 2000, and 2005. 


2400 
2100 
1800 
1500 
1200 
900 
600 
300 


Sales 
(in millions of dollars) 


>t 


fiche = is athe fe ah 
8 9 10 ul 12 B 14 15 
Year (6 © 1996) 


— 
67. 


(b) Use the model to confirm algebraically the estimates 
obtained in part (a). 


Digital Cinema Screens The numbers y of digital 
cinema screens in the world from 2000 to 2005 can be 


modeled by 
y = 28.72, O<ts5 


where f represents the year, with t = 0 corresponding to 
2000. (Source: Screen Digest) 


73% 


74. 


(a) Use the graph to estimate graphically the numbers of 


digital cinema screens in 2001 and 2004. 


Digital cinema screens 


Year (0 < 2000) 


(b) Use the model to confirm algebraically the estimates 
obtained in part (a). 

Age at First Marriage From 1980 to 2005, the 

median age A of an American woman at her first marriage 

can be approximated by the model 


A = 17.91 4 188 


1+ e O.1117t— 0.11387 


O<rs 25 


where f¢ represents the year, with t = 0 corresponding to 
1980. (Source: U.S. Census Bureau) 


(a) Use the graph to estimate graphically the median age 
of an American woman at her first marriage in 1980, 
1990, 2000, and 2005. 


Median age (in years) 


i i i i 

T T T T 

2 4 6 8 10 12 14 16 18 20 22 24 26 
Year (0 © 1980) 


(b) Use the model to confirm algebraically the estimates 
obtained in part (a). 


Age at First Marriage From 1980 to 2005, the median 
age A of an American man at his first marriage can be 
approximated by the model 


4.74 
1 + e70-14121-0.1513° 


A = 22/55 4 


O<rts 25 


where ¢ represents the year, with tf = 0 corresponding to 
1980. (Source: U.S. Census Bureau) 


75. 


@) 76. 


78. 


79. 
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(a) Use the graph to estimate graphically the median age 
of an American man at his first marriage in 1980, 1990, 


2000, and 2005. 


Median age (in years) 


>» f 


Year (0 © 1980) 


(b) Use the model to confirm algebraically the estimates 
obtained in part (a). 
Compare Compare the results of Exercises 73 and 74. 


What can you conclude about the differences in men’s and 
women’s ages at first marriage? 


Hospital Employment The numbers of people E (in 
thousands) employed in hospitals from 1999 to 2005 can be 
modeled by 


E = 3331(1.0182)', 


where f represents the year, with t = 9 corresponding to 
1999. (Source: U.S. Bureau of Labor Statistics) 


9<t< 15 


(a) Use a graphing utility to graph E for the years 1999 to 
2005. 


(b) Use the graph from part (a) to estimate the numbers 
of hospital employees in 2000, 2002, and 2005. 


. Prescriptions The numbers of prescriptions P (in 


millions) filled in the United States from 1998 to 2005 can 
be modeled by 


15,044 


1+ e 9-21661— 0.7667? 


P 11,415 4 8<t< 15 


where ¢ represents the year, with t = 8 corresponding to 
1998. (Source: National Association of Chain Drug Stores) 


(a) Use a graphing utility to graph P for the years 1998 to 
2005. 


(b) Use the graph from part (a) to estimate the numbers of 
prescriptions filled in 1999, 2002, and 2005. 


271,801 
99,990 


Writing Determine whether e = . listify your 


answer. 
Extended Application To work an extended applica- 


tion involving the healing rate of a wound, visit this text’s 
website at college.hmco.com/info/larsonapplied. 


354 CHAPTER 4 


Logarithmic 
Functions 


STUDY TIP 


By the definition of a logarith- 
mic function, 


ay eG 
ley 
34 = 81 


can be written as 


a x y 
le 
log; 81 = 4. 


Exponential and Logarithmic Functions 


@ Recognize and evaluate a logarithmic function with base a. 
Sketch the graph of a logarithmic function. 

m Recognize and evaluate the natural logarithmic function. 
m@ Use a logarithmic model to solve an application problem. 


Logarithmic Functions 


In Section 2.8, you studied inverse functions. There, you learned that if a function 
has the property that no horizontal line intersects the graph of the function more 
than once, the function must have an inverse function. By looking back at the 
graphs of the exponential functions introduced in Section 4.1, you will see that 
every function of the form f(x) = a* (where a > 0 and a # 1) passes the 
Horizontal Line Test and therefore must have an inverse function. This inverse 
function is called the logarithmic function with base a. 


Definition of a Logarithmic Function 
For x > 0,a > 0, anda # l, 
y = log, x if and only if x = a’. 
The function given by 
f(x) = log, x 
is called the logarithmic function with base a. 


The equations y = log, x and x = a” are equivalent. The first equation is in 
logarithmic form and the second is in exponential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log, x is the exponent to which a must be raised to obtain x. For 
instance, log, 8 = 3 because 2 must be raised to the third power to obtain 8. 


> <ersste)(-Wey Evaluating Logarithmic Expressions 


a. log, 32 = 5 because 25 = 32. 
1 
b. log,2 = 5 because 41/2 = \/4 = 2. 
| | 1 
c. 10810 Tog =-2 because 10-2 = 7 oe 


d. log, 1 =0 because 3° = 1. 


/ CHECKPOINT 1 


1 
Evaluate the expression log, re 


STUDY TIP 


Because log, x is the inverse 
function of y = a*, it follows 
that the domain of y = log, x is 
the range of y = a’, (0, 00). In 
other words, y = log, x is 
defined only if x is positive. 


/ CHECKPOINT 2 


Use a calculator to evaluate the 
expression log,, 200. Round your 
result to three decimal places. © 
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The logarithmic function with base 10 is called the common logarithmic 
function. On most calculators, this function is denoted by (L0G). 


i$ etr})(-W4y Evaluating Logarithmic Expressions on a Calculator 


Scientific Calculator 


Number Keystrokes Display 
a. log,, 10 10 1 
b. 2 logy, 2.5 2.5 22 0.795880017 
c. log io(—2) 2 ERROR 
Graphing Calculator 

Number Keystrokes Display 
a. log,, 10 (LOG) 10 0) (ENTER) 1 
b. 2 log.) 2.5 2 (LOG) 2.5 0) (ENTER) -7958800173 
c. logy (—2) (LOG) (©) 2 0) (ENTER) ERROR 


Many calculators display an error message (or a complex number) when you try 
to evaluate log ;)(—2). This is because the domain of every logarithmic function 
is the set of positive real numbers. In other words, there is no real number power 
to which 10 can be raised to obtain — 2. 


The following properties follow directly from the definition of the logarithmic 
function with base a. 


Properties of Logarithms 

1. log, 1 = 0 because a° = 1. 

2. log, a = | because a! = a. 

3. log, a* = x and a!%a* = x Inverse Properties 


4. If log, x = log, y, then x = y. One-to-One Property 


Using Properties of Logarithms 


a. Solve the equation log, x = log, 3 for x. 

b. Solve the equation log;x = | for x. 

SOLUTION 

a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 
b. Using Property 2, you can conclude that x = 5. 


/ CHECKPOINT 3 


Solve the equation log, 1 = x for x. © 
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123456789 


FIGURE 4.9 Inverse Functions 


/ CHECKPOINT 4 


In the same coordinate plane, 
sketch the graph of each function. 


a. f(x) = 4 
b. 9(x) = log, x © 


F@) = log jx 


FIGURE 4.10 


Graphs of Logarithmic Functions 


To sketch the graph of y = log, x, you can use the fact that the graphs of inverse 
functions are reflections of each other in the line y = x. 


Graphs of Exponential and Logarithmic Functions 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2° 

b. g(x) = log, x 

SOLUTION 


a. For f(x) = 2*, construct a table of values, as follows. 


XG —2/-1;/0);1)2 4}3 
fo=2/i | J1j2s4is 


By plotting these points and connecting them with a smooth curve, you obtain 
the graph shown in Figure 4.9. 


b. Because g9(x) = log, x is the inverse function of f(x) = 2*, the graph of g is 
obtained by plotting the points (f(x), x) and connecting them with a smooth 
curve. The graph of g is a reflection of the graph of f in the line y = x, as 
shown in Figure 4.9. 


Before you can confirm the result of Example 4 with a graphing utility, 
you need to know how to enter log, x. You will learn how to do this using the 
change-of-base formula discussed in Section 4.3. 


Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function given by f(x) = log, x. 


SOLUTION Begin by constructing a table of values. Note that some of the 
values can be obtained without a calculator by using the Inverse Property of 
logarithms. Others require a calculator. Next, plot the points and connect them 
with a smooth curve, as shown in Figure 4.10. 


Without Calculator With Calculator 
x 0 ra 1 | 10) 2 5 8 


f(x) = logyyx | -2 | -1| 0] 1 0.301 | 0.699 | 0.903 


/ CHECKPOINT 5 


Sketch the graph of the function given by f(x) = 2 log,)x. © 


STUDY TIP 


Notice in Example 6(a) that 
shifting the graph of f(x) one 
unit to the right also shifts the 
vertical asymptote from the 
y-axis (x = 0) to the line x = 1. 


SECTION 4.2 


The nature of the graph in Figure 4.10 is typical of functions of the form 
f(x) = log, x, a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. The basic characteristics of 
logarithmic graphs are summarized in Figure 4.11. Note that the vertical 


Logarithmic Functions 


asymptote occurs at x = 0, where log, x is undefined. 


Characteristics of Logarithmic Functions 


FIGURE 4.11 


Graph of y = log, x, a> 1 
*Domain: (0, co) 

*Range: (—oo, co) 
Intercept: (1, 0) 

¢ Increasing 


¢ One-to-one; therefore has an 
inverse function 


* yaxis is a vertical asymptote 
(log, x —00 asx 0*) 


¢ Continuous 


¢Reflection of graph of y = a*about 


the line y = x 


Sketching the Graphs of Logarithmic Functions 


The graph of each function below is similar to the graph of f(x) = logy x. 


a. Because g(x) = log,(x — 1) = f(x — 1), the graph of g can be obtained by 


shifting the graph of f one unit to the right. See Figure 4.12(a). 


b. Because h(x) = 2 + log,)x = 2 + f(x), the graph of / can be obtained by 


shifting the graph of ftwo units upward. See Figure 4.12(b). 


f= log 10~ 


(1,0)! 


g(x)= log jy) @— 1) 


(a) Right shift of one unit 
FIGURE 4.12 


/ CHECKPOINT 6 


h(x) =2 + log yx 


f(x) = log yx 


ee eee 


(1, 0) 
° t >X 
1 2 


h 


(b) Upward shift of two units 


Sketch the graph of f(x) = log, (x + 3). © 


358 CHAPTER 4 __ Exponential and Logarithmic Functions 


The Natural Logarithmic Function 


By looking back at the graph of the natural exponential function introduced in 

Section 4.1, you will see that f(x) = e* is one-to-one and so has an inverse 

function. This inverse function is called the natural logarithmic function and is 
foae* denoted by the special symbol In x, read as len of x? 


The Natural Logarithmic Function 
The function defined by 
f(x) = log, x =Inx, x>0 


FIGURE 4.13 


x is called the natural logarithmic function. 


Because the functions given by f(x) = e* and g(x) = Inx are inverse 
eG=f “'@)=Inx functions of each other, their graphs are reflections of each other in the line y = x. 
This reflective property is illustrated in Figure 4.13. The four properties of 
logarithms listed on page 355 are also valid for natural logarithms. 


Properties of Natural Logarithms 

1. In 1 = 0 because e® = 1. 

2. Ine = 1 because e! = e. 

3 lng = zeamal GE! = x Inverse Properties 


4. If Inx = Iny, then x = y. One-to-One Property 


Using Properties of Natural Logarithms 


Evaluate each logarithmic expression. 


1 In 1 
a. In- b. em i d. 2Ine 
e 3 
SOLUTION 
1 ss 
a. In-—=Ine7!=—-1 Inverse Property 
é 
b. el?> = 5 Inverse Property 
c a 0 Property 1 
oR 3 roperty 
d. 2Ine = 2(1) =2 Property 2 


/ CHECKPOINT 7 


Evaluate each logarithmic expression. 


a. Ine’ b. 51n1 © 


/ CHECKPOI 


NT 8 


Use a calculator to evaluate the 


expression In 0 


result to three decimal places. © 


a-- 


.1. Round your 


Vertical 
asymptote: 
x= 


FIGURE 4.14 


g(x) = In(2—x) 


> xX 
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On most calculators, the natural logarithm is denoted by (LN), as illustrated 
in Example 8. 


Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate each expression. 
a. In2 b. In 0.3 c. In e? d. In(—1) 
SOLUTION 


Scientific Calculator 


Number Keystrokes Display 
a. In2 2 0.69314718 
b. In 0.3 3 — 1.203972804 
c. In e? 2 [ex] 2 
d. In(—1) 1 ERROR 
Graphing Calculator 
Number Keystrokes Display 
a. In2 2 .6931471806 
b. In 0.3 3 — 1.203972804 
c. Ine? (LN) (2nd) [ex] 2 0) 0) (ENTER) 2 
d. In(—1) (LN) (©) 1 0) (ENTER) ERROR 


In Example 8, note that In(— 1) gives an error message on most calculators. 
This occurs because the domain of In x is the set of positive real numbers (see 
Figure 4.13). So, In(— 1) is undefined. 


Finding the Domains of Logarithmic Functions 


Find the domain of each function. 


a. f(x) = In(x — 2) b. g(x) = In(2 — x) c. A(x) = In x? 


SOLUTION 


a. Because In(x — 2) is defined only if x — 2 > 0, it follows that the domain of 
fis (2, 00). 

b. Because In(2 — x) is defined only if 2 — x > 0, it follows that the domain of 
g is (— 00, 2). The graph of g is shown in Figure 4.14. 


c. Because In x? is defined only if x > 0, it follows that the domain of / is all 
real numbers except x = 0. 
/ CHECKPOINT 9 


Find the domain of the function given by f(x) = In(x + 5). @ 
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fo 
A 


80> f(t) = 75 — 6 In(t + 1) 


ape eel er eee ees reat 
2 Gee Ore Oe) 
Time (in months) 


FIGURE 4.15 


Application 


> ererye) (wlll Human Memory Model ® 


A group of students participating in a psychological experiment attended several 
lectures on a subject. Every month for a year after that, the group of students were 
tested to see how much of the material they remembered. The average scores for 
the group are given by the human memory model 


fd) =75 -—6in(t +1), O<t< 12 


where f is the time (in months). Based on the results of the experiment, how many 
months can a student wait before retaking the exam and still expect to score 60 or 
better? (Do not count portions of months.) 


SOLUTION To determine how many months a student can wait before retaking 
the exam and still expect to score 60 or better, use the model to create a table of 
values showing the scores for several months. 


Month, ¢ 0 1 2 3 4 5 6 


Score, f(t) | 75 | 70.84 | 68.41 | 66.68 | 65.34 | 64.25 | 63.32 


Month, ¢ 7 8 9 10 11 12 


Score, f(t) | 62.52 | 61.82 | 61.18 | 60.61 | 60.09 | 59.61 


From the table, you can see that a student would need to retake the exam by the 
11th month in order to score 60 or better. The graph of fis shown in Figure 4.15. 


/ CHECKPOINT 10 


Biologists have found that an alligator’s length / (in inches) can be 
approximated by the model 


1 = 27.1 Inw — 32.8 


where w is the weight (in pounds) of the alligator. Find the lengths of 
alligators for which w = 150, 225, 380, 450, and 625 pounds. Round your 
results to the nearest tenth of an inch. © 


. Is log. b = a equivalent to a’ = c when a, b, and c are greater than 
0,a # 1, and c # 1? Explain. 


. What property would you use to solve log, 7 = 1 for x? 


. Explain how you can use the graph of an exponential function to sketch 
the graph of f(x) = log, x. 


. How is the graph of g(x) = —In x related to the graph of f(x) = In x? 
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Skills Revi 42 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11s heview 4. these skills in the exercise set for this section. For additional help, review Sections 2.6 and 4.1. 


In Exercises 1—4, solve for x. 


Oe = B= 


3. 10 = 0.1 4. e=e 


In Exercises 5 and 6, evaluate the expression. (Round the result to three 


decimal places.) 


5. 


6. e! 


In Exercises 7-10, describe how the graph of g is related to the graph of f. 


7. g(x) = fe + 2) 8. g(x) = —f() 


Exercises 4.2 


9. g(x) = -—1+ f@) 


10. g(x) = f(—x) 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, match the logarithmic equation with 
its exponential form. [The exponential forms are 
labeled (a), (b), (c), (d), (e), and (f).] 


1. log, 16 = 2 (a) 4/2 =2 
2. log, 16 = 4 =] 
3. log, % = —4 (c) 42 = 16 
4. logyig = —2 (d) 42 =% 
5. log,2 =3 (ec) 16/2 =4 
6. logi. 4 = 5 (f) 24 = 16 


In Exercises 7-16, use the definition of a logarithm to 
write the equation in logarithmic form. For example, 
the logarithmic form of 2? = 8 is log, 8 = 3. 


7. 44 = 256 8. 73 = 343 

9. 81/4 =3 10. 93/2 = 27 
11. 6? =x 12. 10-3 = 0.001 
13. el!=e 14. e+ = 54.5981... 
15. e« =4 16. e* =2 


In Exercises 17-26, use the definition of a logarithm to 
write the equation in exponential form. For example, 
the exponential form of log. 125 = 3 is 53 = 125. 


17. log, 16 = 2 18. log, 1000 = 3 
19. log, 5 = il 20. log33 = 2 
21. Ine=1 22. n= = 1 

23. log; 0.2 = —1 24. log,,0.1 = —1 


25. logs, 3 = } 26. logs 2 = } 


In Exercises 27-42, evaluate the expression without 
using a calculator. 


27. log, 9 28. log; 125 
29. logs % 30. log. x 
31. logg2 32. loge, 4 
33. log, 7 34. log,, 1 
35. log,, 0.0001 36. log, 100 
37. Ine 38. In e!° 
39. Ine~4 40. In 

41. log, a> 42. log, 1 


In Exercises 43-54, use a calculator to evaluate the 
logarithm. Round your result to three decimal places. 


43. log.) 345 44. log,, 163 
45. logy 2 46. logo? 
47. log) V8 48. log) V3 
49. In7 50. 21n9 
51. In 18.42 52. In 36.7 
53. InV6 54. InV/10 


In Exercises 55-58, sketch the graphs of f and g in the 
same coordinate plane. 


55. f(x) = 3*, g(x) = log, x 
56. f(x) = 5*, g(x) = log, x 
57. f(x) = e*, g(x) = Inx 

58. f(x) = 10*, 9(x) = logiyx 
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In Exercises 59-64, match the function with its graph. 81. Population Growth The population of a town will 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] double in 


(b) p= —8n3 
In 63 — In 45 


years. Find f. 
sa 82. Work The work W (in foot-pounds) done in 


i) 
w 
deck. 


compressing a volume of 9 cubic feet at a pressure of 15 
=a pounds per square inch to a volume of 3 cubic feet is 
-2+ § (1,-2) W = 19,440(In 9 — In 3). Find W. 
83. Human Memory Model Students in a mathematics 
7 y e . 
(<) i (d) mn class were given an exam and then retested monthly with 


an equivalent exam. The average score g for the class can 
be approximated by the human memory model 


a(t) = 78 — 14 logy (t+ 1), Ost < 12 
where f is the time (in months). 


(a) What was the average score on the original exam? 


(b) What was the average score after 4 months? 


7 (c en did the average score drop below 70? 
(e) : (f) ) When did th drop below 70? 
dk. 84. Human Memory Model Students in a seventh-grade 
class were given an exam. During the next 2 years, the 
(1, 0) a : same students were retested several times. The average 
I 3 : : score g can be approximated by the model 
ill g(t) = 87 — 16 log,,(t + 1), O<t< 24 
where f¢ is the time (in months). 
59. f(x) = Inx +2 60. f(x) = —Inx (a) What was the average score on the original exam? 
61. f(x) = —3 In(x — 2) 62. f(x) = 4 In(—x) (b) What was the average score after 6 months? 
63. f(x) = —3Inx +2 64. f(x) = —3Inx —2 (c) When did the average score drop below 70? 
: ; ; ; 85. Investment Time A principal P, invested at 5.25% 
In Exercises 65-74, find the domain, vertical asymptote, interest and compounded continuously, increases to an 
and x-intercept of the logarithmic function. Then sketch amount that is K times the principal after t years, where t is 
its graph. given by 
65. f(x) = log, x 66. g(x) = log, x In K 
ES : 
67. h(x) = log,(x + 4) 68. f(x) = log,(x — 3) 0.0525 
69. f(x) = —log, x 70. h(x) = —log,(x — 1) (a) Complete the table. 
71. g(x) = In(-x 72. f(x) = InG - x 
ate) a) fle) ( ) K;}1)2)]4]6 4 8 | 10} 12 
73. h(x) = In(x + 1) 74, f(x) =3 +Inx 


: 


©) In Exercises 75-80, use a graphing utility to graph 


the function. Be sure to use an appropriate viewing (b) Use the table in part (@) to graph the function, 


window. @ 
_ _ 86. Investment Time A principal P, invested at 4.85% 
75. f(x) = log(x + 1) 76. f(x) = log(x — 1) interest and compounded continuously, increases to an 
77. f(x) = In@ — 1) 78. f(x) = In(x + 2) amount that is K times the principal after t years, where t is 
79. f(x) =Inx +1 80. f(x) =3Inx- 1 given by 
< Ink 
0.0485 ° 


Use a graphing utility to graph this function. 


@) skill Retention Model In Exercises 87 and 88, 


participants in an industrial psychology study were 
taught a simple mechanical task and tested monthly 
on this mechanical task for a period of 1 year. The 
average scores for the participants are given by the 
model 


f(t) = 98 — 14log,,(t+ 1), O<t<12 
where t is the time (in months). 


87. Use a graphing utility to graph the function. Use the graph 
to discuss the domain and range of the function. 


88. Think About It Based on the graph of f, do you think 
the study’s participants practiced the simple mechanical 
task very often? Cite the behavior of the graph to justify 
your answer. 


©) Productivity In Exercises 89 and 90, the productivity 


of a new employee (in units produced per day) is given 
by the model 


g(t) =2+4+ 12 Int, 
where t is the time (in work days). 


1<ts<15 


89. Use a graphing utility to graph the function. Use the graph 
to discuss the domain and range of the function. 


90. Think About It Based on the graph of g, do you think 
the new employee will reach a benchmark of 40 units 
produced per day by the end of three work weeks? Explain. 


91. Median Age of U.S. Population The model 
A = 15.68 — 0.037¢ + 6.131 Int, 10 <t< 80 


approximates the median age A of the United States 
population from 1980 to 2050. In the model, ¢ represents 
the year, with t = 10 corresponding to 1980 (see figure). 
(Source: U.S. Census Bureau) 


aS 
n 
1 
T 


5 

= 
| 
T 


Median age (in years) 


SS SS ee 
10 20 30 40 50 60 70 80 
Year (10 < 1980) 


(a) Use the model to approximate the median age in the 
United States in 1980. 


(b) Use the model to approximate the median age in the 
United States in 1990. 


92. 


93. 
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(c) Use the model to approximate the change in median 
age in the United States from 1980 to 2000. 


(d) Use the model to project the change in median age in 
the United States from 1980 to 2050. 


Monthly Payment The model 


t = 12.542 in| x > 1000 


000) 
x — 1000/’ 
approximates the length of a home mortgage of $150,000 
at 8% interest in terms of the monthly payment. In the 
model, t is the length of the mortgage (in years) and x is the 
monthly payment (in dollars) (see figure). 


Length of mortgage 
(in years) 


| | | N T ~x 


T T T T T 
2000 4000 6000 8000 10,000 
Monthly payment (in dollars) 


(a) Use the model to approximate the length of a $150,000 
mortgage at 8% interest when the monthly payment is 
$1100.65 and when the monthly payment is $1254.68. 


(b) Approximate the total amount paid over the term of the 
mortgage with a monthly payment of $1100.65 and 
with a monthly payment of $1254.68. 


(c) Approximate the total interest charge for a monthly 
payment of $1100.65 and for a monthly payment of 
$1254.68. 


(d) What is the vertical asymptote of the model? Interpret 
its meaning in the context of the problem. 


Think About It The table of values was obtained by 
evaluating a function. Determine which of the statements 
may be true and which must be false. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 
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Properties of 
Logarithms 


/ CHECKPOINT 1 


Evaluate log, 56 using common 
logarithms. Round your result to 
three decimal places. © 


/ CHECKPOINT 2 


Evaluate log, 56 using natural 
logarithms. Round your result to 
three decimal places. © 


Exponential and Logarithmic Functions 


Evaluate a logarithm using the change-of-base formula. 

m™ Use properties of logarithms to evaluate or rewrite a logarithmic 
expression. 

m™ Use properties of logarithms to expand or condense a logarithmic 
expression. 

M™ Use logarithmic functions to model and solve real-life applications. 


Change of Base 


Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to 
evaluate logarithms with other bases. To do this, you can use the following 
change-of-base formula. 


Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # | and b # 1. 
Then log, x can be converted to a different base as follows. 


Base b Base 10 


1 _ log, x — logo x 1 Inx 
= log, a ooo logio a “ 


Base e 


One way to look at the change-of-base formula is that logarithms to base a 
are simply constant multiples of logarithms to base b. The constant multiplier is 


1/(log, a). 


Changing Bases Using Common Logarithms 


logio30 _ 1.47712 
logio4 0.60206 
logi9 14 __ 1.14613 
logig2 0.30103 


a. log, 30 = = 2.4534 


b. log, 14 = = 3.8074 


Changing Bases Using Natural Logarithms 


In30 3.40120 
In4 1.386294 


In 14 2.63906 
In2 0.693147 


a. log, 30 = = 2.4534 


b. log, 14 = =~ 3.8074 


Notice in Examples | and 2 that the result is the same whether common 
logarithms or natural logarithms are used in the change-of-base formula. 


STUDY TIP 


There is no general property 
that can be used to rewrite 
log (u + v). Specifically, 
log,(x + y) is not equal to 
ops, 38 ar OE, 


/ CHECKPOINT 4 


Use the properties of logarithms 


2 
to verify that -In-— = 1 —1n2. © 
e 
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Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a 
is the inverse function of the exponential function with base a. So, it makes sense 
that the properties of exponents should have corresponding properties involving 
logarithms. For instance, the exponential property a° = 1 has the corresponding 
logarithmic property log, 1 = 0. 


Properties of Logarithms 


Let a be a positive number such that a # 1, and let n be a real number. If u and 
v are positive real numbers, then the following properties are true. 


Logarithm with Base a Natural Logarithm 


log (uv) = log, u + log, v In(uv) = Inu + Inv _ Product Rule 


log, -- log, u — log, v In“ = Inu — Inv @tient Rule 
v v 


log, uv” = nlog,u Inu” =ninu Power Rule 


Using Properties of Logarithms 


Write each logarithm in terms of In 2 and In 3. 


2 
a. In6 b. In 7 
SOLUTION 
a. In6 = In(2 - 3) Rewrite 6 as 2 + 3. 
=In2 + 1n3 Product Rule 
b. In x = In2 — In27 @tient Rule 
= In2 — In3? Rewrite 27 as 3°. 
=In2—-31n3 Power Rule 


/ CHECKPOINT 3 


Write log, in terms of log,, 3 and log,)5. © 


Using Properties of Logarithms 


Use the properties of logarithms to verify that —log,, Too = log, 100. 


SOLUTION 


1 
~log10 T99 = —log,.(100~!') = —(—1)log,, 100 = log,, 100 


Try checking this result on your calculator. 
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DISCOVERY 

Use a calculator to approximate 
In 3/e2. Now find the exact value 
by rewriting In 3/e? with a 
rational exponent using the 
properties of logarithms. How 
do the two values compare? 


STUDY TIP 

When applying the properties 

of logarithms to a logarithmic 
function, you should be careful 
to check the domain of the 
function. For example, the 
domain of f(x) = In x? is all real 
x # 0, whereas the domain of 
g(x) = 2Inx is all real x > 0. 


/ CHECKPOINT 6 


Condense the expression 
2 logio (x + 1) — 3. logy) (x — 1). & 


Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions 
in forms that simplify the operations of algebra. This is true because these 
properties convert complicated products, quotients, and exponential forms into 
simpler sums, differences, and products, respectively. 


Expanding Logarithmic Expressions 


Expand each logarithmic expression. 


a. log, Sey —b. In “a2 
SOLUTION 
a. log, 5x¢y = log, 5 + log, x? + log, y Product Rule 
= log,5 + 3 log,x + log, y Power Rule 
J3x — 5 (3x — 5)!/2 
b. In 7 =In 7 Rewrite using rational exponent. 
= In(3x 5)i/ 2 —|n7 @otient Rule 
1 
= 7 In(3x = 5) —In7 Power Rule 


/ CHECKPOINT 5 


Expand the expression In 2mn?. © 


In Example 5, the properties of logarithms were used to expand logarithmic 
expressions. In Example 6, this procedure is reversed and the properties of 
logarithms are used to condense logarithmic expressions. 


1% <ets1})(-N- Condensing Logarithmic Expressions 


Condense each logarithmic expression. 
a. 5 logy) x + 3 log,(x + 1) b. 2 In(x + 2) — Inx 
ce. 4[log, x + log,(x + 1)] 


SOLUTION 
a. 3 logiyx + 3 logio(x + 1) = logyox!/2 + log,o(x + 1)3 Power Rule 
= log g| x(x + 1))] Product Rule 
b. 2 In(x + 2) — Inx = In(x + 2)? — Inx Power Rule 
=In ewer =a) @tient Rule 
x 
c. z[log, x + log,(x + 1)] = +{log,[x(x + 1)]} Product Rule 
= log,[x(« + 1)]'4 Power Rule 
= log, Yx(x + 1) Rewrite with a radical. 


0 e oO ry Saturn ® 


Mercury e lipiter 


10-- | Venus 
5 --| / Earth 


fe Mars 
T 


Period (in years) 
a 
+ 


eee 
2 4 6 § 10 


Mean distance 
(in astronomical units) 


FIGURE 4.16 


FIGURE 4.17 


/ CHECKPOINT 7 


Find a logarithmic equation that 
relates y and x. 


x }|1}2 3 4 
y | Ll | 1.414 | 1.732 | 2 
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Applications 


One method of determining how the x- and y-values of a set of nonlinear data are 
related begins by taking the natural logarithm of each of the x- and y-values. If 
you graph the points (In x, In y) and they fall in a straight line, then you can 
determine that the x- and y-values are related by the equation 


Iny =mInx 


where m is the slope of the straight line. 


Finding a Mathematical Model ®) 


The table shows the mean distance from the sun x and the period (the time it takes 
a planet to orbit the sun) y for each of the six planets that are closest to the sun. 
In the table, the mean distance is given in astronomical units (where Earth’s mean 
distance is defined as 1.0), and the period is given in years. Find an equation that 
relates y and x. 


Planet Mean distance, x | Period, y 
Mercury 0.387 0.241 
Venus 0.723 0.615 
Earth 1.000 1.000 
Mars 1.524 1.881 
iipiter 5.203 11.863 
Saturn 9.537 29.447 


SOLUTION The points in the table are plotted in Figure 4.16. From this figure it 
is not clear how to find an equation that relates y and x. To solve this problem, 
take the natural logarithm of each of the x- and y-values in the table. This 
produces the following results. 


Planet | Mercury Venus Earth | Mars | itpiter Saturn 
In x —0.949 | —0.324 | 0.000 | 0.421 1.649 2.255 
Iny —1.423 | —0.486 | 0.000 | 0.632 | 2.473 3.383 


Now, by plotting the points in the second table, you can see that all six of the 
points appear to lie in a line (see Figure 4.17). Choose any two points to 
determine the slope of the line. Using the two points (0.421, 0.632) and (0, 0), 
you can determine that the slope of the line is 
0.632 — 0 3 

laa Vo) ea ee 
By the point-slope form, the equation of the line is Y = 2x, where Y = In y and 
X = In x. You can therefore conclude that In y = ; In x. 
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© Grain Belt Pictures/Alamy 


/ CHECKPOINT 8 


Two sounds have intensities of 

I, = 10~° watt per square meter 
and J, = 10~° watt per square 
meter. Use the formula for the level 
of sound in Example 8 to find the 
difference in loudness between 

the two sounds. © 


Sound Intensity (R) 


The level of sound L (in decibels) with an intensity of J (in watts per square meter) 
is given by 


I 
L = 10 logy i 
0 


where J) represents the faintest sound that can be heard by the human ear, and is 
approximately equal to 107!” watt per square meter. You and your roommate are 
playing your stereos at the same time and at the same intensity. How much 
louder is the music when both stereos are playing compared with when just one 
stereo is playing? 


SOLUTION Let L, represent the level of sound when one stereo is playing and let 
L, represent the level of sound when both stereos are playing. Using the 
formula for level of sound, you can express L, as 


I 
L, = 10 logy 190-2" 
For L,, multiply J by 2 as shown below 
2t 
L, = 10 logyy 10-2 


because L, represents the level of sound when two stereos are playing at the same 
intensity 7. To determine the increase in loudness, subtract L, from L, as follows. 


21 I 
L, — L, = 10 logo i972 10 logio 10-2 


21 I 
10( loa 10-22 logio aul 


I I 
= 10{o2,02 + logy 10-22 log io al 


= 10 log,,2 ~ 3 


So, the music is about 3 decibels louder. Notice that the variable J drops out of 
the equation when it is simplified. This means that the loudness increases by 
3 decibels when both stereos are played at the same intensity, regardless of the 
individual intensities of the stereos. 


In Exercises 1-4, let x and y be positive real numbers. Determine whether the 
statement is true or false. Explain your reasoning. 


1. The expression log,, 25 can be rewritten as 2 log,, 5. 
2. The expression In(x + y) can be rewritten as In x + In y. 


. ; (x + 1)? 
3. The expression 2 In(x + 1) — In y can be rewritten as In ———. 


4. The expressions logiox 


In x , 
and —— are equivalent. 
logioy = Iny 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sade sve\al-\wiae pei use these skills in the exercise set for this section. For additional help, review Sections 0.3, 0.4, 


and 4.2. 


In Exercises 1-4, evaluate the expression without using a calculator. 


1 


1. log, 49 2. log 35 


In Exercises 5-8, simplify the expression. 


5. ee? (= 


1 
3. Ina 


th (@F 


4. log), 0.001 


8. (e?)° 


In Exercises 9-12, rewrite the equation in exponential form. 


a. y=5 10. y = /x 


Exercises 4.3 


11. log, 64 = 3 


1 
12. log,,4 = DB 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-12, write the logarithm in terms of 
common logarithms. 


1. log; 8 2. log, 12 
3. In 30 4. In 20 
5. log, n 6. log, m 
7. logy/5 x 8. log, ),x 
9. log, 10. log, ¢ 
11. log, ,x 12. log, , x 


In Exercises 13-24, write the logarithm in terms of 
natural logarithms. 


13. log; 8 14. log, 12 
15. log,,)5 16. log), 20 
17. log,n 18. log, m 
19. log, 5x 20. log,/3 x 
21. log, 22. log, } 
23. logs 6X 24. log, , x 


In Exercises 25-36, evaluate the logarithm. Round your 
result to three decimal places. 


25. log, 6 26. log, 3 

27. logs, 35 28. log), 42 
29. log); 1250 30. logy 1575 
31. log, + 32. log, 2 

33. log,,, 10 34. log,/;5 


35. log, ;, 0.2 36. log, /. 0.025 
1/2 1/6 


In Exercises 37-50, approximate the logarithm using 
the properties of logarithms, given log, 2 ~ 0.3562, 
log, 3 ~ 0.5646, and log, 5 ~ 0.8271. 


37. log, 10 38. log, 15 
39. log, 3 40. log, 2 
41. log, 8 42. log, 81 
43. log, /2 44. log, /5 
45. log, 40 46. log, 45 
47. log,(2b)~? 48. log,(3b7) 
49. log, V/4b 50. log, 3b 


In Exercises 51-56, find the exact value of the 
logarithmic expression without using a calculator. 


51. log, 3/4 52. log, /8 
84 8 
i] 
53. In—= 54. Inve? 
Je 
ae Ad 
55. logs 75 56. log, 343 


In Exercises 57-64, use the properties of logarithms to 
simplify the given logarithmic expression. 


57. logs 75 58. logs75 
59. log, 70 60. logs /75 
61. logs 5 62. logio 300 
63. In(5e°) 64. nS 
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In Exercises 65-86, use the properties of logarithms to 
expand the expression as a sum, difference, and/or 
multiple of logarithms. (Assume all variables are 
positive.) 


65. 
67. 


69. 


71. 
73% 


75. 


77. 


79. 


81. 


83. 


84. 


85. 
86. 


log, (43 + 3°) 
log, 4n 


x 
logs 25 


log, x* 
In Jz 


In xyz 


InJ/a— 1, 
nf 
v4 
h—=—— 
J/z+3 
nt 
y 


In Yx3(x? + 3) 
In /x*(x + 2) 


a>l 


66. 
68. 


70. 


72. 
74. 


76. In 


78. 


80. 


82. 


In Exercises 87-102, condense the 


logarithm of a single quantity. 
87. 
89. 
91. 
93. 
95. 
97. 
98. 
99. 


log, x + log, 5 
log, 8 — log, x 

2 logig(x + 4) 
—Inx —3In6 

5 In 5x — In(x + 1) 


logg(x — 2) — logg(x + 2) 
3 log, x + 2 log, y — 4 log, z 


2In3 — 5 In(x? + 1) 


100. 3 In r° — F Inet 

101. Inx — In(x + 2) — In(x 
102. In(x + 1) + 2In(x — 1) 4 
Curve Fitting 


3Inx 


log, (3? - 4) 
log, 6x 


expression to the 


. logs y + log; x 

» logiy 4 — logiyz 
~- —4 logy, 2x 

~ 2In8 + 5Inz 

. 3In(z — 2) + Inz 


In Exercises 103-106, find a logarithmic 


equation that relates y and x. Explain the steps used to 
find the equation. 


103. 


af 1 | 2 


y | 1 | 1.189 


1.316 


1.414 


1.495 | 1.565 


104. 


105. 


106. 


107. 


108. 


109. 


Exponential and Logarithmic Functions 


cam, 1 | 2 3 4 5 6 

y | l 1.587 | 2.080 | 2.520 | 2.924 | 3.302 
x Bl 2 3 4 3 6 

y | 2.5 | 2.102 | 1.9 | 1.768 | 1.672 | 1.597 
x il 2 3 4 3 6 

y | 0.5 | 2.828 | 7.794 | 16 | 27.951 | 44.091 


Nail Length The approximate lengths and diameters 
(in inches) of common nails are shown in the table. Find 
a logarithmic equation that relates the diameter y of a 
common nail to its length x. 


Length, Diameter, Length, Diameter, 
x y x y 
1 0.070 4 0.176 
2 0.111 5 0.204 
3 0.146 6 0.231 


Galloping Speeds of Animals Four-legged animals 
run with two different types of motion: trotting and 
galloping. An animal that is trotting has at least one foot on 
the ground at all times, whereas an animal that is galloping 
has all four feet off the ground at some point in its stride. 
The number of strides per minute at which an animal 
breaks from a trot to a gallop depends on the weight of the 
animal. Use the table to find a logarithmic equation that 
relates an animal’s lowest galloping speed y (in strides per 
minute) to its weight x (in pounds). 


Weight, Galloping Weight, Galloping 
a speed, y x speed, y 
25 191.5 75 164.2 
35 182.7 500 125.9 
50 173.8 1000 114.2 


Sound Intensity Use the equation for the level of 
sound in Example 8 to find the difference in loudness 
between an average office and a broadcast studio with the 
intensities given below. 


Office: 1.26 x 10~7 watt per square meter 


Broadcast studio: 3.16 x 10~!° watt per square meter 


110. 


@ 111. 


@) 112. 


@) 113. 


@ 114. 


115. 


Sound Intensity Use the equation for the level of 
sound in Example 8 to find the difference in loudness 
between a bird singing and rustling leaves with the inten- 
sities given below. 


Bird singing: 10~® watt per square meter 

Rustling leaves : 10~!° watt per square meter 
Graphical Analysis Use a graphing utility to graph 
f(x) =In5x and g(x) =In5 + Inx 

in the same viewing window. What do you observe about 


the two graphs? What property of logarithms is being 
demonstrated graphically? 


Graphical Analysis You are helping another student 
learn the properties of logarithms. How would you use a 
graphing utility to demonstrate to this student the 
logarithmic property 

log, u” = vlog,u 

(u is a positive number, v is a real number, and a is a 
positive number such that a # 1)? What two functions 


could you use? Briefly describe your explanation of this 
property using these functions and their graphs. 


Reasoning An algebra student claims that the 
following is true: 


x _ log, x 
y  log,y 


Discuss how you would use a graphing utility to 
demonstrate that this claim is not true. Describe how to 
demonstrate the actual property of logarithms that is 
hidden in this faulty claim. 


log, x — log, y. 


a 


Reasoning A classmate claims that the following is 
true: 


In(x + y) = Inx + Iny = Inxy. 


Discuss how you would use a graphing utility to 
demonstrate that this claim is not true. Describe how to 
demonstrate the actual property of logarithms that is 
hidden in this faulty claim. 


Complete the proof of the logarithmic property 
log, uv = log, u + log, v. 


Let log, u = x and log, v = y. 


a= and @= Rewrite in exponential 
form. 
urv= =a Multiply and substitute 
for u and v. 
= Rewrite in logarithmic 


form. 


Substitute for x and y. 
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116. Complete the proof of the logarithmic property 


log, ‘= log, u — log, v. 
v 


Let log, u = x and log, v = y. 


a= and @ = Rewrite in exponential 


form. 


Divide and substitute for 
u and v. 


Rewrite in logarithmic 
form. 


Substitute for x and y. 


Ns 
Homes of hospitality for 
expectant women. © 


3 


See 
www. maggiesplace.org . — ‘Yy 


Photo courtesy of Maggie’s Place 


Cre by five recent college grad- 
uates, Maggie’s Place is a community of 
homes that provides hospitality for pregnant 
women who are alone or living on the streets. 
Maggie's Place provides for immediate needs 
such as shelter, clothing, food, and community 
support. Expectant mothers are connected to 
community resources such as prenatal care, 
education programs, and low-cost housing. 
Maggie’s Place opened its first home, the 
Magdalene House, on May 13, 2000 in Phoenix, 
Arizona and has since expanded to four homes. 
Maggie's Place is working with other local and 
national groups to develop homes in other 
communities. 


117. Research Project Use your campus library, 
the Internet, or some other reference source to find 
information about a nonprofit group or company 
whose growth can be modeled by a logarithmic 
function. Write a brief report about the growth of 
the group or company. 
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Mid-Chapter Quiz See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 
In Exercises 1-4, use the graph of f(x) = 3% to sketch the graph of the function. 
1. g(x) = 3-2 2. h(x) = 3-* 
3. k(x) = log, x 4. j(x) = log, (x — 1) 


; 5. For P = $10,000, r = 5.15%, and t = 8 years, find the balance in an account when 
Figure for 1-4 interest is compounded (a) monthly and (b) continuously. 


6. The numbers of children C (in millions) participating in the Federal School Breakfast 
Program from 1997 to 2005 can be approximated by the model 


C = 5.26(1.04), 7<1< 15 


where f represents the year, with t = 7 corresponding to 1997. (Source: U.S. 
Department of Agriculture) 


(a) Use the model to estimate the numbers of children participating in the Federal 
School Breakfast Program in 2000 and in 2005. 


(b) Use the model to predict the numbers of children that will participate in the 
Federal School Breakfast Program in 2009 and in 2010. 


7. The size of a bacteria population is modeled by 
P(t) = 100e°?!54 
where t is the time in hours. Find (a) P(0), (b) P(6), and (c) P(12). 


8. Use the demand function 


8 
p= 4000{ 1 ee: pee 


to find the price for a demand of x = 500 MP3 players. 


In Exercises 9-12, evaluate the expression without using a calculator. 

9. log,, 100 10. In e* 

11. logy i 12. Inl 

13. Sketch the graphs of f(x) = 4* and g(x) = log,x in the same coordinate plane. 


Identify the domains of f and g. Discuss the special relationship between f and g that 
is demonstrated by their graphs. 


x y In Exercises 14 and 15, find the exact value of the logarithm. 


1 1 14. log, /343 15. Inv/e® 


2 | 1.260 In Exercises 16 and 17, expand the logarithmic expression. 


_———————— 2 + 
3 | 1.442 16. itn) 2 17. ne _ | 


1.587 


In Exercises 18 and 19, condense the logarithmic expression. 
18. Inx + Iny — In3 19. —3 log,)4 — 3 log;yx 


nn] 


1.817 


8 | 2.000 


20. Use the values in the table at the left to find a logarithmic equation that relates y 
Table for 20 and x. 


Section 4.4 


Solving 
Exponential and 
Logarithmic 
Equations 
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m@ Solve an exponential equation. 
@ Solve a logarithmic equation. 


m Use an exponential or a logarithmic model to solve an application 
problem. 


Introduction 


So far in this chapter, you have studied the definitions, graphs, and properties of 
exponential and logarithmic functions. In this section, you will study procedures 
for solving equations involving these exponential and logarithmic functions. 

There are two basic strategies for solving exponential or logarithmic 
equations. The first is based on the One-to-One Properties and the second is based 
on the Inverse Properties. For a > 0 and a # 1, the following properties are true 
for all x and y for which log, x and log, y are defined. 


One-to-One Properties Inverse Properties 
a* = a” if and only if x = y. a'BaX = x 
log, x = log, y if and only if x = y. log, a* =x 
Solving Simple Equations 
Original Rewritten 
Equation Equation Solution Property 
a, 2* = 32 2* = 2 x=5 One-to-One 
b. Inx —In3 = 0 Inx = In3 x=3 One-to-One 
Ge = In e* = In7 x =1n7 Inverse 
d. Inx = —3 elt =e 3 x=e Inverse 
e. log;yx = —1 10!s0* = 10"! =x =10°'= 45 _ Inverse 


/ CHECKPOINT 1 
Solve each equation for x. 


a. 3* = 81 b. log,x = 3 & 


Strategies for Solving Exponential and Logarithmic Equations 


1. Rewrite the original equation in a form that allows the use of the 
One-to-One Property of exponential or logarithmic functions. 


2. Rewrite an exponential equation in logarithmic form and apply the 
Inverse Property of logarithmic functions. 


3. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 
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TECHNOLOGY 


When solving an 


exponential or logarithmic 


equation, you can check your 
solution graphically by 
8raphing the left and right 
sides separately’and using the 
intersect feature of your 
graphing utility to determine 
the point of intersection. For 
instance, to check the solution 
of the equation in Example 
2(a), you can graph 


y, =4 and y, = 72 


in the same viewing window, 
as shown below. Using the 
intersect feature of your 
graphing utility, you can 
determine that the graphs 
intersect when x ~ 3.085, 
which confirms the solution 
found in Example 2(a). 


100 


For instructions on how to 
use the intersect feature, 

see Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


/ CHECKPOINT 3 


Solve 62 — 10* = 24 and 
approximate the result to 
three decimal places. © 


Exponential and Logarithmic Functions 


Solving Exponential Equations 


Solving Exponential Equations 


Solve each equation and approximate the result to three decimal places. 
a. 4* = 72 b. 3(2*) = 42 
SOLUTION 

a. 4* = 72 


Write original equation. 


log, 4* = log, 72 Take log (base 4) of each side. 


Pi log 4 72 Inverse Property 
In 72 
x= lad = 3.085 Change-of-base formula 
n 


The solution is x = log, 72 ~ 3.085. Check this in the original equation. 
b. 3(2*) = 42 
2* = 14 


Write original equation. 
Divide each side by 3 to isolate the exponential expression. 


log, 2* = log, 14 Take log (base 2) of each side. 


6 i log, 14 Inverse Property 
In 14 

x= a = 3.807 Change-of-base formula 
In 2 


The solution is x = log, 14 ~ 3.807. Check this in the original equation. 


/ CHECKPOINT 2 


Solve 6* = 84 and approximate the result to three decimal places. © 
In Example 2(a), the exact solution is x = log, 72 and the approximate 
solution is x ~ 3.085. An exact answer is preferred when the solution is an 


intermediate step in a larger problem. For a final answer, an approximate solution 
in decimal form is easier to comprehend. 


Solving an Exponential Equation 


Solve e* + 5 = 60 and approximate the result to three decimal places. 


SOLUTION 
ex+ 5 = 60 Write original equation. 
e* = 55 Subtract 5 from each side to isolate the exponential expression. 
In e* = 1n55 Take natural log of each side. 
x = In55 Inverse Property 
x =~ 4.007 Use a calculator. 


The solution is x = In 55 ~ 4.007. Check this in the original equation. 


FIGURE 4.18 
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| <etss¥)(- Solving an Exponential Equation 


Solve 2(37!~°) — 4 = 11 and approximate the result to three decimal places. 


SOLUTION 
2(327-5) -4 = 11 Write original equation. 
2(32'-5) = 15 Add 4 to each side. 
15 
B73 > Divide each side by 2. 
21-5 15 : 
log, 3*'~° = log, > Take log (base 3) of each side. 
15 
2t-5= log, 2 Inverse Property 
2t = 5 + log, 7.5 Add 5 to each side. 
5. ol 
t= 3 mg 3 log, 7.5 Divide each side by 2. 
t ~ 3.417 Use a calculator. 


The solution is f = 2 + 5 log, 7.5 ~ 3.417. Check this in the original equation. 


/ CHECKPOINT 4 


Solve 4(47‘—7) + 14 = 110 and approximate the result to three decimal 
places. © 


When an equation involves two or more exponential expressions, you can 
still use a procedure similar to that demonstrated in Examples 2, 3, and 4. 
However, the algebra is a bit more complicated. 


Solving an Exponential Equation of Quadratic Type 


Solve e?* — 3e* + 2 =0. 


SOLUTION 
e* — 3e*+2=0 Write original equation. 
(e*)? — 3eX° + 2=0 Write in quadratic form. 
(ex — 2)(e* — 1) =0 Factor. 
ex-2=0 => x = |In2 Set 1st factor equal to 0. 
ex~-—1=0 => x=0 Set 2nd factor equal to 0. 


The solutions are x = In 2 and x = 0. Check these in the original equation. Or, 
check by graphing y = e?* — 3e* + 2 using a graphing utility. The graph should 
have two x-intercepts: x = In 2 and x = 0, as shown in Figure 4.18. 


/ CHECKPOINT 5 
Solve e% — Je* + 12=0. 
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/ CHECKPOINT 6 


Solve log; 2x = 4. © 


Exponential and Logarithmic Functions 


Solving Logarithmic Equations 
To solve a logarithmic equation such as 
Inx = 3 Logarithmic form 
write the equation in exponential form as follows. 
erry =e Exponentiate each side. 


x=e Exponential form 


This procedure is called exponentiating each side of an equation. 


Solving Logarithmic Equations 


a. Solve Inx = 2. 


b. Solve 2 log; 3x = 4. 


SOLUTION 
a. Inx = 2 Write original equation. 
elnx = e@? Exponentiate each side. 
x =e? Inverse Property 


The solution is x = e?. Check this in the original equation. 


b. 2 log. 3x = 4 Write original equation. 
log; 3x = 2 Divide each side by 2. 
5 logs 3x = 52 Exponentiate each side (base 5). 
3x = 25 Inverse Property 
25 - ; 
y= = Divide each side by 3. 


3 


The solution is x = 2 Check this in the original equation. 


Solving a Logarithmic Equation 


Solve log,(5x — 1) = log,(x + 7). 


SOLUTION 
log ,(5x -l)= log ,(x + 7) Write original equation. 
Sx -l=x+7 One-to-One Property 
4x = 8 Add — x and | to each side. 
x=2 Divide each side by 4. 


The solution is x = 2. Check this in the original equation. 


/ CHECKPOINT 7 
Solve In(3x + 2) = In(x + 8). @ 


TECHNOLOGY 


You can use a graphing 
utility to verify that the 
equation in Example 9 has 
x = 5 as its only solution. 
Graph 


y, = logy) 5x 
+ logi(x — 1) 


and 


y, = 2 
in the same viewing window. 
From the graph shown below, 
it appears that the graphs of the 
two equations intersect at one 
point. Use the intersect feature 
or the zoom and trace features 
to determine that x = 5 is the 
solution. You can verify this 
algebraically by substituting 
x = 5 into the original 
equation. 


y, = log), 5x + log, @- 1) 


———— 
y,=2 


———————— 


Interseckion 
Hae Yee 


-1 


For instructions on how to use 
the zoom and trace features, 
see Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


/ CHECKPOINT 9 


Solve log,x + log.(x + 5) = 2. m 
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Solving a Logarithmic Equation 


Solve 5 + 2 In x = 4 and approximate the result to three decimal places. 


SOLUTION 
5+ 2Inx=4 Write original equation. 
2Inx = —-1 Subtract 5 from each side. 
Inx = —- : Divide each side by 2. 
elnx = e71/2 Exponentiate each side. 
x=e 2 Inverse Property 
x = 0.607 Use a calculator. 


The solution is x = e~!/? ~ 0.607. Check this in the original equation. 


/ CHECKPOINT 8 


Solve 4 + 3 In x = 16 and approximate the result to three decimal places. © 


Because the domain of a logarithmic function generally does not include all 
real numbers, be sure to check for extraneous solutions of logarithmic equations. 


Checking for Extraneous Solutions 


Solve logy) 5x + logig(x — 1) = 2. 
SOLUTION 

log jy 5x + log,o(x — 1) = 2 

log jo 5x(x — 1)] = 

10 ogi0(Sx7-5x) = 1092 

5x? — 5x = 100 
x7-—x—20=0 
(x — 5)\(x + 4) =0 


Write original equation. 


| 
) 


Product Rule of logarithms 
Exponentiate each side (base 10). 
Inverse Property 

Write in general form. 


Factor. 


x= 5 = Set 1st factor equal to 0. 
Pies Solution 
x+4=0 Set 2nd factor equal to 0. 
x=-4 Solution 
The solutions appear to be x = 5 and x = —4. However, when you check these 


in the original equation, you can see that x = 5 is the only solution. 


In Example 9, the domain of log,,5x is x > 0 and the domain of 
log ;o(x — 1) is x > 1, so the domain of the original equation is x > 1. Because 
the domain is all real numbers greater than 1, the solution x = —4 is extraneous. 
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1600 ~- == (16.28, 1500) 


(10.27, 1000) 


Account balance (in dollars) 
wo 
Ss 
| 


tae a pa be ee 


i i | 

T T T 

2 4 6 8 1012 14 16 
Time (in years) 


FIGURE 4.19 


Exponential and Logarithmic Functions 


Applications 


je <eresye)(-Wlly Doubling and Tripling an Investment ® 


You deposit $500 in an account that pays 6.75% interest, compounded 


continuously. 


a. How long will it take your money to double? 


b. How long will it take your money to triple? 


SOLUTION Using the formula for compound interest with continuous 
compounding, you can find that the balance in the account is given by 


A = Pe" 


= 50069-96751, 


a. To find the time required for the balance to double, let A = 1000 and solve the 


resulting equation for f. 


500e°°675" = 1000 


e9-0675t = 9D, 
In e9-0675t — In 2 
0.0675¢ = In2 
I 
+= 90675 7? 
t~ 10.27 


Write original equation. 
Divide each side by 500. 
Take natural log of each side. 


Inverse Property 


Divide each side by 0.0675. 


Use a calculator. 


The balance in the account will double after approximately 10.27 years. 


b. To find the time required for the balance to triple, let A = 1500 and solve the 


resulting equation for tf. 


5009675" = 1500 


e9-0675t — 3 
In e9:0675¢ =I1n 3 
0.0675t = In3 
i 
fe | 
0.0675 "3 
t= 16.28 


Write original equation. 
Divide each side by 500. 
Take natural log of each side. 


Inverse Property 


Divide each side by 0.0675. 


Use a calculator. 


The balance in the account will triple after approximately 16.28 years. 


Notice that it took 10.27 years to earn the first $500 and only 6.01 years to earn 
the second $500. This result is graphically demonstrated in Figure 4.19. 


/ CHECKPOINT 10 


In Example 10, how long will it take for the account balance to reach $600? © 
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/S<errsye)(-Weae Bone Graft Procedures ®) 


From 1998 to 2005, the numbers of bone graft procedures y (in thousands) 
performed in the United States can be approximated by 


y = 144,32¢0-16% 


where ¢ represents the year, with t = 8 corresponding to 1998 (see Figure 4.20). 
Use the model to estimate the year in which the number of bone graft procedures 
reached about 880,000. (Source: U.S. Department of Health and Human Services) 


6 1800+ > 
B= 1600, 
sod 1400 =- 
388 1200+ 
£63 1000 + 
E22 300+ 
Z mq 600 
oc 400+ 
5 200 + 
= t t t t t t t t—> t 
9 8 i@ il 12 1 M5 
Year (8 © 1998) 
FIGURE 4.20 
SOLUTION 


144,32¢9 16% = y 
144,32¢0-164 = 880 
o-164t = 6,098 
In €9-!64" = In 6.098 
0.164t ~ 1.808 
t~ 11 


Write original model. 
Substitute 880 for y. 

Divide each side by 144.32. 
Take natural log of each side. 
Inverse Property. 


Divide each side by 0.164. 


The solution is t ~ 11. Because t = 8 represents 1998, it follows that there were 


about 880,000 bone graft procedures performed in 2001. 


/ CHECKPOINT 11 


Use the model in Example 11 to estimate the year in which the number of bone 
graft procedures performed in the United States reached about 1,440,000. = 


. What property would you use to solve the equation 3% = 81? Explain. 


. What strategy would you use for solving an equation of the form 


log, x =b? 


. Describe and correct the error in solving the equation. 


X = 100,000 


. Discuss the steps you would take to solve the equation In(x + 1) — Inx = 100. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au stevalesiiae ee use these skills in the exercise set for this section. For additional help, review Sections 1.4, 3.5, 


and 4.2. 


In Exercises 1-6, solve for x. 
1. xIn2 = In3 2, (Ge = I) inal = 2 ah Digs? = @ 
A, Algol = 3 5. x2 —4x+5=0 6. 2x2 — 3x + 1=0 


In Exercises 7-10, simplify the expression. 


7. logy) 10* 8. log, 102" 9, Ine 10. Ine 


Exercises 4.4 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-10, solve for x. 45. 7 — 2e = 46. —14 + 3e*°= 11 
1. 5* = 125 2. 2* = 64 47. 6(2-1) —-7 =9 48. 8(4°-2*) + 13 = 41 
3. 77 = 45 4, 4* = 35 49, e* — Bex + 12 =0 50. e — Sex +6 =0 
5. 4°"! = 64 6. 3°"! = 27 51. e* — 3e°- 4=0 52. e* = 9e* — 36: = 0 
; = : = 400 
7. log,x = 3 8. log; 5x = 2 53, , 500 = = 20 54, — = 350 
9. logiyx = —1 10. In(2x — 1) =0 00 — +e 
3000 119 
In Exercises 11-22, apply the Inverse Property of 3S) 5 ye ‘6. eat 
logarithmic or exponential functions to simplify the 
ee P ea, ( cosy ( oan) 
pression. 57.(1+——}) =4 58.(1+——) = 
7 365 4 
11. Ine? 12. Ine*~! Peer diene 
13. log 10° aay | 14. log ig 102*+3 59. (1 ar aa =2 60. (1 + 76 => 9 
15. log, 5“ —7 16. log, 8° + 1 
17. -8 + en? 18. —1 + Ine In Exercises 61-90, solve the logarithmic equation 
, algebraically. Approximate the result to three decimal 
19, 10!0g10«+5) 20. 10!ogio(x? +7x+ 10) places. 
21, 2logsx° 22, glogs(3x+7) 61. log,yx =4 62. Inx =5 
In Exercises 23-60, solve the exponential equation 63. Inx = —3 64. logiygx = —5 
algebraically. Approximate the result to three decimal 65. In 2x = 2.4 66. In4x = 1 
plete 67. logy) 2x = 7 68. log.) 3¢ = 2 
scaled Ree aN 69. 5 log,(x + 1) = 12 70. 5 log, (x — 2) = 11 
aay 2) = 16 ah a= PI 71. 3In 5x = 10 72. 2inx =7 
27. e —9 = 19 28. 6* + 10 = 47 73. n/x t= 1 74, wee HS 
2x — Sx = 
29, 3 80 30. 6 3000 75.74+3inx=5 
=1/2 — 1/3 — 
31. 5 0.20 32. 4 0.15 76. 2—6lax = 10 
Fe eS) 
33. 3 28 34. 2 31 77. nx —Inx + 1) =2 
3 =x De co 
35. 2 565 36. 8 431 78. Inx — Inc + 2) =3 
3x) = x-6) — 
37. 8(10%) = 12 38. 5(10*~) = 7 Wi nahin oe 
x-l) — 6-x) = 
39, 3(5*~!) = 21 40. 8(3°-*) = 40 $0; igen 3) 4 
3x — Dx 
alee i bales a 81. In(x + 5) = In(x — 1) — In@ + 1) 


43. 500e-* = 300 44, 1000e-** = 75 


SECTION 4.4 
82. In(x + 1) — In — 2) = Inx 
83. log,(2x — 3) = log,(x + 4) 
84. log,(x + 8) = log,(3x + 2) 
85. logyo(x + 4) — logy) x = logyo(x + 2) 
86. log.) x + logig(x + 1) = log,o(x + 3) 


87. log, x — log,(x — 1) = 4 


88. log, x + log,(x — 8) = 2 
89. log). 8x log ,o(1 | J/x) =2 
90. log i) 4x — log (12 + J/x) =2 


In Exercises 91-94, solve for y in terms of x. 
91. Iny = In(2x + 1) + In] 

92. Iny = 2Inx + In(x — 3) 

93. logiyy = 2 log,,(x — 1) — log, (x + 2) 


94. logig(y — 4) + log,) x = 3 logigx 


o) In Exercises 95-98, use a graphing utility to solve the 


equation. Approximate the result to three decimal 
places. Verify your result algebraically. 


95. 2*-7=0 96. 500 — 1500e~*/? = 0 
97. 3 —Inx =0 98. 10 — 4In(x — 2) = 0 


Compound Interest In Exercises 99 and 100, find the 
time required for a $1000 investment to double at 
interest rate r, compounded continuously. 


99. r = 0.0625 100. r = 0.085 


Compound Interest In Exercises 101 and 102, find the 
time required for a $1000 investment to triple at inter- 
est rate r, compounded continuously. 


101. r = 0.0725 102. r = 0.0875 


103. Suburban Wildlife The number V of varieties of 
suburban nondomesticated wildlife in a community is 
approximated by the model 


V=15- 10°" O<x< 36 


where x is the number of months since the development 
of the community was completed. Use this model to 
approximate the number of months since the development 
was completed when V = S50. 


104. Native Prairie Grasses The number A of varieties of 
native prairie grasses per acre within a farming region is 
approximated by the model 


A = 10.5 + 10°%*, QO< x < 24 
where x is the number of months since the farming region 
was plowed. Use this model to approximate the number of 


months since the region was plowed using a test acre for 
which A = 70. 


Solving Exponential and Logarithmic Equations 381 


105. Demand Function The demand function for a special 
limited edition coin set is given by 


P) 
5 4 @0.001x }* 
(a) Find the demand x for a price of p = $139.50. 
(b) Find the demand x for a price of p = $99.99. 


p= 1000 


) (c) Use a graphing utility to confirm graphically the 
results found in parts (a) and (b). 
106. Demand Function The demand function for a hot tub 


spa is given by 


3 
p= 105,000 = reo nan) 


(a) Find the demand x for a price of p = $25,000. 
(b) Find the demand x for a price of p = $21,000. 


@® ©) Use a graphing utility to confirm graphically the 
results found in parts (a) and (b). 


® 107. Forest Yield The yield V (in millions of cubic feet per 


acre) for a forest at age t years is given by 
V=6.7e 81, ¢> 0. 
(a) Use a graphing utility to find the time necessary to 


obtain a yield of 1.3 million cubic feet per acre. 


(b) Use a graphing utility to find the time necessary to 
obtain a yield of 2 million cubic feet per acre. 


108. Human Memory Model In a group project on 
learning theory, a mathematical model for the percent P 
(in decimal form) of correct responses after n trials was 


found to be 
0.98 
P= T+ e-0an’ n= 0. 


(a) After how many trials will 80% of the responses be 
correct? (That is, for what value of n will P = 0.8?) 


) (b) Use a graphing utility to graph the memory model and 
confirm the result found in part (a). 


(c) Write a paragraph describing the memory model. 


) 109. U.S. Currency The value y (in billions of dollars) of 


U.S. currency in circulation (outside the U.S. Treasury 
and not held by banks) from 1996 to 2005 can be approx- 
imated by the model 


y = —302 + 374Int, 6<1r< 15 


where f¢ represents the year, with tf = 6 corresponding to 
1996. (Source: Board of Governors of the Federal 
Reserve System) 


(a) Use a graphing utility to graph the model. 


(b) Use a graphing utility to estimate the year when the 
value of U.S. currency in circulation exceeded 
$600 billion. 


(c) Verify your answer to part (b) algebraically. 
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111. 


CHAPTER 4 


Retail Trade The average monthly sales y (in billions 
of dollars) in retail trade in the United States from 1996 
to 2005 can be approximated by the model 


y= -22+117Int, 6<1r< 15 


where f¢ represents the year, with t = 6 corresponding to 
1996. (Source: U.S. Council of Economic Advisors) 


(a) Use a graphing utility to graph the model. 


(b) Use a graphing utility to estimate the year in which 
the average monthly sales first exceeded $270 billion. 


(c) Verify your answer to part (b) algebraically. 


MAKE A DECISION: AUTOMOBILES Automobiles are 
designed with crumple zones that help protect their 
occupants in crashes. The crumple zones allow the 
occupants to move short distances when the automobiles 
come to abrupt stops. The greater the distance moved, the 
fewer g’s the crash victims experience. (One g is equal to 
the acceleration due to gravity. For very short periods of 
time, humans have withstood as much as 40 g’s.) In crash 
tests with vehicles moving at 90 kilometers per hour, 
analysts measured the numbers of g’s experienced during 
deceleration by crash dummies that were permitted 
to move x meters during impact. The data are shown in 
the table. 


a 0.2 | 0.4 | 0.6 | 0.8 | 1.0 


gs | 158 | 80 | 53 | 40 | 32 


A model for these data is given by 


y = —3.00 + 11.88 Inx + a" 


where y is the number of g’s. 


(a) Complete the table using the model. 


x | 0.2 | 04 | 0.6 | 0.8 | 1.0 


v 


o) (b) Use a graphing utility to graph the data points and the 


model in the same viewing window. How do they 
compare? 


(c) Use the model to estimate the least distance traveled 
during impact for which the passenger does not expe- 
rience more than 30 g’s. 


(d) Do you think it is practical to lower the number of 
g’s experienced during impact to fewer than 23? 
Explain your reasoning. 


112. 


Exponential and Logarithmic Functions 


Average Heights The percent m of American males 
(between 20 and 29 years old) who are less than x inches 
tall is approximated by 

0.986 


1+ e@7 9-5857(x— 70.38)? 


m = 0.027 4 65 <x < 78 


and the percent f of American females (between 20 and 29 
years old) who are less than x inches tall is approximated 


by 


1.031 
f= 


1 + @~0-6500(x— 64.34)? 


0.023 + 60 <x < 74 


where m and f are the percents (in decimal form) and x is 


the height (in inches) (see figure). (Source: U.S. 
National Center for Health Statistics) 


1:0-- 


Percents 
(in decimal form) 


Height (in inches) 


YS 


(a) What is the median height for each sex between 20 
and 29 years old? (In other words, for what values of 


x are m and f equal to 0.5?) 


(b) Write a paragraph describing each height model. 


In Exercises 113-116, rewrite each verbal statement as 
an equation. Then decide whether the statement is 
true or false. Justify your answer. 


113. 


114. 


115. 


116. 


117. 


118. 


The logarithm of the product of two numbers is equal to 
the sum of the logarithms of the numbers. 


The logarithm of the sum of two numbers is equal to the 
product of the logarithms of the numbers. 


The logarithm of the difference of two numbers is equal 
to the difference of the logarithms of the numbers. 


The logarithm of the quotient of two numbers is equal to 
the difference of the logarithms of the numbers. 


Think About It Is it possible for a logarithmic equa- 
tion to have more than one extraneous solution? Explain. 


Think About It Are the times required for the invest- 
ments in Exercises 99 and 100 to quadruple twice as long 
as the times for them to double? Give a reason for your 
answer and verify your answer algebraically. 
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Construct and use a model for exponential growth or exponential decay. 


Exponential and 
Logarithmic 
Models 


Use a Gaussian model to solve an application problem. 
Use a logistic growth model to solve an application problem. 
Use a logarithmic model to solve an application problem. 


Choose an appropriate model involving exponential or logarithmic 
functions for a real-life situation. 


Introduction 


The five most common types of mathematical models involving exponential 
functions and logarithmic functions are as follows. 


1. Exponential growth model: y=ae™*, b>0 

2. Exponential decay model: y=ae™, b>0O 

3. Gaussian model: y = ae bP/c 

4. Logistic growth model: y= eee 

5. Logarithmic models: y=at+binx, y=at blogiyx 


The basic shape of each of these graphs is shown in Figure 4.21. 


por 
3 -3 pee 
y y y 
r ae i! A A 
ieee: 
SaaS Ee ete aay” ieee el 1+ =Inx 1+ 
a ae a y= logigx 
| | > xX t > x t > xX 


FIGURE 4.21 


You can often gain quite a bit of insight into a situation modeled by an 
exponential or logarithmic function by identifying and interpreting the function’s 
asymptotes. Use the graphs in Figure 4.21 to identify the asymptote(s) of the 
graph of each function. 
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Exponential Growth and Decay 
|e eter} Population Increase ® 
The world populations (in millions) for each year from 1996 through 2005 are 
shown in the table. (Source: U.S. Census Bureau) 
Year 1996 | 1997 | 1998 | 1999 | 2000 
B Population | 5763 | 5842 | 5920 | 5997 | 6073 
Z 6600 
: 6400 tif Year 2001 | 2002 | 2003 | 2004 | 2005 
ee Population | 6149 | 6224 | 6299 | 6375 | 6451 
= 6000 
| 
% 5800 
2 5600 An exponential growth model that approximates these data is 
is a el P = 5356e9-012469", 6<t<15 
6 7 8 9 101112131415 
Year (6 < 1996) where P is the population (in millions) and tf = 6 represents 1996. Compare the 
estimates given by the model with the values given by the U.S. Census Bureau. 
FIGURE 4.22 Use the model to predict the year in which the world population reaches 6.7 billion. 


SOLUTION The following table compares the two sets of population figures. The 
graph of the model and the original data values are shown in Figure 4.22. 


TECHNOLOGY 
; — Year 1996 | 1997 | 1998 | 1999 | 2000 | 2001 

Some graphing utilities 

have an exponential Population | 5763 | 5842 | 5920 | 5997 | 6073 | 6149 
meeressiln teature Wal Gabi Be Model 5772 | 5845 | 5918 | 5992 | 6067 | 6143 
used to find an exponential 
model that represents data. If 
you have such a graphing Year 2002 | 2003 | 2004 | 2005 
utility, try using it to find a : 
fiadel forthe data given i Population | 6224 | 6299 | 6375 | 6451 
Example 1. How does your Model 6221 | 6299 | 6378 | 6458 


model compare with the model 
given in Example |? For 
instructions on how to use 

the regression feature, see 


To find the year in which the world population reaches 6.7 billion, let P = 6700 
in the model and solve for t¢. 


Appendix A; for specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


/ CHECKPOINT 1 


Use the model in Example | to 
predict the year in which the world 
population will reach 7.3 billion. © 


5356e9:012469r =p 
5356 e9.012469t = 6700 
e0-012469t = 1.25093 
In €9-012469" = Jn 1.25093 
0.012469 ~ 0.223890 
t ~ 18.0 


According to the model, the world population reaches 6.7 billion in 2008. 


Write original model. 

Let P = 6700. 

Divide each side by 5356. 
Take natural log of each side. 
Inverse Property 


Divide each side by 0.012469. 


/ CHECKPOINT 2 


Find an exponential growth model 
whose graph passes through the 
points (0, 3) and (5, 8). m 
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The exponential model in Example | increases (or decreases) by the same 
percent each year. What is the annual percent increase for this exponential model? 

In Example 1, you were given the exponential growth model. But suppose 
this model were not given; how could you find such a model? If you are given a 
set of data, as in Example 1, but you are not given the exponential growth model 
that fits the data, you can choose any two of the points and substitute them in the 
general exponential growth model y = ae?*. This technique is demonstrated in 
Example 2. 


Finding an Exponential Growth Model 


Find an exponential growth model whose graph passes through the points 
(0, 4453) and (7, 5024), as shown in Figure 4.23(a). 


SOLUTION The general form of the model is 
y = ae. 


From the fact that the graph passes through the point (0, 4453), you know that 
y = 4453 when x = 0. By substituting these values into the general model, 
you have 


4453 = ae® > a= 4453. 


In a similar way, from the fact that the graph passes through the point (7, 5024), 
you know that y = 5024 when x = 7. By substituting these values into the model, 
you obtain 


1, 5024 
= Tb == ee 
5024 = 4453e [D> »b 3 In F53 ~ 0.01724. 


So, the exponential growth model is 
y= 4453 e0-01724x 
The graph of the model is shown in Figure 4.23(b). 


6000 >- 6000 -+ 
i a (7, 5024) 
5000 ++ (7, 5024) e 5000 ++ 
¥ (0, 4453 
4000 + ¢ ) 4000 -+ (0, 4453) 
3000 >- 3000 + 
2000 >- 2000 + 
1000 —- 1000 +- 
—_+tt_ +_1_11X—+—- ——__tt—__— + 
12 3 4 5 6 7 8 123 4 5 6 7 8 
(a) (b) 
FIGURE 4.23 


386 CHAPTER 4 


5000 
Time (in years) 


15,000 


FIGURE 4.24 


© Louie Psihoyos/CORBIS 
In 1960, Willard Libby of the University 
of Chicago won the Nobel Prize for 
Chemistry for the carbon 14 method, 

a valuable tool for estimating the ages 
of ancient materials. 


/ CHECKPOINT 3 


The ratio of carbon 14 to carbon 12 
in a newly discovered fossil is 


1 
= oF 


Estimate the age of the fossil. © 


Exponential and Logarithmic Functions 


In living organic material, the ratio of the number of radioactive carbon 
isotopes (carbon 14) to the number of nonradioactive carbon isotopes (carbon 12) 
is about | to 10!*. When organic material dies, its carbon 12 content remains 
fixed, whereas its radioactive carbon 14 begins to decay with a half-life of about 
5700 years. To estimate the age of dead organic material, scientists use the 
following formula, which denotes the ratio of carbon 14 to carbon 12 present at 
any time ¢ (in years). 

1 


Se Fo e7 1/8223 
10 


R Carbon dating model 


In Figure 4.24, note that R decreases as the time f increases. Any material that is 
composed of carbon, such as wood, bone, hair, pottery, paper, and water, can 
be dated. 


Carbon Dating ®) 


The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 


1 
R= FoR" 


Estimate the age of the fossil. 


SOLUTION In the carbon dating model, substitute the given value of R to obtain 
the following. 


1 
Toe e 1/8223 = R Write original model. 
ew t/ 8223 = 1 1 : 
102 103 Substitute 793 fr R. 
1 
e 1/8223 = 10 Multiply each side by 10!?. 
1 
In e7 1/8223 = In 10 Take natural log of each side. 
t 
_ 8223 = — 2.3026 Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


So, you can estimate the age of the fossil to be about 19,000 years. 


An exponential model can be used to determine the decay of radioactive 
isotopes. For instance, to find how much of an initial 10 grams of radioactive 
radium (?2°Ra) with a half-life of 1599 years is left after 500 years, you would use 
the exponential decay model, as follows. 


1 
>_> 3(10) = 107601599) E> In = — 1599) > - ae =b 


Using the value of b found above, a = 10, and t = 500, the amount left is 
y = 10e7{-In(1/2)/1599](500) ~ 8.05 grams 


y = ae 


/ CHECKPOINT 4 


In 2006, the SAT reading scores for 
college-bound seniors in the United 
States roughly followed a normal 
distribution given by 


y = 0.0035e~ &— 503)"25.538, 
200 < x < 800 


where x is the SAT score for 
reading. Sketch the graph of this 
function. From the graph, estimate 
the average SAT score. (Source: 
College Board) @ 
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Gaussian Models 


As mentioned at the beginning of this section, Gaussian models are of the form 
y — ae~— b/c, 


This type of model is commonly used in probability and statistics to represent 
populations that are normally distributed. For standard normal distributions, the 
model takes the form 


== eo /2., 


0 Vir 
The graph of a Gaussian model is called a bell-shaped curve. Try to sketch the 
standard normal distribution curve with a graphing utility. Can you see why it is 
called a bell-shaped curve? 

The average value of a population can be found from the bell-shaped curve 
by observing where the maximum y-value of the function occurs. The x-value 
corresponding to the maximum y-value of the function represents the average 
value of the independent variable, x. 


js ory-wm SAT Scores ®) 


In 2006, the SAT (Scholastic Aptitude Test) mathematics scores for 
college-bound seniors in the United States roughly followed a normal distribution 
given by 


y = 0.0035e~ *— 518)*/26.450, 200 < x < 800 


where x is the SAT score for mathematics. Sketch the graph of this function. From 


the graph, estimate the average SAT score. (Source: College Board) 


SOLUTION The graph of the function is shown in Figure 4.25. On this 
bell-shaped curve, the x-value corresponding to the maximum value of the curve 
represents the average score. From the graph, you can estimate that the average 
mathematics score for college-bound seniors in 2006 was 518. 


FIGURE 4.25 
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Decreasing 
rate of 
growth 


Increasing 
rate of 
growth 


Exponential and Logarithmic Functions 


Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of 
growth, as shown by the graph in Figure 4.26. One model for describing this type 
of growth pattern is the logistic curve given by the function 


_ a 
YT + be 
where y is the population size and x is the time. An example is a bacteria culture 
that is initially allowed to grow under ideal conditions, followed by less favorable 
conditions that inhibit growth. A logistic growth curve is also called a 
sigmoidal curve. 


> X 


FIGURE 4.26 


2500 —- 
(10.1, 2000) 
2000 —- 


Logistic Curve 


Spread of a Virus ®) 


On a college campus of 5000 students, one student returned from vacation with a 
contagious flu virus. The spread of the virus through the student population is 
given by 
- 5000 
YT + 4999e-08"" 


where y is the total number of students infected after t days. The college will 
cancel classes when 40% or more of the students become infected. 


t>0 


a. How many students are infected after 5 days? 

b. After how many days will the college cancel classes? 
SOLUTION 

a. After 5 days, the number of students infected is 


_ 5000 _ 5000 
YT + 4999e-085) ~ 1 + 4999e-4 


b. Classes are cancelled when the number infected is (0.40)(5000) = 2000. 


54. 


5S) 
a So, solve for ¢ in the following equation. 
z 5000 
3} yw) oe 
3 1 + 4999e~ 0-8! 
n 
1 + 4999e~°8' = 2.5 
Sie eencte 6 ne 
Time (in days) 4999 
FIGURE 4.27 opens 2. ee 
Ine In 4999 
1.5 
—0.8t = In 7999 
/ CHECKPOINT 5 aad 


In Example 5, how many days does 
it take for 25% of the students to 
become infected? © 


So, after 10 days, at least 40% of the students will become infected, and the 
college will cancel classes. The graph of the function is shown in Figure 4.27. 


© Warrick Page/CORBIS 
The severity of the destruction caused 
by an earthquake depends on its 
magnitude and duration. Earthquakes 
can destroy buildings, and can cause 
landslides and tsunamis. 


/ CHECKPOINT 6 


Find the intensity / per unit of 
area of an earthquake measuring 
R = 6.4 on the Richter scale. 
(Let, = 1.) @ 


/ CHECKPOINT 7 


Use the model in Example 7 to 
determine the hydrogen ion 
concentration of coffee, which 
has a pH of 5.0 © 
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Logarithmic Models 


Magnitudes of Earthquakes ® 


On the Richter scale, the magnitude R of an earthquake of intensity J per unit of 
area is given by 


I 
R= loxyo(+) 
0 


where J, = | is the minimum intensity used for comparison. Find the intensity 
per unit of area for each earthquake. (Intensity is a measure of the wave energy 
of an earthquake.) 


a. Prince William Sound, Alaska, in 1964; R = 9.2 
b. Off the coast of Northern California in 2005; R = 7.2 
SOLUTION 
a. Because J) = | and R = 9.2, b. For R = 7.2, 
9.2 = logigl 7.2 = logigl 
I= 10°? = 1,584,893,000. I = 107? = 15,849,000 

Note that an increase of 2.0 units on the Richter scale (from 7.2 to 9.2) represents 
an intensity change by a factor of 

1,584,893,000 


15,849,000 ~ 10: 


In other words, the Prince William Sound earthquake in 1964 had a magnitude 
about 100 times greater than that of the earthquake off the coast of Northern 
California in 2005. 


je <ersste)(-Way DH Levels 
| Example 7 | ®) 


Acidity, or pH level, is a measure of the hydrogen ion concentration [H*] 
(measured in moles of hydrogen per liter) of a solution. Use the model given by 


pH = —log,,[H*] 


to determine the hydrogen ion concentration of milk of magnesia, which has a pH 
of 10.5. 


SOLUTION 
pH = —log,,[H*] Write original model. 
10.5 = —log,.[H*] Substitute 10.5 for pH. 
— 10.5 = log,.[H*] Multiply each side by —1. 
10-105 = 1QlogiolH*] Exponentiate each side (base 10). 
3.16 x 107!! = [H*] Simplify. 


So, the hydrogen ion concentration of milk of magnesia is 3.16 x 107! mole of 
hydrogen per liter. 
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/ CHECKPOINT 8 


Decide whether to use an 
exponential growth model or a 
logistic growth model to represent 
the data set for the fish population 
of a lake in the figure below. 


e e 

ee a Wa ee 

2 4 6 8 101214161820 
Time (in years) 


Comparing Models 


So far you have been given the type of model to use for a data set. Now you will 
use the general trends of the graphs of the five models presented in this section to 
choose appropriate models for real-life situations. 


Example 8 
iV 0.4.¢a9- 0) Ae65(0)\) Choosing an Appropriate Model ® 


Decide whether to use an exponential growth model or a logistic growth model to 
represent each data set. 


b. 


SOLUTION 


a. As long as withdrawals and deposits are not made and the interest rate remains 
constant, the bank account balance will grow exponentially. So, an exponen- 
tial growth model is an appropriate model. 


b. The growth of the deer population will slow as the population approaches the 
carrying capacity of the island. So, a logistic growth model is an appropriate 
model. 


. What type of model is the function y = 8e-°"? 


. Does a Gaussian model generally represent population growth well? 
Explain your reasoning. 


. Explain why the growth of a population of bacteria in a petri dish can be 
modeled by a logistic growth model. 


. ls it possible for the graph of an exponential decay model to pass through 
the points (0, 220) and (—4, 736)? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au stestale\uiae ey use these skills in the exercise set for this section. For additional help, review Sections 4.1, 4.2, 


and 4.4. 


In Exercises 1-6, sketch the graph of the equation. 


i, y= ee A, ws GOB 3. y=erh 
2 
EO al proer Bb Wy = lols 228 6. y = In4x 


In Exercises 7 and 8, solve the equation algebraically. 


Ys 3 =F Alm See = 4 


In Exercises 9 and 10, solve the equation graphically. 


9. 2e~°* = 0.002 10. 6 In 2x = 12 


Exercises 4.5 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
Compound Interest In Exercises 1-10, complete the In Exercises 17-20, classify the model as an exponential 
table for a savings account in which interest is com- growth model or an exponential decay model. 
pounded continuously. 17. y = 3e 18. y = 2e-96 
Initial Annual Time to Amount After 19. y = 20e-1 20. y = 4e°07 
Investment % Rate Double 10 Years 

1. $5000 1% In Exercises 21-24, find the constants C and k such that 

: é ~ : 

2. $1000 oka aes elect y = Ce*t passes through the 

3. $500 10 yr o.. 4 2. 

4. $10,000 5 yr gt ean 

5. $1000 $2281.88 

6. $2000 $3000 

7. 11% $19,205 

8. 8% $20,000 ,; sy 

9. $5000 $11,127.70 nee 

10. $250 $600 23.0 24. 


Radioactive Decay In Exercises 11-16, complete the 
table for the radioactive isotope. 


(0, 1) : 
Half-Life Initial Amount After ca! 
| | | t—>t 


Isotope (Years) Quantity 1000 Years a 
11. Ra 1599 4¢ -1+ a 
12. *?Ra 1599 0.15 g 
B. 4C 5715 35¢ 25. Population The population P of a city is given by 
14. 4c 5715 8g P = 120,000e°.9!6 
15. 2°Pu 24.100 16g where ¢ represents the year, with t = 0 corresponding to 
2000. Sketch the graph of this equation. Use the model to 
16. *°Pu 24,100 0.38 g 


predict the year in which the population of the city will 
reach about 180,000. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


CHAPTER 4 


Population The population P of a city is given by 
P = 25,000e" 


where ¢ represents the year, with t = 0 corresponding to 
2000. In 1980, the population was 15,000. Find the value 
of k and use this result to predict the population in the 
year 2010. 


Bacteria Growth The number N of bacteria in a 
culture is given by the model N = 100e*, where ¢ is the 
time (in hours), with t = 0 corresponding to the time when 
N = 100. When t¢ = 6, there are 140 bacteria. How long 
does it take the bacteria population to double in size? To 
triple in size? 

Bacteria Growth The number N of bacteria in a 
culture is given by the model N = 250e”, where f is the 
time (in hours), with t = 0 corresponding to the time when 
N = 250. When t = 10, there are 320 bacteria. How long 
does it take the bacteria population to double in size? To 
triple in size? 

Carbon Dating The ratio of carbon 14 to carbon 12 ina 
piece of wood discovered in a cave is R = 1/8'4. Estimate 
the age of the piece of wood. 


Carbon Dating The ratio of carbon 14 to carbon 12 ina 
piece of paper buried in a tomb is R = 1/13!!. Estimate the 
age of the piece of paper. 


Radioactive Decay What percent of a present amount 
of radioactive cesium ('37Cs) will remain after 100 years? 
Use the fact that radioactive cesium has a half-life of 
30 years. 


Radioactive Decay Find the half-life of radioactive 
iodine (1311) if, after 20 days, 0.53 kilogram of an initial 3 
kilograms remains. 


Learning Curve The management at a factory has 
found that the maximum number of units a worker can 
produce in a day is 40. The learning curve for the number 
of units N produced per day after a new employee has 
worked ¢ days is given by 


N = 40(1 — e*), 


After 20 days on the job, a particular worker produced 25 
units in | day. 


(a) Find the learning curve for this worker (first find the 
value of k). 


(b) How many days should pass before this worker is 
producing 35 units per day? 


Learning Curve The management at a customer service 
center has found that the maximum number of customer 
calls an employee can process effectively in a day is 90. 
The learning curve for the number N of calls processed per 
day after a new employee has worked t¢ days is given by 


N = 90(1 — e’). 


35. 


Exponential and Logarithmic Functions 


After 15 days on the job, a particular employee processed 
60 calls in 1 day. 


(a) Find the learning curve for this worker (first find the 
value of k). 


(b) How many days should pass before this employee will 
process 80 calls per day? 


Motorola The sales per share S (in dollars) for Motorola 
from 1992 to 2005 can be approximated by the function 
_ $2.33 — 0.909t + 10.394 In 7, 2<t<10 
0.61577 — 15.597t + 110.25, 11 <t< 15 


where ¢ represents the year, with t = 2 corresponding to 
1992. (Source: Motorola) 


o) (a) Use a graphing utility to graph the function. 


36. 


(b) Describe the change in sales per share that occurred 
in 2001. 


Intel The sales per share S (in dollars) for Intel from 

1992 to 2005 can be approximated by the function 

s= —1.48 + 2.65 Int, 2<tr< 10 
0.1586 — 3.465t + 22.87, ll <r< 15 


where ¢ represents the year, with t = 2 corresponding to 
1992. (Source: Intel) 


©) (a) Use a graphing utility to graph the function. 


@ 37. 


® 38. 


39. 


(b) Describe the change in sales per share that occurred 
in 2001. 


Women’s Heights The distribution of heights of 
American women (between 30 and 39 years of age) can be 
approximated by the function 


p = 0.163e7 ~ 649)°/12.03 6) < x < 74 


where x is the height (in inches) and p is the percent 
(in decimal form). Use a graphing utility to graph the 
function. Then determine the average height of women in 
this age bracket. (Source: U.S. National Center for 
Health Statistics) 


Men's Heights The distribution of heights of American 
men (between 30 and 39 years of age) can be approximated 
by the function 


p = 0.131e7 © ~ 69:9)°/18.66 63 < x < 77 


where x is the height (in inches) and p is the percent 
(in decimal form). Use a graphing utility to graph the 
function. Then determine the average height of men in 
this age bracket. (Source: U.S. National Center for 
Health Statistics) 


Stocking a Lake with Fish A lake is stocked with 500 
fish, and the fish population P increases according to the 
logistic curve 


10,000 


P= TH 190-7 


t=0 


where ¢ is the time (in months). 


SECTION 4.5 


@) 42. 


@® (a) Use a graphing utility to graph the logistic curve. 


40. 


(b) Find the fish population after 5 months. 


(c) After how many months will the fish population reach 
2000? 


Endangered Species A conservation organization 
releases 100 animals of an endangered species into a game 
preserve. The organization believes that the preserve has a 
carrying capacity of 1000 animals and that the growth of 
the herd will be modeled by the logistic curve 


1000 


= > 
PT a geee © = 


where p is the number of animals and f is the time 
(in years). The herd size is 134 after 2 years. Find k. Then 
find the population after 5 years. 


. Aged Population The table shows the projected U.S. 


populations P (in thousands) of people who are 85 years 
old or older for several years from 2010 to 2050. (Source: 
U.S. Census Bureau) 


Year | 85 years and older 
2010 6123 

2015 6822 

2020 7269 

2025 8011 

2030 9603 

2035 12,430 

2040 15,409 

2045 18,498 

2050 20,861 


(a) Use a graphing utility to create a scatter plot of the 
data. Let f represent the year, with t = 10 correspond- 
ing to 2010. 

Use the regression feature of a graphing utility to find 
an exponential model for the data. Use the Inverse 
Property 


b= eln b 


(b) 


to rewrite the model as an exponential model in base e. 


(c) Use a graphing utility to graph the exponential model 


in base e. 


(d) Use the exponential model in base e to estimate the 
populations of people who are 85 years old or older in 


2022 and in 2042. 


© 4. 
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Super Bowl Ad Cost The table shows the costs C (in 
millions of dollars) of a 30-second TV ad during the Super 
Bowl for several years from 1987 to 2006. (Source: TNS 


Media Intelligence) 
Year | Cost 
1987 0.6 
1992 0.9 
1997 1.2 
2002 22 
2006 2.5 


(a) Usea graphing utility to create a scatter plot of the data. 
Let t represent the year, with t = 7 corresponding to 
1987. 


(b) Use the regression feature of a graphing utility to find 
an exponential model for the data. Use the Inverse 
Property b =e to rewrite the model as an 
exponential model in base e. 


(c) Use a graphing utility to graph the exponential model 
in base e. 


(d) Use the exponential model in base e to predict the costs 
of a 30-second ad during the Super Bowl in 2009 and 
in 2010. 


Super Bowl Ad Revenue The table shows Super Bowl 
TV ad revenues R (in millions of dollars) for several years 
from 1987 to 2006. (Source: TNS Media Intelligence) 


Year | Revenue 
1987 31.5 
1992 48.2 
1997 72.2 
2002 134.2 
2006 162.5 


(a) Use a spreadsheet software program to create a scatter 
plot of the data. Let t represent the year, with t = 7 
corresponding to 1987. 


(b) Use the regression feature of a spreadsheet software 
program to find an exponential model for the data. Use 
the Inverse Property b = e!"” to rewrite the model as an 
exponential model in base e. 


(c) Use a spreadsheet software program to graph the 
exponential model in base e. 


(d) Use the exponential model in base e to predict the 
Super Bowl ad revenues in 2009 and in 2010. 
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Domestic Demand The domestic demands D (in 
thousands of barrels) for refined oil products in the United 
States from 1995 to 2005 are shown in the table. (Source: 
U.S. Energy Information Administration) 


Year Demand Year Demand 
1995 | 6,469,625 2001 | 7,171,885 
1996 | 6,701,094 2002 | 7,212,765 
1997 | 6,796,300 2003 | 7,312,410 
1998 | 6,904,705 2004 | 7,587,546 
1999 | 7,124,435 2005 | 7,539,440 
2000 | 7,210,566 


(a) Use a spreadsheet software program to create a scatter 
plot of the data. Let ¢ represent the year, with t = 5 
corresponding to 1995. 


(b) Use the regression feature of a spreadsheet software 
program to find an exponential model for the data. Use 
the Inverse Property b = e!"” to rewrite the model as 


an exponential model in base e. 


(c) Use the regression feature of a spreadsheet software 
program to find a logarithmic model (y = a + b In x) 
for the data. 


(d) Use a spreadsheet software program to graph the expo- 
nential model in base e and the logarithmic model with 
the scatter plot. 


(e) Use both models to predict domestic demands in 2008, 
2009, and 2010. Do both models give reasonable 
predictions? Explain. 


Population The populations P of the United States (in 
thousands) from 1990 to 2005 are shown in the table. 
(Source: U.S. Census Bureau) 


Year | Population Year | Population 
1990 250,132 1998 276,115 
1991 253,493 1999 279,295 
1992 256,894 2000 282,403 
1993 260,255 2001 285,335 
1994 263,436 2002 288,216 
1995 266,557 2003 291,089 
1996 269,667 2004 293,908 
1997 272,912 2005 296,639 


@) 46. 
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(a) Use a graphing utility to create a scatter plot of the 
data. Let t represent the year, with t = 0 corresponding 
to 1990. 


(b) Use the regression feature of a graphing utility to find 
an exponential model for the data. Use the Inverse 
Property b =e’ to rewrite the model as an 


exponential model in base e. 


(c) 


Use the regression feature of a graphing utility to find 
a linear model and a quadratic model for the data. 


(d 


par 


Use a graphing utility to graph the exponential model in 
base e and the models in part (c) with the scatter plot. 


(e) Use each model to predict the populations in 2008, 
2009, and 2010. Do all models give reasonable predic- 


tions? Explain. 


Population The population P of the United States offi- 
cially reached 300 million at about 7:46 A.M. E.S.T. on 
Tuesday, October 17, 2006. The table shows the U.S. pop- 
ulations (in millions) since 1900. (Source: U.S. Census 


Bureau) 
Year Population Year Population 
1900 76 1960 179 
1910 92 1970 203 
1920 106 1980 227 
1930 123 1990 250 
1940 132 2000 282 
1950 151 2006 300 


(a) Use a graphing utility to create a scatter plot of the data. 
Let represent the year, with t = 0 corresponding to 1900. 


(b) Use the regression feature of a graphing utility to find 
an exponential model for the data. Use the Inverse 
Property b = e!? to rewrite the model as an exponen- 
tial model in base e. 


(c) Graph the exponential model in base e with the scatter 
plot of the data. What appears to be happening to the 
relationship between the data points and the regression 


curve at t = 100 and t = 106? 
(d) 


Use the regression feature of a graphing utility to find 
a logistic growth model for the data. Graph each model 
using the window settings shown below. Which model 
do you think will give more accurate predictions of the 


population well beyond 2006? 


SECTION 4.5 


(e) The U.S. Census Bureau predicts that the U.S. popula- 
tion will be about 420 million in 2050. Use each model 
to predict the population in 2050. Which model gives 
an estimate closer to the prediction of 420 million? 


Earthquake Magnitudes_ In Exercises 47 and 48, use 
the Richter scale (see Example 6) for measuring the 
magnitudes of earthquakes. 


47. Find the magnitude R (on the Richter scale) of an 
earthquake of intensity /. (Let J, = 1.) 


(a) J = 80,500,000 (b) J = 48,275,000 


48. Find the intensity 7 of an earthquake measuring R on the 
Richter scale. (Let J, = 1.) 


(a) Vanuatu Islands in 2002, R = 7.3 

(b) Near coast of Peru in 2001, R = 8.4 
Intensity of Sound In Exercises 49 and 50, find 
the level of sound using the following information for 


determining sound intensity. The level of sound L (in 
decibels) of a sound with an intensity of / is given by 
L = 10 log, us 

Io 


where /, is an intensity of 10—'2 watt per square meter, 
corresponding roughly to the faintest sound that can 
be heard by the human ear. 


49. (a) I = 10~!° watt per square meter (quiet room) 
(b) J = 107° watt per square meter (busy street corner) 
50. (a) I = 1073 watt per square meter (loud car horn) 


(b) 7 ~ 10° watt per square meter (threshold of pain) 


pH Levels In Exercises 51-54, use the acidity model 
given in Example 7. 
51. Compute [H*] for a solution for which pH = 5.8. 


52. 
53. 


Compute [H*] for a solution for which pH = 7.3. 


A grape has a pH of 3.5, and baking soda has a pH of 8.0. 
The hydrogen ion concentration of the grape is how many 
times that of the baking soda? 


54. The pH of a solution is decreased by one unit. The 


hydrogen ion concentration is increased by what factor? 


55. Estimating the Time of Death At 8:30 aM. a 
coroner was called to the home of a person who had died 
during the night. In order to estimate the time of death, the 
coroner took the person’s temperature twice. At 9:00 A.M. 
the temperature was 85.7°F, and at 11:00 A.M. the 


temperature was 82.8°F. 


56. 
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From these two temperature readings, the coroner was able 
to determine that the time elapsed since death and the body 
temperature are related by the formula 


T—10 
Fe eG 40 


where f is the time (in hours) elapsed since the person died 
and T is the temperature (in degrees Fahrenheit) of the 
person’s body. The coroner assumed that the person had a 
normal body temperature of 98.6°F at death, and that the 
room temperature was a constant 70°F. Use this formula to 
estimate the time of death of the person. 


Thawing a Package of Steaks You take a 
three-pound package of steaks out of the freezer at 11 A.M. 
and place it in the refrigerator. Will the steaks be thawed in 
time to be grilled at 6 p.M.? Assume that the refrigerator 
temperature is 40°F and that the freezer temperature is 0°F. 
Use the formula for Newton’s Law of Cooling 


T — 40 


f= =s05in 


where ¢ is the time in hours (with t = 0 corresponding to 
11 A.M.) and T is the temperature of the package of steaks 
(in degrees Fahrenheit). 


.» MAKE A DECISION: WORKER’S PRODUCTIVITY The 


numbers of units per day that a new worker can produce 
after ¢ days on the job are listed in the table. Use a graphing 
utility to create a scatter plot of the data. Do the data fit an 
exponential model or a logarithmic model? Use the 
regression feature of the graphing utility to find the model. 
Graph the model with the original data. Is the model a good 
fit? Can you think of a better model to use for these 
data? Explain. 


Days, t 5 | 10 |) 15 | 20 | 25 


13 | 22 | 34 | 56 


Units,n | 6 


. Chemical Reaction The table shows the yield y (in 


milligrams) of a chemical reaction after x minutes. Use a 
graphing utility to create a scatter plot of the data. Do the 
data fit an exponential model or a logarithmic model? Use 
the # feature of the graphing utility to find the 
model. Graph the model with the original data. Is this 
model a good fit for the data? 


Minutes, x | | 2 3 4 5 
Yield, y 15 | 7.4 | 10.2 | 13.4 | 15.8 
Minutes, x | 6 7 8 

Yield, y 16.3 | 18.2 | 18.3 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 398. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 4.1 Review Exercises 
a Sketch the graph of an exponential function. 1-4, 9-16 

Characteristics of Exponential Functions 

Graph of y = a*,a > 1 Graph of y=a™*,a> 1 

*Domain: (—0o, 00) *Domain: (—co, co) 

*Range: (0, co) *Range: (0, 00) 

‘Intercept: (0, 1) ‘Intercept: (0, 1) 

«Increasing *Decreasing 

 xaxis is a horizontal asymptote: ¢ xaxis is a horizontal asymptote: 

(a*—0 as x —00) (a *—0 as x00) 
eContinuous eContinuous 


‘Reflection of graph of y = a* 
about y-axis 


a Use the compound interest formulas. 17-20 
For n compoundings per year: A = P(1 + r/n)”* 


For continuous compounding: A = Pe" 


a Use an exponential model to solve an application problem. NL, eh 
Section 4.2 
m Recognize and evaluate a logarithmic function. 23-36 


y = log, x if and only if x = a” 
y = log, x = Inx 
m Sketch the graph of a logarithmic function. 5-8, 37-42 
Characteristics of Logarithmic Functions 
Graph of y = log, x,a > 1 
Domain: (0, 00) 
*Range: (—09, oo) 
‘Intercept: (1, 0) 
‘Increasing 
eOne-to-one;therefore has an inverse function 
* yaxis is a vertical asymptote (log, x —0o as x >0*) 
eContinuous 
‘Reflection of graph of y = a*about the line y = x 


a Use a logarithmic model to solve an application problem. 43-46 


*Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/larsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 


Chapter Summary and Study Strategies 


Section 4.3 
a Evaluate a logarithm using the change-of-base formula. 
log, x In x 
OE ce = ee 
log, a Ina 


a Use properties of logarithms to evaluate or rewrite a logarithmic expression. 


log (uv) = log, u + log, v In(uvy) = Inu + Inv 

log, “ = log, u — log, v In = Inu— Inv 
v v 

log, u" =nlog,u Inu" =ninu 


a Use properties of logarithms to expand or condense a logarithmic expression. 


a Use logarithmic functions to model and solve real-life applications. 


Section 4.4 


= Solve an exponential equation. 
@ Solve a logarithmic equation. 


a Use an exponential or a logarithmic model to solve an application problem. 


Section 4.5 


a Construct and use a model for exponential growth or exponential decay. 
y=ae™, b>0 y=ae"*, b>0 

a Use a Gaussian model to solve an application problem. 
y = ae~&- "le 

a Use a logistic growth model to solve an application problem. 


a 


> 12 pe 
a Use a logarithmic model to solve an application problem. 
y= a i Dilnn y = ai pilog ia. 


a Choose an appropriate model involving exponential or logarithmic 
functions for a real-life situation. 


Study Strategies 


a Solve Problems Analytically or Graphically When solving an exponential or logarithmic equation, you could use a 


Review Exercises 
47-50 


51-58 


59-70 
Un V2 


73-78 
79-86 
87, 88 


89-95 


96 


97 


98, 99 


100 


variety of problem-solving strategies. For instance, if you were asked to solve the logarithmic equation 


In(x + 4) —-Inx=1 


you could solve the equation analytically. That is, you could use the properties of logarithms to rewrite the equation, 


exponentiate each side, use the Inverse Property, and solve the resulting equation to determine that x ~ 2.328. 


You could also solve the equation graphically. That is, you could use a graphing utility to graph y, = In(x + 4) — Inx 
and y, = 1 in the same viewing window. Then you could use the intersect feature or the zoom and trace features to 


determine that the solution of the original equation is x ~ 2.328. 


— 


Intersection 
Hee. Se7906H Y=1 
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Review Exercises 


Exponential and Logarithmic Functions 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), (f), (g), and 
(h).] 


(a) (b) y 


>< 


) ) (d) 


>< 


(e) (f) 


ad 


(0, 1) 


= 


| > xX 


(g) } (h) 


1. f(x) = -3* 

3. f(x) = -3 
5. f(x) = log, x 
7. f(x) = —log, x 


2. f(x) = 3-* 

4, f(x) = 2 +1 

6. f(x) = log,(x — 1) 
8. f(x) = log,(x + 1) 


In Exercises 9-16, sketch the graph of the function. 
9. f(x) = 4* 10. f(x) = 47! 

UL. f(x) = ()" 12. f(x) = (5) 

13. f(x) = 3e°?* 14. f(x) = 10e-9* 

15. f(xy) =3-° 16. f(x) = 2!-” 


Compound Interest In Exercises 17 and 18, complete 
the table to find the balance A for P dollars invested at 
arate r for t years, compounded n times per year. 


n|1}21]4 | 12 | 365 | Continuous 
A 
17. P = $000, r=8.75% t= 12 years 
18. P = 8000, r=65% t= 25 years 


Compound Interest In Exercises 19 and 20, complete 
the table to determine the amount P that should 
be invested at a rate r to produce a final balance of 
A = $200,000 in t years. 


t | 1] 10 | 20 | 30 | 40 | 50 


12 


19. r = 7.5% compounded continuously 


20. r = 9.5% compounded quarterly 


21. Investment Plan You deposit 6000 in a fund that 
yields 5.75%nterest, compounded continuously. How 
much money will be in the fund after 6 years? 


22. Population The population P of a town increases 
according to the model 
P(t) = 15,000e°°25 
where f is the time in years, with t = 8 corresponding to 


2008. Use the model to approximate the population in 2009 
and 2011. 


In Exercises 23-26, use the definition of a logarithm to 
write the equation in logarithmic form. 


23. 445 = 64 

24, 2539/2 = 125 

25. e? = 7.3890... 
26. e = 8 


In Exercises 27-30, use the definition of a logarithm to 
write the equation in exponential form. 


27. log, 81 = 4 

28. log, 0.2 = —1 

29. Inl = 0 

30. In4 = 1.3862... 


In Exercises 31-36, evaluate the expression without 
using a calculator. 


31. log, 32 32. log, 3 
33. Ine’ 34. logy} 
35. Ine7!/2 36. In | 


In Exercises 37 and 38, use the fact that f and g are 
inverse functions of each other to sketch their graphs 
in the same coordinate plane. 

37. f(x) = 10°, g(x) = log), x 

38. f(x) = e*, g(x) = Inx 


In Exercises 39-42, find the domain, vertical asymp- 
tote, and x-intercept of the logarithmic function. Then 
sketch its graph. 

39. f(x) = log,(x — 3) 

40. f(x) =5 — 2 logyyx 

41. g(x) = 2Inx 

42. g(x) = In(4 — x) 


43. Human Memory Model _ Students in a sociology class 
were given an exam and then retested monthly for 6 months 
with an equivalent exam. The average score for the class is 
given by the human memory model 


f(t) = 82 — lOlog, (t+ 1), O<t<6 
where f is the time (in months). How did the average score 
change over the six-month period? 


44. Investment Time A principal P, invested at 5.85% 
interest and compounded continuously, increases to an 
amount that is K times the principal after t years, where t is 
given by 

_ nk 
0.0585" 


Complete the table and describe the result. 


K}1}2/3)41)]6/] 8] 10 


if 


45. Antler Spread The antler spread a (in inches) and 
shoulder height / (in inches) of an adult American elk are 
related by the model 


h = 116 log,o(a + 40) — 176. 


(a) Approximate the shoulder height of an elk with an 
antler spread of 55 inches. 


) (b) Use a graphing utility to graph the model. 


Review Exercises 399 


46. Snow Removal The number of miles s of roads cleared 
of snow is approximated by the model 


13 In(h/12) 
In3 


2<h< 15 


25 


where / is the depth of the snow in inches. 
(a) Use the model to find s when h = 10 inches. 
® (b) Use a graphing utility to graph the model. 


In Exercises 47-50, evaluate the logarithm using the 
change-of-base formula. Do each problem twice, once 
with common logarithms and once with natural 
logarithms. (Round your answer to three decimal 
places.) 


47. log, 10 
49. log,, 200 


48. log, 47 
50. log; 0.28 


In Exercises 51-54, approximate the logarithm using 
the properties of logarithms, given log, 2 ~ 0.3562, 
log, 3 ~ 0.5646, and log, 5 ~ 0.8271. 


51. log, 6 
53. log, V3 


52. log, a 
54. log, 30 


In Exercises 55-58, find the exact value of the 
logarithm. 


55. log, 49 56. log, 3 
57. In e3? 58. In Ye? 


In Exercises 59-64, use the properties of logarithms 
to expand the expression as a sum, difference, and/or 
multiple of logarithms. (Assume that all variables are 
positive.) 


ue 


x xy? 
59. | ed 60. | : 
F105, 0810 2 

xe 

61. In(x/x — 3) 62. In. S 


63. log;(y — 3)4 64. log, 2xy? z 


In Exercises 65-70, condense the expression to the 
logarithm of a single quantity. 


65. log, 2 + log, 3 

66. Iny + 2Inz 

67, 5 nx 

68. 4 log,x + log, y — 2 log, z 

69. Inx — In(x — 3) — In(x + 1) 

70. logio(x + 2) + 2 logy x — 3 logyo(x + 4) 
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71. 


72. 


Curve Fitting Find a logarithmic equation that relates 
y and x (see figure). 


mile 3 4 5 P 
2.520 | 4.327 | 6.350 | 8.550 | 10.903 


y 


_ 
| 


10> 


rPNWRUADAAIW”O 
Pf ale ey 


i 
T 
123 4 5 6 


Human Memory Model _ Students in a learning theory 
study were given an exam and then retested monthly for 
6 months with an equivalent exam. The average scores for 
the class are shown in the table, with t = 1 representing 
1 month after the initial exam. Use the table to find a 
logarithmic equation that relates s and tf. 


Month, ¢ | Score, s 
1 87.9 
2 79.7 
3 74.8 
4 713 
5 68.6 
6 66.5 


In Exercises 73-86, solve the equation. Approximate 
the result to three decimal places. 


73. 
75. 
77. 
79. 
80. 
81. 
82. 
83. 
84. 
85. 
86. 


ex =8 74. 2et!=7 

34-1 — 4 = 23 76. 2+! + 5 = 133 
e* — 3e*- 4=0 78. e* — 8eX + 12 =0 
In 3x = 8.2 

2 log, 4x = 15 

—2 + In5x=0 

In 4x? = 21 

Inx —In3 =2 

log, x — log,4 =5 

log, ¥x + 1=1 

In /x+1=2 


87. Demand Function The demand function for a desk is 
given by 


5 
R= 6000{ 1 = pos 


Find the demand x for each price p. 
(a) p = $00 
(b) p = $00. 


88. Demand Function The demand function for a bicycle 
is given by 


2 
p= 4000( 1 = peo) 


Find the demand x for each price p. 
(a) p = $00 
(b) p = $00. 


Radioactive Decay In Exercises 89 and 90, complete 
the table for the radioactive isotope. 


Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years 
89. MC 5715 12¢g 
90. °°Pu 24,100 3.1¢g 


91. Population The population P of a city is given by 
P = 185,000e°°!8 


where ¢ represents the year, with t = 8 corresponding to 
2008. 


® (a) Use a graphing utility to graph this equation. 
(b) Use the model to predict the year in which the popula- 
tion of the city will reach 250,000. 
92. Population The population P of a city is given by 
P = 50,000e* 


where ¢ represents the year, with tf = 0 corresponding to 
2000. In 1990, the population was 34,500. 


(a) Find the value of k and use this result to predict the 
population in the year 2030. 


® (b) Use a graphing utility to confirm the result of part (a). 


93. Bacteria Growth The number of bacteria N in a culture 
is given by the model 


N = 250e* 


where f¢ is the time (in hours), with t = 0 corresponding 
to the time when N = 250. When t = 6, there are 380 
bacteria. How long does it take the bacteria population to 
double in size? To triple in size? 


94. 


95. 


96. 


97. 


98. 


99. 


Bacteria Growth The number of bacteria N in a 
culture is given by the model 


N = 200e* 
where f is the time (in hours), with t = 0 corresponding to 
the time when N = 200. When t = 5, there are 325 bacteria. 


How long does it take for the bacteria population to double 
in size? To triple in size? 


Learning Curve The management at a factory has 
found that the maximum number of units a worker can 
produce in a day is 50. The learning curve for the number 
of units N produced per day after a new employee has 
worked ¢ days is given by 


N = 50(1 — e*). 
After 20 days on the job, a particular worker produced 
31 units in 1 day. 


(a) Find the learning curve for this worker. 


(b) How many days should pass before this worker is 
producing 45 units per day? 


Test Scores The scores on a general aptitude test 
roughly follow a normal distribution given by 


y = 0.0040e7{&— 300)71/20,000, 190 < x < 500. 


Sketch the graph of this function. Estimate the average 
score on this test. 


Wildlife Management A state parks and wildlife 
department releases 100 deer into a wilderness area. The 
department believes that the carrying capacity of the area is 
400 deer and that the growth of the herd will be modeled 
by the logistic curve 


400 


PS TH 3c" 


t=0 


where P is the number of deer and ¢ is the time 
(in years). 


(a) The herd size is 135 after 2 years. Find k. 


(b) Find the populations after 5 years, after 10 years, and 
after 20 years. 


Earthquake Magnitudes On the Richter scale, the 
magnitude R of an earthquake of intensity J is given by 


I 
R= logo 
0 


where J, =1 is the minimum intensity used for 
comparison. Find the intensity per unit of area for each 
value of R. 


(a) R=84 (b)R=685 (c)R=9.1 

Thawing a Package of Steaks You take a package of 
steaks out of a freezer at 10 A.M. and place it in the refriger- 
ator. Will the steaks be thawed in time to be grilled at 6 P.M.? 


Assume that the refrigerator temperature is 40°F and the 
freezer temperature is 0°F. Use the formula 


@ 100. 
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T — 40 
0 — 40 


t= —3.95 In 


where ¢ is the time in hours (with t = 0 corresponding to 
10 A.M.) and T is the temperature of the package of steaks 
(in degrees Fahrenheit). 


MAKE A DECISION: COSTCO REVENUES The annual 
revenues R (in millions of dollars) for the Costco 
Wholesale Corporation from 1996 to 2005 are shown in 


the table. (Source: Costco Wholesale Corporation) 
Year | Revenue, R 
1996 19,566 
1997 21,874 
1998 24,270 
1999 27,456 
2000 32,164 
2001 34,797 
2002 38,762 
2003 42,546 
2004 48,107 
2005 52,935 


(a) Use a graphing utility to create a scatter plot of the 
data. Let ¢ represent the year, with t = 6 correspon- 
ding to 1996. 


(b) Use the regression feature of a graphing utility to find 
an exponential model for the data. Use the Inverse 
Property b = e!"° to rewrite the model as an exponen- 


tial model in base e. 


(c) 


Use the regression feature of a graphing utility to find 
a logarithmic model for the data. 


(d) Use the exponential model in base e and the logarith- 
mic model to predict revenues in 2006 and in 2007. 
It is projected that revenues in 2006 and in 2007 will 
be $9,050 million and 64,500 million. Do the 

predictions from the two models agree with these 


projections? Explain. 


(e) Use the exponential model in base e and the logarith- 
mic model to predict revenues in 2009, 2010, and 
2011. It is projected that revenue will reach 81,000 

million during the period from 2009 to 2011. Does the 
prediction from each model agree with this projec- 


tion? Explain. 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, sketch the graph of the function. 

ly=2' 2.y=e% 

3. y =Inx 4. y = log,(x — 1) 

In Exercises 5 and 6, students in a psychology class were given an exam and 


then retested monthly with an equivalent exam. The average score for the 
class is given by the human memory model 


f(t) = 87 — 15 log, (t+ 1), O<t<4 
where t is the time (in months). 
5. What was the average score on the original exam? After 2 months? After 4 months? 


6. The students in this psychology class participated in a study that required that they 
continue taking an equivalent exam every 6 months for 2 years. Use the model to 
predict the average score after 12 months and after 18 months. What could this 
indicate about human memory? 


In Exercises 7-10, expand the logarithmic expression. 


2.53: 
7. In a 8. logy) 3xyz? 
9. log(x Vx — 2) 10. logy /x? + 1 
In Exercises 11 and 12, condense the logarithmic expression. 
11. 2Inx +3Iny — Inz 12. {(log,) x + logy y) 


In Exercises 13-16, solve the equation. Approximate the result to three 
decimal places. 


13. 2* = 21 14. e* — 8e° + 12 =0 
15. log,(x + 1) -7=0 16. In /x +2 =3 


17. You deposit $0,000 in a fund that pays 6.75%nterest, compounded continuously. 
When will the balance be greater than $20,000? 


18. The population P of a city is given by 
P = 85,000¢e°°?* 


where ¢ represents the year, with t = 8 corresponding to 2008. When will the city have 
a population of 125,000? Explain. 


19. The number of bacteria N in a culture is given by 
N = 100e" 


where ¢ is the time (in hours), with t = 0 corresponding to the time when N = 100. 
When t = 8, N = 175. How long does it take the bacteria population to double? 


20. Carbon 14 has a half-life of 5715 years. You have an initial quantity of 10 grams. How 
many grams will remain after 10,000 years? After 20,000 years? 


21. If you are given the annual bear population on a small Alaskan island for the past 
decade, would you expect the bear population to grow exponentially or logistically? 
Explain your reasoning. 
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Cumulative Te st: Chapters 2- 4 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, use the functions given by f(x) = x2 + 1 and g(x) = 3x — 5to 
find the indicated function. 
1. (f + g)(x) 2. (f — g)(x) 3. (fg)(x) 


f ° be c Xx 
4 (A 5. (fe g)() 6. (¢ “f)(x) 


In Exercises 7-11, sketch the graph of the function. Describe the domain and 
range of the function. 


2 

7. f(x) = (x — 2)? +3 8. g(x) = 2a8 9. h(x) = 2 
x+5, x<0 

10. f(x) = log,(x + 1) 11. g(x) = 45, x=0 
r+5, x>0 


12. The profit P (in dollars) for a software company is given by 
P. 0.001x7 + 150x — 175,000 


where x is the number of units produced. What production level will yield a maximum 
profit? 


In Exercises 13-15, perform the indicated operation and write the result in 
standard form. 
13. (5 + 3i)(6 — 5i) 14. (4 + 512 


l= 3% 
5+ 27 


15. Write the quotient in standard form: 


16. Use the Quadratic Formula to solve 3x7 — 5x + 7 = 0. 
17. Find all the zeros of 

f(x) = x* + 17x? + 16 

given that 47 is a zero. Explain your reasoning. 
18. Use long division or synthetic division to divide. 

(a) (6x3 — 4x?) + (2x? + 1) 

(b) (2x4 + 3x3 — 6x + 5) + (x + 2) 


In Exercises 19 and 20, solve the equation. Approximate the result to three 
decimal places. 


19. e** — 3e° — 18 = 0 
20. +In(x — 3) =4 


o) 21. The IQ scores for adults roughly follow the normal distribution given by 
y = 0.0266e~ *~ 100/450, 79 < x < 130 


where x is the IQ score. Use a graphing utility to graph the function. From the graph, 
estimate the average IQ score. 


5.1 


5.2 


5.3 


5.4 
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Solving Systems 
Using Substitution 
Solving Systems 
Using Elimination 
Linear Systems in 
Three or More 
Variables 

Systems of 
Inequalities 


Linear Programming 


Ancient Greeks and Romans used naturally occurring substances to control 
insects and protect crops. Today, farmers use chemicals to protect crops from 
insects. You can use a system of equations to find the amounts of chemicals 
needed to obtain a desired mixture. (See Section 5.3, Exercise 57.) 


Systems of equations and inequalities are used to model and 
solve many real-life applications. The applications listed below 
represent a sample of the applications in this chapter. 


Atmosphere, Exercise 62, page 426 


Peregrine Falcons, Exercise 64, page 450 
Investments, Exercise 47, page 460 


“x 
6 
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Solving Systems 
Using Substitution 
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m@ Solve a system of equations by the method of substitution. 
M™ Solve a system of equations graphically. 
H™ Construct and use a system of equations to solve an application problem. 


The Method of Substitution 


Up to this point in the text, most problems have involved either a function of one 
variable or a single equation in two variables. However, many problems in 
science, business, and engineering involve two or more equations in two or more 
variables. To solve such a problem, you need to find the solutions of a system of 
equations. Here is an example of a system of two equations in x and y. 


2x+ y=5 Equation 1 
3x —2y =4 Equation 2 
A solution of this system is an ordered pair that satisfies each equation in the 


system. For instance, the ordered pair (2, 1) is a solution of this system. To check 
this, you can substitute 2 for x and | for y in each equation. 


2x+y=5 Write Equation 1. 
9 
2(2) +1=5 Substitute 2 for x and 1 for y. 
4+1=5 Solution checks in Equation 1. J 
3x — 2y = 4 Write Equation 2. 
? 
3(2) _ 2(1) =4 Substitute 2 for x and 1 for y. 
6-2=4 Solution checks in Equation 2. "A 


Finding the set of all solutions is called solving the system of equations. 
There are several different ways to solve systems of equations. In this chapter, 
you will study four of the most common techniques: the method of substitution, 
the graphical approach, the method of elimination, and Gaussian elimination. 
This section begins with the method of substitution. 


Method of Substitution 
1. Solve one of the equations for one variable in terms of the other. 


2. Substitute the expression found in Step 1 into the other equation to obtain 
an equation in one variable. 


3. Solve the equation obtained in Step 2. 


4. Back-substitute the value found in Step 3 into the expression obtained in 
Step | to find the value of the other variable. 


5. Check that the solution satisfies each of the original equations. 
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When using the method of substitution to solve a system of equations, it does 


DISCOVERY not matter which variable you solve for first. You will obtain the same solution 
Use a graphing utility to graph regardless. When making your choice, you should choose the variable that is 
y, = —x+4andy,=x-2 easier to work with. For instance, solve for a variable that has a coefficient of | 
in the same viewing window. or — | to avoid working with fractions. 


Use the trace feature to find 
the coordinates of the point Solving a System of Two Equations by Substitution 
of intersection. Are the 
coordinates the same as the 
solution found in Example 1? 
Explain. 


Solve the system of equations. 
{ +y=4 Equation 1 
x-y=2 Equation 2 
SOLUTION Begin by solving for y in Equation 1. 
y=4-x Revised Equation 1 


TECHNOLOGY Next, substitute this expression for y into Equation 2 and solve the resulting 


single-variable equation for x. 
= For instructions on how 


to use the trace feature, 
see Appendix A;for specific x—(4-x) =2 Substitute 4 — x for y. 


L= y= 2 Write Equation 2. 


keystrokes, go to the text 


: x-4+x=2 Distributive Property 
website at college.hmco.com/ 
info/larsonapplied. 2x = 6 Combine like terms. 
x=3 Divide each side by 2. 


STUDY TIP Final’; you can solve for y by back-substituting x = 3 into the equation 
y = 4 — x, to obtain 
Because many steps are required 
to solve a system of equations, 
it is easy to make errors in y=4-3 Substitute 3 for x. 
arithmetic. So, you should 


always check your solution by 
substituting it into each equation The solution is the ordered pair (3, 1). You can check this as follows. 


y=4-x Write revised Equation 1. 


y=1 Solve for y. 


in the original system. CHECK 


Substitute (3, 1) into Equation 1: 


x+y=4 Write Equation 1. 
2+ 1 Z 4 Substitute for x and y. 
4=4 Solution checks in Equation 1. Jv 
/ CHECKPOINT 1 Substitute (3, 1) into Equation 2: 
Solve the system of equations. x= y=2 Write Equation 2. 
( +y=6 ee) Substitute for x and y. 
x-y=45 2=2 Solution checks in Equation 2. 


The term back-substitution implies that you work backwards. First you solve 
for one of the variables, and then you substitute that value back into one of the 
equations in the system to find the value of the other variable. 


/ CHECKPOINT 2 


In Example 2, suppose a total of 
$5,000 is invested in the same 

two funds. The total annual interest 
is $420. How much is invested at 
each rate? © 
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Solving a System by Substitution ®) 


A total of $2,000 is invested in two funds paying 9%nd 11%imple interest. 
(Recall that the formula for simple interest is J = Prt, where P is the principal, r 
is the annual interest rate, and f is time.) The total annual interest is $180. How 
much is invested at each rate? 


SOLUTION 

Verbal 9% 11% _ Total 

Model: fund fund ~ investment 
9% 11% _ Total 
interest interest interest 

Labels: Amountin9%und =x (dollars) 
Interest for 9%und = 0.09x (dollars) 
Amount in 114%und =y (dollars) 
Interest for 11%nd = O.11ly (dollars) 
Total investment = 12,000 (dollars) 
Total interest = 1180 (dollars) 

System: xt y = 12,000 Equation 1 

0.09x + O.lly = 1180 Equation 2 


To begin, it is convenient to multiply each side of Equation 2 by 100. This 
eliminates the need to work with decimals. 


100(0.09x + 0.11y) = 100(1180) Multiply each side by 100. 
9x + Illy = 118,000 Revised Equation 2 
To solve this system, you can begin by solving for x in Equation 1. 
x = 12,000 —- y Revised Equation 1 


Then, substitute this expression for x into revised Equation 2 and solve the 
resulting equation for y. 


9x + 1ly = 118,000 Write revised Equation 2. 
9(12,000 — y) + lly = 118,000 Substitute 12,000 — y for x. 
108,000 — 9y + Ily = 118,000 Distributive Property 
2y = 10,000 Combine like terms. 
y = 5000 Divide each side by 2. 


Next, back-substitute the value y = 5000 to solve for x. 


x = 12,000 — y Write revised Equation 1. 
x = 12,000 — 5000 Substitute 5000 for y. 
x = 7000 Solve for x. 


The solution is (7000, 5000). So, $000 is invested at 9%nd $000 is invested 
at 119%Check this in the original system. 
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/ CHECKPOINT 3 


Solve the system of equations. 


e+4x—-y= 7 
2x-y=-l1 


/ CHECKPOINT 4 


Solve the system of equations. 


2x7-y= 1 
x+y=-25 


The equations in Examples | and 2 are linear. The method of substitution can 
also be used to solve systems in which one or both of the equations are nonlinear. 


Substitution: Two-Solution Case 


Solve the system of equations. 
r— xX y= 1 Equation | 
-xty=-l Equation 2 


SOLUTION Begin by solving for y in Equation 2 to obtain y = x — 1. Next, 
substitute this expression for y into Equation | and solve for x. 


r-x-y=l Write Equation 1. 
xX (x = 1) =1 Substitute for y. 
xw—-2x+1=1 Simplify. 
x7 —- 2x =0 General form 
x(x — 2) =0 Factor. 
x=0 Set Ist factor equal to 0. 


x-2=0 > x=2 
Back-substituting these values of x to solve for the corresponding values of y 


produces the two solutions (0, —1) and (2, 1). Check these solutions in the 
original system. 


Set 2nd factor equal to 0. 


When using the method of substitution, you may encounter an equation that 
has no solution, as shown in Example 4. 


JS <errle(-wa Substitution: No-Real-Solution Case 


Solve the system of equations. 
—-x+y=4 Equation | 
P+y=3 Equation 2 


SOLUTION Begin by solving for y in Equation | to obtain y = x + 4. Next, 
substitute this expression for y into Equation 2 and solve for x. 


Pty =3 Write Equation 2. 
e+ (x+4)=3 Substitute x + 4 for y. 
wr+x+1=0 Simplify. 
get Oe a0) Use the Quadratic Formul. 
x= : 
xD se the Quadratic Formula 
=)]-+4/-3 oar 
x= a tae Simplify. 


Because the discriminant is negative, the equation x7 + x + 1 = 0 has no (real) 
solution. So, this system has no (real) solution. 


FIGURE 5.2 


/ CHECKPOINT 5 


Solve the system of equations. 


2x + 2y = 8 
y=njxe 
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Graphical Approach to Finding Solutions 


From Examples 1, 3, and 4, you can see that a system of two equations in two 
unknowns can have exactly one solution, more than one solution, or no solution. 
In practice, you can gain insight about the location and number of solutions of a 
system of equations by graphing each of the equations in the same coordinate 
plane. The solution(s) of the system correspond to the point(s) of intersection of 
the graphs. For instance, the graph of the system in Example | is two lines with 
a single point of intersection, as shown in Figure 5.1(a). The graph of the system 
in Example 3 is a parabola and a line with two points of intersection, as shown in 
Figure 5.1(b). The graph of the system in Example 4 is a line and a parabola that 
have no points of intersection, as shown in Figure 5.1(c). 


—xyA 
x +y 


One point of intersection Two points of intersection No points of intersection 
(a) One solution (b) Two solutions (c) No solution 
FIGURE 5.1 


Solving a System of Equations Graphically 


Solve the system of equations. 


y =Inx Equation 1 
xt+ty=1 Equation 2 


SOLUTION The graph of each equation is shown in Figure 5.2. From the graph, 
you can see that there is only one point of intersection. So, it appears that (1, 0) 
is the solution point. You can confirm this by substituting 1 for x and 0 for y in 
both equations. 


CHECK 
Equation 1: 0 = In1l Y 
Equation 2: 1+0=1v7 ——— 


TECHNOLOGY 


=\ Your graphing utility may have an intersect feature that approximates 
the point(s) of intersection of two graphs. Use the intersect feature 


to verify the solution of Example 5. For instructions on how to use the 
intersect feature, see Appendix A;for specific keystrokes, go to the text 
website at college.hmco.com/info/larsonapplied. 
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@eff Greenberg/Alamy 
In 2005, the average price for 
cross-training shoes in the United 
States was $46.34. (Source: National 


Sporting Goods Association) 


A IRi=O0 eX 
600,000 
_| Break-even point; 
500,000 75963 units 
400,000 - 
300,000 
200,000 - 
100,000 - 


Revenue or cost (in dollars) 


2,000 6,000 10,000 
Number of units 


FIGURE 5.3 


Applications 


The total cost C of producing x units of a product typically has two components— 
the initial cost and the cost per unit. When enough units have been sold so that 
the total revenue R equals the total cost C, the sales are said to have reached the 
break-even point. You will find that the break-even point corresponds to the 
point of intersection of the cost and revenue graphs. 


Break-Even Analysis ®) 


A shoe company invests $00,000 in equipment to produce cross-training shoes. 
Each pair of shoes costs $ to produce and is sold for 60. How many pairs of 
shoes must be sold before the business breaks even? 


SOLUTION The total cost of producing x units is 


Total _ Cost per | Number Initial 


cost unit of units cost 


C = 3x + 300,000. 


The total revenue obtained by selling x units is 


Total ~~ Price per ~=Number 
revenue unit of units 
R = 60x. 


Because the break-even point occurs when R = C, you have C = 60x, and the 
system of equations to solve is 


C = 3x + 300,000 Equation 1 
C = 60x : Equation 2 
Now you can solve by substitution. 
60x = 3x + 300,000 Substitute 60x for C in Equation 1. 
57x = 300,000 Subtract 3x from each side. 
300,000 = . 
x= a Divide each side by 57. 


x = 5263 Use a calculator. 


The company must sell about 5263 pairs of shoes to break even. Note in 
Figure 5.3 that sales less than the break-even point correspond to an overall loss, 
whereas sales greater than the break-even point correspond to a profit. 


/ CHECKPOINT 6 


In Example 6, suppose each pair of shoes costs $ to produce. How many pairs 
of shoes must be sold before the business breaks even? © 


Another way to view the solution in Example 6 is to consider the profit 
function P = R — C. The break-even point occurs when the profit is 0, which is 
the same as saying that R = C. 


Cost (in dollars) 


ee 
>) ay “59 Oy °° 


Minutes 


FIGURE 5.4 
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Example 7 
WEN ¢a9-9)Xeit(@)\) Long-Distance Phone Plans ®) 


You are choosing between two long-distance telephone plans. Plan A charges 
§.05 per minute plus a basic monthly fee of $.50. Plan B charges 9.075 per 
minute plus a basic monthly fee of $.25. After how many long-distance minutes 
are the costs of the two plans equal? Which plan should you choose if you use 
100 long-distance minutes each month? 


SOLUTION Models for each long-distance phone plan are 
C = 0.05m + 7.5 Plan A 
C = 0.075m + 4.25 Plan B 


where C is the monthly phone cost and m is the number of monthly long-distance 
minutes used. (See Figure 5.4.) Because the first equation has already been solved 
for C in terms of m, substitute this value into the second equation and solve for m, 
as follows. 
0.05m + 7.5 = 0.075m + 4.25 
0.05m — 0.075m = 4.25 — 7.5 
—0.025m = —3.25 
m = 130 


So, the costs of the two plans are equal after 130 long-distance minutes. Because 
Plan B costs less than Plan A when you use less than 130 long-distance minutes, 
you should choose Plan B. 


/ CHECKPOINT 7 


In Example 7, suppose Plan A charges 8.045 per minute plus a basic monthly 
fee of $.49. Which plan should you choose if you use 150 long-distance 
minutes each month? = 


1. The ordered pair (2, —3) is a solution to x — 2y = 8. Give values of a, b, 
and c so that (2, —3) is a solution of the system 


x-2a=8 
ax + by=c 


where a, 6, and c are real numbers. 


. When solving a system of quadratic equations using substitution, the 
resulting equation is not factorable. Explain your next step. 


. Asystem of equations consists of a linear equation and a cubic equation. 
what is the greatest number of possible solutions? Explain. 


. Explain why you can set a cost equation equal to a revenue equation 
when finding the break-even point. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Ss) aU FS te\al-\iab el use these skills in the exercise set for this section. For additional help, review Sections 0.5, 1.1, 


1.3, and 2.1. 


In Exercises 1-4, sketch the graph of the equation. 
1. y= —}x + 6 2. y = Ax — 3) 
a 32 ab 2 = 4 A, y= 5 = (ee — BP 


In Exercises 5-8, perform the indicated operations and simplify. 
5. (3x + 2y) — 2(x + y) 6. (—10u + 3v) + 5(2u — 8v) 
To 32 te (Ge = BP +b Ge 6h 2 = (Gp te LP ab Dy 


In Exercises 9 and 10, solve the equation. 


9. 3x + («#—5) =154+4 OQ; 92 4+ (yy = DP = 2 


Exercises Sil See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, determine whether each ordered pair 
is a solution of the system of equations. 


1] x«+4y=-3 2. |2x—- y=2 
IS y= 6 x + 3y = 8 
ta) (= 1,21) (a) (2, 1) 
(b) (1, -1) (b) (2, 2) 
3. |2x + Sy = —5 4. |4x07> + y= 3 
2x-y= 1 -x-y=ll 
(a) (5, —3) kay (=2,.=9) 
() (0-1) CPG <3) 11. x-y=0 12. 
5. Jy = —2e* 6. |—logyyx+3=y 8—5x+y=0 
Bey =2 jeryad 
(a) (—2, 0) (a) (1, 3) 
(b) (1,2) (b) (9,9) 


In Exercises 7-16, solve the system by the method 
of substitution. Then use the graph to confirm your 
solution. 


a xty=-l ae y=-5 


x+2y= 4 


-4 -3 -2 -1 
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13. [3x +y = 4 14. [3x — 4y = 18 In Exercises 39-50, solve the system graphically. 
oe ee y= 36 39, [—x + 2y= 2 40.) «+ y= 0 
y y ee y=15 es a 
r x 3y = -—2 42. |-x+2y=1 
ere 17 ‘ee y=2 
hisee 43. x+y=4 
as — 4x =0 
44, —xty=3 
a e >— 6x -— 27+ y?=0 
y= x-—3x-4 se ae ae 
y=—-x+3x+4 —4x+7=y 
46. |y —4x+ 11= 0 
[” xt y= 3 
47, |7x + 8y = 24 48. | x- y=0 
a pana eee 
3 49, (3x — 2y =0 50,.( 2=943=0 
eae Paar 


In Exercises 51-56, use a graphing utility to determine 
whether the system of equations has one solution, two 


In Exercises 17-38, solve the system by the method of . : 
solutions, or no solution. 


substitution. 


per oy an een 
17. [ 2x- y=-3 18. f[xt+2= 1 on ba a | a s 
—3x - 4y = -1 5x — 4y = —23 _* el aaa 
= 92s Dp 
19. [2x -—y +2 =0 20. [6x — 3y -4 =0 a | 
4x +y—5=0 x+2y-4=0 a 
71 ee ee 29, [ ¢=2y==2 a ee : 
2x + y = 23 3x- y= 6 oda a 
= 2 4 
23. (0.3x — 0.4y — 0.33 = 0 oe 
O.1x + 0.2y — 0.21 =0 et 
24. [1.5x + 0.8y = 2.3 at, fen cin 
0.3x — 0.2y = 0.1 ery 
25. fixt+ty= 8 26. |5x + zy = 10 In Exercises 57-64, use a graphing utility to find the 
x+ y=20 3x y= 4 point(s) of intersection of the graphs. Then confirm 
27. { 6x + 5y = -3 8. (= = y= your solution algebraically. 
. le 3 al 
(ee aoe pane 57. Jy= 2 4+3x-1 58. fy = —2x2+ x-1 
29. [y = 2x 30. fxty= yaw 2x +2 y= x 2x- 1 
a bane ia re i =3 
31. (3x —7y +6 =0 32. [x2 + y? = 25 a ey ae ae 
a 2x + y = 10 61. aes 62. Ea 
33. [x — 2y = 34, [2 +y= 9 ee ce ime 
ero y= x- y=-5 63. C y? — 32x — 2y 59 
35. fy =x4- 2+ 1 36. [y= —22 + x-1 ae a 
y=1-+ y= —x2 + 3x-1 ad ete 
=x2+4 
37. |Jxy —-2= 38. |xy = 3 a 
y= /xe> Ll y= /x-2 
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Break-Even Analysis In Exercises 65-68, find the @ 7. Clothing Sales From 1996 to 2005, the sales of 


sa 


pr 
se 


les necessary to break even (R = C) for the cost C of 
oducing x units and the revenue R obtained by 
lling x units. (Round your answer to the nearest 


whole unit.) 


65 
66 
67 
68 


69 


70. 


71. 


72. 


. C = 8650x + 250,000;R = 9950x 
~ C = 5.5./x + 10,000;R = 3.29x 
. C = 2.65x + 350,000;R = 4.15x 
. C = 0.08x + 50,000;R = 0.25x 


. Break-Even Analysis You invest $8,000 in equipment 
to make CDs. The CDs can be produced for $.95 each and 
will be sold for $3.95 each. How many CDs must you sell 
to break even? 


Break-Even Analysis You invest $000 in a fishing lure 
business. A lure costs $.06 to produce and will be sold for 
$.86. How many lures must you sell to break even? 


Comparing Populations From 1995 to 2005, the 
population of Kentucky grew more slowly than that of 
Colorado. Models that represent the populations of the two 
states are given by 


(? = 27.9t + 3757 Kentucky 


P = 86.1t + 3425 


where P is the population (in thousands) and ¢ represents 
the year, with tf = 5 corresponding to 1995. Use the models 
to estimate when the population of Colorado first exceeded 
the population of Kentucky. (Source: U.S. Census Bureau) 


Colorado 


Comparing Populations From 1995 to 2005, the 
population of Maryland grew more slowly than that of 
Arizona. Models that represent the populations of the two 
states are given by 


P= 55.6t + 4771 
P = 145.9t + 3703 


where P is the population (in thousands) and f represents 
the year, with t = 5 corresponding to 1995. Use the models 
to estimate when the population of Arizona first exceeded 
the population of Maryland. (Source: U.S. Census 
Bureau) 


Maryland 
Arizona 


. Body Mass Index Body mass index (BMI) is a measure 
of body fat based on height and weight. The 75th 
percentile BMI for females, ages 9 to 20, grew more 
slowly than that of males of the same age range. Models 
that represent the 75th percentile BMI for males and 
females, ages 9 to 20, are given by 


B=0.73a + 11 
B=0.6la + 12.8 


where B is the BMI (kg/m?) and a represents the age, with 
a = 9 corresponding to 9 years old. Use a graphing utility 
to determine whether the BMI for males will exceed the 
BMI for females. (Source: National Center for Health 
Statistics) 


Males 


Females 


75. 


76. 


Ts 


78. 


fe 


Abercrombie 8Fitch Company grew faster than those 
of Timberland Company. Models that represent the sales 
of the two companies are given by 


S = 235.1t — 1126 
S = 97.7t + 88 


Abercrombie &itch Company 
Timberland Company 


where S is the sales (in millions) and ¢ represents the year, 
with t = 6 corresponding to 1996. Use a graphing utility to 
determine whether the sales of Abercrombie &Fitch 
Company will exceed the sales of Timberland Company. 
(Source: Abercrombie & Fitch Company and Timberland 
Company) 


A total of $5,000 is invested in two funds paying 8.5% 
and 12%imple interest. The total annual interest is $675. 
How much is invested at each rate? 


A total of $5,000 is invested in two funds paying 8%nd 
10.5%imple interest. The total annual interest is $275. 
How much is invested at each rate? 


Job Choices You are offered two different jobs. 
Company A offers an annual salary of $0,000 plus a 
year-end bonus of 2.5%f your total sales. Company B 
offers a salary of $4,000 plus a year-end bonus of 6.5%f 
your total sales. What is the amount you must sell in one 
year to earn the same salary working for either company? 


Camping You are choosing between camping outfitters. 
Outfitter A charges a reservation fee of $50 plus a daily 
guide fee of $0. Outfitter B charges a reservation fee of 
$5 plus a daily guide fee of 90. Estimate when the cost 
of Outfitter A equals the cost of Outfitter B. 


. Financial Aid The average award for Federal Pell 


Grants and Federal Perkins Loans from 1995 to 2005 can 
be approximated by 

—2.051t? + 56.87? — 376.7t + 2238 Federal Pell Grant 
—1.810t3 + 56.64t2 — 476.4t + 2711 Federal Perkins Loan 


where A is the award (in dollars) and ¢ represents the 
year, with t = 5 corresponding to 1995. Use a graphing 
utility to determine whether Federal Perkins Loan 
awards will exceed Federal Pell Grant awards. Do you 
think these models will continue to be accurate? Explain 
your reasoning. (Source: U.S. Department of Education) 


. SAT or ACT? The number of participants in SAT and 


ACT testing from 1995 to 2005 can be approximated by 


y = 0.687 + 28.1¢ + 903 SAT 
y 0.485 + 14.887 ACT 


115.1f + 1201 


where y is the number of participants (in thousands) 
and t represents the year, with t = 5 corresponding to 
1995. Use a graphing utility to determine whether the 
number of participants in ACT testing will exceed the 
number of participants in SAT testing. Do you think these 
models will continue to be accurate? Explain your 
reasoning. (Source: College Board; ACT, Inc.) 


Solving Systems 
Using Elimination 


STUDY TIP 


The method of substitution can 
also be used to solve the system 
in Example 1. Use substitution 
to solve the system. Which 
method do you think is easier? 
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m@ Solve a linear system by the method of elimination. 
H Interpret the solution of a linear system graphically. 
™ Construct and use a linear system to solve an application problem. 


The Method of Elimination 


In Section 5.1, you studied two methods for solving a system of equations: 
substitution and graphing. In this section, you will study a third method called the 
method of elimination. The key step in the method of elimination is to obtain, 
for one of the variables, coefficients that differ only in sign, so that adding the two 
equations eliminates this variable. The following system provides an example. 


3x +5y= 7 Equation 1 
=3x = 2y ==] Equation 2 
3y= 6 Add equations. 


Note that by adding the two equations, you eliminate the variable x and obtain a 
single equation in y. Solving this equation for y produces y = 2, which you can 
then back-substitute into one of the original equations to solve for x. 


1% '<e08y2)(-) The Method of Elimination 


Solve the system of linear equations. 
3x + 2y =4 Equation | 
5x — 2y =8 Equation 2 
SOLUTION Because the coefficients of the y-terms differ only in sign, you can 


eliminate the y-terms by adding the two equations. This leaves you with a single 
equation in x. 


3x + 2y= 4 Write Equation 1. 
5x —2y= 8 Write Equation 2. 
8x = 12 Add equations. 


So, x = 2. By back-substituting this value into Equation 1, you can solve for y. 


3x + 2y=4 Write Equation 1. 
3(5) + 2y=4 Substitute 3 for *: 
yo -j Solve for y. 


The solution is (3 —4). Check this in the original system. 


/ CHECKPOINT 1 


Solve the system of linear equations. 


2x — 3y=5 
5sx+3y=9 8 
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CHAPTER 5 


Systems of Equations and Inequalities 


To obtain coefficients (for one of the variables) that differ only in sign, you 
may need to multiply one or both of the equations by a suitable constant, as 
demonstrated in Example 2. 


The Method of Elimination 


Solve the system of linear equations. 
2x — 3y=—-7 Equation 1 
3x + y=-5 Equation 2 
SOLUTION For this system, you can obtain coefficients that differ only in sign 


by multiplying Equation 2 by 3. Then, by adding the two equations, you can 
eliminate the y-terms. This leaves you with a single equation in x. 


2x —3y=-7 > 2x —-3y= -7 Write Equation 1. 
3x + y=-5 > 9x + 3y = -15 Multiply Equation 2 by 3. 
11x = —22 Add equations. 


By dividing each side by 11, you can see that x = —2. By back-substituting this 
value of x into Equation 1, you can solve for y. 


2x — 3y = -7 Write Equation 1. 
2(- 2) —3y=-7 Substitute —2 for x. 
—3y = -3 Add 4 to each side. 
y=1 Solve for y. 


The solution is (—2, 1). Check this in the original system, as follows. 


CHECK 
= 2) = 3(1) es =] Substitute into Equation 1. 
-4-3=-7 Equation 1 checks. WA 
3(-2) +1 Z —5 Substitute into Equation 2. 
-6+1=-—5 Equation 2 checks. WA 


/ CHECKPOINT 2 


Solve the system of linear equations. 


3x —-5y=-1 
x—-2y=-—-l1H5 


In Example 2, the two systems of linear equations 


2x — 3y = —-7 2x —-3y= -7 
bow pig Eenvenee 


are called equivalent systems because they have precisely the same solution set. 
The operations that can be performed on a system of linear equations to produce 
an equivalent system are (1) interchanging any two equations, (2) multiplying an 
equation by a nonzero constant, and (3) adding a multiple of one equation to any 
other equation in the system. 


5x By 9 


=4 2x —4y 44 
FIGURE 5.5 
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The Method of Elimination 


To use the method of elimination to solve a system of two linear equations 
in x and y, use the following steps. 


1. Examine the system to determine which variable is easiest to eliminate. 


2. Obtain coefficients of x (or y) that differ only in sign by multiplying all 
terms of one or both equations by suitably chosen constants. 


3. Add the equations to eliminate one variable and solve the resulting 
equation. 


4. Back-substitute the value obtained in Step 3 into either of the original 
equations and solve for the other variable. 


5. Check your solution in both of the original equations. 


The Method of Elimination 


Solve the system of linear equations. 
Sx +3y= 9 Equation 1 
2x — 4y = 14 Equation 2 


SOLUTION You can obtain coefficients of y that differ only in sign by multiply- 
ing Equation | by 4 and multiplying Equation 2 by 3. 


Sx + 3y= 9 > 20x + 12y = 36 Multiply Equation 1 by 4. 
2x —4y = 14 > 6x — 12y = 42 Multiply Equation 2 by 3. 
26x = 78 Add equations. 


From this equation, you can see that x = 3. By back-substituting this value of x 
into Equation 2, you can solve for y, as follows. 


2x — 4y = 14 Write Equation 2. 
2(3) —4y= 14 Substitute 3 for x. 
—4y = 8 Subtract 6 from each side. 
y=-2 Solve for y. 


The solution is (3, —2). Check this in the original system. 


/ CHECKPOINT 3 


Solve the system of linear equations. 


=2x + Ty = —-15 
3x - Sy = 6 a 


Remember that you can check the solution of a system of equations 
graphically. For instance, to check the solution found in Example 3, graph both 
equations in the same viewing window, as shown in Figure 5.5. Notice that the 
two lines intersect at (3, — 2). 
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TECHNOLOGY 


The general solution of 
the linear system 

ax + by =c 

dx +ey=f 


x = (ce — bf)/(ae — bd) 


and 
y = (af — cd)/(ae — bd). 
If ae — bd = 0, the system 


does not have a unique solution. 


Graphing utility programs for 
solving such a system can be 
found at the text website at 
college.hmco.com/info/ 
larsonapplied. Try using one 
of these programs to check 
the solution of the system 

in Example 4. 


Systems of Equations and Inequalities 


Example 4 illustrates a strategy for solving a system of linear equations that 
has decimal coefficients. 


A Linear System Having Decimal Coefficients 


Solve the system of linear equations. 


0.02x — 0.05y = —0.38 
0.03x + 0.04y = 1.04 


Equation 1 
Equation 2 


SOLUTION Because the coefficients in this system have two decimal places, you 
can begin by multiplying each equation by 100. (This produces a system in which 
the coefficients are all integers.) 
24 = Sy = =—38 
3x + 4y = 104 


Revised Equation 1| 
Revised Equation 2 


Now, to obtain coefficients of x that differ only in sign, multiply revised Equation 
1 by 3 and revised Equation 2 by —2. 


2x -—5y=-38 [D> 6x—- 15y=—114 Multiply by3. 
3x + 4y= 104 [> -6x 8y = —208 Multiply by —2. 
—23y = —322 Add equations. 
So, you can conclude that y = =e = 14. Now, back-substitute y = 14 into 


any of the original or revised equations of the system that contain the variable y. 
Back-substituting this value into revised Equation 2 produces the following. 


3x + 4y = 104 Write revised Equation 2. 
3x + 4(14) = 104 Substitute 14 for y. 
3x = 48 Subtract 56 from each side. 
x= 16 Solve for x. 


The solution is (16, 14). Check this in the original system. 


/ CHECKPOINT 4 


Solve the system of linear equations. 


0.03x + 0.04y = —0.13 
0.04x + 0.05y = —0.24 = 


DISCOVERY 


Rewrite each system of equations in slope-intercept form and graph the 
system using a graphing utility. What is the relationship between the 
slopes of the two lines and the number of points of intersection? 


a. }2x+4y= 8 b. }-x+ Sy= 15 (& || pe are: 
4x — 3y = —6 2 NOye 7 2. 


STUDY TIP 


Keep in mind that the terminol- 
ogy and methods discussed in 
this section and the following 
section apply only to systems 
of linear equations. 
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Graphical Interpretation of Solutions 


It is possible for a general system of equations to have exactly one solution, 
two or more solutions, or no solution. If a system of linear equations has two 
different solutions, it must have an infinite number of solutions. To see why this 
is true, consider the following graphical interpretations of systems of two linear 
equations in two variables. (Remember that the graph of a linear equation in two 
variables is a line.) 


Graph y y 
> xX > X > xX 
Graphical ek The two lines coincide | The two lines are 
: The two lines intersect. : ; 

Interpretation (are identical). parallel. 
aeeeetaen Single point of Infinitely many points No point of 

intersection of intersection intersection 
Slopes of 
nee Slopes are not equal. Slopes are equal. Slopes are equal. 
umber of Exactly one solution Eoeaey aa No solution 
Solutions solutions 
Type of Independent Dependent : 
System (consistent) system (consistent) system POLOn SEP ab system 


A system of linear equations is consistent if it has at least one solution. A 
consistent system with exactly one solution is independent, whereas a consistent 
system with infinitely many solutions is dependent. A system is inconsistent if it 
has no solution. 

From the graphs above, you can see that a comparison of the slopes and 
y-intercepts of two lines is helpful in determining the number of solutions of the 
corresponding system of equations. For instance: 


Independent (consistent) systems have lines with slopes that are not equal. 
Dependent (consistent) systems have lines with equal slopes and the same 
y-intercept. 

Inconsistent systems have lines with equal slopes, but different y-intercepts. 


So, when solving a system of linear equations graphically, it is helpful to know 


the slope of each line. Writing each linear equation in the slope-intercept form 
y=mx+b 


Slope-intercept form 


enables you to identify the slopes quickly. 
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—-2x4# ya 


FIGURE 5.6 _ No Solution 


/ CHECKPOINT 5 


Solve the system of linear 


equations. 
—3x + 6y =5 
x-2y=2 5 


34 (2, 3) 


4x2 y2 


2x-ya 


FIGURE 5.7 Infinite Number of 


Solutions 


Systems of Equations and Inequalities 


In Examples 5 and 6, note how you can use the method of elimination to 
determine that a linear system has no solution or infinitely many solutions. 


|%<ererye)(-we ~The Method of Elimination: No-Solution Case 


Solve the system of linear equations. 


x—2y=3 
—2x+4y=1 


Equation 1 
Equation 2 


SOLUTION Obtain coefficients that differ only in sign, as follows. 


x—2y=3 > 2x — 4y =6 Multiply Equation 1 by 2. 
—2x+4y=1 > -2x+4y=1 Write Equation 2. 
0=7 False statement 


Because there are no values of x and y for which 0 = 7, you can conclude that the 
system is inconsistent and has no solution. The graphs of the equations are shown 
in Figure 5.6. Note that the two lines have equal slopes, but different y-intercepts. 
Therefore, the lines are parallel and have no point of intersection. 


In Example 5, note that the occurrence of a false statement, such as 0 = 7, 
indicates that the system has no solution. In the next example, note that the 
occurrence of a statement that is true for all values of the variables, such as 0 = 0, 
indicates that the system has infinitely many solutions. 


ie <etust)(-N- The Method of Elimination: Many-Solutions Case 


Solve the system of linear equations. 


y=1 Equation | 


2X = 
4x —- 2y =2 


SOLUTION Obtain coefficients that differ only in sign, as follows. 


Equation 2 


2x = = 1 > 2x- y= I Write Equation 1. 
4x —- 2y =2 >» -2x+ y=-l Multiply Equation 2 by —3. 
O= O Add equations. 


Because the two equations are equivalent (have the same solution set), you 
can conclude that the system is consistent and has infinitely many solutions. The 
solution set consists of all points (x, y) lying on the line 2x — y = 1, as shown 
in Figure 5.7. To represent the solution set as an ordered pair, let x = a, where 
a is any real number. Then y = 2a — | and the solution set can be written as 
(a, 2a — 1). 


/ CHECKPOINT 6 


Solve the system of linear equations. 
—-x- y= 5 
4x + 4y = -20 O 


Original flight 


ro 


FIGURE 5.8 


/ CHECKPOINT 7 


In Example 7, suppose the return 
flight takes 4 hours and 6 minutes. 
Find the air speed of the plane and 
the speed of the wind, assuming 
that both remain constant. © 
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Applications 


At this point, you may be asking the question, “How can I tell which application 
problems can be solved using a system of linear equations?” The answer comes 
from the following considerations. 


1. Does the problem involve more than one unknown quantity? 
2. Are there two (or more) equations or conditions to be satisfied? 


If one or both of these conditions occur, the appropriate mathematical model for 
the problem may be a system of linear equations. Example 7 shows how to 
construct such a model. 


An Application of a Linear System ® 


An airplane flying into a headwind travels the 2000-mile flying distance between 
Wilmington, Delaware and Tucson, Arizona in 4 hours and 24 minutes. On the 
return flight, the same distance is traveled in 4 hours. Find the air speed of the 
plane and the speed of the wind, assuming that both remain constant. 


SOLUTION The two unknown quantities are the speeds of the wind and the 
plane. If r, is the air speed of the plane and r, is the speed of the wind, then 


r, — ry = speed of the plane against the wind 


r, + r, = speed of the plane with the wind 


as shown in Figure 5.8. Using the formula distance = (rate)(time) for these two 
speeds, you obtain the following equations. 


24 
2000 = (r, = r)(4 + 2 


2000 = (r, + r)(4) 
These two equations simplify as follows. 


ie = llr, - lr, 


Equation 1 


500= n+ Equation 2 


To solve this system by elimination, multiply Equation 2 by 11. 


5000 = 1Ir, — Lir, > 


5000 = 11r, = l1r, Write Equation 1. 


500= n+ Fr > 5500 = 1ir, + 117, Multiply Equation 2 by 11. 
10,500 = 22r, Add equations. 
The solution is 
10,500 5250 _ 
7 iis be | Wee 
5250 — 250 
BHD = = m= Ole 


So, the air speed of the plane is about 477.27 miles per hour and the speed of the 
wind is about 22.73 miles per hour. Check this solution in the original statement 
of the problem. 
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p 35 — 0.0001x 


(135,000, 21.50) 
Ss ps#.0001 x 


Price per DVD (in dollars) 
i) 
i 


t t t—> * 
50,000 150,000 
Number of DVDs 
FIGURE 5.9 


Systems of Equations and Inequalities 


In a free market, the demands for many products are related to the prices of 
the products. As the prices decrease, the demands by consumers increase and the 
amounts that producers are able or willing to supply decrease. 


Finding the Point of Equilibrium ® 


The demand and supply equations for a DVD are given by 


p = 35 — 0.0001x Demand equation 
= 8 + 0.0001x Supply equation 


where p is the price (in dollars) and x represents the number of DVDs. For how 
many units will the quantity demanded equal the quantity supplied? What price 
corresponds to this value? 


SOLUTION To obtain coefficients of p that differ only in sign, multiply the 
demand equation by — 1. 


p=35-0.0001x E> -p = -35 + 0.0001, — Muliply femane 


equation by —1. 
p= 8 + 0.0001x => p= 8 + 0.0001x Write supply equation. 
0 = —27 + 0.0002x Add equations. 


By solving the equation 0 = —27 + 0.0002x, you get x = 135,000. So, the 
quantity demanded equals the quantity supplied for 135,000 units (see Figure 5.9). 
The price that corresponds to this x-value is obtained by back-substituting 
x = 135,000 into either of the original equations. For instance, back-substituting 
into the demand equation produces 


p = 35 — 0.0001(135,000) = 35 — 13.5 = $1.50. 


Back-substitute x = 135,000 into the supply equation to see that you obtain the 
same price. The solution (135,000, 21.50) is called the point of equilibrium. The 
point of equilibrium is the price p and the number of units x that satisfy both the 
demand and supply equations. 


/ CHECKPOINT 8 


In Example 8, suppose the supply equation is p = 9 + 0.0001x. Find the point 
of equilibrium. © 


. Two systems have infinitely many solutions. Are the systems equivalent? 
Explain. 


. Using the method of elimination, you reduce a system to 0 = 5. What can 
you conclude about the system? 


. Can the graphs of the equations in an inconsistent system intersect? 
Explain. 


. Can the graphs of the equations in an independent (consistent) system 
have the same y-intercept? Can they have different y-intercepts? Explain. 


SECTION 5.2 — Solving Systems Using Elimination 423 


Skills Revi 5.2 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11S Neview v. these skills in the exercise set for this section. For additional help, review Section 2.2. 


In Exercises 1 and 2, sketch the graph of the equation. 


1 2k+y=4 2. 5x — 2y = 3 
In Exercises 3 and 4, find an equation of the line passing through the 
two points. 


3. (-1, 3), (4 8) 4. (2, 6), (5, 1) 


In Exercises 5 and 6, determine the slope of the line. 
5. 3x + 6y = 4 6. 7x — 4y = 10 
In Exercises 7-10, determine whether the lines represented by the pair of 


equations are parallel, perpendicular, or neither. 


Up Phe = ay 10) 8. 4x — 12y =5 9. 5x + y=2 10. x—3y=2 
3x +2y= 11 —2x+ 6y =3 3x + 2y=1 6x + 2y=4 


Exercises 5.2 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-10, solve the system by elimination. Then 
use the graph to confirm your solution. Copy the graph 
and label each line with the appropriate equation. 
1. |3x — 2y =2 2./-x+3y= 2 

x + 2y =6 x—-4y=—-4 


| 123 45 6 


4./2x- y= 2 
4x + 3y = 24 
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| 
| 
an 


9. }9x —3y = -1 10. |5x + 3y = 18 
2x — Ty = 


3x + 6y = -5 


In Exercises 11-32, solve the system by elimination. 
Then state whether the system is consistent or 
inconsistent. 


11. Jx + 2y =3 12. 2x — 3y = 4 
x—-—2y=1 —2x- y=4 
13. 4x — 3y = 11 14. |3x —S5y= 2 
—6x+ 3y= 3 2x + 5y = 13 
15. }3x- y= 17 16. | x + 7y = 12 
5x + 5y = —-5 ee 
17. }3x + 2y = 10 18. | 8r + l6s = 
2x + 5y= 3 Cae 
19. }2u+ v= 120 20. |5u + 6v = 24 
u+ 2v = 120 3u + 5v = 18 
21. |4b + 3m = 3 22. [3b + 3m = 
3b + 11m = 13 3b + 5m = 3 
23. 6r — 5s = 3 24. [18x 4+ 1.2y =4 
-—12r+ s= 05 9x + — 
x y. 
25. |—-+-=1 2 = 
4 6 6 3 
x-y=3 et _ 
X+3 yl 
‘ +o = 
27 A 3 1 
x=y=3 
x= 1 ya? 
; + = 
28 5 3 
x-2y= 
29. }2.5x — 3y = 1.5 


10x — 12y = 6 


30. }1.5x+ 2y = 3.75 


0.07x + 0.02y = 0.16 


0.02x — 0.05y = —0.19 
0.03x + 0.04y = 0.52 


32. 


31. [use ao - 02 


Systems of Equations and Inequalities 


In Exercises 33 and 34, the graphs of the two equations 
appear to be parallel. Are they? Justify your answer by 
using elimination to solve the system. 


33. [200y -x = 200 34. [25x —24y= 0 
199y — x = —198 13x — 12y = 120 


4 Y 25x24 yH 
200y — x 200 A 


13x — 12 420 


199y—x= 198 


In Exercises 35-38, use the given statements to write a 
system of equations. Solve the system by elimination. 


35. The sum of a number x and a number y is 13. The 
difference of x and y is 3. 


36. The sum of a number a and a number b is 43. The 
difference of a and b is —27. 


37. The sum of twice a number r and a number s is 8. The 
difference of r and s is 7. 


38. The difference of a number m and twice a number n is |. 
The sum of two times m and n is 22. 


39. Airplane Speed An airplane flying into a headwind 
travels the 1800-mile flying distance between Los Angeles, 
California and South Bend, Indiana in 3 hours and 
36 minutes. On the return flight, the distance is traveled in 
3 hours. Find the air speed of the plane and the speed of the 
wind, assuming that both remain constant. 


40. Airplane Speed Two planes start from the same 
airport and fly in opposite directions. The second plane 
starts 5 hour after the first plane, but its speed is 50 miles 
per hour faster. Find the air speed of each plane if, 2 hours 
after the first plane departs, the planes are 2000 miles apart. 


41. Acid Mixture Ten gallons of a 30%acid solution 
is obtained by mixing a 20%olution with a 50%olution. 
How much of each solution is required to obtain the 
specified concentration of the final mixture? 


42. Fuel Mixture Five hundred gallons of 89-octane 
gasoline is obtained by mixing 87-octane gasoline with 
92-octane gasoline. How much of each type of gasoline is 
required to obtain the specified mixture? (Octane ratings 
can be interpreted as percents.) 


43. Investment Portfolio A total of $5,000 is invested in 
two corporate bonds that pay 9.5%nd 14%simple 
interest. The total annual interest is $050. How much is 
invested in each bond? 


44. 


45. 


46. 


Supply and Demand 


SECTION 5.2 


Investment Portfolio A total of $0,000 is invested in 
two municipal bonds that pay 6.75%nd 8.25%imple 
interest. The total annual interest is $900. How much is 
invested in each bond? 


Ticket Sales You are the manager of a theater. On Saturday 
morning you are going over the ticket sales for Friday 
evening. A total of 740 tickets were sold. The tickets for 
adults and children sold for 8.50 and $.00, respectively, 
and the total receipts for the performance were $688. 
However, your assistant manager did not record how many 
of each type of ticket were sold. From the information you 
have, can you determine how many of each type were sold? 
Explain your reasoning. 


Shoe Sales You are the manager of a shoe store. On 
Sunday morning you are going over the receipts for the 
previous week’s sales. A total of 320 pairs of cross-training 
shoes were sold. One style sold for $6.95 and the other 
sold for $2.95. The total receipts were $1,024. The cash 
register that was supposed to keep track of the number of 
each type of shoe sold malfunctioned. Can you recover the 
information? If so, how many of each type were sold? 


In Exercises 47-50, find the 


point of equilibrium for the pair of demand and sup- 
ply equations. 


47. 
48. 
49. 
50. 


51. 


Demand 

p = 56 — 0.0001x 
p = 60 — 0.00001x 
p = 140 — 0.00002x 
p = 400 — 0.0002x 


Supply 

p = 22 + 0.00001x 
p = 15 + 0.00004x 
p = 80 + 0.00001x 
p = 225 + 0.0005x 


Restaurants The total sales y (in billions of dollars) for 
fast-food and full-service restaurants for the years 1999 to 
2005 are shown in the table. (Source: National Restaurant 
Association) 


Year | Fast-food | Full-service 
1999 103.0 125.4 
2000 107.1 133.8 
2001 111.6 139.9 
2002 115.1 141.9 
2003 120.5 148.3 
2004 129.4 157.0 
2005 135.6 164.9 
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© (a) Use a spreadsheet software program to create a scatter 


52. 


plot of the data for fast-food sales and use the regres- 
sion feature to find a linear model. Let x represent the 
year, with x = 9 corresponding to 1999. Repeat the 
procedure for the data for full-service sales. 


(b) Assuming that the amounts for the given 7 years are 
representative of future years, will fast-food sales ever 
equal full-service sales? 


Prescriptions The numbers of prescriptions y (in 
thousands) filled at two pharmacies in the years 2002 to 
2008 are shown in the table. 


Year | Pharmacy A | Pharmacy B 
2002 18.1 19.5, 
2003 18.6 19.9 
2004 19.2 20.4 
2005 19.6 20.8 
2006 20.0 21.1 
2007 20.4 21.4 
2008 21.3 22.0 


© (a) Use a spreadsheet software program to create a scatter 


53. 


54. 


plot of the data for pharmacy A and use the regression 
feature to find a linear model. Let x represent the year, 
with x = 2 corresponding to 2002. Repeat the proce- 
dure for the data for pharmacy B. 


(b) Assuming the amounts for the given 7 years are 
representative of future years, will the number of 
prescriptions filled at pharmacy A ever exceed the 
number of prescriptions filled at pharmacy B? 


Supply and Demand The supply and demand equations 
for a small LCD television are given by 


p + 0.53x = 1542 
p — 0.37x = 300 


Demand 

Supply 

where p is the price (in dollars) and x represents the 
number of televisions. For how many units will the quantity 
demanded equal the quantity supplied? What price 
corresponds to this value? 


Supply and Demand The supply and demand equations 
for a microscope are given by 


p + 0.85x = 650 
— 04x = 75 


Demand 

Supply 

where p is the price (in dollars) and x represents the 
number of microscopes. For how many units will the 
quantity demanded equal the quantity supplied? What price 
corresponds to this value? 
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Fitting a Line to Data 


CHAPTER 5 


In Exercises 55-60, find the 


least squares regression line y = ax + b for the points 
(X11 Vids (Xo Vo) «+ + 1 Xpr Yn) by solving the system for a 
and b. (If you are unfamiliar with summation notation, 
look at the discussion in Section 7.1.) 


55. 


57. 


59. 
60. 


@) 61. 


5b + 10a = 20.2 
10b + 30a = 50.1 


A A 
6-4 
5 ar (3, 2.5) 
1 34 a21 | 428) 
3-5 2 
2 1.0, 1.9) oes) 
1+ 
Hs 
1 2 3 4 


Tb + 2la= 35.1 58. | 6b + 15a = 23.6 
21b + Ola = 114.2 15b + 55a = 48.8 
y 
6 
Sy] 
4 
3 
2 
1 
(0, 4), (1, 3), , 1), (2, 0) 


(1, 0), (2, 0), (3, 0), (3, 1), (4, 1), (4, 2), (5, 2), (6, 2) 


Classic Cars The numbers of cars y sold at Barrett- 
Jackson Collector Car Auction in Scottsdale in the years 
2003 to 2007 are shown in the table. (Source: Barrett- 
Jackson Auction Company) 


Year 2003 | 2004 | 2005 | 2006 | 2007 
t 0 1 2 3 + 
Cars, y 655 12 877 | 1105 | 1271 


(a) Solve the following system for a and b to find the 
least squares regression line y = at + b for the data. Let 
t represent the year, with t = 0 corresponding to 2003. 


5b + 10a = 4635 
10b + 30a = 10,880 


63. 


64. 


65. 


66. 


Systems of Equations and Inequalities 


(b) Use a graphing utility to graph the regression line and 
estimate the number of cars that will be sold in 2009. 
(c) Use the regression feature of a graphing utility to find a 


linear model for the data. Compare this model with the 
one you found in part (a). 


. Atmosphere The concentration y (in parts per million) 


of carbon dioxide in the atmosphere is measured at the 
Mauna Loa Observatory in Hawaii. The greatest monthly 
carbon dioxide concentrations for the years 2002 to 2006 
are shown in the table. (Source: Scripps CO2 Program) 


Year | ¢ | Concentration, y 
2002 | 0 375.55 
2003 | 1 378.35 
2004 | 2 380.63 
2005 | 3 382.26 
2006 | 4 384.92 


(a) Solve the following system for a and b to find the least 
squares regression line y = at + b for the data. Let t 
represent the year, with t = 0 corresponding to 2002. 


| 5b + 10a = 1901.71 


10b + 30a = 3826.07 


(b) Use a graphing utility to graph the regression line and 
predict the largest monthly carbon dioxide concentra- 
tion in 2012. 


(c) Use the regression feature of a graphing utility to find 
a linear model for the data. Compare this model with 
the one you found in part (a). 


Reasoning Design a system of two linear equations with 
infinitely many solutions. Solve the system algebraically 
and explain how the solution indicates that there are 
infinitely many solutions. 


Reasoning Design a system of two linear equations 
with no solution. Solve the system algebraically and explain 
how the solution indicates that there is no solution. 


Think About It For the system below, find the value(s) 
of k for which the system is (a) inconsistent and (b) consis- 
tent (dependent). Explain how you found your answers. 
3x — 12y =9 
x- 4y=k 
Think About It For the system in Exercise 65, can 


you find a value of k for which the system is consistent 
(independent)? Explain. 


Linear Systems in 
Three or More 
Variables 


/ CHECKPOINT 1 


Solve the system of linear 
equations. 
2x + y — 3z = 10 
yt z= 4 
z= 20 


SECTION 5.3 Linear Systems in Three or More Variables 427 


Solve a linear system in row-echelon form using back-substitution. 
Use Gaussian elimination to solve a linear system. 
Solve a nonsquare linear system. 


Construct and use a linear system in three or more variables to solve an 
application problem. 

Find the equation of a circle or a parabola using a linear system in three 
or more variables. 


Row-Echelon Form and Back-Substitution 


The method of elimination can be applied to a system of linear equations in more 
than two variables. In fact, this method easily adapts to computer use for solving 
linear systems with dozens of variables. 

When elimination is used to solve a system of linear equations, the goal is to 
rewrite the system in a form to which back-substitution can be applied. To see 
how this works, consider the following two systems of linear equations. 


x—-2y+3z= 9 
—x + 3y —4 System of Three Linear Equations in Three Variables 
dx —5y+5z2= 17 


x— 2y + 3z=9 
y+3z=5 Equivalent System in Row-Echelon Form 
z= 2 


The second system is said to be in row-echelon form, which means that it 
has a “stair-step” pattern with leading coefficients of 1. After comparing the two 
systems, it should be clear that it is easier to solve the second system. 


Using Back-Substitution 


Solve the system of linear equations. 


x— 2y+ 3z=9 Equation 1 
y+ 3z=5 Equation 2 
Z=2 Equation 3 


SOLUTION From Equation 3, you know the value of z. To solve for y, substitute 
z = 2 into Equation 2 to obtain 


y+32)=5 >> y=-1. 


Finally, substitute y = —1 and z = 2 into Equation | to obtain 
x-2(-1)+32)=9 > x=1. 
The solution is x = 1, y = —1, and z = 2, which can be written as the ordered 


triple (1, — 1, 2). Check this in the original system of equations. 
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CHAPTER 5 


Systems of Equations and Inequalities 


Gaussian Elimination 


Two systems of equations are equivalent if they have the same solution set. To 
solve a system that is not in row-echelon form, first convert it to an equivalent 
system that is in row-echelon form. To see how this is done, let’s take another 
look at the method of elimination, as applied to a system of two linear equations. 


The Method of Elimination 


Solve the system of linear equations. 


3x —2y= -1 Equation | 
x- y= 0 Equation 2 


SOLUTION An easy way of obtaining a leading coefficient of | is to interchange 
the two equations. 


Interchange two equations in the system. 


Multiply the first equation by —3. 


—3x+3y= 0 Add the multiple of the first equation to the second 
3x —2y = - equation to obtain a new second equation. 
= 
x- y= 0 ; 
1 New system in row-echelon form 

= — 
Now, using back-substitution, you can determine that the solution is y = — 1 and 
x = —1, which can be written as the ordered pair (— 1, —1). Check this in the 


original system of equations. 


/ CHECKPOINT 2 


Solve the system of linear equations. 


2x + 4y = 1 
x+ y=08 


The process of rewriting a system of equations in row-echelon form by using 
the three basic row operations is called Gaussian elimination, after the German 
mathematician Carl Friedrich Gauss. Example 2 shows the chain of equivalent 
systems used to solve a linear system in two variables. 


Operations That Produce Equivalent Systems 


Each of the following row operations on a system of linear equations 
produces an equivalent system of linear equations. 


1. Interchange two equations. 
2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one of the equations to another equation to replace the 
latter equation. 
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1 <etss¥)(-) Using Elimination to Solve a System 


Solve the system of linear equations. 


x-—2y+3z= 9 Equation 1 
=x + 3y =-4 Equation 2 
2x — 5y + 5z= 17 Equation 3 


SOLUTION Because the leading coefficient of Equation | is 1, you can begin by 
saving the x in the upper left position and eliminating the other x-terms from the 
first column. 


x—2y+3z= 9 Adding the first equation to 
y+3z= 5 < the second equation produces 
Ix — Sy + 5z=17 a new second equation. 
x—2y+3z= 9 Adding —2 times the first 
y+3z= 5 equation to the third equation 
-y- z=-1 eS produces a new third equation. 


Now that all but the first x have been eliminated from the first column, work on 
the second column. (You need to eliminate y from the third equation.) 


x—2y+3z=9 Adding the second equation 
y+3z=5 to the third equation produces 
a new third equation. 
2z=4 q 


Finally, you need a coefficient of | for z in the third equation. 


x—2y+3z=9 Multiplying the third equation 
yt+3z=5 by 5 produces a new third 


equation. 
z=2 € a 


This is the same system that was solved in Example 1, and, as in that example, 
you can conclude that the solution is 


x=1, y=-Il, and z=2. 


/ CHECKPOINT 3 


Solve the system of linear equations. 


xty+z=6 
2x -y+z=3 
3x —-z=08 
In Example 3, you can check the solution by substituting x = 1, y = —1, 


and z = 2 into each original equation, as follows. 
Equation 1: (1) —2(-1)+32)= 9 VO 
Equation 2: —(1) + 3(—1) =-4 Jo 
Equation 3: 2(1) — 5(-1) +52) = 17 Oo 
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% 


(a) Solution: one point 


mek 


(b) Solution: one line 


(c) Solution: one plane 


DK 


(d) Solution: none 


) 


(e) Solution: none 


FIGURE 5.10 


Systems of Equations and Inequalities 


The next example involves an inconsistent systemene that has no solution. 
The key to recognizing an inconsistent system is that at some stage in the 
elimination process, you obtain a false statement such as 0 = —2. 


je <etst)(- An Inconsistent System 


Solve the system of linear equations. 


x-3y+ z= 1 Equation 1 
2x- y-2z= 2 Equation 2 
x+2y—-3z=-1 Equation 3 
SOLUTION 
C= sy go Adding —2 times the first 
5y—4z= 0 < equation to the second equation 
x+2y-3z2=-1 produces a new second equation. 
x—3yt z= 1 Adding —1 times the first 
S5y—-4z= 0 equation to the third equation 
Ride Sg =: produces a new third equation. 
x-3yt z= I Adding — 1 times the second 
S5y—4z= 0 equation to the third equation 
Oo Sag ER produces a new third equation. 
Because 0 = —2 is a false statement, you can conclude that this system is 


inconsistent and therefore has no solution. Moreover, because this system is 
equivalent to the original system, you can conclude that the original system also 
has no solution. 


/ CHECKPOINT 4 


Solve the system of linear equations. 
xryo- z= 7 
x= 2y-+ 22 =—9 
3x - y+ z= SO 


As with a system of linear equations in two variables, the solution(s) of a 
system of linear equations in more than two variables must fall into one of three 
categories. Because an equation in three variables represents a plane in space, the 
possible solutions can be shown graphically. See Figure 5.10. 


The Number of Solutions of a Linear System 
For a system of linear equations, exactly one of the following is true. 
1. There is exactly one solution. See Figure 5.10(a).] 
2. There are infinitely many solutions. Bee Figures 5.10(b) and (c).] 
3. There is no solution. Bee Figures 5.10(d) and (e).] 


/ CHECKPOINT 5 


Solve the system of linear 
equations. 
2x+ yt 3z=1 
2x + 6y + 12z = 3 


6x + 8y + 182 =5 B 
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A System with Infinitely Many Solutions 


Solve the system of linear equations. 


x+ y-—3z=-1 Equation | 

y- z= 0 Equation 2 

=% + 2y = 1 Equation 3 
SOLUTION 


x+ y-3z=-1 Adding the first equation to 


y- z= 0 the third equation produces a 
3y —3z= 0 = new third equation. 
xaty-3z=-1 Adding —3 times the second 
y- z= 0 equation to the third equation 
Oo = s 6% produces a new third equation. 


This means that Equation 3 depends on Equations | and 2 in the sense that it 
gives us no additional information about the variables. Because 0 = 0 is a true 
statement, you can conclude that this system has infinitely many solutions. So, 
the original system is equivalent to the system 


x+y-3z=-1 
y- z= 0 
In this last equation, solve for y in terms of z to obtain y = z. Back-substituting 


for y into the previous equation produces x = 2z — 1. Finally, letting z = a, the 
solutions to the original system are all of the form 


x=2a-1, y=a, and z=a 
where a is a real number. So, every ordered triple of the form 

(2a — 1,a,a), ais areal number 
is a solution of the system. 

In Example 5, there are other ways to write the same infinite set of solutions. 
For instance, the solutions could have been written as 

(b, 5(b + 1),3(b + 1)), b is areal number. 


To convince yourself that this description produces the same set of solutions, 
consider the following. 


Substitution Solution 

a=0 (2(0) — 1, 0, 0) = (—1, 0, 0) 

b=-1 (—1,4(-1 + 1),4(-1 + 1) = (-1,0,0) 
a=1 (211) — 1, 1,1) = G, 1,1) 


b 


II 
_ 


(1,30 + 1),30. + 1) = (1, 1,1) 


In both cases, you obtain the same ordered triples. So, when comparing 
descriptions of an infinite solution set, keep in mind that there is more than one 
way to describe the set. 
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Nonsquare Systems 


So far, each system of linear equations you have looked at has been square, 
which means that the number of equations is equal to the number of variables. 
In a nonsquare system, the number of equations differs from the number of 
variables. A system of linear equations cannot have a unique solution unless there 
are at least as many equations as there are variables in the system. 


A System with Fewer Equations than Variables 


Solve the system of linear equations. 


x-2y+z=2 Equation 1 
2x- y-z=1 Equation 2 


SOLUTION Begin by rewriting the system in row-echelon form, as follows. 


Adding —2 times the first 
x-2y+ z= 2 equation to the second equation 
3y —3z = —-3 e& produces a new second equation. 


Multiplying the second equa- 


x—-2yt+z= 2 tion by 3 produces a new 
y-z=-l Ss second equation. 
Solving for y in terms of z, you obtain y = z — 1. Back-substitution into Equation 
1 yields 


x—2%z¢-1)+z=2 
x-—2z7+2+7z2=2 
x =z. 
Finally, by letting z = a, you have the solution 
x=a, y=a-—1, and z=a 
where a is a real number. So, every ordered triple of the form 
(a,a — 1,a), ais areal number 


is a solution of the system. Because there were originally three variables and only 
two equations, the system cannot have a unique solution. 


/ CHECKPOINT 6 


Solve the system of linear equations. 
2x — 2y + 5z = 2 
4x - z=08 
In Example 6, try choosing some values of a to obtain different solutions 
of the system, such as (1, 0, 1), (2, 1, 2), and (3, 2, 3). Then check each of the 


solutions in the original system. For example, you can check the solution (1, 0, 1) 
as follows. 


Equation 1: 1 — 2(0) + 1 
Equation 2: 2(1) — 0 - 1 


20 
1vo 


SECTION 5.3 Linear Systems in Three or More Variables 433 


Applications 


Example 7 
WV xeS(@)\\ An Investment Portfolio ®) 


You have a portfolio totaling $50,000 and want to invest in (1) certificates of 
deposit, (2) municipal bonds, (3) blue-chip stocks, and (4) growth or speculative 
stocks. The certificates pay 9%imple annual interest, and the municipal bonds 
pay 6%imple annual interest. You expect the blue-chip stocks to return 10% 
simple annual interest and the growth stocks to return 15%imple annual inter- 
est. You want a combined annual return of 8%and you also want to have only 
one-third of the portfolio invested in stocks. How much should be allocated to 
each type of investment? 


SOLUTION Let C, M, B, and G represent the amounts in the four types of invest- 
ments. Because the total investment is $50,000, you can write the equation 


C+M+B+ G = 450,000. 


A second equation can be derived from the fact that the combined annual return 
should be 8% 


0.09C + 0.06M + 0.10B + 0.15G = 0.08(450,000) 


Finally, because only one-third of the total investment should be allocated to 
stocks, you can write 


B + G = (450,000). 
These three equations make up the following system. 


C+ M+ Bor G = 450,000 Equation | 
0.09C + 0.06M + 0.10B + 0.15G = 36,000 Equation 2 
Bt G = 150,000 Equation 3 


Using elimination, you find that the system has infinitely many solutions, which 
can be written as follows. 


C = —3a + 100,000 
M = 3a + 200,000 
B = —a + 150,000 
G=a 


So, you have many different options. One possible solution is to choose 
a = 30,000, which yields the following portfolio. 


1. Certificates of deposit: $0,000 

2. Municipal bonds: $50,000 

3. Blue-chip stocks: $20,000 

4. Growth or speculative stocks: $0,000 — 


/ CHECKPOINT 7 


In Example 7, suppose the total investment is $60,000. How much should be 
allocated to each type of investment? © 
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Data Analysis: Curve-Fitting 


Find a quadratic equation, y = ax? + bx + c, whose graph passes through the 
points (— 1, 3), (1, 1), and (2, 6). 


SOLUTION Because the graph of y = ax? + bx + c passes through the points 


(2,6) (—1, 3), (, 1), and (2, 6), you can write the following. 
When x = —1,y = 3: a(—1)? + b(-1) +c = 3 
Whenx = Ily=1: al)? + bd) +c= 1 
Whenx = 2,y=6: a(2)? + b(2) +c =6 
a This produces the following system of linear equations. 
a- b+c=3 Equation 1 
ae a.) at b+c=1 Equation? 
= 4a+2b+c=6 Equation 3 
<3 Tea oa i 2 3 The solution of this system is a = 2,b = —1, and c = 0. So, the equation of the 


FIGURE 5.11 parabola is y = 2x? — x, as shown in Figure 5.11. 


/ CHECKPOINT 8 


DISCOVERY : : ; 
Find a quadratic equation, y = ax* + bx + c, whose graph passes through the 


The total numbers of sides and points (— 1, 7), (1, 3), and (2, 7). = 
diagonals of regular polygons 
with three, four, and five sides 
are three, six, and ten, respec- 


tively, as shown in the figure. 
1. The ordered triple (a, b, c) is the solution of system A and system B. Are 


the systems equivalent? Explain. 
. Using Gaussian elimination to solve a system of three linear equations 
produces 0 = —2. What does this tell you about the graphs of the 
: 6 


equations in the system? 


. Describe the solution set of a system of equations with two equations in 


three variables. 
. The graph of the quadratic equation y = 2x? + 3x — 1 passes through the 
points (x,, y;), (Xz, ¥2), and (x3, y3). Describe the solution set of the given 
system. 
a 15 ; 

ax? + bx, +c=y, 
Find a quadratic function, ax? + bx, +c =y, 
y = ax? + bx + c, where y ax? + bx, +c =y;3 
represents the total number 
of sides and diagonals and x 
represents the number of sides, 
that fits these data. Check to see 
if the quadratic function gives 
the correct answers for 
a polygon with six sides. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sada sve\al-\iiaepenl use these skills in the exercise set for this section. For additional help, review Sections 1.2, 2.1, 


5.1, and 5.2. 


In Exercises 1-4, solve the system of linear equations. 


1. Jxt+y = 25 2. {2x -3y= 4 
y= Uo) 6x =-12 

3: + y = 32 4525 — = 
= pS we r+ 2s = 10 

In Exercises 5-8, determine whether the ordered triple is a solution of the 

equation. 

Se OY at 4c 2 Os = Brae y= Y) 
(=i, =2, 0) (61352) 

I Bs = Hp ar Ie =| —O Ch Shy ar War = 2 
(a — 2,a + 1,a) (a — 4, 4a + 1, a) 


In Exercises 9 and 10, solve for x in terms of a. 


Os ear Py — Cre et 10. x — 3y + 5z = 4 


y=l-a,z=a Y= Asp 34 = @ 


Exercises 5.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-4, match each system of equations with In Exercises 9 and 10, use back-substitution to solve the 
its solution. [The solutions are labeled (a), (b), (c), and system of linear equations. 
(d).J 9 |x- ytz= 4 10. [4x —2y+z=8 
1. ]-2x+3y-2z= 5 2. 5x + 2y —- 47 = —-17 2y+z=-6 -y+z=4 
3x -4y+ z= -1l 8x y — 5z 7 z=-2 z=2 
x+2y+5z=-11 4x+3y- z= -7 
3, (ee 4y= Tea 36 Ao ae op eee oa In Exercises 11-36, solve the system of equations. 
x+6y-—10z= 38 3x y + 6z 17 Ml. J4x + y-—3z= 11 12. 6y + 4z = -12 
x—4y+ 8=-18 9x + 2y —7z=—-1 2x—3y+2z= 9 3x + 3y = 9 
(a) (1,0, 3) (b) (6, 2, —2) aE ees Se 
(c) (2, 1, -3) (d) (4, —1, 5) 13. | 3x +2z= 13 14, |2x + 3y+ z 4 
x + 2y Zz 5 2x — 4y + 3z= 18 


In Exercises 5-8, determine whether the system of 
equations is in row-echelon form. Justify your answer. 


15. |3x — 2y + 4z=1 16. [5x -— 3y+2z= 
5. |x + 3y -7z=-11 6 |x-yt+3z=-l11 [i y—2z=3 ps 4y- z= 
y= 22= =3 y + 8 = —12 2x — 3y + 6z=8 x—Illy+4z= 
= oe 17. (3e43y4 Se 1 18 (2+ yo z= 2B 
7. |x-9y+z= 22 8 |x- y-8z= 12 fs Sy 9z =0 k 2y Zz 2 
2y+z=-3 2y—2z= 2 5x + 9y + 17z = 0 8x — 3y + 4, = — 


z= 1 7z=—-7 
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x+2y- 7z= —-4 20. 2x+ y- 3z= 4 
2% y Z 13 4x + 2z= 10 
3x Oy = 362 = =33 2x + 3y = 13z 8 


x +4,= 13 aie y+ 5c=11 


21. 


4x -—2y+ z= 7 


NO 
tad 
| 
AS) 
<S: 
| 
~ 
N 
| 
| 
= 
\o 


23. 


27. |2x +3y- z= 1 28. 


29. 


12x + 5y+z=0 ae | ne ae 
z 


31.) x- 3y+ 2z=18 32. 


| 
| 
| 
25. f 3y + 5z= 10 26. : + 5y 7 
| | 
| 
| 


33. [{ 3x -—3y + 6z= 34, | Ax + 3y = 7 


2x + 3y — 42 =8 


35. ; 
| 


—2x + 4y — 2z7 = 13 


+3w=4 

2y- z- w=0 

3y =2w=1 

2x- yt 4z =5 
36. x PZ w=6 
2x + 3y - w=0 

3x + 4y+z2+2w=4 

0 


In Exercises 37-40, find two systems of equations that 
have the ordered triple as a solution. (There are many 
correct answers.) 


37. (3, —1, 2) 
39. (1, —5, —3) 


In Exercises 41-44, write three ordered triples of the 
given form. 


3 42. (3a,5 — a,a) 


43. (Fe 3a, 5] 


41. (« a—5, 2 + i) 


44. (-42 ee -1,4) 


Systems of Equations and Inequalities 


In Exercises 45-48, find the equation of the parabola 
y = ax? + bx + c that passes through the points. 


45. 


47. 


In Exercises 49-52, find the equation of the circle 
x? + y2 + Dx + Ey+F=0 that passes through the 
points. 


49, y 50. : 
(-3,3) 710, 6) 


51. y 52. y 


<4 4 
“87 SS 2,42 T 


53. Investment A real estate company borrows $,500,000. 
Some of the money is borrowed at 7%some at 8%and 
some at 10%mple annual interest. How much is borrowed 
at each rate when the total annual interest is $17,000 and 
the amount borrowed at 8%s the same as the amount 
borrowed at 10% 


54. Investment A clothing company borrows $00,000. 
Some of the money is borrowed at 8%some at 9%and 
some at 10%mple annual interest. How much is borrowed 
at each rate when the total annual interest is 60,500 and 
the amount borrowed at 8%s three times the amount 
borrowed at 10% 


SECTION 5.3 


55. Candles A candle company sells three types of candles 
for $5, $0, and $ per unit. In one year, the total revenue 
for the three products was $50,000, which corresponded 
to the sale of 50,000 units. The company sold half as many 
units of the $5 candles as units of the $0 candles. How 
many units of each type of candle were sold? 


56. Hair Products <A hair product company sells three 
types of hair products for $0, $0, and $0 per unit. In 
one year, the total revenue for the three products was 
$00,000, which corresponded to the sale of 40,000 units. 
The company sold half as many units of the $0 product 
as units of the $0 product. How many units of each 
product were sold? 


57. Crop Spraying A mixture of 5 gallons of chemical A, 
8 gallons of chemical B, and 12 gallons of chemical C 
is required to kill a crop destroying insect. Commercial 
spray X contains 1, 2, and 3 parts of these chemicals, 
respectively. Commercial spray Y contains only chemical 
C. Commercial spray Z contains chemicals A, B, and C in 
equal amounts. How much of each type of commercial 
spray is needed to obtain the desired mixture? 


58. Acid Mixture A chemist needs 10 liters of a 25% 
acid solution. The solution is to be mixed from three solu- 
tions whose acid concentrations are 109720%and 50% 
How many liters of each solution should the chemist use to 
satisfy the following? 


(a) Use as little as possible of the 50%olution. 
(b) Use as much as possible of the 50%olution. 
(c) Use 2 liters of the 50%olution. 


MAKE A DECISION: INVESTMENT PORTFOLIO In Exercises 
59 and 60, you have a total of $500,000 that is to be 
invested in (1) certificates of deposit, (2) municipal 
bonds, (3) blue-chip stocks, and (4) growth or specula- 
tive stocks. How much should be put in each type of 
investment? 


59. The certificates of deposit pay 2.5%imple annual interest, 
and the municipal bonds pay 10%imple annual interest. 
Over a five-year period, you expect the blue-chip stocks to 
return 12%imple annual interest and the growth stocks to 
return 18%imple annual interest. You want a combined 
annual return of 10%nd you also want to have only 
one-fourth of the portfolio invested in stocks. 


60. The certificates of deposit pay 3%imple annual interest, 
and the municipal bonds pay 10%imple annual interest. 
Over a five-year period, you expect the blue-chip stocks to 
return 12%imple annual interest and the growth stocks to 
return 15%imple annual interest. You want a combined 
annual return of 10%nd you also want to have only 
one-fourth of the portfolio invested in stocks. 
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Fitting a Parabola to Data In Exercises 61-64, find 
the least squares regression parabola 


y=ax?+ bx+c 


for the points (x,, ¥;), (Xo, Va)r = = +1 Xr Yn) by solving 
the system of linear equations for a, b, and c. 


61. | 5c + 10a = 15.5 
10b = 63 
10c + 34a = 32.1 


62. | 5c + 10a = 15.0 
10b = 17.3 
10c + 34a = 34.5 


63. | 6c 3b 19a = 23.9 
3c + 19b 27a 12 
19c + 27b + 115a= 48.8 


64. | 6c 3b 19a 13.1 
3c + 19b 27a = —2.6 
19¢ + 27b + 115a= 29.0 
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65. Sailboats The total numbers y (in thousands) of sailboats 
purchased in the United States in the years 2001 to 2005 are 
shown in the table. In the table, x represents the year, with 
x = 0 corresponding to 2003. (Source: National Marine 
Manufacturers Association) 


Year, x | Number, y 
=2 18.6 
—1 15.8 

0 15.0 
1 14.3 
2 14.4 


(a) Find the least squares regression parabola 
y=ax?+bx+c for the data by solving the 
following system. 


Se + 10a= 78.1 
10b = =9.9 
10c + 34a = 162.1 


® (b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. Compare the quadratic 
model with the model found in part (a). 


66. Genetically Modified Soybeans The global areas y 
(in millions of hectares) of genetically modified soybean 
crops planted in the years 2002 to 2006 are shown in the 
table. In the table, x represents the year, with x = 0 corre- 
sponding to 2004. (Source: ISAAA, Clive James, 2006) 


Year, x | Area, y 
=2 36.5 
= 41.4 

0 48.4 
1 54.4 
2 58.6 


(a) Find the least squares regression parabola 
y=ax?+bx+c for the data by solving the 
following system. 


5¢ + 10a = 239.3 
10b = 57.2 
10c + 34a = 476.2 


® (b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. Compare the quadratic 
model with the model found in part (a). 
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67. Federal Debt The values of the federal debt of the 
United States as percents of the Gross Domestic Product 
(GDP) for the years 2001 to 2005 are shown in the table. In 
the table, x represents the year, with x = 0 corresponding 
to 2002. (Source: U.S. Office of Management and Budget) 


Year, x | %f GDP 
=] 57.4 
0 59.7 
1 62.6 
2 63.7 
3 64.3 


(a) Find the least squares regression parabola 
y=ax*+bx+c for the data by solving the 
following system. 


Se + 5b + 15a = 307.7 
Se + 15b + 35a = 325.5 
15¢e + 35b + 99a = 953.5 


® (b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. Compare the quadratic 
model with the model found in part (a). 


(c) Use either model to predict the federal debt as a percent 
of the GDP in 2007. 


68. Revenues Per Share The revenues per share (in 
dollars) for Panera Bread Company for the years 2002 to 
2006 are shown in the table. In the table, x represents the 
year, with x =0 corresponding to 2003. (Source: 
Panera Bread Company) 


Year, x | Revenues per share 
=I 9.47 
0 11.85 
1 15.72 
2 20.49 
3 26.11 


(a) Find the least squares regression parabola 
y=ax*+bx+c for the data by solving the 
following system. 


5c + 5b+ 15a= 83.64 


Se + 15b + 35a = 125.56 
15e + 35b + 99a = 342.14 
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@ (b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. Compare the quadratic 
model with the model found in part (a). 


(c) Use either model to predict the revenues per share in 
2008 and 2009. 


69. MAKE A DECISION: STOPPING DISTANCE In testing of 
the new braking system of an automobile, the speed (in 
miles per hour) and the stopping distance (in feet) were 
recorded in the table below. 


Speed, x | Stopping distance, y 
30 54 
40 116 
50 203 
60 315 
70 452 


(a) Find the least squares regression parabola 
y = ax’ + bx + c for the data by solving the following 
system. 


Se + 250b + 13,500a = 1140 


250c + 13,500b+ 775,000a = 66,950 
13,500c + 775,000b + 46,590,000a = 4,090,500 


@ (b) Use the regression feature of a graphing utility to check 
your answer to part (a). 


(c) A car design specification requires the car to stop 
within 520 feet when traveling 75 miles per hour. Does 
the new braking system meet this specification? 


70. Sound Recordings The percents of sound recordings 
purchased over the Internet (not including digital 
downloads) in the years 1999 to 2005 are shown in the 
table. In the table, x represents the year, with x = 0 
corresponding to 2000. (Source: The Recording Industry 
Association of America) 


Nee Percent of sound 
recordings, y 
—1 2.4 
0 32 
1 2.9 
2 3.4 
3 5.0 
+ 5.9 
a) 8.2 
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(a) Find the least squares regression parabola 


y = ax’ + bx + c for the data by solving the following 
system. 
7c 14b 56a = 31.0 
14c 56b + 224a = 86.9 
56c + 224b + 980a = 363.3 


@ (b) Use the regression feature of a graphing utility to find 
a quadratic model for the data. Compare the quadratic 
model with the model found in part (a). 


(c) Use either model to predict the percent of Internet sales 
in 2008. Does your result seem reasonable? Explain. 


71. Reasoning Is it possible for a square linear system to 
have no solution? Explain. 


72. Reasoning Is it possible for a square linear system to 
have infinitely many solutions? Explain. 


73. One solution for Exercise 30 is (—a, 2a — 1, a). A student 
gives (b, —2b — 1, —b) as a solution to the same exercise. 
Explain why both solutions are correct. 


74, Extended Application To work an extended applica- 
tion analyzing the sales per share of Wal-Mart, visit this 
text’s website at college.hmco.com. (Source: Wal-Mart 
Stores, Inc.) 


@.Devan/zefa/CORBIS 


AS is a leader in business software and 

services. Using SAS forecasting technologies, 
customers can accurately analyze and forecast 
processes that take place over time. SAS/ETS 
software contains popular forecasting methods 
such as regression analysis and trend extrapola- 
tion. 


75. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information about a company or small business that 
generates software which uses regression analysis 
to predict trends. Write a brief paper about the com- 
pany or small business. 
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Mid-Chapter Quiz See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1-4, solve the system algebraically. Use a graphing utility to verify 
your solution. 


1. |3x+ y= 11 2. |4x + 8y = 8 
x—2y=—-8 x + 2y =6 
3. Jxt+y=4 4. )e+y=9 
y=2/x+1 y=2+1 


In Exercises 5 and 6, find the number of units x that need to be sold to break 
even. 


5. C = 10.50x + 9000, R = 16.50x 
6. C = 3.79x + 400,000, R = 4.59x 


In Exercises 7 and 8, solve the system by substitution or elimination. 


7. [25x - y=6 8. [$x+Gy= 1 
3x + 4y = 2 i =2yS=2 


9. Find the point of equilibrium for the pair of supply and demand equations. Verify your 


Year, x | Number, y solution graphically. 
Demand: p = 50 — 0.002x 
0 40.1 
Supply: p = 20 + 0.004x 
| 40.5 10. The total numbers y (in millions) of Medicare enrollees in the years 2001 to 2005 
2 41.2 are shown in the table at the left. In the table, x represents the year, with x = 0 
corresponding to 2001. Solve the following system for a and b to find the least 
3 41.9 squares regression line y = ax + b forthe data. (Source: U.S. Centers for Medicare 
and Medicaid Services) 
4 42.5 
5b + 10a = 206.2 
Table for 10 10b + 30a = 418.6 


In Exercises 11-13, solve the system of equations. 


11. |2x+3y- z=-7 12. | x+y—2z= 12 13. | 3x + 2y+z=17 


Year, x | Average price, y " Tae aD eS © Pee 
2y + 21 y- z= 6 x= y=H=zr= 3 
= 2 50.06 
14. The average prices y (in dollars) of retail prescription drugs for the years 2001 to 2005 
—1 55.37 are shown in the table at the left. In the table, x represents the year, with x = 0 
0 59.52 corresponding to 2003. Solve the following system for a, b, and c to find the least 
squares regression parabola y = ax? + bx + c for the data. (Source: National 
1 63.59 Association of Chain Drug Stores) 
2 64.86 Se + 10a = 293.40 
10b = 37.82 
Table for 14 10c + 34a = 578.64 


Systems of 
Inequalities 


Test point Test point 
above parabola below parabola 

-2 (0, —2) 
FIGURE 5.12 
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Sketch the graph of an inequality in two variables. 
H Solve a system of inequalities. 


H Construct and use a system of inequalities to solve an application 
problem. 


The Graph of an Inequality 
The following statements are inequalities in two variables: 

3x —2y <6 and 2x? + 3y? > 6. 
An ordered pair (a, b) is a solution of an inequality in x and y if the inequality 
is true when a and b are substituted for x and y, respectively. The graph of an 
inequality is the collection of all solutions of the inequality. To sketch the graph 
of an inequality, begin by sketching the graph of the corresponding equation. The 


graph of the equation will normally separate the plane into two or more regions. 
In each such region, one of the following must be true. 


1. All points in the region are solutions of the inequality. 
2. No point in the region is a solution of the inequality. 


So, you can determine whether the points in an entire region satisfy the 
inequality simply by testing one point in the region. 


Sketching the Graph of an Inequality in Two Variables 


1. Replace the inequality sign by an equal sign, and sketch the graph of 
the resulting equation. (Use a dashed line fox or > and a solid line for 
<or =.) 


2. Test one point in each of the regions formed by the graph in Step 1. If the 
point satisfies the inequality, shade the entire region to denote that every 
point in the region satisfies the inequality. 


Sketching the Graph of an Inequality 


Sketch the graph of the inequality y > x? — 1. 


SOLUTION The graph of the corresponding equation y = x? — 1 is a parabola, 
as shown in Figure 5.12. By testing a point above the parabola (0, 0) and a point 
below the parabola (0, —2), you can see that the points that satisfy the inequality 
are those lying above (or on) the parabola. 


/ CHECKPOINT 1 


Sketch the graph of y < x7 + 2. & 
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STUDY TIP 

To graph a linear inequality, it 
can help to write the inequality 
in slope-intercept form. For 
instance, by writing x — y < 2 
in the form 


VG 2 


you can see that the solution 
points lie above the line 
x-—y=2(0ory =x — 2), 
as shown in Figure 5.15. 


23% 


(0, 0) “ 


? 
¢ 
¢ 


FIGURE 5.15 


Systems of Equations and Inequalities 


The inequality in Example | is a nonlinear inequality in two variables. Most 
of the following examples involve linear inequalities such as ax + by < c (a 
and b are not both zero). The graph of a linear inequality is a half-plane lying on 
one side of the line ax + by = c. The simplest linear inequalities are those cor- 
responding to horizontal or vertical lines, as shown in Example 2. 


Sketching the Graph of a Linear Inequality 


Sketch the graph of each linear inequality. 


aox>—-2 by <3 
SOLUTION 
a. The graph of the corresponding equation x = —2 is a vertical line. The points 


that satisfy the inequality x > —2 are those lying to the right of this line, as 
shown in Figure 5.13. 


b. The graph of the corresponding equation y = 3 is a horizontal line. The points 
that satisfy the inequality y < 3 are those lying below (or on) this line, as 
shown in Figure 5.14. 


m2 » y 
P A A 
ya an y3 
Yaa 2 i ys3 
j it 
— ~x a 
<4. 43 1-1 
i aj sp 
aye — x 
; = Sil 1 2 
FIGURE 5.13 FIGURE 5.14 


/ CHECKPOINT 2 


Sketch the graph of x => —1. © 


Sketching the Graph of a Linear Inequality 


Sketch the graph of x — y < 2. 


SOLUTION The graph of the corresponding equation x — y = 2 is a line, as 
shown in Figure 5.15. Because the origin (0, 0) satisfies the inequality, the graph 
consists of the half-plane lying above the line. (Try checking a point below the 
line. Regardless of which point you choose, you will see that it does not satisfy 
the inequality.) 


/ CHECKPOINT 3 


Sketch the graph ofx + y< 1. & 


STUDY TIP 


Using different colored pencils 
to shade the solutions of the 
inequalities in a system makes 
identifying the solution of the 
system of inequalities easier. 
The region common to every 
graph in the system is where 
all the shaded regions overlap. 
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Systems of Inequalities 


A solution of a system of inequalities in x and y is a point (x, y) that satisfies each 
inequality in the system. To solve a system of inequalities in two variables, first 
sketch the graph of each individual inequality (on the same coordinate system) 
and then find the region that is common to every graph in the system. This region 
represents the solution set of the system. For systems of /inear inequalities, it is 
helpful to find the vertices of the solution region. 


Solving a System of Inequalities 


Solve the system of linear inequalities. 


x= ye, 2 Inequality 1 
LSS 2 Inequality 2 
y< 3 Inequality 3 


SOLUTION To solve the system, sketch the graph of the solution set. The graphs 
of these inequalities are shown in Figures 5.15, 5.13, and 5.14 on page 442. The 
triangular region common to all three graphs can be found by superimposing 
the graphs on the same coordinate plane, as shown in Figure 5.16. To find the 
vertices of the region, solve the three systems of equations obtained by taking 
the pairs of equations representing the boundaries of the individual regions. 


Vertex A: (—2, —4) Vertex B: (5, 3) Vertex C: (—2, 3) 
Obtained by solving Obtained by solving Obtained by solving 
the system the system the system 
x-y= 2 x-y=2 x=-2 
x=-2 y=3 y= 3 
y y 
A A 
Toe idl 1 6+ a 
wan §~§=6 Ee 1 op “ 
ical y CE2,3); 47 _BG,3),* 
a 
1 2+ , + 2+ da 
\ 1+ “ag j 124 ad 
(i t \ Aa gg t+—++-+ PAs t+ + t+ 4+ > + 
=5=4=3\ ae 2304 SG 7s -5-4-3 1-1 1y"2 3.4567 8 
1-254 — 
ioe | 1 ,*| Solution set 
a xy 2 A(-2, -4) 47" 4 
rae =o rae -5+ 
‘h ice ao 1 -6-+ 
ad teedais a tien 
y eae 
FIGURE 5.16 


/ CHECKPOINT 4 


Solve the system of linear inequalities. 
2x-—y> —3 
x<2 
y> 25 


444 CHAPTER 5 


FIGURE 5.18 
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For the triangular region shown in Figure 5.16, each point of intersection of 
a pair of boundary lines corresponds to a vertex. With more complicated regions, 
two border lines can sometimes intersect at a point that is not a vertex 
of the region, as shown in Figure 5.17. In order to determine which points of 
intersection are actually vertices of the region, you should sketch the region and 
refer to your sketch as you find each point of intersection. 


t 
| 4.Not a vertex 


NS 
pe. - 


FIGURE 5.17 = Boundary lines can intersect at a point that is not a vertex. 


Solving a System of Inequalities 


Solve the system of inequalities. 


xe = ysl Inequality 1 
=x +y<1 Inequality 2 


SOLUTION To solve the system, sketch the graph of the solution set. As shown 
in Figure 5.18, the points that satisfy the inequality x7 — y < | are the points 
lying above (or on) the parabola given by 


y= x? — 1. Parabola 


The points satisfying the inequality —x + y < | are the points lying below 
(or on) the line given by 


y=xt1. Line 


To find the points of intersection of the parabola and the line, solve the system of 
corresponding equations. 


rP-y=l1 
-xty=1 
Using the method of substitution, you can find the points of intersection to be (— 1, 0) 
and (2, 3). The graph of the solution set of the system is shown in Figure 5.18. 


/ CHECKPOINT 5 


Solve the system of linear inequalities. 


Pty <3 
x+t+y>-35 
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When solving a system of inequalities, you should be aware that the system 
might have no solution. For instance, the system 


xty> 3 
gry <= 


has no solution points, because the quantity (x + y) cannot be less than — 1 and 
greater than 3, as shown in Figure 5.19. 


y xy>3 


A . i 
q >. 
ak a 4+ 
x Sy 
“Ny 7” 
2+ "% . 
. 3M 
. ‘3 " 
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i % a pe % 
t ai t t +> x a s 
=) =i 1 2 3%s a . 
. a i. 
=i55 t+ we 4 
i. a 
.. x2 y3 =. 
a. SAY 
s t t t ee x 
-1 1 2. 3S" 
xy<- 1 . 
FIGURE 5.19 No Solution FIGURE 5.20 Unbounded Region 


Another possibility is that the solution set of a system of inequalities can be 
unbounded. For instance, the solution set of 


GARY 3 
x+2y >3 


forms an infinite wedge, as shown in Figure 5.20. 


TECHNOLOGY 


Inequalities and Graphing Utilities 
=\ A graphing utility can be used to graph an inequality. The graph of 
y = x? — 2 is shown below. 


—4 


Use your graphing utility to graph each inequality given below. For specific 
keystrokes on how to graph inequalities and systems of inequalities, go to 
the text website at college.hmco.com/info/larsonapplied. 


ay<2x+2 by >5x2-4 cys xt -— 47°44 
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Consumer surplus 


Equilibrium 
point 


Supply 


Price 


Producer \ Demand 
surplus 


PX 


Number of units 


FIGURE 5.21 
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p 21.50 


Price per DVD (in dollars) 
i) 
wn 


10- p 8 #.0001x 
5 Producer surplus 
t t ipa 
50,000 150,000 
Number of DVDs 
FIGURE 5.22 


Applications 


Example 8 in Section 5.2 discussed the point of equilibrium for a demand 
function and a supply function. The next example discusses two related concepts 
that economists call consumer surplus and producer surplus. As shown in 
Figure 5.21, the consumer surplus is defined as the area of the region that lies 
below the demand graph, above the horizontal line passing through the 
equilibrium point, and to the right of the p-axis. Similarly, the producer surplus is 
defined as the area of the region that lies above the supply graph, below the 
horizontal line passing through the equilibrium point, and to the right of the 
p-axis. The consumer surplus is a measure of the amount that consumers would 
have been willing to pay above what they actually paid, whereas the producer 
surplus is a measure of the amount that producers would have been willing to 
receive below what they actually received. 


Consumer and Producer Surpluses ® 


The demand and supply equations for a DVD are given by 


p = 35 — 0.0001x Demand equation 
= 8+ 0.0001x Supply equation 


where p is the price (in dollars) and x represents the number of DVDs. Find the 
consumer surplus and producer surplus for these two equations. 


SOLUTION In Example 8 in Section 5.2, you saw that the point of equilibrium 
for these equations is 


(135,000, 21.50). 


So, the horizontal line passing through this point is p = 21.50. Now you can 
determine that the consumer surplus and producer surplus are the areas of the 
triangular regions given by the following systems of inequalities, respectively. 


Consumer Surplus Producer Surplus 
p < 35 — 0.0001x p = 8+ 0.0001x 
p = 21.50 p < 21.50 
x20 x20 


In Figure 5.22, you can see that the consumer and producer surpluses are defined 
as the areas of the shaded triangles. The base of the triangle representing the 
consumer surplus is 135,000 because the x-value of the point of equilibrium is 
135,000. To find the height of this triangle, subtract the p-value of the point of 
equilibrium, 21.50, from the p-intercept of the demand equation, 35, to obtain 
13.50. You can find the base and height of the triangle representing the producer 
surplus in a similar manner. 


Consumer surplus = 3(base)(height) = 3(135,000)(13.50) = 911,250 
Producer surplus = 3(base)(height) = 3(135,000)(13.50) = 911,250. 


/ CHECKPOINT 6 


In Example 6, suppose the supply equation is given by p = 9 + 0.0001x and 
the new point of equilibrium is (130,000, 22). Find the consumer surplus and 
producer surplus. © 
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Nutrition (R) 


The liquid portion of a diet requires at least 300 calories, 36 units of vitamin A, 
and 90 units of vitamin C daily. A cup of dietary drink X provides 60 calories, 12 
units of vitamin A, and 10 units of vitamin C. A cup of dietary drink Y 
provides 60 calories, 6 units of vitamin A, and 30 units of vitamin C. 


a. Set up a system of linear inequalities that describes how many cups of each 
drink should be consumed each day to meet or exceed the minimum daily 
requirements for calories and vitamins. 


b. A nutritionist normally gives a patient 6 cups of dietary drink X and 1| cup of 
dietary drink Y per day. Supplies on dietary drink X are running low. Use the 
graph of the system of linear inequalities to determine other combinations of 
drinks X and Y that can be given that will meet the minimum daily requirements. 


SOLUTION 


a. Begin by letting x represent the number of cups of drink X and letting y be the 
number of cups of drink Y. To meet or exceed the minimum daily require- 


Michael Keller/CORBIS ments, the following inequalities must be satisfied. 
60x + 60y = 300 Calories 
12x+ 6y= 36 Vitamin A 
10x + 30y = 90 Vitamin C 
> 
& x2 0 
2 y= 0 
2 The last two inequalities are included because x and y cannot be negative. The 
a graph of this system of inequalities is shown in Figure 5.23. (More is said 
S about this application in Example 5 in Section 5.5.) 
a b. From Figure 5.23, there are many different possible substitutions that the 
2 4 © B10 nutritionist can make. Because supplies are running low on dietary drink X, 
Cups of dietary drink X the nutritionist should choose a combination that contains a small amount of 
drink X. For instance, 1 cup of dietary drink X and 4 cups of dietary drink Y 
FIGURE 5.23 will also meet the minimum requirements. — 


/ CHECKPOINT 7 


In Example 7, should the nutritionist give a patient 4 cups of dietary drink X 
and | cup of dietary drink Y? Explain. © 


. How do solid lines and dashed lines differ in representing the solution set 
of the graph of an inequality? 


. When sketching the graph of y > x, does testing the point (1, 1) help you 


determine which region to shade? Explain. 


. Under what circumstances are the vertices of the graph of a solution set 
represented by open dots? 


. Can a system of inequalities have only one solution? Justify your answer. 
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Skills Review 5.4 


In Exercises 1-6, classify the graph of the equation as a line, a parabola, 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 2.1, 2.2, 
Sail, Sell, elavel S22, 


or a circle. 
i, ear = 3 2 y=x?-4 3.x27+y2=9 
4.y=—x?+1 5. 4x -—y=8 6. y? = 16 — x? 


In Exercises 7-10, solve the system of equations. 


Yo || eae By= 3 8. }2x — 3y = 4 
ase — Thy = 3) iar Sy = 2 
9. {x27+ y=5 OQ, [2 + x? = 13 
2x — 4y = 0 ea p= S 


Exercises 5.4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, match the inequality with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


In Exercises 7-22, sketch the graph of the inequality. 


TeX = 2 8.x < 4 
(b) y 9, y+ 2x7 > 0 10. y>-x<0 
ll. y>-l 12, y <3 
13.):< 2:—% 14. y>2x-4 
15. 2y-x24 16. 5x + 3y => -15 
i a 17. y < Inx 18. y=>—-Inx+1 
19.x°+y?<4 20. x2 + y2>4 
21. x? + (y — 2)? < 16 22. y-(x- 33 = 0 
(c) A (d) i 
In Exercises 23-44, graph the solution set of the system 
of inequalities. 
23. xty<2 24. a 
ie —x+ty<2 
y20 4 
25. |Jxt+y<5 26. |2x +y =2 
(e) y (f) y x =2 x <2 
La youles y20 yol 
ae 6+ | 27. (-3x + 2y < 6 28. { x —7y > —36 
be Poy | x+4y < -2 5xt2y> 5 
ye fia 4 ai = 
CSS 2 ae it Soe 2x+ y< 3 6x-—S5y> 6 
— | “6-4 FH 4 6 2. (2ty< 6 30. [2x2 +y>4 
a -4 xe —1 x <0 
y= O y<2 
2x + 3y < 6 2.26 S y= =2 
w-y<2 4.y<4- 7 


6. 3x4 + y < 6x? 


31. }2x+ y>2 32. [5x — 3y > —6 
6x + 3y <2 5x 3y <. —9 
33. |y => -3 34. |x —-y > 0 
y<1l-x ie 
35. |x + y? < 16 36. |x? + y? < 25 
r+ry< 1 ae 9 
37. |x > y? 38. |x < 2y-—y* 
x<yt+2 O< x + y 
39%. Jy < 3x41 40. Jy < /2x+ 3 
y>xt+1 y> x +3 
41. Jy <x -2x+1 42. |r? +y< 4 
y> —2x y= 2x 
x<l KE =I 
43. ly < e* 44. [y< eo"? 
y=Inx y20 
x>4 x>-l 
x<2 x <0 


In Exercises 45-50, write a system of inequalities that 
corresponds to the solution set shown in the graph. 


45. Rectangle 46. Parallelogram 


‘1, 6) (8, 6) | @,3)_ G53) 


(0, 0) + 1 4 


48. Triangle 


49. Sector of a circle 50. Sector of a circle 


y J 
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52. 


Consumer and Producer Surpluses 
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Furniture Production A furniture company produces 
tables and chairs. Each table requires 2 hours in the 
assembly center and 15 hours in the finishing center. Each 
chair requires 15 hours in the assembly center and 15 hours 
in the finishing center. The company’s assembly center is 
available 18 hours per day, and its finishing center is 
available 15 hours per day. Let x and y be the numbers of 
tables and chairs produced per day, respectively. (a) Find a 
system of inequalities describing all possible production 
levels, and (b) sketch the graph of the system. 


Kayak Inventory A store sells two models of kayaks. 
Because of the demand, it is necessary to stock at least 
twice as many units of model A as units of model B. The 
costs to the store for the two models are $00 and $00, 
respectively. The management does not want more than 
$0,000 in kayak inventory at any one time, and it wants 
at least six model A kayaks and three model B kayaks 
in inventory at all times. (a) Find a system of inequalities 
describing all possible inventory levels, and (b) sketch the 
graph of the system. 


In Exercises 53-56, 


find the consumer surplus and producer surplus for the 
pair of demand and supply equations. 


53. 
54. 
55. 
56. 


57. 


58. 


59. 


60. 


Demand 

p = 56 — 0.0001x 
p = 60 — 0.00001x 
p = 140 — 0.00002x 
p = 600 — 0.0002x 


Supply 

p = 22 + 0.00001x 
p = 15 + 0.00004x 
p = 80 + 0.00001x 
p = 125 + 0.0006x 


Think About It Under what circumstances are the 
consumer surplus and producer surplus equal for a pair of 
linear supply and demand equations? Explain. 


Think About It Under what circumstances is the 
consumer surplus greater than the producer surplus for a 
pair of linear supply and demand equations? Explain. 


Investment You plan to invest up to $0,000 in two 

different interest-bearing accounts. Each account is to 
contain at least 6000. Moreover, one account should 

have at least twice the amount that is in the other account. 
(a) Find a system of inequalities that describes the amounts 
that you can invest in each account, and (b) sketch the 
graph of the system. 


Concert Ticket Sales Two types of tickets are to be sold 
for a concert. One type costs $0 per ticket and the other 
type costs $0 per ticket. The promoter of the concert must 
sell at least 20,000 tickets, including at least 8000 of the $0 
tickets and at least 5000 of the $0 tickets. Moreover, the 
gross receipts must total at least $80,000 in order for 
the concert to be held. (a) Find a system of inequalities 
describing the different numbers of tickets that must be 
sold, and (b) sketch the graph of the system. 
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62. 


63. 


64. 


CHAPTER 5 


MAKE A DECISION: DIET SUPPLEMENT A dietitian 
designs a special diet supplement using two different foods. 
Each ounce of food X contains 20 units of calcium, 10 units 
of iron, and 15 units of vitamin B. Each ounce of food Y 
contains 15 units of calcium, 20 units of iron, and 20 units 
of vitamin B. The minimum daily requirements for the diet 
are 400 units of calcium, 250 units of iron, and 220 units of 
vitamin B. 
(a) Find a system of inequalities describing the different 
amounts of food X and food Y that the dietitian can use 
in the diet. 


(b) Sketch the graph of the system. 


(c) A nutritionist normally gives a patient 18 ounces of 
food X and 3.5 ounces of food Y per day. Supplies of 
food X are running low. What other combinations of 
foods X and Y can be given to the patient to meet the 
minimum daily requirements? 


MAKE A DECISION: DIET SUPPLEMENT A dietitian 
designs a special diet supplement using two different foods. 
Each ounce of food X contains 12 units of calcium, 10 units 
of iron, and 20 units of vitamin B. Each ounce of food Y 
contains 15 units of calcium, 20 units of iron, and 12 units 
of vitamin B. The minimum daily requirements for the diet 
are 300 units of calcium, 280 units of iron, and 300 units of 
vitamin B. 


(a) Find a system of inequalities describing the different 
amounts of food X and food Y that the dietitian can use 
in the diet. 


(b) Sketch the graph of the system. 


(c) A nutritionist normally gives a patient 10 ounces of food 
X and 12 ounces of food Y per day. Supplies of food Y 
are running low. What other combinations of foods X 
and Y can be given to the patient to meet the minimum 
daily requirements? 


Health A person’s maximum heart rate is 220 — x, 
where x is the person’s age in years for 20 < x < 70. 
When a person exercises, it is recommended that the 
person strive for a heart rate that is at least 50%f the 
maximum and at most 75%f the maximum. (Source: 
American Heart Association) 


(a) Write a system of inequalities that describes the 
exercise target heart rate region. Let y represent a 
person’s heart rate. 


(b) Sketch a graph of the region in part (a). 


(c) Find two solutions to the system and interpret their 
meanings in the context of the problem. 


Peregrine Falcons The numbers of nesting pairs y of 
peregrine falcons in Yellowstone National Park from 2001 
to 2005 can be approximated by the linear model 


Systems of Equations and Inequalities 


y=34t+ 13, 1<st<5 


where f represents the year, with t = 1 corresponding to 
2001. (Source: Yellowstone Bird Report 2005) 


o) (a) The total number of nesting pairs during this five-year 


65. 


period can be approximated by finding the area of the 
trapezoid represented by the following system. 


y < 3.4t+ 13 
y20 
t20.5 
t<5.5 
Graph this region using a graphing utility. 
(b) Use the formula for the area of a trapezoid to approxi- 


mate the total number of nesting pairs. 


Computers The sales y (in billions of dollars) for 
Dell Inc. from 1996 to 2005 can be approximated by the 
linear model 


y = 5.07t — 22.4, 6<1¢< 15 


where ¢ represents the year, with tf = 6 corresponding to 
1996. (Source: Dell Inc.) 


©) (a) The total sales during this ten-year period can be approx- 


66. 


67. 


68. 


69. 


imated by finding the area of the trapezoid represented 
by the following system. 


y < 5.07t — 22.4 
yz=0 

t=5.5 

t< 15.5 


Graph this region using a graphing utility. 
(b) Use the formula for the area of a trapezoid to approxi- 


mate the total sales. 


Write a system of inequalities whose graphed solution set 
is a right triangle. 


Write a system of inequalities whose graphed solution set 
is an isosceles triangle. 


Writing Explain the difference between the graphs of 
the inequality x < 4 on the real number line and on the 
rectangular coordinate system. 


Graphical Reasoning Two concentric circles have 
radii x and y, where y > x. The area between the circles 
must be at least 10 square units. 


(a) Find a system of inequalities describing the constraints 
on the circles. 


@ (b) Use a graphing utility to graph the system of inequali- 


ties in part (a). Graph the line y = x in the same 
viewing window. 
(c) Identify the graph of the line in relation to the bound- 


ary of the inequality. Explain its meaning in the context 
of the problem. 


Linear 
Programming 


SECTION 5.5 Linear Programming 451 


@ Use linear programming to minimize or maximize an objective function. 
m@ Use linear programming to optimize an application. 


Linear Programming: A Graphical Approach 


Many applications in business and economics involve a process called 
optimization, in which you are asked to find the minimum cost, the maximum 
profit, or the minimum use of resources. In this section you will study an 
optimization strategy called linear programming. 

A two-dimensional linear programming problem consists of a linear 
objective function and a system of linear inequalities called constraints. The 
objective function gives the quantity that is to be maximized (or minimized), and 
the constraints determine the set of feasible solutions. For example, consider a 
linear programming problem in which you are asked to maximize the value of 


Z=ax + by Objective function 


subject to a set of constraints that determines the region in Figure 5.24. Because 
every point in the region satisfies each constraint, it is not clear how you should 
go about finding the point that yields a maximum value of z Fortunately, it can 
be shown that if there is an optimal solution, it must occur at one of the vertices 
of the region. This means that you can find the maximum value by testing z at 
each of the vertices. 


Se 


Feasible solutions 


FIGURE 5.24 


Optimal Solution of a Linear Programming Problem 
If a linear programming problem has a solution, it must occur at a vertex of 
the set of feasible solutions. If the problem has more than one solution, then 


at least one solution must occur at a vertex of the set of feasible solutions. 
In either case, the value of the objective function is unique. 


The process for solving a linear programming problem in two variables is shown 
in Example | on the next page. 
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Systems of Equations and Inequalities 


Solving a Linear Programming Problem 


Find the maximum value of 
Objective function 


z= 3x + 2y 


subject to the following constraints. 


x2>0 

ye : Constraints 
x+2y<4 
x- ysl 


SOLUTION The constraints form the region shown in Figure 5.25. At the four 
vertices of this region, the objective function has the following values. 


At (0, 0): z = 3(0) + 2(0) = 
At (1,0): z = 3(1) + 2(0) 
At (2, 1): z = 3(2) + 201) = 8 
At (0, 2): z = 3(0) + 2(2) 


Maximum value of z 


So, the maximum value of z is 8, which occurs when x = 2 and y = 1. 


/ CHECKPOINT 1 


Find the maximum value of 
z= 2x + 3y 
subject to the following constraints. 


x20 

y=0 
xty<3 
x-—ys2) © 


In Example 1, try testing some of the interior points of the region. You will 
see that the corresponding values of z are less than 8. Here are some examples. 


At (1, 1): z = 3(1) + 2(1) =5 
at(i3): <= 30) +20) =4 


To see why the maximum value of the objective function in Example | must 
occur at a vertex, consider writing the objective function in slope-intercept form 
3 


Zz 
— + =. 
oe 


Family of lines 


where z/2 is the y-intercept of the objective function. This equation represents a 
family of lines, each of slope — 2 Of these infinitely many lines, you want the one 
that has the largest z-value while still intersecting the region determined by 
the constraints. In other words, of all the lines whose slope is 3, you want the 
one that has the largest y-intercept and intersects the given region, as shown in 
Figure 5.26. It should be clear that such a line will pass through one (or more) of 


the vertices of the region. 


STUDY TIP 


Remember that a vertex of a 
region can be found using a 
system of linear equations. 
The system will consist of the 
equations of the lines passing 
through the vertex. 


FIGURE 5.27 


STUDY TIP 


The steps used to find the 
minimum and maximum values 
of an objective function are 
precisely the same. In other 
words, once you have evaluated 
the objective function at the 
vertices of the set of feasible 
solutions, you simply choose 
the largest value as the 
maximum and the smallest 
value as the minimum. 
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Solving a Linear Programming Problem 


To solve a linear programming problem involving two variables by the 
graphical method, use the following steps. 


1. Sketch the region corresponding to the system of constraints. 
2. Find the vertices of the region. 


3. Test the objective function at each of the vertices and select the values of 
the variables that optimize the objective function. For a bounded region, 
both a minimum and a maximum value will exist. (For an unbounded 
region, if an optimal solution exists, it will occur at a vertex.) 


The guidelines above will work whether the objective function is to be 
maximized or minimized. For instance, the same test used in Example | to find 
the maximum value of z can be used to conclude that the minimum value of z is 
0 and that this value occurs at the vertex (0, 0). 


Solving a Linear Programming Problem 


Find (a) the maximum value and (b) the minimum value of 
z= 4x + 6y Objective function 
subject to the following constraints. 


x= 0 

y= 0 
=x yes 11 Constraints 
x+ ys27 
2x + Sy < 90 


SOLUTION 


a. The region bounded by the constraints is shown in Figure 5.27. By testing the 
objective function at each vertex, you obtain the following. 


At (0,0): z=4(0) +6(0) = 0 
At (0,11): z=4(0) + 6(11)= 66 
At (5,16): z= 4(5) + 6(16) = 116 
At (15, 12): z = 4(15) + 6(12) = 132 Maximum value of z 
At (27,0): z= 4(27) + 6(0) = 108 


So, the maximum value of z is 132, which occurs when x = 15 and y = 12. 


b. Using the values of z at the vertices in part (a), you can conclude that the 
minimum value of z is 0, and that this value occurs when x = 0 and y = 0. 


/ CHECKPOINT 2 


Find (a) the maximum value and (b) the minimum value of z = 5x + 2y subject 
to the same constraints as in Example 2. © 
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ai z a2 for 
(0,4) (2,4) any point along 
this line. 


FIGURE 5.28 


1+ 


3 
FIGURE 5.29 


It is possible for the maximum (or minimum) value in a linear programming 
problem to occur at two different vertices. For instance, at the vertices of the 
region shown in Figure 5.28, the objective function 


z=2x4+2y Objective function 
has the following values. 

At (0, 0): z = 2(0) + 2(0) = 

At (0,4): z = 2(0) + 2(4) = 

At (2, 4): z = 2(2) + 2(4) = 

At (5, 1): z = 2(5) + 2(1) = 

At (5, 0): z = 2(5) + 2(0) = 10 


12 Maximum value of z 


12 Maximum value of z 


In this case, you can conclude that the objective function has a maximum value 
not only at the vertices (2, 4) and (5, 1); it also has a maximum value (of 12) 
at any point on the line segment connecting these two vertices. Note that the 
objective function y = —x + bz has the same slope as the line through the 
vertices (2, 4) and (5, 1). 

Some linear programming problems have no optimal solution. This can occur 
if the region determined by the constraints is unbounded. Example 3 illustrates 
such a problem. 


An Unbounded Region 


Find the maximum value of 
z= 4x4 2y Objective function 


where x = 0 and y = 0, subject to the following constraints. 


x+2y24 
3x + y=7 Constraints 
—x+2y<7 


SOLUTION The region determined by the constraints is shown in Figure 5.29. 
For this unbounded region, there is no maximum value of z. To see this, note that 
the point (x, 0) lies in the region for all values of x = 4. By choosing x to be large, 
you can obtain values of 


z= A(x) + 2(0) = 4x 


that are as large as you want. So, there is no maximum value of z. For this 
problem, there is a minimum value of z, z = 10, which occurs at the vertex (2, 1), 
as shown below. 


At (1,4): z = 4(1) + 2(4) = 12 
At (2, 1): z = 4(2) + 2(1) = 10 Minimum value of z 
At (4, 0): z = 4(4) + 2(0) = 


CHECKPOINT 3 


Find the maximum value of the objective function z = x + 8y where x = O and 
y = 0, subject to the same constraints as in Example 3. © 


(800, 400) 


Units of product II 


(0, 0) 200 600 1,000 
Units of product I 


FIGURE 5.30 
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Applications 


Example 4 shows how linear programming can be used to find the maximum 
profit in a business application. 


Optimal Profit ® 


A manufacturer wants to maximize the profit for two laboratory products. 
Product I yields a profit of $.50 per unit, and product II yields a profit of 
3.00 per unit. Market tests and available resources have indicated the following 
constraints. 


1. The combined production level should not exceed 1200 units per month. 
2. The demand for product II is no more than half the demand for product I. 


3. The production level of product I is less than or equal to 600 units plus three 
times the production level of product II. 


What is the optimal production level for each product? 


SOLUTION Let x be the number of units of product I and let y be the number of 
units of product I. The objective function (for the combined profit) is given by 


P= 15x + 2y. Objective function 
The three constraints translate into the following linear inequalities. 
1. x + y < 1200 => <x+ y< 1200 
2. ys 5x => —-x+2y< 0 
3. x<3y+600 [> x-3y< 600 


Because neither x nor y can be negative, you also have the two additional 
constraints of x = 0 and y = 0. Figure 5.30 shows the region determined by the 
constraints. To find the maximum profit, test the value of P at each vertex of 
the region. 


At (0, 0): 1.5(0) +20) = O 
At (800, 400): P = 1.5(800) + 2(400) = 2000 Maximum profit 
At (1050, 150): P = 1.5(1050) + 2(150) = 1875 
At (600, 0): = 1.5(600) +2(0) = 900 


So, the maximum profit is 3000, and it occurs when the monthly production 
levels are 800 units of product I and 400 units of product IT. 


/ CHECKPOINT 4 


In Example 4, suppose the manufacturer improved the production of product I 
so that it yielded a profit of $.50 per unit. How would this improvement affect 
the optimal number of units the manufacturer should sell in order to obtain a 
maximum profit? © 


Example 5 shows how linear programming can be used to find the optimal 
cost in a real-life application. 
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FIGURE 5.31 


/ CHECKPOINT 5 


In Example 5, suppose a cup of 
dietary drink Y costs 9.11. How 
would this affect the number of 
cups of each drink that should be 
consumed each day to obtain an 
optimal cost and still meet the 
daily requirements? 


Example 5 
MAP e xe Optimal Cost (R) 


The liquid portion of a diet requires at least 300 calories, 36 units of vitamin A, 
and 90 units of vitamin C daily. A cup of dietary drink X costs §.12 and provides 
60 calories, 12 units of vitamin A, and 10 units of vitamin C. A cup of dietary 
drink Y costs §.15 and provides 60 calories, 6 units of vitamin A, and 30 units 
of vitamin C. How many cups of each drink should be consumed each day to 
obtain an optimal cost and still meet the daily requirements? 


SOLUTION As in Example 7 on page 447, let x be the number of cups of dietary 
drink X and let y be the number of cups of dietary drink Y. 


For calories: 60x + 60y = 300 
For vitamin A: 12x+ 6y= 36 


For vitamin C: 10x + 30y = 90 Constraints 
x= 0 
y= 0 
The cost C is given by 
C = 0.12x + 0.15y. Objective function 


The graph of the region corresponding to the constraints is shown in Figure 5.31. 
Because you want to incur as little cost as possible, you want to determine the 
minimum cost. To determine the minimum cost, test C at each vertex of the 
region, as follows. 


At (0, 6): C = 0.12(0) + 0.15(6) = 0.90 
At (1,4): C = 0.12(1) + 0.15(4) = 0.72 
At (3, 2): C = 0.12(3) + 0.15(2) = 0.66 Minimum value of C 
At (9,0): C = 0.12(9) + 0.15(0) = 1.08 


So, the minimum cost is 9.66 per day, and this cost occurs when 3 cups of 
drink X and 2 cups of drink Y are consumed each day. 


. Does every linear programming problem have an optimal solution? 
Explain. 


. Can a linear programming problem have a maximum value but no 
minimum value? Explain. 


. Can a linear programming problem have a minimum value at two vertices 
and a maximum value at two vertices? Justify your answer. 


. Suppose that a linear programming problem has a minimum value of 
a and a maximum value of b. Write an interval for the value of the 
objective function at any point in the interior of the region determined 
by the constraints. Explain your reasoning. 
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Skills Revi 5.5 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
11s Neview v. these skills in the exercise set for this section. For additional help, review Section 2.2, 5.1, and 5.4. 


In Exercises 1-4, sketch the graph of the linear equation. 


il Sy ae ae = 3 ny = 2 = 12) 
3.x=0 4.y=4 


In Exercises 5-8, find the point of intersection of the two lines. 


5.x+y=4 6. x + 2y = 12 
w= O y= 

7Ixty=4 oh apse Dy = 112 
2x + 3y =9 Dear yy = % 


In Exercises 9 and 10, sketch the graph of the inequality. 
9, 2x + 3y = 18 
10. 4x + 3y = 12 


Exercises 55 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, find the minimum and maximum 5. Objective function: 6. Objective function: 
values of the objective function and where they occur, 


; ae ; : z= 3x + 2y z= 5x + 4y 
subject to the indicated constraints. (For each exercise, ; 
the graph of the region determined by the constraints Constraints: Constraints: 
is provided.) 
1. Objective function: 2. Objective function: 
z= 6x + 5y z= 2x + 8y 
Constraints: Constraints: 
x >0 x20 
y20 y20 
xt+y<6 2aty<4 


7. Objective function: 8. Objective function: 
pe ot z= 5x + 0.5y z=xt 6y 
3. Objective function: 4. Objective function: Constraints: Constraints: 
z= 8x4 7Ty z= 7x + 3y See Exercise 5. See Exercise 6. 


Constraints: Constraints: 


See Exercise 1. See Exercise 2. 
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In Exercises 9-20, sketch the region determined 
by the constraints. Then find the minimum and 
maximum values of the objective function and where 
they occur, subject to the indicated constraints. 


9. 10. 


11. 


13. 


15. 


17. 


19. 


Objective function: 
z= 6x + 10y 


Constraints: 


IV 


x 


IV 


y 
3x oy S 15 
Objective function: 
z= 9x + 4y 
Constraints: 
See Exercise 9. 
Objective function: 
z= 4x + 5y 


Constraints: 


IV 


x 


IV 


y 
x+y 
3x + 5y = 30 


Objective function: 


IV 


IV 


zZ=2x + Ty 
Constraints: 
See Exercise 13. 
Objective function: 
Z=xt2y 


Constraints: 


x2 

Vie 
x + 2y < 40 
x+ ys 30 
2x + 3y < 65 


Objective function: 
Z=xty 
Constraints: 


See Exercise 17. 
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12. 


14. 


16. 


18. 


20. 


Objective function: 


z= 7x + 8y 
Constraints: 


x>0 


IV 


y 
eae Dy 


IA 


Objective function: 


z= 7x + 2y 
Constraints: 


See Exercise 10. 


Objective function: 


z= 4x + Sy 
Constraints: 


x>0 


Objective function: 


z=2x-y 
Constraints: 


See Exercise 14. 


Objective function: 


Z=xXx 


Constraints: 


ta 
IV 


< 
IV 


2x + 3y 


lA 


60 
28 
48 


lA 


2x+ y 


IA 


4x+ y 


Objective function: 


zZ=y 
Constraints: 


See Exercise 18. 


In Exercises 21-24, maximize the objective function 
subject to the constraints 3x + y < 15, 4x + 3y < 30, 
x20, andy=0. 


21. z=2x+y 
23. z = 4x + 3y 


22. 2=5xt+y 
24, 2=3x+y 


In Exercises 25-28, maximize the objective function 
subject to the constraints x + 4y < 20, x+y<8, 
3x + 2y < 21,x 20, andy20. 


25. z = 2x + Sy 26. 
12x + 5y 


3x + Sy 
15x + 8y 


N 
ll 


iS 
x 
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Think About It In Exercises 29-36, find an objective 
function that has a maximum or minimum value at the 
indicated vertex of the constraint region shown. 
(There are many correct answers.) 


A(O, 5) 


4- 
3-4 
2-4 
1-4 

——_| 

-1+ 


29. The maximum occurs at vertex A. 
30. The maximum occurs at vertex B. 
31. The minimum occurs at vertex C. 
32. The minimum occurs at vertex D. 
33. The maximum occurs at vertices A and B. 
34. The maximum occurs at vertices B and C. 
35. The minimum occurs at vertices A and D. 


36. The minimum occurs at vertices C and D. 


37. Optimal Profit A fruit grower raises crops A and B. 
The profit is $85 per acre for crop A and $45 per acre 
for crop B. Research and available resources indicate the 
following constraints. 


¢The fruit grower has 150 acres of land for raising the 
crops. 

elt takes 1 day to trim an acre of crop A and 2 days to 
trim an acre of crop B, and there are 240 days per year 
available for trimming. 

eIt takes 0.3 day to pick an acre of crop A and 0.1 day to 
pick an acre of crop B, and there are 30 days per year 
available for picking. 


What is the optimal acreage for each fruit? What is the opti- 
mal profit? 


38. 


39. 


40. 


41. 


Optimal Profit The costs to a store for two models of 
Global Positioning System (GPS) receivers are 80 and 
$00. The 80 model yields a profit of $5 and the $00 
model yields a profit of $0. Market tests and available 
resources indicate the following constraints. 


¢The merchant estimates that the total monthly demand 
will not exceed 200 units. 


¢The merchant does not want to invest more than $8,000 
in GPS receiver inventory. 


What is the optimal inventory level for each model? 
What is the optimal profit? 


Optimal Cost A farming cooperative mixes two brands 
of cattle feed. Brand X costs $0 per bag, and brand Y 
costs $5 per bag. Research and available resources have 
indicated the following constraints. 


¢Brand X contains two units of nutritional element A, two 
units of element B, and two units of element C. 

eBrand Y contains one unit of nutritional element 
A, nine units of element B, and three units of 
element C. 

¢ The minimum requirements for nutrients A, B, and C are 
12 units, 36 units, and 24 units, respectively. 


What is the optimal number of bags of each brand that 
should be mixed? What is the optimal cost? 


Optimal Cost A humanitarian agency can use two 
models of vehicles for a refugee rescue mission. Each 
model A vehicle costs $000 and each model B vehicle 

costs $500. Mission strategies and objectives indicate the 

following constraints. 


«A total of at least 20 vehicles must be used. 

eA model A vehicle can hold 45 boxes of supplies. A 
model B vehicle can hold 30 boxes of supplies. The 
agency must deliver at least 690 boxes of supplies to the 
refugee camp. 

«A model A vehicle can hold 20 refugees. A model B 
vehicle can hold 32 refugees. The agency must rescue at 
least 520 refugees. 


What is the optimal number of vehicles of each model that 
should be used? What is the optimal cost? 


Optimal Profit A manufacturer produces two models 
of bicycles. The times (in hours) required for assembling, 
painting, and packaging each model are shown in the table. 


Process Model A Model B 
Assembling 2 2.5 
Painting 4 1 
Packaging 1 0.75 


42. 


43. 


44. 


45. 
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The total times available for assembling, painting, and 
packaging are 4000 hours, 4800 hours, and 1500 hours, 
respectively. The profits per unit are $0 for model A and 
$5 for model B. What is the optimal production level for 


each model? What is the optimal profit? 


Optimal Profit A company makes two models of 
doghouses. The times (in hours) required for assembling, 
painting, and packaging are shown in the table. 


Process Model A Model B 
Assembling 2.5 3 
Painting 2: 1 
Packaging 0.75 1.25 


The total times available for assembling, painting, and 
packaging are 4000 hours, 2500 hours, and 1500 hours, 
respectively. The profits per unit are 60 for model A and 
$5 for model B. What is the optimal production level for 
each model? What is the optimal profit? 


Optimal Revenue An accounting firm charges $500 for 
an audit and $50 for a tax return. Research and available 
resources have indicated the following constraints. 


¢ The firm has 900 hours of staff time available each week. 

¢The firm has 155 hours of review time available each 
week. 

¢Each audit requires 75 hours of staff time and 10 hours of 
review time. 

¢ Each tax return requires 12.5 hours of staff time and 2.5 
hours of review time. 


What numbers of audits and tax returns will bring in an 
optimal revenue? 


Optimal Revenue The accounting firm in Exercise 43 
lowers its charge for an audit to 3000. What numbers of 
audits and tax returns will bring in an optimal revenue? 


Media Selection A company has budgeted a maximum 
of $,000,000 for national advertising of an allergy 
medication. Each minute of television time costs $00,000 
and each one-page newspaper ad costs $0,000. Each 
television ad is expected to be viewed by 20 million 
viewers, and each newspaper ad is expected to be seen by 
5 million readers. The company’s market research depart- 
ment recommends that at most 80%f the advertising 
budget be spent on television ads. What is the optimal 
amount that should be spent on each type of ad? What is the 
optimal total audience? 
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46. 


47. 


48. 


49. 


50. 
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Optimal Profit A fruit juice company makes two drinks 
by blending apple and pineapple juices. The percents of 
apple juice and pineapple juice in each drink are shown in 
the table. 


Mixture Drink A | Drink B 
Apple juice 30% 60% 
Pineapple juice 710% 40% 


There are 1000 liters of apple juice and 1500 liters of 
pineapple juice available. The profit for drink A is 8.70 
per liter and the profit for drink B is 8.60 per liter. What is 
the optimal production level for each type of drink? What 
is the optimal profit? 


Investments An investor has up to $50,000 to invest 
in two types of investments. Type A investments pay 
7%annually and type B pay 12%nnually. To have a 
well-balanced portfolio, the investor imposes the following 
conditions. At least one-fourth of the total portfolio is to be 
allocated to type A investments and at least one-fourth is to 
be allocated to type B investments. What is the optimal 
amount that should be invested in each type of investment? 
What is the optimal return? 


Investments An investor has up to $50,000 to invest 
in two types of investments. Type A investments pay 
8%annually and type B pay 14%nnually. To have a 
well-balanced portfolio, the investor imposes the following 
conditions. At least one-half of the total portfolio is to be 
allocated to type A investments and at least one-fourth is to 
be allocated to type B investments. What is the optimal 
amount that should be invested in each type of investment? 
What is the optimal return? 


Optimal Profit A company makes two models of a 
patio furniture set. The times for assembling, finishing, and 
packaging model A are 3 hours, 2.5 hours, and 0.6 hour, 
respectively. The times for model B are 2.75 hours, 1 hour, 
and 1.25 hours. The total times available for assembling, 
finishing, and packaging are 3000 hours, 2400 hours, and 
1200 hours, respectively. The profit per unit for model A is 
$00 and the profit per unit for model B is 85. What is the 
optimal production level for each model? What is the 
optimal profit? 


Optimal Profit A manufacturer produces two models of 
elliptical cross-training exercise machines. The times for 
assembling, finishing, and packaging model A are 3 hours, 
3 hours, and 0.8 hour, respectively. The times for model B 
are 4 hours, 2.5 hours, and 0.4 hour. The total times avail- 
able for assembling, finishing, and packaging are 6000 
hours, 4200 hours, and 950 hours, respectively. The profits 
per unit are $00 for model A and $75 for model B. What 

is the optimal production level for each model? What is the 
optimal profit? 


Systems of Equations and Inequalities 


In Exercises 51-56, the given linear programming 
problem has an unusual characteristic. Sketch a graph 
of the solution region for the problem and describe 
the unusual characteristic. Find the maximum value of 
the objective function and where it occurs. 


51. 


53. 


55. 


57. 


58. 


59. 


Objective function: 52. Objective function: 
z=25x+y z=xty 
Constraints: Constraints: 
x2 x>0 
y= y20 
3x + Sy < 15 -x+ y<l 
5x + 2y < 10 —-x+2y<4 
Objective function: 54. Objective function: 
Z=-x+2y Z=xty 
Constraints: Constraints: 
x= 0 x20 
y= 0 y20 
x < 10 =x ys 
xty< 7 =3x + y 23 
Objective function: 56. Objective function: 
z= 3x + 4y zZ=xt2y 
Constraints: Constraints: 
x20 x20 
y20 y20 
eae ys 1 x+2y<4 
2ax+y<4 2x+ y<s4 
Reasoning An objective function has a maximum value 


at the vertices (0, 14) and (3, 8). 


(a) Can you conclude that it also has a maximum value at 
the point (1, 12)? Explain. 


(b) Can you conclude that it also has a maximum value at 
the point (4, 6)? Explain. 


(c) Find another point that maximizes the objective 
function. 


Reasoning An objective function has a minimum value 
at the vertex (20,0). Can you conclude that it also has a 
minimum value at the point (0, 0)? Explain. 


Reasoning When solving a linear programming 
problem, you find that the objective function has a maxi- 
mum value at more than one vertex. Can you assume that 
there are an infinite number of points that will produce the 
maximum value? Explain your reasoning. 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 462. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 5.1 Review Exercises 

m Solve a system of equations by the method of substitution. 1-6 

m Solve a system of equations graphically. To by U2 

= Construct and use a system of equations to solve an application problem. 9-12 

Section 5.2 

m Solve a linear system by the method of elimination. 13-20, 41 

a Interpret the solution of a linear system graphically. PSL, a2 

= Construct and use a linear system to solve an application problem. 23-26 

Section 5.3 

m Solve a linear system in row-echelon form using back-substitution. Df, ARs} 

a Use Gaussian elimination to solve a linear system. 29, 30, 33, 34 

m Solve a nonsquare linear system. Sih, 3 

= Construct and use a linear system in three or more variables to solve an 39, 40, 43 
application problem. 

a Find the equation of a circle or a parabola using a linear system in three 35-38, 42 
or more variables. 

Section 5.4 

a Sketch the graph of an inequality in two variables. 44-49 

m Solve a system of inequalities. 50-57 

= Construct and use a system of inequalities to solve an application problem. 58-63 

Section 5.5 

a Use linear programming to minimize or maximize an objective function. 64-71 

a Use linear programming to optimize an application. 72-76 

Study Strategies 


a Units of Variables in Applied Problems When using systems of equations to solve real-life applications, be sure to 
keep track of the unit(s) assigned to each variable. This will allow you to write correctly each equation of the system based 
on the constraints given in the application. 


*Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/larsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 
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Review Exercises 


Systems of Equations and Inequalities 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, solve the system by the method of 
substitution. 


1. | x+3y= 10 a 
4x — 5y = —28 4x + 3y — 26=0 
a ee 4, [1.3x+0.9y = 7.5 
a y= 6 0.4x — 0.5y = —0.8 
§, |x + y? = 100 
x +2y = 20 


6. [y x8 — 2x? — 2x — 3 
y=-xvr+4x —3 


® In Exercises 7 and 8, use a graphing utility to find the 


point(s) of intersection of the graphs. 


ca x — 3x4 11 a ag 


y=-x*+2x+ 8 y=e+1 


9. Break-Even Analysis You invest $000 in a greenhouse. 
The planter, potting soil, and seed for each plant costs 6.43 
and the selling price is $2.68. How many plants must you 
sell to break even? 


10. Break-Even Analysis You are setting up a basket- 
weaving business and have made an initial investment of 
$0,000. The cost of each basket is $.25 and the selling 
price is 6.95. How many baskets must you sell to break 
even? (Round to the nearest whole unit.) 

11. Choice of Newscasts Television Stations A and B are 
competing for the 6 P.M. newscast audience. Station A is 
implementing a new newscast format for the 6 P.M. audi- 
ence. Models that represent the numbers of 6 P.M. viewers 
each month for the two stations are given by 


y=  950x + 10,000 
y = —875x + 18,000 


Station A (new format) 
Station B 


where y is the number of viewers and x represents the 
month, with x = 1 corresponding to the first month of the 
new format. Use the models to estimate when the number 
of viewers for Station A’s 6 P.M. newscast will exceed the 
number of viewers for Station B’s 6 P.M. newscast. 


©) 12. Comparing Populations From 2000 to 2005, the 


population of Vermont grew more slowly than that of 
Alaska. Models that represent the populations of the two 
states are given by 


(? = 7.1t + 626 Alaska 


P =2.8t + 610 


where P is the population (in thousands) and f represents 
the year, with tf = 0 corresponding to 2000. Use a graphing 
utility to determine whether the population of Vermont will 
exceed that of Alaska. (Source: U.S. Census Bureau) 


Vermont 


In Exercises 13-20, solve the system by elimination. 
13. ee 38u+ Sv= 9 


3x + y= 4 12u + 10v = 22 
15. |4x — 3y = 10 16. }3x + 4y = 18 

8x — 6y = 20 6x + 8y = 18 
17. |1.25x — 2y = 3.5 18. J1.5x+ 25y= 85 

5x — 8y = 14 6x + 10y = 24 

HH 2 VAS = 30,20 _ 

lg Eg = 20. J5x + ay = 10 
2x-y=7 x + 2y = 38 


In Exercises 21 and 22, describe the graph of the 
solution of the linear system. 


21. j2x+ y=-1 22. 
3x —2y = —-5 


x—-—2y=-1 
—2x+4y= 2 


23. Acid Mixture Twelve gallons of a 25%cid solution is 
obtained by mixing a 10%olution with a 50%olution. 


o) (a) Write a system of equations that represents the problem 
and use a graphing utility to graph the equations in the 
same viewing window. 

(b) How much of each solution is required to obtain the 
specified concentration of the final mixture? 


24. Acid Mixture Twenty gallons of a 30%cid solution is 
obtained by mixing a 12%olution with a 60%olution. 


©) (a) Write a system of equations that represents the problem 
and use a graphing utility to graph the equations in the 
same viewing window. 


(b) How much of each solution is required to obtain the 
specified concentration of the final mixture? 


Supply and Demand In Exercises 25 and 26, find the 
point of equilibrium for the pair of demand and 
supply equations. 


Demand 
25. p = 37 — 0.0002x 
26. p = 120 — 0.0001x 


Supply 
p = 22 + 0.00001x 
p = 45 + 0.0002x 


In Exercises 27-34, solve the system of equations. 
27. |4x — 3y + 2z= 1 28. |2x +y—4z= 6 
2y — 42 =2 3y+ z= 2 
Z=2 z=-4 
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29. [2x + y 6 30. f x+3y- 2=13 40. Investment You receive 8580 a year in simple annual 
x-4y-z=3 wx —~§2=23 interest from three investments. The interest rates for the 
| x y 4 4x-— y-22= 4 three investments are 6%8%and 10% he value of the 
10%vestment is two times that of the 6%&vestment, and 
31. | x y z= 10 32. (3 — Ly + 7z = 16 the 8%vestment is $000 more than the 6%vestment. 
2x + 3y + 4z = 22 3x— Ty+4z= 9 What is the amount of each investment? 
33. |2x + by —z= 1 41. Fitting aLine to Data Find the least squares regression 
x-—3y+z=2 line y = ax + b for the points (0, 1.6), (1, 2.4), (2, 3.6), 
3x + By =6 (3, 4.7), and (4, 5.5) by solving the following system of 
34 eS y ee yp 8 linear equations for a and b. 
4y+52-2w= 3 | 5b + 10a = 17.8 
2x +3y- z S29 10b + 30a = 45.7 
3x + 2y — 4w = —20 42. Fitting a Parabola to Data Find the least squares 
regression parabola y = ax* + bx + c for the points 
In Exercises 35 and 36, find the equation of the (—2, 0.4), (—1, 0.9), (0, 1.9), (1, 2.1), and (2, 3.8) 
parabola y = ax? + bx +c that passes through the 
points. by solving the following system of linear equations for a, b, 
and c. 
35. 
Se + 10a= 9.1 
10b = 80 
10c + 34a = 19.8 


Corporation) 
In Exercises 37 and 38, find the equation of the circle 


x? + y+ Dx + Ey +F=0 that passes through the Year, t | Revenue, y 
points. g : 
37. y -1 14.9 
31 22) 0 15.4 
x 1 ilgeaat 
2 19.1 
3 20.5 


x ® 43. Revenue The revenues y (in billions of dollars) for 
McDonald’s Corporation for the years 2001 to 2005 are 
shown in the table, where ¢ represents the year, with 
t= 0 corresponding to 2002. (Source: McDonald’s 


(a) Use a graphing utility to create a scatter plot of the data. 


39. Investment Portfolio An investor allocates a portfolio 
totaling $00,000 among the following types of invest- 
ments: (1) certificates of deposit, (2) municipal bonds, (3) 
blue-chip stocks, and (4) growth or speculative stocks. The es + Sa= 87.0 
certificates of deposit pay 5%imple annual interest, and 5b + 15a = 101.9 
the municipal bonds pay 8%imple annual interest. Over a 
five-year period, the investor expects the blue-chip stocks 
to return 10%imple annual interest and the growth stocks 
to return 15%imple annual interest. The investor wishes a 


squares regression line y = at + b for the data. 


the data. 


combined return of 9.45%nd also wants to have only Se Sb + ISa = 87.0 
two-fifths of the portfolio invested in stocks. How much Se + 15b + 35a = 101.9 
should the investor allocate to each type of investment if 5c + 35b + 99a = 292.9 


the amount invested in certificates of deposit is twice that 
invested in municipal bonds? 


(b) Solve the following system for a and b to find the least 


(c) Solve the following system for a, b, and c to find the 
least squares regression parabola y = at + bt + c for 
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(d) Use the regression feature of a graphing utility to find 
linear and quadratic models for the data. Compare them 
with the least squares regression models found in parts 
(b) and (c). 


(e) Use a graphing utility to graph the linear and quadratic 
models. Use the models to predict the revenues in 2006 
and 2007. Compare the predictions for each year. 


In Exercises 44—49, sketch the graph of the inequality. 


44.x>-4 45. y <5 

46. y <5 —5x 47, 3y —x>7 
= 2 = 

48. y-—4x° > -1 49. VS a4 


In Exercises 50-57, graph the solution set of the system 
of inequalities. 


50. |} 2x + 3y < 9 51. |2x -y> 6 
x >0 x< 5 
y>0 ye =2 

52. |}3x -—y> —4 53. |} x t+y>4 

20 y > = 1 3x +y < 10 
Ix+ty< 4 x-ys0 

54. Pty <9 55. rP+ys<4 

rsSxe2< —-2x° + 2<y 

56. |Inx<  y 57. Inx= y 

y>=1 =4 er yo SZ 
x< 4 x> 2 


In Exercises 58 and 59, write a system of inequalities 
that corresponds to the solution set that is shown in 
the graph. 


58. Parallelogram 


Systems of Equations and Inequalities 


Consumer and Producer Surpluses In Exercises 60 
and 61, find the consumer surplus and producer 
surplus for the pair of demand and supply equations. 


Demand 
60. p = 160 — 0.0001x 
61. p = 130 — 0.0002x 


Supply 
p = 70 + 0.0002x 
p = 30 + 0.0003x 


62. Movie Player Inventory A store sells two models of 
Blu-ray DiscMayers (BDPs). Because of the demand, it 
is necessary to stock at least twice as many units of model 
Y as units of model Z. The costs to the store for the two 
models are 300 and $00, respectively. The management 
does not want more than $000 in BDP inventory at any 
one time, and it wants at least four model Y BDPs and two 
model Z BDPs in inventory at all times. Find a system of 
inequalities that describes all possible inventory levels. 
Sketch the graph of the system. 


63. Concert Ticket Sales Two types of tickets are to be sold 
for a concert. One type costs $0 per ticket and the other 
type costs $0 per ticket. The promoter of the concert must 
sell at least 15,000 tickets, including at least 8000 of the 
$0 tickets and at least 4000 of the $0 tickets. Moreover, 
the gross receipts must total at least $50,000 in order for 
the concert to be held. Find a system of inequalities 
describing the different numbers of tickets that must be 
sold. Sketch the graph of the system. 


In Exercises 64-67, find the minimum and maximum 
values of the objective function and where they occur, 
subject to the indicated constraints. (For each exercise, 
the graph of the region determined by the constraints 
is provided.) 


64. Objective function: 65. Objective function: 


z= 5x + 6y z= 15x + 12y 
Constraints: Constraints: 
x20 x= 0 
y2=0 y2 0 
x+y<8 


66. Objective function: 
z= 8&x + 10y 
Constraints: 
O<sxs< 50 
O<sys 35 
4x + Sy < 275 


‘| (0,35) (25, 35) 
40 + 
Zo é (50, 15) 


10--(0,0) (50, 0) 
ia = 


10 20 30 40 50 


67. Objective function: 


z= 50x + 60y 
Constraints: 
x= 0 
y2 0 


> xX 


1 | 
T T 
100 300 500 


In Exercises 68-71, sketch the region determined by 
the constraints. Then find the minimum and maximum 
values of the objective function and where they occur, 
subject to the indicated constraints. 


68. Objective function: 
z= 6x + By 


Constraints: 


x2 0 
y2 0 
x + 4y < 16 
3x + 2y < 18 
70. Objective function: 
z= 8x + 3y 


Constraints: 


O<sx< 5 
O<sy<s 7 
xtys 9 
3x +y< 17 


72. Optimal Profit 


69. Objective function: 


z= 5x + 8y 

Constraints: 

Qexs 5 

y= 0 

x+2y < 12 

2x + 3y < 19 

71. Objective function: 

z= 10x + Illy 
Constraints: 

x 0 

y> 0 

2x + Sy < 30 

x+ y= 3 

2x+ y< 14 


A company makes two models of desks. 


The times (in hours) required for assembling, finishing, and 
packaging each model are shown in the table. 


Process Model A 


Model B 


Assembling 30 


Finishing 2.5 


Packaging 1.3 


0.7 


73. 


74. 


75. 


76. 


Review Exercises 465 
The total times available for assembling, finishing, and 
packaging are 5600 hours, 2000 hours, and 910 hours, 
respectively. The profits per unit are $00 for model A and 
$50 for model B. What is the optimal production level for 
each model? What is the optimal profit? 


Optimal Profit A factory manufactures two television 
set models: a basic model that yields $00 profit and a 
deluxe model that yields a profit of $80. The times (in 
hours) required for assembling, finishing, and packaging 
each model are shown in the table. 


Pe ees Basic | Deluxe 
model | model 
Assembling 2 5 
Finishing 1 2 
Packaging 1 1 


The total times available for assembling, finishing, and 
packaging are 3000 hours, 1300 hours, and 1000 hours, 
respectively. What is the optimal production level for each 
model? What is the optimal profit? 


Optimal Profit The costs to a merchant for two models 
of digital camcorders are $25 and 675. The $25 model 
yields a profit of $5 and the 675 model yields a profit 
of $25. The merchant estimates that the total monthly 
demand will not exceed 350 units. There should be no more 
than 306,250 in digital camcorder inventory. Find the 
number of units of each model that should be stocked in 
order to optimize profit. What is the optimal profit? 


Optimal Profit The costs to a merchant for two models 
of home theater systems are $70 and $55. The $70 
model yields a profit of $0 and the $55 model yields a 
profit of $5. The merchant estimates that the total monthly 
demand will not exceed 100 units. There should be no more 
than $6,250 in home theater system inventory. Find the 
number of units of each model that should be stocked in 
order to optimize profit. What is the optimal profit? 


Optimal Revenue An accounting firm has 800 hours 
of staff time and 90 hours of review time available each 
week. The firm charges $500 for an audit and 300 for a 
tax return. Each audit requires 100 hours of staff time and 
10 hours of review time. Each tax return requires 10 hours 
of staff time and 2 hours of review time. What numbers of 
audits and tax returns will bring in an optimal revenue? 
What is the optimal revenue? 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, solve the system of equations using the indicated method. 


1. Substitution 2. Substitution 3. Graphing 
5x — Ty = —18 x+y=3 5x —y=6 
4x + 3y = 20 rt+ty=9 xr+y=8 
4. Graphing 5. Elimination 6. Elimination 
1.5x — 2.25y = 8 2x—-4y+ z=11 3x — 2y + z= 16 
2.5x + 2y = 5.75 x+2y+3z= 9 5x =Z= 6 
3y + 5z = 12 24> Yoga 3 


7. A total of 80,000 is invested in two funds paying 9%nd 9.5%imple interest. The 
total annual interest is $300. How much is invested in each fund? 


8. Find the point of equilibrium for a system that has a demand equation of 


Year t | Number, y p = 49 — 0.0003x and a supply equation of p = 33 + 0.00002x. 
2001 | —2 37.6 9. The numbers y of adults (in millions) who participated in baking as a leisure activity 

in the years 2001 to 2005 are shown in the table at the left. Find the least squares 
2002 | —1 36.6 regression parabola y = at? + bt + c for the data by solving the following system. 
2003 | 0 36.9 (Source: Mediamark Research, Inc.) 

3¢ + 10a = 188.4 

2004 | 1 37.7 10b = 51 
2005 | 2 30.6 10c + 34a = 383.1 

Use the model to predict the number of adults who participated in baking as a leisure 

Table for 9 activity in 2006. 


In Exercises 10-13, sketch the graph of the inequality. 
10.x>0 ll. y>0 
12. x + 3y < 12 13. 3x + 2y < 15 


14. Sketch the solution set of the system of inequalities composed of the inequalities in 
Exercises 1043. 


15. Find the minimum and maximum values of the objective function z = 6x + 7y, 
subject to the constraints given in Exercises 1043. 


16. A manufacturer produces two models of stair climbers. The times required for 
assembling, painting, and packaging each model are as follows. 


¢ Assembling: 3.5 hours for model A;8 hours for model B 
¢ Painting: 2.5 hours for model A;2 hours for model B 
¢ Packaging: 1.3 hours for model A;0.9 hour for model B 


The total times available for assembling, painting, and packaging are 5600 hours, 
2000 hours, and 900 hours, respectively. The profits per unit are 300 for model A and 
$75 for model B. What is the optimal production level for each model? What is the 
optimal profit? Explain your reasoning. 
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The Bank of New York, which opened for business on June 9, 1784, is the oldest 
bank in the United States. In 1789, Alexander Hamilton negotiated the first loan 
given to the government for $200,000. You can use matrices to find amounts of 
money borrowed at various interest rates. (See Section 6.1, Exercises 83 and 84.) 


Matrices are used to solve many real-life applications. The appli- 
cations listed below represent a sample of the applications in 
this chapter. 


Contract Bonuses, Exercise 67, page 495 
Raw Materials, Exercises 75-78, page 505 
Gypsy Moths, Exercise 15, page 525 


6.2 


6.3 


Matrices and Linear 
Systems 


Operations with 
Matrices 


The Inverse of a 
Square Matrix 


The Determinant of 
a Square Matrix 


Applications of 
Matrices and 
Determinants 
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m Determine the order of a matrix. 


Matrices and m Perform elementary row operations on a matrix in order to write 
Li = the matrix in row-echelon form or reduced row-echelon form. 
inear ystems m@ Solve a system of linear equations using Gaussian elimination. 


@ Solve a system of linear equations using Gauss-Jordan elimination. 


Matrices 


In this section, you will study a streamlined technique for solving systems of 
linear equations. This technique involves the use of a rectangular array of real 
numbers called a matrix. The plural of matrix is matrices. 


Definition of a Matrix 


If m and n are positive integers, an m Xx n matrix (read “m by n”) is a 
rectangular array 


4, Ayn 443 ain 
44, Ann 3 Ayn 
43; 437 43,— ws gy, m rows 
ani Aino 4n3 ann 
ee 
n columns 


in which each entry, ai; of the matrix is a number. An m x n matrix has m 
rows (horizontal lines) and n columns (vertical lines). 


The entry in the ith row and jth column is denoted by the double subscript 
notation a, That is, a, refers to the entry in row 2, column 1. A matrix having 
m rows and n columns is said to be of order m x n. If m =n, the matrix is 
square of order . For a square matrix, the entries a, ,, dj, d33,. . . are the main 
diagonal entries. 


/%<eresye)(-Way Orders of Matrices 


The following matrices have the indicated orders. 


JV CHECKPOINT 1 a. Order: | x 4 b. Order: 2 x 2 c. Order: 3 x 2 
1 0 0 
Determine the order of the matrix. [1 =3 9 3] 5 0 
Yo 2-2 
i 8 ;| - ; 
3 1 -2|) 


A matrix that has only one row guch as the matrix in Example 1|(a)]is called 
a row matrix, and a matrix that has only one column is called a column matrix. 
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A matrix derived from a system of linear equations (each written in standard 
form with the constant term on the right) is the augmented matrix of the system. 
Moreover, the matrix derived from the coefficients of the system (but that does not 
include the constant terms) is the coefficient matrix of the system. Note in the 
matrices below the use of 0 for the coefficient of the missing y-variable in the third 
equation. Also note that the fourth column (the column of constant terms) in the 
augmented matrix is separated from the coefficients of the linear system by 
vertical dots. 


System Augmented Matrix Coefficient Matrix 
x—-4y+3z= 5 1 -4 3% 5 1 -4 3 
-—x+3y- z=-3 —1 3 =—-1 2 =3 —1 3 =] 
2x —-4z= 6 2 0 -4 : 6 2 0 -4 


When forming either the coefficient matrix or the augmented matrix of a 
system, you should begin by vertically aligning the variables in the equations and 
using zeros for the coefficients of any missing variables. 


Original System Line Up Variables Form Augmented Matrix 
x+3y= 9 x+ 3y = 9 1 3 0 : 9 
-—y+t4z,=-2 —-y+4z=-2 0 -1 4 : -2 
x-3z= 0 x —3z= 0 1 0 -5 : 0 


Elementary Row Operations 


In Section 5.3, you studied three operations that can be used on a system of 
linear equations to produce an equivalent system. 


1. Interchange two equations. 
2. Multiply an equation by a nonzero constant. 
3. Add a multiple of an equation to another equation. 


In matrix terminology, these three operations correspond to elementary row 
operations. An elementary row operation on an augmented matrix of a given 
system of linear equations produces a new augmented matrix corresponding to a 
new (but equivalent) system of linear equations. Two matrices are row-equivalent 
if one can be obtained from the other by a sequence of elementary row operations. 


Elementary Row Operations 
1. Interchange two rows. 
2. Multiply a row by a nonzero constant. 


3. Add a multiple of a row to another row. 


Although elementary row operations are simple to perform, they involve a lot 
of arithmetic. Because it is easy to make a mistake, you should get in the habit of 
noting in each step, next to the row you are changing, the elementary row opera- 
tion performed, so that you can go back and check your work. 
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STUDY TIP 


Notice in Example 2 that the 
notation R,, is used to designate 
each row in the matrix. For 
example, Row | is represented 
by R,. 


Matrices and Determinants 


The next example demonstrates each of the elementary row operations that 
can be performed on a matrix to produce a row-equivalent matrix. 


is ererye)(-W4y Elementary Row Operations 


a. Interchange the first and second rows. 


Original Matrix New Row-Equivalent Matrix 
0 1 3 4 C Ke |=] 2 0 3 
=] 2 0 3 R, 0 1 3 4 
2 =3 4 1 2. =3 4 1 


b. Multiply the first row by - 


Original Matrix New Row-Equivalent Matrix 
2-4 6 -2 5R,>f[1 -2 3 -1 
1 3 =3 0 1 3 =3 0 
5. =2 1 2 5-2 1 2 


c. Add —2 times the first row to the third row. 


Original Matrix New Row-Equivalent Matrix 
1 2 —-4 3 1 2 -4 3 
0 3 =2 =1 0 3 =2 =1 
2 1 a) = 2 2K, + Ry |0 —3 13 8 


Note that the elementary row operation is written beside the row that is changing. 


/ CHECKPOINT 2 


Identify the elementary row operation being performed. 


Original Matrix New Row-Equivalent Matrix 
1 0 ‘| 1 0 | 
0 3 6 0 1 2| a 


TECHNOLOGY 


=\ Most graphing utilities can perform elementary row operations on 
matrices. The screens below show how one graphing utility displays 
each new row-equivalent matrix from Example 2. For specific instructions 
on how to use the elementary row operations features of a graphing utility, 
go to the text website at college.hmco.com/info/larsonapplied. 


a. Interchange the first 
and second rows. 


b. Multiply the first c. Add —2 times the first 


row to the third row. 


“4 30) 
Sec ega lil 
[# -3 13 -87] 


/ CHECKPOINT 3 


Write the system of equations 
represented by the augmented 
matrix. Use back-substitution to 
find the solution. (Use the 
variables x, y, and z.) 


1 =2 5 3 
0 1 4 3 
0 0 1 2 
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In Example 3 in Section 5.3, you used Gaussian elimination with 
back-substitution to solve a system of linear equations. The next example 
demonstrates the matrix version of Gaussian elimination. The two methods are 
essentially the same. The basic difference is that with matrices you do not need 
to keep writing the variables. 


| etssye)(- Comparing Linear Systems and Matrix Operations 


Linear System Associated Augmented Matrix 


x—-2y+3z= 9 1 =2. 3.4 9 
—x + 3y =-4 —1 3 0 : -4 
2x — 5y + 5z= 17 2-5 5 } 17 


Add the first row to the 
second row (R, + R;). 


Add the first equation to the 
second equation. 


x—-2y+3z= 9 1-2 3 : 9 
y+32= 5 R,+R—|0 1 3 : 5 
2x — Sy + 5z= 17 S 2& 5 2 17 


Add —2 times the first row to 
the third row (—2R, + R,). 


Add —2 times the first equation 
to the third equation. 


x- 2y¥+3z= 9 Ls 2 3 4 9 
yr3g= 5 0 1 3.4 5 
Syst gS =| —2R,+R,—~|0 -1 -1 : -l 


Add the second row to the 
third row (R, + R3). 


Add the second equation to the 
third equation. 


x— 2y + 3z=9 li =2 33 9 
yt3z=5 0 1 3 2) 
2z=4 R,+R;>|0 0 2 : 4 

Multiply the third equation by . Multiply the third row by 7 
x-—2y+3z=9 1-2 3 : 9 
y+t3z=5 0 1 3 re) 
g=2 sR, >|0 O 1 : 2 


At this point, you can use back-substitution to find that the solution is 
x=1l1,y=-—Il,andz=2 

as shown in Example | in Section 5.3. 
Remember that you can check a solution by substituting the values of x, y, 


and z into each equation in the original system. For example, you can check the 
solution to Example 3 as follows. 


Equation 1: 1-— 2(-1)+32)= 9A 
Equation 2: —1+ 3(-1) =-4/7 
Equation 3: 2(1) — 5(—1) + 522) = 17Vo 
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TECHNOLOGY 


e\ Some graphing utilities 
can automatically 
transform a matrix to 


row-echelon form and reduced 
row-echelon form. For specific 
keystrokes, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


/ CHECKPOINT 4 


Determine whether the matrix 
is in row-echelon form. If it is, 
determine whether the matrix 
is in reduced row-echelon form. 


1 0 3-2 
0 1 0 -3 
0 0) 1 4| 


The last matrix in Example 3 is said to be in row-echelon form. The term 
echelon refers to the stair-step pattern formed by the nonzero entries of the 
matrix. To be in this form, a matrix must have the following properties. 


Row-Echelon Form and Reduced Row-Echelon Form 
A matrix in row-echelon form has the following properties. 
1. Any rows consisting entirely of zeros occur at the bottom of the matrix. 


2. For each row that does not consist entirely of zeros, the first nonzero 
entry is | (called a leading 1). 


3. For two successive (nonzero) rows, the leading | in the higher row is 
farther to the left than the leading 1 in the lower row. 


A matrix in row-echelon form is in reduced row-echelon form if every 
column that has a leading | has zeros in every position above and below the 
leading 1. 


| <ehesye)(-N) Row-Echelon Form 


Determine whether each matrix is in row-echelon form. If it is, determine whether 
the matrix is in reduced row-echelon form. 


i 2@=) i: Beat 2 
alO 1 0. 3 b/0 0 0 0 
0 O ae} © ik 2 <4 
i =5 2 <i 4 i 0 Oo =1 
_|0 & 1 3 =2 ajo 1 © 2 
¢ oO © fF 4 0 0 1 3 
0 0 0 0 1 oc 8 8 6 
i 2 = A 0 1 0 5 
e/0 2 1-1 £10 oO 1 3 
0 0 1 -3 0 0 0 0 


SOLUTION The matrices in (a), (c), (d), and (f) are in row-echelon form. The 
matrices in (d) and (f) are in reduced row-echelon form because every column 
that has a leading | has zeros in every position above and below the leading 1. 
The matrix in (b) is not in row-echelon form because the row of all zeros does not 
occur at the bottom of the matrix. The matrix in (e) is not in row-echelon form 
because the first nonzero entry in row 2 is not 1. 


Every matrix can be converted to a row-equivalent matrix that is in 
row-echelon form. For instance, in Example 4, you can change the matrix in part 
(e) to row-echelon form by multiplying its second row by 5, as shown below. 


Original Matrix Row-Echelon Form 
1 2 =3 4 1 2 —3 4 
0 2 1-1 SRo>~|0 1 5 5 
0 0 1° =3 0 0 1 3 
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Matrices and Linear Systems 


Gaussian Elimination with Back-Substitution 


Gaussian elimination with back-substitution works well for solving systems of 
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linear equations by hand or with a computer. For this algorithm, the order in 
which the elementary row operations are performed is important. You should 
operate from left to right by columns, using elementary row operations to obtain 
zeros in all entries directly below the leading 1’s. 


iS <erse(-wey Gaussian Elimination with Back-Substitution 


Solve the system. 


yt z-2w= -3 
KF 2y >= Zz = 2 
2x+4y+ z-3w= -2 
x—4y-—7z w= -19 
SOLUTION 
‘ee 1 2 -=1 0 
R, 0 1 l, =2 
2 4 1 =3 
1 -4 -7 -I 
1 2. °=1 0 
0 1 bb =2 
—2R, +R, | 0 0 3. =3 
=R is [0 6 6 1 
I; 2 -=1 0 
0 1 1 -2 
0 0 3. =3 
6R,+R,~> |0 O 0 -13 
1 2 -1 0 
G1 1 -2 
1 
gha—~ |0 0 1 =! 
0 0 0: =13 
1 2 -1 0 
0 1 i =2 
0 O 1 -1 
1 
=—pk,— |0 90 0 1 


Interchange R, and R, so 
that there is a leading 1 
in the upper left corner. 


Perform operations on 
R, and R, so that the 
first column has zeros 
below the leading 1. 


Perform operations on 
R, so that the second 
column has zeros below 
the leading 1. 


Multiply R; by ; 
so that the third row has 
a leading 1. 


Multiply R, by -4 
so that the fourth row 
has a leading 1. 


The matrix is now in row-echelon form, and the corresponding system is 


/ CHECKPOINT 5 x+2y-z 2 
Solve the system. Ne a 
Z- w=-2 
yt2z- w=-5 we 3 
x—3y7 Z = — bad 
= Using back-substitution, you can determine that the solution is x = —1, y = 
a = 1, and w = 3. Check this in the original system of equations 
4x + 4y-2z+ w= Ilo , j 8 y q . 


2; 
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/ CHECKPOINT 6 


Solve the system. 


x+2y- z= 
—x—- yt 3z 
2x + 3y — 4z 
3x + 2y+ Zz 


ON WwW 


Matrices and Determinants 


Gaussian Elimination with Back-Substitution 
1. Write the augmented matrix of the system of linear equations. 


2. Use elementary row operations to rewrite the augmented matrix in 
row-echelon form. 


3. Write the system of linear equations corresponding to the matrix in 
row-echelon form, and use back-substitution to find the solution. 


When solving a system of linear equations, remember that it is possible for 
the system to have no solution. If, in the elimination process, you obtain a row 
with zeros except for the last entry, it is unnecessary to continue the elimination 
process. You can conclude that the system has no solution, or is inconsistent. 


A System with No Solution 


Solve the system. 
3x + 2y- z=1 
x + z=6 
2x —3y + 5z=4 
x- yt2z=4 


SOLUTION 
3 2-1 1 R,f1 -1 2 4 
i oO 1 6 1 0 1 6 
2-3 5 4 2-3 5 4 
1-1 2 4 R,|3 2 -1 1 
1-1 2 4 
-R,+R,>|0 1 -1 2 
-2R,+R,>]0 -1 1 -4 
—3R,+R,>|0 5 -7 -11 
1-1 2 4 
0 1-1 2 
R,+R,>]0 0 0: -2 
0 5 -7 ? -lI 


Note that the third row of this matrix consists of zeros except for the last entry. 
This means that the original system of linear equations is inconsistent. You can 
see why this is true by converting back to a system of linear equations. 


x-yt2z= 4 
y> g= 2 
O= -2 
Sy -—7z=-11 
Because 0 = —2 is a false statement, the system has no solution. 


STUDY TIP 


Either Gaussian elimination or 
Gauss-Jordan elimination can 
be used to solve a system of 
equations. The method you use 
depends on your preference. 


/ CHECKPOINT 7 


Use Gauss-Jordan elimination to 
solve the system. 
x—3y+2z= 1 
—x- yt 3z 
y—-2z=-5 © 


ll 
a 
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Gauss-Jordan Elimination 


With Gaussian elimination, elementary row operations are applied to a matrix to 
obtain a (row-equivalent) row-echelon form of the matrix. A second method of 
elimination, called Gauss-Jordan elimination after Carl Friedrich Gauss and 
Wilhelm Jordan (18424899), continues the reduction process until a reduced 
row-echelon form is obtained. This procedure is demonstrated in Example 7. 


JS cerse)(-way Gauss-Jordan Elimination 


Use Gauss-Jordan elimination to solve the system. 
x-—2y+3z= 9 
=x -b- By =-4 
2x = Sy +5z= 17 


SOLUTION In Example 3, Gaussian elimination was used to obtain the 
row-echelon form 

1-2 3 : 9 

0 | es ee eS 

0 O Lee 2 
Now, apply elementary row operations until you obtain a matrix in reduced 


row-echelon form. To do this, you must produce zeros above each of the leading 
1’s, as follows. 


2h, + Ky, —= | 1 OQ 9 19 Perform operations on R, so that the 
01 3 5 second column has a zero above the 
001 2 leading 1. 
—9OR, +R |1 0 0 1] Perform operations on R, and R, so that 
—3R, +R,— |0 1 0 -] the third column has zeros above the 
e - 0 oO 7 2 leading 1. 
Now, converting back to a system of linear equations, you have 
x = 1 
y=-1. 
z= 2 


An advantage of Gauss-Jordan elimination is that you can read the solution from 
the matrix in reduced row-echelon form. 


The elimination procedures described in this section sometimes result in 
fractional coefficients. For instance, in the elimination procedure for the system 


2x — Sy + 5z = 17 
3x — 2y + 3z= 11 
=3x + 3y = 6 
you may be inclined to multiply the first row by 5 to produce a leading 1, which 
will result in working with fractional coefficients. You can sometimes avoid 
fractions by judiciously choosing the order in which you apply elementary row 
operations. 
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Comparing Row-Echelon Forms 


Compare the row-echelon form obtained below with the one found in Example 3. 
Is it the same? Does it yield the same solution? 


x—2y+3z= 9 


=k Sy =—-4 

2x — 5y + 5z= 17 
1 -2 3 9 
—1 3 0 —4 
2. =). 5 17 
ae —1 3 0 —4 
Ry 1 -2 3 9 
2 -5 5 17 
=i 1 -3 0 4 
1 -2 3 9 
2 =5 5 17 
1 -3 0 4 
a A a te 0 1 3 5 
=2R, ¢ k= 0 1 5 9 
1 -3 0 4 
0) 1 3 5 
Ry + Ry 0 0 2 4 
1 -3 0 4 
0 1 3 5 

1 

3k, 0 0 1 2 


SOLUTION This row-echelon form is different from the one that was ob- 
tained in Example 3. The corresponding system of linear equations for this 


matrix is 

/ CHECKPOINT 8 a= a) —< 

Compare the row-echelon form ge 3 

below with the one found in 

Example 8. Is it the same? Does Using back-substitution on this system, you obtain the solution 

it yield the same solution? x= 1,9 = —1,andz=2 
1 -2 0 : 3 which is the same solution that was obtained in Example 3. This row-echelon 
0 1 0 | form is not the same as the one found in Example 3, but both forms yield the same 
0 0 1 : 2] © — solution. 


In Example 8, you discovered that the row-echelon form of a matrix is not 
unique. Two different sequences of elementary row operations may yield 
different row-echelon forms. However, the reduced row-echelon form of a given 
matrix is unique. Try applying Gauss-Jordan elimination to the row-echelon 
matrix in Example 8 to see that you obtain the same reduced row-echelon form 
as in Example 7. 


STUDY TIP 


Recall from Chapter 5 that 
when there are fewer equations 
than variables in a system of 
equations, then the system has 
either no solution or infinitely 
many solutions. 


STUDY TIP 


Remember that the solution 
set of a system with an infinite 
number of solutions can be 
written in several ways. For 
example, the solution set in 
Example 9 can be written as 


[i aa 


cs) 


where b is a real number. 
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A System with an Infinite Number of Solutions 


Solve the system. 


ees 


3x + 5y =1 

SOLUTION 
3 4 -2 : | 5R,>f1 2 -1 0 
35 0 74 sf © 1 


The corresponding system of equations is 
x +5z= 2 
y-3z=-1 


Solving for x and y in terms of z, you have x = —5z + 2 and y = 3z — 1. To 
write a solution of the system that does not use any of the three variables of the 
system, let a represent any real number and let z = a. Now, substitute a for z in 
the equations for x and y. 


x= —-5z+2=-—-Sa+2 
1=3a-1 
So, the solution set has the form 


(—5Sa + 2, 3a — 1, a) 


y = 3z 


where a is a real number. Try substituting values for a to obtain a few solutions. 
Then check each solution in the original system of equations. 


/ CHECKPOINT 9 


y+5z=-2 


Solve the system. (_, +y-42= 86 


1. A matrix has four columns and three rows. Is the order of the matrix 
4 x 3? Explain. 


. Can every matrix be written in row-echelon form? Explain. 


. When solving a system of equations using Gaussian elimination, you 
obtain the statement 0 = 4. What can you conclude? Explain. 


. Explain the difference between using Gaussian elimination and using 
Gauss-Jordan elimination when solving a system of linear equations. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy aN sYe\al-\iialseial use these skills in the exercise set for this section. For additional help, review Sections 0.2, 5.1, 


and 5.3. 


In Exercises 1-4, evaluate the expression. 


i, A=) = 26) + 72) 2, =A(=3)) G7) + A=) 
<a OC) td ord aL) 4. 3(3) + (3) 
In Exercises 5 and 6, determine whether x = 1, y = 3, andz=—1isa 
solution of the system. 
& || dhe = Dy se 3g = = 5) 6. |-x+ 2y+ z= 4 
gar oy= g= iil Pass == » 
xe) = » Bye a Sy ha el 


In Exercises 7-10, use back-substitution to solve the system of linear equations. 


7. |2x —3y =4 8. |5x+4y= 0 O) || = Svar 2 =O i), || 2s = Shy ap 3g = =2 
y=2 y=-3 y—3z=8 y-4z= 0 
z=2 z= 1 


Exercises 6.1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-8, determine the order of the matrix. Original Matrix New Row-Reduced Matrix 
9 2 =i] 11. | 0 1 =2 2 0 tt =2 2 
1 0 0 1 -7 0 0 1 -7 
6 4 1 0 
3 8 3 0 r 1 0 6 1 1 0 6 1 
“J-1 2 01 ee 12/0 -1 0 7 0 1 O 
1 5 4 : ( © <1 3 0 0 1 
33.45 In Exercises 13-16, identify the elementary row 
9 2 2-2 4 operation(s) being performed to obtain the new 
5. D 15 6. | —3 4 0 row-equivalent matrix. 
16 =2 =) a Original Matrix New Row-Equivalent Matrix 
7. 2 7 Ii 3 8. [-11] LB. ie 5 i E 0 pe 
-1 10 —5 0 3 -] =8 s =1 =3 
hee 3 -1 -4 3 -1 -4 
In Exercises 9-12, fill in the blank(s) to form a new 14. =a 3 7 5 0 -5 
row-equivalent matrix. 
Original Matri New Row-Reduced Matri ee a a 
riginal Matrix ew Row-Reduced Matrix 15.|—1 3 -7 é 0-1 —-5 5 
4 —-5 1 3 0 7-27 27 


9. F 1 1 
3: o=2 4 


. 
ie cea 


Original Matrix New Row-Equivalent Matrix 
= -=2 3° =2 = =2 3 -=2 
16. 2 =5§ i Q =9 7-11 
5 4 -7 6 0 -6 8 -4 


In Exercises 17-22, determine whether the matrix is in 
row-echelon form. If it is, determine if it is also in 
reduced row-echelon form. 


1 0 0 0 1 0 2 1 
17. | 0 1 1 5 18. | 0 1 -3 10 
0 0 0 0 0 0 1 0 
2 0 + 0 0 0 0 0 
19/0 —-1 3 6 20. | 0 1 0 5 
0 0 1 2 0 0 1 3 
1 3 0 0 0 0 
21. 0 0 1 8 1 0 
0 0 0 0 1 1 
0 0 0 0 1 1 
1 0 0 10 
22. 0 1 3 9 
0 0 0 1 
0 0 0 0 


) 23. Use a graphing utility to perform the sequence of row 


operations in parts (a) through (d) to reduce the matrix to 
row-echelon form. 


1 1 2 
3 4 —3 
2 =1 1 


(a) Add —3 times R, to R. 
(b) Add —2 times R, to R3. 
(c) Add 3 times R, to R;. 
(d) Multiply R; by —3. 


@ 24. Use a graphing utility to perform the sequence of row oper- 


ations in parts (a) through (f) to reduce the matrix to 
reduced row-echelon form. 


7 1 
0 2 
=3 4 
4 1 


(a) Add R, to Ry. 

(b) Interchange R, and R,. 

(c) Add 3 times R, to R3. 

(d) Add —7 times R, to R,. 

(ec) Multiply R, by 5. 

(f) Add the appropriate multiple of R, to R,, R, and R,. 
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In Exercises 25-28, write the matrix in row-echelon 
form. (Note: Row-echelon forms are not unique.) 


1 2 = 5 
25. | 3 2 1 11 
4 8 1 10 


2 —24 


In Exercises 29-34, write the matrix in reduced 
row-echelon form. 


4 4 8 1 3 2 
2./ 1 2 2 30.15 15 9 
=f §& =0 2 6 10 
1 02 1 i 2 3 +5 
3, (9 3 -6 6] gf 1 2 4 -9 
2 0 5 -4 9 4 24. 4 
0 1 0 1 4 8 11-14 
. 4 1 -3 
33.| 1 4 34,{-1 8 
a 0 4 
2 10 


In Exercises 35-38, write the system of linear equations 
represented by the augmented matrix. (Use the 
variables x, y, Zz, and w.) 


35. [ 2 4 | 
=| 3 & =8 
36. | , =i) < | 
-8 3 : -3 
0 2 : -10 
37.10 3 -1 : 5 
42 0: 3 
8 2 0: -1 
38.}-2 15 5 1: 9 
1 6-7 0: -3 


In Exercises 39-44, write the augmented matrix for the 
system of linear equations. 
39. }2x- y= 3 40. | 8x + 3y = 25 

5x + Ty = 12 3x — 9y = 12 
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In Exercises 49-54, an augmented matrix that 
represents a system of linear equations (in variables 

x,y, and z) has been reduced using Gauss-Jordan 
elimination. Write the solution represented by the 733% 
augmented matrix. 


49. E 0 a 50. E 0: a oat 2y+2z+ 4w=11 


41. { x + 10y — 3z=2 42. (2x+3y- z= 8 In Exercises 55-78, use matrices to solve the 
5x— 3y+42=0 y +2z=-10 system of equations (if possible). Use Gaussian 
2x + dy a6 x-2y-3z2= 21 elimination with back-substitution or Gauss-Jordan 

elimination. 

43. | Iv —3x+ Wy + z= 13 55, ( x4 2y=7 56, (Oe + ae= 16 
sd — gy = De + y= a +3y= 7 

w + 2x 3y — 4z 2 
w x y Zz 1 57, | —3x + 5y = —22 58. | x + 2y=0 
3x + 4y = 4 x+ y=6 
44, w + 2x — 3y z= 18 4x —8y= 32 4x — Dy = 8 
3w — Sy = 8 
wt xt yt2z2= 15 59. {e —4y= 60. | x-3y= 5 
w xo 2y z=-3 5x + 2y = —2x + 6y = —10 

In Exercises 45-48, write the system of equations 61. iS vaya tS 62. es = y= =O 

represented by the augmented matrix. Use back- 2x — dy = 3x + 2y= 16 

substitution to find the solution. (Use x, y, z, and w.) Cs (etwyee 2 ee (ee poe--u 

i F =5-.4 7 fo fies 3a 21 

“lo 1 : -2 —-x+ y = 14 3x + 2y +z 19 
1 2=-Il 3 3 65. {2x + 3z=3 66. (2x — y+3z=24 

46.0 1 -2 : —3 4x —3y + 72=5 2y- z=14 
00 1 4 8x — 9y + 15z =9 Tx — 5y = 6 
a 67. (x+y-52=3 68. [ x —~3z;=- 

| ae =12 x —2z=1 3x+ y-2z= 5 
ae =a 2x-y- c=1 2x+2yt+ c= 4 
1 2 -2 0 -1 

69. | x+2y+ z= 8 70. | x+y+4z=5 

48. ine -_ (3 Ty + 6z = 26 eee c= 9 
0 0 1 0 2 # 

oO a i -3 71. | 


3x + 3y + 12z= 6 : 2x + 10y + 2z 


3x + 15y — 3z = 


0 1 6 i ie 3x + 6y + 5¢ + 12w = 30 
[ : : : = 75.({ x+2y= 76. { x+2y=0 
‘loo 2 —— a 2x + dy = 0 
100 3 Ti | 2 yee 78. |x —2y+z2+3w=0 
52.10 1 0 -1 2x + 3y +25 x- y + w=0 
001 0 34+ Sy + z= y-z+2w=0 
102 -4 In Exercises 79-82, determine whether the two 
53.10 1 1 6 systems of linear equations yield the same solution. If 
00 0 0 so, find the solution using matrices. 
. 9 79. (a) |x-2y+ z= -6 (b) |x +y—2z= 6 
54./0 1 5 ~3 yo ae= 16 ee ae 
‘lo 0 0 0 oS me. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


(a) |x — 3y + 4z=-11 (b) |x + 4y —Iil 
y- z= -4 yt+t3z= 4 

z= 2 £= 2 

(a) |x — 4y + 5z 27 (b) |x -—6y + z=15 
y—7Tz= —54 y+ 5z = 42 

z= 8 z= 8 

(a) |x+3y- z 19 (b) |x —~y + 3z= -15 
y + 6z = —18 y—2z= 14 

z= —4 z= —4 


Breeding Facility A city zoo borrowed $,000,000 at 
simple annual interest to construct a breeding facility. 
Some of the money was borrowed at 8%ome at 9%and 
some at 12% se a system of equations to determine how 
much was borrowed at each rate if the total annual interest 
was $86,000 and the amount borrowed at 8%as twice 
the amount borrowed at 12%Solve the system using 
matrices. 


Museum A _ natural history museum borrowed 
$,000,000 at simple annual interest to purchase new 
exhibits. Some of the money was borrowed at 7%ome at 
8.5%and some at 9.5%Use a system of equations to 
determine how much was borrowed at each rate if the total 
annual interest was $69,750 and the amount borrowed at 
8.59%vas four times the amount borrowed at 9.5%Solve 

the system using matrices. 


You and a friend solve the following system of equations 
independently. 
2x= Ay=3z= 3 
x 3y Ht Ze Hl 
Ie yo 2 2D 


You write your solution set as 

(a, —a, 2a — 1) 

where a is any real number. Your friend’s solution set is 
(2b + 3, 3b — 3,5) 

where b is any real number. Are you both correct? Explain. 


If you let a = 3, what value of b must be selected so that 
you both have the same ordered triple? 


Describe how you would explain to another student that the 
augmented matrix below represents a dependent system of 
equations. Describe a way to write the infinitely many 
solutions of this system. 


1 =2 3 =6 
0 i 24 2) 
0 0 0 ;: 0 
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Health and Wellness From 1997 to 2008, the number 
of new cases of a waterborne disease in a small city 
increased in a pattern that was approximately linear (see 
figure). Find the least squares regression line 


y=at+b 


for the data shown in the figure by solving the following 
system using matrices. Let tf represent the year, with t = 0 
corresponding to 1997. 


12b+ 66a= 831 
66b + 506a = 5643 
Use the result to predict the number of new cases of the 


waterborne disease in 2011. Is the estimate reasonable? 
Explain. 


ae 
A 
a” 120 - 
PA e 
3S 100 + .e e 
5 sot . 
| Pa) 
S 60+ - 
5 e 
BS 40+ e 
g oe 
Z 20°-- 
el Se See 
e234 D6) 8 OF 10 Al) 
Year (0 © 1997) 


Energy Imports From 1994 to 2005, the total energy 
imports y (in quadrillions of Btu’s) to the United States 
increased in a pattern that was approximately linear (see 
figure). Find the least squares regression line 


y=at+b 


for the data shown in the figure by solving the following 
system using matrices. Let f represent the year, with t = 0 
corresponding to 1994. 


12b+ 66a = 334.80 
66b + 506a = 1999.91 
Use the result to predict the total energy imports in 2010. Is 


the estimate reasonable? Explain. (Source: Energy 
Information Administration) 


Energy imports 
(in quadrillions of Btus) 
&% 
t 
e 
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Determine whether two matrices are equal. 


Operations with 
Matrices 


Add or subtract two matrices and multiply a matrix by a scalar. 
Find the product of two matrices. 
Solve a matrix equation. 


Use matrix multiplication to solve an application problem. 


Equality of Matrices 


In Section 6.1, you used matrices to solve systems of linear equations. Matrices, 
however, can do much more than this. There is a rich mathematical theory of 
matrices, with numerous applications. This section and the next introduce some 
fundamentals of matrix theory. It is standard mathematical convention to 
represent matrices in any of the following three ways. 


1. A matrix can be denoted by an uppercase letter such as A, B, or C. 


2. A matrix can be denoted by a representative element enclosed in brackets, 
such as [a,], [b,], or Le]. 


3. A matrix can be denoted by a rectangular array of numbers such as 


4, Ayn 3 in 
49, gn 3 An, 
A= La;;] =] 4%, 432 433 a3 
Ant And An ge Ginn 


Two matrices A = [a,] and B = [b,,] are equal if they have the same order 
(m x n) and if a, = b, for 1 < i < mand 1 <j < n. In other words, two matri- 
ces are equal if their corresponding entries are equal. 


Equality of Matrices 


Solve for a,,, 4,7, 4>,, and a,, in the matrix equation. 


a | 7 2 =| 

Ay, Any =3 0 

SOLUTION Because two matrices are equal only if their corresponding entries 
are equal, you can conclude that 


a, =2, @,=—-1, a, =—3, and a, =0. 


/ CHECKPOINT 1 


Solve for a,,, a), d>,, and a,, in the matrix equation. 


es sklt a 
42, gp = 3] a 
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Matrix Addition and Scalar Multiplication 


You can add two matrices (of the same order) by adding their corresponding 
entries. 


Definition of Matrix Addition 


If A = [a,] and B = [b,] are matrices of order m x n, their sum is the m x n 
matrix given by 


ACE a7), 


The sum of two matrices of different orders is undefined. 


Addition of Matrices 
I “1+ | 1 ela ae Eee 5 
wl Gg. 4 =1 oO! lott) taa]" lr 3 


0 1-2 0 oO O 0 1-2 
b.|) 2 alto 0 ol- ls 2 | 


1 —1 0 
ce. | —3| + 3)}=/0 
=2 2 0 
d. The sum of 
2 1 0 0 1 
A= |4 0 —-1| and B=]-I1 3 
3° =2 2 2 4 


is undefined because A is of order 3 x 3 and B is of order 3 x 2. 


/ CHECKPOINT 2 

. 2 =7 4 5 
4. 

Find | | al Ee a 4 


In operations with matrices, numbers are usually referred to as scalars. In 
this text, scalars will always be real numbers. You can multiply a matrix A by a 
scalar c by multiplying each entry in A by c, as shown below. 


Scalar Matrix 


SYP ert 


6 5 3(6) 3(5)| | 18 15 


Definition of Scalar Multiplication 


If A = [a,] is an m x n matrix and c is a scalar, the scalar multiple of A by 
cis the m x n matrix given by 


cA = [ca,]. 
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STUDY TIP 


The order of operations for 
matrix expressions is similar 
to that for real numbers. In 
particular, you perform scalar 
multiplication before matrix 
addition and subtraction, as 
shown in Example 3(c). 


/ CHECKPOINT 3 


For the following matrices, find 
(a) 2A and (b) 2A — B. 


2 4 -1l 
A= 0 1 3 | and 
—3 2 5 
0 6 3 
B=|7 —-4 1 
2 0 -2|m 


Matrices and Determinants 


The symbol —A represents the negation of A, or the scalar product (— 1)A. 
Moreover, if A and B are of the same order, then A — B represents the sum of A 
and (—1)B. That is, 


A-B=A+(-I)B. 


Subtraction of matrices 


Scalar Multiplication and Matrix Subtraction 


For the following matrices, find (a) 3A, (b) —A, and (c) 3A — B. 


2 2 4 2 0 0 
A=|-3 QO -1] and B= 1 -4 3 
2 1 2 =1 3 2 
SOLUTION 
2 2 4 
a. 3A = 3) —3 0 -I Scalar multiplication 
2 1 2 
3(2)  3(2) 3(4) 
= 3(- 3) 3(0) 3(- 1) Multiply each entry by 3. 
3(2) 3(1) 3(2) 
6 6 12 
=|-9 0. =3 Simplify. 
6 3 6 
2 2 4 
b. -A = (- 1) —3 0 -il Definition of negation 
2 1 2 
-2 -2 -4 
] 3 0) 1 Multiply each entry by — 1. 
a2) = = 2 
6 6 12 2 0 0 
c. 3A -B=]|-9 0: =3) = 1 = 3] Matrix subtraction 
6 3 6 =] 3 2 
4 6 12 
=|-10 4 -6 Subtract corresponding entries. 
7 0 4 


It is often convenient to rewrite the scalar multiple cA by factoring c out of 
every entry in the matrix. For instance, in the first matrix below, the scalar 5 has 
been factored out of the matrix, and in the second matrix the scalar — 2 has been 
factored out of the matrix. 


jos a] 


NIG whe 


/ CHECKPOINT 4 


Add the following three matrices. 
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The properties of matrix addition and scalar multiplication are similar to 
those of addition and multiplication of real numbers. 


Properties of Matrix Addition and Scalar Multiplication 


If A, B, and C are m x n matrices and c and d are scalars, then the following 
properties are true. 


1LA+B=B+A Commutative Property of Matrix Addition 
2A+(B+C=(4+B4+C Associative Property of Matrix Addition 

3. (cd)A = c(dA) Associative Property of Scalar Multiplication 
4,.1A=A Scalar Identity Property 

5. c(A + B) = cA + cB Distributive Property 

6. (c + dA = cA + dA Distributive Property 


Note that the Associative Property of Matrix Addition allows you to write 
expressions such as A + B + C without ambiguity, because you obtain the same 
sum regardless of how the matrices are grouped. In other words, you obtain the 
same sum whether you group A + B + Cas (A +B) + CorasA+(B+C). 
This same reasoning applies to sums of four or more matrices. 


Addition of More than Two Matrices 


Add the following four matrices. 
1} }—-1] |0 2 
215) = 11,1) 1s) =3 
3 2| [4] | -2 
SOLUTION By adding corresponding entries, you obtain the following sum of 
four matrices. 


1 -1 2 
2}+}-1]/+]1]/+]-3]=|]- 
—3 2} [4] [-2 I 


TECHNOLOGY 


=\ Most graphing utilities can add and subtract matrices and multiply 
matrices by scalars. Use your graphing utility to find (a) A + B, 
(b) A — B, (c) 4A, and (d) 4A + B. For specific keystrokes on how to 


perform matrix operations using a graphing utility, go to the text website 
at college.hmco.com/info/larsonapplied. 


2. =3 —l 4 
| | and B=| > 4 
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/ CHECKPOINT 5 


Solve for X in the equation 
2X — A = B, where 


7 0) 
a=|_) > | and 


HE, 


Matrices and Determinants 


One important property of addition of real numbers is that the number 0 is 
the additive identity. That is, c + 0 = c for any real number c. For matrices, a 
similar property holds. That is, if A is an m x n matrix and O is the m x n zero 
matrix consisting entirely of zeros, then A + O = A. 

In other words, O is the additive identity for the set of all m x n matrices. 
For example, the following matrices are the additive identities for the sets of all 
2 x 3 and 2 x 2 matrices, respectively. 


0 0 0 0 0 
O= 0 0 | and O= 0 | 
——————————— Se 
2 x 3 zero matrix 2 x 2 zero matrix 


The algebra of real numbers and the algebra of matrices have many similarities. 
For example, compare the following solutions. 


Real Numbers m x n Matrices 
(Solve for x.) (Solve for X.) 
xta=b X+A=B 
x+at(-a)=b+ (-a) X+A+(—A) = B+ (-A) 
x+0=b-a X+O=B-A 
x=b-a X=B-A 


This means that you can apply some of your knowledge of solving real number 
equations to solving matrix equations. It is often easier to complete the algebraic 
steps first, and then substitute the matrices into the equation, as illustrated in 
Example 5. 


Solving a Matrix Equation 


Solve for X in the equation 3X + A = B, where 


}) =2. —3 4 
a=|é | and B=| > | 


SOLUTION Begin by solving the equation for X to obtain 


3X =B-A 
X= 1(B-A) 
3 : 
Now, using the matrices A and B, you have 
x=3((73 t-[f i) Substitute the matri 
3 2 1 0 3 ubstitute the matrices. 
-4 3 | Subtract matrix A fi trix B 
3 2 = 2 ubtract matrix rom Matrix b. 
Ze 2 
a : a|- Multiply the resulting matrix by Z. 
3 3 


TECHNOLOGY 


=\, Some graphing utilities can 

multiply two matrices. Use 

your graphing utility to find the 
product AB. 


=3 2 
=2 
1 2 


Now use your graphing utility 
to find the product BA. What 
is the result of this operation? 
For specific keystrokes, go 

to the text website at 
college.hmco.com/info/ 
larsonapplied. 


/ CHECKPOINT 6 


Find the product AB using 


—2 2 
= 0 4} and 
3 -I1 


“(> i}. 
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Matrix Multiplication 


The third basic matrix operation is matrix multiplication. At first glance the 
definition may seem unusual. You will see later, however, that this definition of 
the product of two matrices has many practical applications. 


Definition of Matrix Multiplication 


If A = [a,] is an m x n matrix and B = [b,] is ann x p matrix, the product 
AB is an m xX p matrix 


AB = [c,] 
oS Gh [o 


in@ nj” 


where ¢;, = aby; + ajrb; + a;3b3, + * * 


The definition of matrix multiplication indicates a row-by-column 
multiplication, where the entry in the ith row and jth column of the product AB is 
obtained by multiplying the entries in the ith row of A by the corresponding 
entries in the jth column of B and then adding the results. The general pattern for 
matrix multiplication is as follows. 


c c Cc 
by, Dy bi; b 7 = : 
i P 
i i ib b Co) €a9 Co 
21 22 2j 2p : 
b3, bsp bs; b;, > : i 
5 S « a Ci Ci Ci 
Diy Dip b ny Bis 


Cm Cm2 : Cj 


a,b; ca Ajrbo; So a;3b3; Se at 


in? nj = Ci 
Js <ereste(-Ne Finding the Product of Two Matrices 
ane -3 2 
Find the product AB using A = 4 -—2}and B= I 
5 0 —4 1 


SOLUTION First, note that the product AB is defined because the number of 
columns of A is equal to the number of rows of B. Moreover, the product AB has 
order 3 x 2. To find the entries of the product, multiply each row of A by each 
column of B. 


re: 
AB=| 4 -2 i | 
5 0 


= 1 
(—1)(-3) + @)(-4) (-)NQ+ EBM 
=} (4)(—3) + (—2)(-4) 4) + (-2)0) 
(5)(-3) + (-4) — (5)Q2) + =O) 
=9 1 
=| —-4 6 
—-15 10 


488 CHAPTER 6 Matrices and Determinants 


Be sure you understand that for the product of two matrices to be defined, the 
number of columns of the first matrix must equal the number of rows of the 


DISCOVERY second matrix. That is, the middle two indices must be the same and the outside 
Use a graphing utility to two indices give the order of the product, as shown below. 
multiply the matrices r B = AB 
1 2 mxXn nXp mxXp 
A= [; | and t_ Equal —t 
Order of AB 


a-[> 3} 


Do you obtain the same result 
for the product AB as for the 


Finding the Product of Two Matrices 


product BA? What does this tell . . 2 ae 
. eee Find the product AB using A =|3 —1 2} and B= 2 7). 
you about matrix multiplication : 4 6 3 5 


and commutativity? 
SOLUTION Note that the order of A is 3 x 3 and the order of B is 3 x 2. So, the 
product AB is defined and is of order 3 x 2. 


6 2 0 1 0 


/ CHECKPOINT 7 tees aq alll as 
Find the product AB using 1 4 6) |:—3' S 
0 4 -3 6(1) + 2(2) + O(—3) 6(0) + 2(7) + 0(5) 
A=|2 1. 7T\and = | 3(1) + (-1)2) + 2(—3)  3(0) + (-1)(7) + 2(5) 
5 =f 4 1(1) + 4(2) + 6(—3) 1(0) + 4(7) + 6(5) 
-2 0 10 14 
B=| 0 —4|. =|-5 3 
1 2| = -—9 58 


Serie Patterns in Matrix Multiplication 


a ; 0 ;] . : : -[33 7 " 
es || ee a a 
23 3x3 263 
b.| 3 alk ‘=| 3 | 
“| -2 5| 0 1 —2 5 
2x2 2x2 2 2 


c. The product AB for the following matrices is not defined. 


=2 1 =2 3 1 4 
A= 1 -—3) and B= 0 1 -l 2 
1 4 2 —-1 0 1 

S22 3x4 


/ CHECKPOINT 8 


; : ; ; 12 0 1 _|-s5 3 
Find AB, if possible, using A = E 1 | and B = 3 ‘| - 
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ie ersste)(-ee Patterns in Matrix Multiplication 


eo -a[_jj-e §( Jo -a-[7 7] 
1x2 2x1 1x1 Sut Lee? 2x2 


/ CHECKPOINT 9 


Find AB and BA using A = [3 —1] and B = 


i} 


In Example 9, note that the two products are different. Even if AB and BA are 
defined, matrix multiplication is not, in general, commutative. That is, for most 
matrices, AB # BA. 


Properties of Matrix Multiplication 
Let A, B, and C be matrices and let c be a scalar. 


1. A(BC) = (AB)C 


Associative Property of Matrix Multiplication 


2. A(B + C) = AB + AC 
3. (A+ B)C = AC + BC 
4. c(AB) = (cA)B = A(cB) 


Left Distributive Property 
Right Distributive Property 


Associative Property of Scalar Multiplication 


Definition of the Identity Matrix 


The 1 x n matrix that consists of 1’s on its main diagonal and 0’s elsewhere 
is called the identity matrix of order 7 and is denoted by 


10 0S == 0 
Oe ORE ee) 

I, = 0 O Le 0 Identity matrix 
ee 


Note that an identity matrix must be square. When the order is understood to 
be n, you can denote J,, simply by J. 


If A is an nm x n matrix, the identity matrix has the property that AJ, = A and 
[,A = A. For example, 


a 2 5]) 1 0 0) 3. =2 5 
1 0 41/0 1 0; = 1 0 4| AI=A 
—1 2, =3:|\|:0 1 —] 2 —3 
and 
1 0 0 a 5 3. =2 5 
0 1 0 0 4)= 1 0 4). A=A 
0 0 1/|-1 2 —3 —] 2 —3 
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STUDY TIP 


The column matrix B 1s also 
called a constant matrix. Its 
entries are the constant terms in 
the system of equations. 


STUDY TIP 


The notation [A : B] represents 
the augmented matrix formed 
when matrix B is adjoined to 
matrix A. The notation [J : X] 
represents the reduced 
row-echelon form of the 
augmented matrix that yields 
the solution of the system. 


/ CHECKPOINT 10 


Write the system of linear 
equations as a matrix equation 
AX = B. Then use Gauss-Jordan 
elimination on the augmented 
matrix [A : B] to solve for the 
matrix X. 


2X, — 3X, = 4 
6x, + x, = —36 & 


Applications 
One application of matrix multiplication is the representation of a system of 
linear equations. Note how the system 

AX, + Appx, + 4)3%3 = Dy 

Ay\X1 + AgyXy + y3X3 = dy 

A3\X1 + A3oXy + 33%3 = dD; 
can be written as the matrix equation AX = B, where A is the coefficient matrix 
of the system, and X and B are column matrices. 


4, yg 3] |X b, 

Ay, Ay, a3 | |X] = | Bo 

43; 437 33 X3 b; 
A x X = B 


le<etsy)(-WUI Solving a System of Linear Equations 


Consider the system of linear equations. 
x, — 2x, + x,= —4 
X,+2x,= 4 
2x, + 3x, — 2x, 2 


a. Write this system as a matrix equation AX = B. 
b. Use Gauss-Jordan elimination on [A : B] to solve for the matrix X. 
SOLUTION 


a. In matrix form AX = B, the system is written as 


1-2 1][x, =4 

0 1 2iix/=| 41. 

2 3 -2\\|x 2 
Coefficient matrix Constant matrix 


b. The augmented matrix is formed by adjoining matrix B to matrix A. 


1-2 1 : -4 
[A:B]J=|]O 1 2 : 4 
2 3-2 : 2 
Using Gauss-Jordan elimination, you can rewrite this matrix as 
1 0 0 = =1 
7: x}=]0 1 0 : 2 |. 
Or. Ti 3 1 
So, the solution of the matrix equation is 
x, =] 
X=|x,|=] 2 
x5 1 
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|'erss}e)(-WEMy Long-Distance Phone Plans 


The charges (in dollars per minute) of two long-distance telephone companies are 
shown in the table. 


Company A | Company B 
In-state 0.07 0.095 
State-to-state 0.10 0.08 
International 0.28 0.25 


You plan to use 120 minutes on in-state long-distance calls, 80 minutes on 
state-to-state calls, and 20 minutes on international calls. Use matrices to 
determine which company you should choose to be your long-distance carrier. 


SOLUTION The charges C and amounts of time T spent on the phone can be 
written in matrix form as 


0.07 0.095 
C=|0.10 0.08} and T=[120 80 20]. 
0.28 0.25 
The total amount that each company charges is given by the product 
0.07 0.095 
TC =[120 80 20]/0.10 0.08] = [22 22.8]. 
0.28 =0.25 


Company A charges $2 for the calls and Company B charges $2.80. Company 
A charges less for the calling pattern, so you should choose Company A. Notice 
that you cannot find the total amount that each company charges using the 
product CT because CT is not defined. That is, the number of columns of C does 
not equal the number of rows of T. 


/ CHECKPOINT 11 


In Example 11, suppose you plan to use 100 minutes on in-state long-distance 
calls, 70 minutes on state-to-state calls, and 40 minutes on international calls. 
Use matrices to determine which company you should choose to be your 
long-distance carrier. © 


. Under what conditions are matrices A = [a,] and B = [6,] equal? 


. What is the sum of a matrix A and the negation of A? 


. Discuss the similarities and differences between solving real number 
equations and solving matrix equations. 


. Explain why AB is not defined and BA is defined when matrix A is of order 
1 x 3 and matrix B is of order 2 x 1. 
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Skills Revi 6.2 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 0. these skills in the exercise set for this section. For additional help, review Sections 0.2 and 6.1. 
In Exercises 1 and 2, evaluate the expression. 

3) ol) 2. —22(3) + 6(8) 


In Exercises 3 and 4, determine whether the matrix is in reduced 
row-echelon form. 


In Exercises 5 and 6, write the augmented matrix for the system of linear 


equations. 
5 || See se 1Oy = 2 6. | 10x + 15y — 9z = 42 
k= 3y= 0 Gr =— Sy = 0 


In Exercises 7-10, solve the system of linear equations represented by the 
augmented matrix. 


0° 2 0 
*[o 1 i al 


1 b 
i 2 il 0 Meal! 0 3 
(0 @ fl =I 10. | 0 i =2) 1 
0 0 0 0 0 0 1 = 


In Exercises 1-4, find x and y. — 1 
xerci y. 64=| 7 a 3 
Fl 4 ‘ -| 4 =| —4 5 8 —-4 
‘leg gl et “S 6 -1 i 
x -7|_[5 -7 TA= 2 4|,B=|-1 5 
2 9 y 4 9 -8 —3 5 1 10 
-4 3 e=2 2 8 a=| 6 8 S32 @ ] 
4 6 =1 7 6 =| —4 2 1 5 -2/ 
° 8 2 8 —x a-(§ 0 4 -l | 
5 9 5 2y -1 * 2-3. 1 2 
x+2 8 —3 2x+6 8 —3 2 2 =] 1 1 —-l 
4 1 2y 2x = 1 18 —8 9,A=|1 1 —2], B=]-3 4 9 
7 =2 y+ 2 7 2 11 i | 3 QO —7 8 
In Exercises 5-10, find (a) A + B, (b) A — B, (c) 3A, and ja 5 ae — 
(d) 3A — 2B. ae a4 ne ‘5 


S22 a 4 
=|) pee [on sl 
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In Exercises 11-16, evaluate the expression. | 0 0 3 0 0 
UW le | | 7 Wel = 28. A =| 0 4 0|,B=|]0 —-1 0 
“L 3 -6 -2 -l 14 6 0 oO -2 0 0 5 
1 
12. | 6 ‘|+| 0 ]+ [4 =| - ~~ w 5 0 0 
—— 0). oe St 4 22.A4=|0 -8 o|,B=|0 -+ 0 
—4 0 1 2 1 =—2 0) 0 vi 1 
6 — 0) 0 a 
” (| 0 2 | 3 ~6 1) 
4.i(5 -2 4 o]+[i4 6 -18 9) ° 
2 = = 30.4=| “|, B=[10 12] 
Cee (ei hae] | ee Pa) 
7 p 8 1 7 —9 6 
4 11 1 = 5.5] 7 5 4 
16. —1) -2 1] 4 6 3 4;+]-9 -1 0 1 0 9 
9 3 0 13 6 -1 31. A=|3 0 2), B= 
5 0 0 » 
‘o) In Exercises 17-20, use the matrix capabilities of a 1 
graphing utility to evaluate the expression. Round _fl 0 3-2 4 _fl 6 
your results to three decimal places, if necessary. 32. A = 6 13 8-17 107 a 4 2 
3, 2 ~=« 5 -3 0 
17. 4 3 + of ; | ) In Exercises 33-38, use the matrix capabilities of a 
graphing utility to find AB, if possible. 
18 55(| 14 P| ny ae *)) 
; 52 19 13 6 5 6 —3 Po 2 
33. A=|-—-2 > 1|,B=]8 1 4 
3.211 6.829 —1.630 —3.090 10 —5 5 4 -2 9 
19, —| —1.004 4.914] — 5.256 8.335 
0.055 —3.889 —9.768 4.251 11-12 4 12 10 
6 20 14-15 31 —19 34.A=]14 10 12],B=|-5 12 
6 —-2 9 15 16 
20. —12 1 9| 4 8 6| 4 16 10 
-2. 5 7 0 24 —10 38 -6 8 u - - 
35.A=|-12 15 9 6),B= 
In Exercises 21-24, solve for X when 5-1 1 5 16 10 21 
ae 4 0 3 8 —-4 10 
A=| 1 0} and B=] 2. Oj}. 15 —18 = 2 I 
3 -4 -4 -1 36. A=|-—-4 2,e=| 8 (16 o4 
—-8 22 
21. X = 3A — 2B 
2 0 
22. 2X =2A—-—B —2 4 8 745 
23, 2X + 3A =B aa . : a 32 14 
24, 2A + 4B = —2Xx 0.5 1.6 
In Exercises 25-32, find AB, if possible. 38. A = | 9 10 —38 a} B = ie 85 27 | 
100 —50 250 75 40 -—35 60 82 
2 =e -1 4-2 5 
25.A=/4 5|,B= | | In Exercises 39-44, find (a) AB, (b) BA, and, if possible, 
1-1 2 1 wet (<) A2. (Note: A2 = AA.) 
0 -i1 0 2 1 1 | | 2 a 
39. A= , B= 
26. A=|4 0 2), B=)|-3 4 li 2 =I 8 
8 —-1 7 1 6 
-1 3 
27. A= 4 5|, B k ‘| 
0 2D, 
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2 -1 0 0 
1 if e=[3 | 


Matrices and Determinants 


2 4 
i = 4 | 
42.A4=|2 -1 8|,B=|2 1 
S.. fd. -<1 1 3 
1 
43.4=[-4 2 3] B=|0 
5 
2 
3 
44.4=[3 2 1 0, B=/) 
0 


In Exercises 45-50, (a) write the system of linear 
equations as a matrix equation AX = B, and (b) use 
Gauss-Jordan elimination on the augmented matrix 
[A : B] to solve for the matrix X. 


ac ae ane 


=24 y= 0 
46. {2x + 3y= 5 
x +4y = 10 
47.| x+2y= 
3x - y= 
48. | 2x -—4y+z=0 
xb By + ZS I 
x+ y =3 
49. x= 2y+3z=— 9 
x + 3y Zz 6 
24> Sy 3c = 17 
50. xe y= 3z——1 
=x Zy = 1 
x- yt z= 2 


51. Factory Production A corporation that makes sun- 
glasses has four factories, each of which manufactures two 
products. The number of units of product i produced at 
factory j in one day is represented by a,; in the matrix 


a=[0 120 60 | 
140 160 200 80] 


Find the production levels if production is increased by 
10% Hint: Because an increase of 10%orresponds to 
100% + 10% multiply the matrix by 1.10.) 


52. Factory Production A tire corporation has three 
factories, each of which manufactures two products. The 
number of units of product i produced at factory j in one 
day is represented by a,, in the matrix 


-|% 120 re 
40 100 80} 


Find the production levels if production is decreased by 
5%(Hint: Because a decrease of 5%orresponds to 
100% — 5% multiply the matrix by 0.95.) 


53. Hotel Pricing A convention planning service has iden- 
tified three suitable hotels for a convention. The quoted 
room rates are for single, double, triple, and quadruple 
occupancy. The current rates for the four types of rooms at 
the three hotels are represented by the matrix A. 


Hotel Hotel Hotel 
¥ y Zz 
85 92 110] Single 
100 120 130] Double 
= Occupancy 


110 130 140} Triple 
110 140 155] Quadruple 


If room rates are guaranteed not to increase by more than 
15%y the time of the convention, what is the maximum 
rate per room per hotel? 


54. Vacation Packages A vacation service has identified 
four resort hotels with a special all-inclusive package 
(room and meals included) at a popular travel destination. 
The quoted room rates are for double and family (maxi- 
mum of four people) occupancy for 5 days and 4 nights. 
The current rates for the two types of rooms at the four 
hotels are represented by the matrix A. 


Hotel Hotel Hotel Hotel 
w x y Zz 
615 670 740 | Double 


A= o95 1030 1180 1105 


Occupanc 
Family } oe 
If room rates are guaranteed not to increase by more than 
12%by next season, what is the maximum rate per 
package per hotel? 


55. Inventory Levels A company sells five different 
models of computers through three retail outlets. The 
inventories of the five models at the three outlets are given 
by the matrix S. 


Model 
c os * 
A B Cc D E 
3 2 2 3 O| 1 
S=|0 2 3 4 3] 2? Outlet 
4 2 1 3 2| 3 


The wholesale and retail prices for each model are given 
by the matrix T. 


56. 


57. 


Price 
Wholesale Retail 
900 $200 A 
$200 $450 B 
T =| $400 $650 C > Model 
$650 $250 D 
$050 $375 E 


(a) What is the total retail price of the inventory at 
Outlet 1? 


(b) What is the total wholesale price of the inventory at 
Outlet 3? 


(c) Compute the product ST and interpret the result in the 
context of the problem. 


Labor/Wage Requirements A company that manu- 
factures boats has the following labor-hour and wage 
requirements. 
Labor-Hour Requirements (per boat) 
Department 

eS 

Cutting Assembly Packaging 
1.0hour O.S hour 0.2 hour 
1.6hours 1.0hour 0.2 hour 
2.5 hours 2.0 hours 0.4 hour 


= 


Wage Requirements (per hour) 


Plant 


Cutting 
T =| $3 $2 
$0 $1 


(a) What is the labor cost for a medium boat at Plant B? 


Assembly Department 


Packaging 


(b) What is the labor cost for a large boat at Plant A? 
(c) Compute ST and interpret the result. 


Exercise The numbers of calories burned by individuals 
of different body weights while performing different types 
of aerobic exercises for a 20-minute time period are shown 
in the matrix A. 


Calories burned 


120-lb 150-lb 
person _ person 
109 136 Bicycling 
A ={|127 159 Jogging 
64 719 Walking 


(a) A 120-pound person and a 150-pound person bicycled 
for 40 minutes, jogged for 10 minutes, and walked for 
60 minutes. Organize the times spent exercising in a 
matrix B. 


(b) Compute BA and interpret the result. 


SE 


58 


Think About It 
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. Agriculture A fruit grower raises apples and peaches, 
which are shipped to three different outlets. The numbers 
of units of apples and peaches that are shipped to the three 


outlets are shown in the matrix A. 


Outlet 
a, 
x Y Zi 
125 100 75) Apples . . 
_ hispad 
= lire 175 | ental nee 


(a) The profit per unit of apples is $.50 and the profit per 
unit of peaches is 6. Organize the profits per unit in a 
matrix B. 


(b) Compute BA and interpret the result. 


In Exercises 59-66, let matrices A, B, C, 


and D be of orders 2 x 3, 2 x 3,3 x 2, and 2 x 2, respec- 
tively. Determine whether the matrices are of proper 


or 
of 


59 


61. 


63 
65 


67 


der to perform the operation(s). If so, give the order 


the answer. 

/ A+ 2C 60. B-— 3C 
AB 62. BC 

; BE —D 64. CB — D 

. D(A — 3B) 66. (BC — D)A 


. Contract Bonuses Professional athletes frequently 
have bonus or incentive clauses in their contracts. For 
example, a defensive football player might receive bonuses 
for defensive plays such as sacks, interceptions, and/or key 
tackles. In one contract, a sack is worth $000, an 
interception is worth $000, and a key tackle is worth 800. 
The table shows the numbers of sacks, interceptions, and 
key tackles for three players. 


Player Sacks Interceptions Key tackles 
Player X 3 0 4 
Player Y iL 2 5 
Player Z 2 3 3 


(a) Write a matrix D that represents the number of each 
type of defensive play 7 made by each player j using the 
data from the table. State what each entry dj of the 
matrix represents. 


(b) Write a matrix B that represents the bonus amount 
received for each type of defensive play. State what 
each entry ,, of the matrix represents. 


(c) Find the product BD of the two matrices and state what 
each entry of matrix BD represents. 


(d) Which player receives the largest bonus? 
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68. Long-Distance Plans You are choosing between two 
monthly long-distance phone plans offered by two different 
companies. Company A charges §.05 per minute for 
in-state calls, 8.12 per minute for state-to-state calls, and 
6.30 per minute for international calls. Company B 
charges 9.085 per minute for in-state calls, 9.10 per 
minute for state-to-state calls, and §.25 per minute for 
international calls. In a month, you normally use 
20 minutes on in-state calls, 60 minutes on state-to-state 
calls, and 30 minutes on international calls. 


(a) Write a matrix C that represents the charges for each 
type of call i by each company j. State what each entry 
c,; of the matrix represents. 


(b) Write a matrix T that represents the times spent on the 
phone for each type of call. State what each entry of the 
matrix represents. 


(c) Find the product TC and state what each entry of the 
matrix represents. 


(d) Which company should you choose? Explain. 


©) 69. Voting Preference The matrix 


From 
—_— | 
R D I 


0.6 O01 O.1 R 
P={02 0.7 O1 D? To 
0.2 02 0.8 bf 


is called a stochastic matrix. Each entry p, (i # j) 
represents the proportion of the voting population that 
changes from Party i to Party j, and p,, represents the 
proportion that remains loyal to the party from one election 
to the next. Use a graphing utility to find P?. (This matrix 
gives the transition probabilities from the first election to 
the third.) 


©) 70. Voting Preference Use a graphing utility to find P°, 


P4, P°, P®, P’, and P® for the matrix given in Exercise 69. 
Can you detect a pattern as P is raised to higher and 
higher powers? 


In Exercises 71 and 72, find a matrix B such that AB is 
the identity matrix. Is there more than one correct 
result? 


1 3 
na=[) 3] 


2 1 
na-[? 1] 


73. If a, b, and c are real numbers such that c # 0 and ac = be, 
then a = b. However, if A, B, and C are matrices such that 
AC = BC, then A is not necessarily equal to B. Illustrate 
this using the following matrices. 


1 2 3 4 —-6 3 
A= |0 5 4|,B= 5 4 4], 
a: 2 1 —1 0 1 
0) 0) 0 
and C = |0 0 0 
4 -2 3 


74. If a and b are real numbers such that ab = 0, then a = 0 or 
b = 0. However, if A and B are matrices such that AB = O, 
then it is not necessarily true that A= O or B= O. 
Illustrate this using the following matrices. 


3 3 1 =1 
a=[} 1 and =|} 4 


Find another example of two nonzero matrices whose 
product is the zero matrix. 


In Exercises 75 and 76, determine whether the 
statement is true or false. Justify your answer. 


3 2|| 1 0 1 0]| 3 2 
= li all | - k il: al 
16. ie “che "| = ki lice “| 
2 —6|L0 —-1 0 -1 2 —6 
77. Cable Television Two competing companies offer 
cable television to a city with 100,000 households. Gold 
Cable Company has 25,000 subscribers and Galaxy Cable 
Company has 30,000 subscribers. (The other 45,000 


households do not subscribe.) The percent changes in cable 
subscriptions each year are shown in the matrix below. 


Percent Changes 
From From From Non- 
Gold Galaxy subscriber 
To Gold | 0.70 0.15 0.15 
Ferent To Galaxy | 0.20 0.80 0.15 
Changes 
To Nonsubscriber | 0.10 0.05 0.70 


(a) Find the number of subscribers each company will 
have in one year using matrix multiplication. Explain 
how you obtained your answer. 


(b) Find the number of subscribers each company will 
have in two years using matrix multiplication. Explain 
how you obtained your answer. 


(c) Find the number of subscribers each company will 
have in three years using matrix multiplication. Explain 
how you obtained your answer. 


(d) What is happening to the number of subscribers to each 
company? What is happening to the number of nonsub- 
scribers? 


78. Extended Application To work an extended application 
analyzing airline routes with matrices, visit this text’s 
website at college.hmco.com. 
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Verify that a matrix is the inverse of a given matrix. 
Find the inverse of a matrix. 


The Inverse of a 
Square Matrix 


Find the inverse of a 2 x 2 matrix using a formula. 


Use an inverse matrix to solve a system of linear equations. 


The Inverse of a Matrix 


This section further develops the algebra of matrices. To begin, consider the real 
number equation ax = b. To solve this equation for x, multiply each side of the 
equation by a~! (provided a # 0). 


The number a~! is called the multiplicative inverse of a because a~'a = 1. The 
definition of the multiplicative inverse of a matrix is similar. 


Definition of the Inverse of a Square Matrix 


Let A be ann X n matrix and let J, be the n x n identity matrix. If there 
exists a matrix A~! such that 


BE = 


then A~! is called the inverse of A. (The symbol A7! is read “A inverse.”) 


i <eteeye)(-WN) The Inverse of a Matrix 


Show that B is the inverse of A, where 


=1 2 1 =2 
ere ae 


SOLUTION To show that B is the inverse of A, show that AB = I = BA, 


STUDY TIP as follows. 

Recall that it is not always true he =] 2))1 =2) Jele2 2=2]. |1 0 

that AB = BA, even if both ~t-1 ali -1) L-1+1 2-1] Lo 1 

products are defined. However, _ = m _ 

if A and B are both square Ba =| all / =| 1+2 2 l=[ "| 
1 -l}JL-1 1 -1+1 2-1 Oo 1 


matrices and AB = [,, it can be 
shown that BA = J,. So, in 


Example 1, you need only check / CHECKPOINT 1 
that AB = J. 


Show that B is the inverse of A, where A = 3 ;| and B = 2 a 
—-l1 -2 -1 -3] @ 
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/ CHECKPOINT 2 


Find the inverse of the matrix 


are 


If a matrix A has an inverse, A is called invertible (or nonsingular); 
otherwise, A is called singular. A nonsquare matrix cannot have an inverse. To 
see this, note that if A is of order m x n and B is of order n x m (where m # n), 
the products AB and BA are of different orders and therefore cannot be equal to 
each other. Not all square matrices have inverses (see the matrix at the bottom of 
page 500). If, however, a matrix does have an inverse, that inverse is unique. The 
following example shows how to use a system of equations to find an inverse. 


Finding the Inverse of a Matrix 


Find the inverse of the matrix 


a-[-1 3] 


SOLUTION To find the inverse of A, try to solve the matrix equation AX = [ 
for X. 
AX = I 


1 i ie na) —[ | 
=) =3) L¥5) Xx 0 1 
X14, + 4x.) | -|' | 
= yy 3X5 Sy See 0 1 
Equating corresponding entries, you obtain the following two systems of linear 
equations. 


x,, + 4x,, = 1 Xin + 4x, = 0 


—X,, — 3x,, =0 


Write matrix equation. 


Multiply A and X. 


TX1_ — 3X) = 


You can solve these systems using the methods learned in Chapter 5. From the 


first system you can determine that x,, = —3 and x,, = 1, and from the second 
system you can determine that x,, = —4 and x,, = 1. So, the inverse of A is 
X=A'! 


4 


You can use matrix multiplication to check this result. 


ae eel en 
“lo il Y 

weal La a] 
“lool Y 
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Finding Inverse Matrices 


In Example 2, note that the two systems of linear equations have the same 
coefficient matrix A. Rather than solve the two systems represented by 


| i sce | Ml on a 
-1 -3 : 0 -1 -3 : 1 


separately, you can solve them simultaneously by adjoining the identity matrix to 
the coefficient matrix to obtain 


A I 


bey ete Gl 
=] =f. 3. 0 1) 


Then, by applying Gauss-Jordan elimination to this matrix, you can solve both 
systems with a single elimination process, as follows. 


1 4 : 1 | 
=] =3 : 0 1 
E 4 1 | 
R,+R,~lO 1 : 1 1 
—4R, +R, > k 0 —3 4 
0) 1 1 1 
So, from the “doubly augmented” matrix [A : J], you obtain[J : A7!]. 
A I Fj Av! 
1 4: 1 0 i, i & =% 4 
Licsio ul = Cas 1 


This procedure (or algorithm) works for an arbitrary square matrix that has an 
inverse. 


Finding an Inverse Matrix 
Let A be a square matrix of order n. 


1. Write the n x 2n matrix that consists of the given matrix A on the left and 
the n x n identity matrix J on the right to obtain[A : J]. Note that the 
matrices A and J are separated by a dotted line. This process is called 
adjoining the matrices A and J. 


2. If possible, row reduce A to J using elementary row operations on the 
entire matrix [A : I]. The result will be the matrix [J : A7']. If this is 
not possible, A is not invertible. 


3. Check your work by multiplying to see that AA~! = J = A“!A. 


DISCOVERY 


Select two 2 x 2 matrices A and B that have inverses. Calculate (AB)~! and 
then calculate B~'A~! and A~'B~!. Make a conjecture about the inverse of 
the product of two invertible matrices. 
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Finding the Inverse of a Matrix 


1 -l 0 
Find the inverse of the matrix A = | 1 Oo = LT): 
6. -=2 = 3 


SOLUTION Begin by adjoining the identity matrix to A to form the matrix 
1 -l 0 : 1 0 O 
[Ai svJ=]1 0 -1 : 0 1 O|. 
6 —-2 -3 : 0 0 1 


Use elementary row operations to obtain the matrix [J : A~'], as follows. 


1 -l 0) : 1 0 O 
=k, + Ra | 0 1 -l <=] 1 0 
—6R, +R, 10 4 =3 : -6 O 1 
Ry Ri | 1 0 -l1 : 0 1 O 
0 i =f. He 1 1 O 
AR + R= |0 0 Lf £:°=2 =4 1 
Ry + Ry | 1 0 0 = 2 = 3 1 
R, + R,— |0 1 0 .  =3°-=3 1 
0) 0 1 : —2 -4 1 
So, the matrix A is invertible and its inverse is 
=2 =3 1 
A l=|]-3 -3 1 
/ CHECKPOINT 3 a, SG od 
Find the inverse of the matrix Confirm this result by multiplying A and A~! to obtain J, as follows. 
1 =2 =1 t =1 O};}-2 —-3 | 1 0 0 
A=]0 -1 2|. AA“1=1)1 0 -l1j|}/-3 -3 1} = ]0 1 O|=1 
t. =9 Ol a 6. =—2) —3 | =2 -—4 1 0 0 1 


The process shown in Example 3 applies to any n x n matrix A. If A has an 
inverse, this process will find it. When using this process, if the matrix A does not 
reduce to the identity matrix, then A does not have an inverse. 

To confirm that matrix A shown below has no inverse, begin by adjoining the 
identity matrix to A to form the following. 


1 2 0 1 2 Oo : 1 0 0 
A=] 3 -1 2) ™® [4: =| 3 -1 2:01 0 
=, 3. = =2 3 -2 : 0 0 1 
Then use elementary row operations to obtain 
1 2 0 3: 1 0O 0 
0-7 2 : -3 1 = O. 
eo 2 O 2 =2 7 1 


At this point in the elimination process, you can see that it is impossible to obtain 
the identity matrix J on the left. So, A is not invertible. 


DISCOVERY 

Use a graphing utility with 
matrix operations to find the 
inverse of the matrix 


a-[2 Gl 


What message appears on the 
screen? Why does the graphing 
utility display an error message? 


/ CHECKPOINT 4 


Find the inverse of the matrix 


A 


ieee 
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The Inverse of a 2 x 2 Matrix (Quick Method) 


Using Gauss-Jordan elimination to find the inverse of a matrix works well (even 
as a computer technique) for matrices of order 3 x 3 or greater. For 2 x 2 
matrices, however, many people prefer to use a formula for the inverse rather than 
Gauss-Jordan elimination. This simple formula, which works only for 2 x 2 
matrices, is explained as follows. If A is a2 x 2 matrix given by 


a b 
A= 
I: ‘| 
then A is invertible if and only if ad — be # 0. Moreover, if ad — bc # 0, the 
inverse is given by 


1 d —b 
~ 
a ee | 


Try verifying this inverse by multiplication. 
The denominator ad — bc is called the determinant of the 2 x 2 matrix A. 
You will study determinants in the next section. 


Finding the Inverse of a 2 x 2 Matrix 


If possible, find the inverse of each matrix. 


3. 1 3. =] 
wa-[2 3] wa-[2 J 


SOLUTION 


a. For the matrix A, begin by applying the formula for the determinant of a2 x 2 
matrix to obtain 


ad — be = 3(2) — (—1)(-2) = 4. 


Because this quantity is not zero, the matrix is invertible. The inverse is 
formed by interchanging the entries on the main diagonal, changing the signs 
of the other two entries, and multiplying by the scalar is as follows. 


1 d —b 
-l 
a =| ‘| 


_ be iH 
4(2) 4) 
4 
3 


1 
| 
2 4 
b. For the matrix B, you have 


ad — be = 3(2) — (-—1)(-6) 
= 0. 


Formula for inverse of a 2 x 2 matrix 


Substitute for a, b, c, d, and the determinant. 


Multiply by the scalar } 


Simplify. 


Because ad — bc = 0, B is not invertible. 
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TECHNOLOGY 


=\ To solve a system of 
equations with a graphing 
utility, enter the matrices A and 
B in the matrix editor. Then, 
using the inverse key, solve 
for X. 


A @&) B (ENTER) 


The screen will display the 
solution, matrix X. 


/ CHECKPOINT 5 


Use an inverse matrix to solve 
the system. 


| 
a 


=4F yor 2> 
2x- y-3z= 
—2x+3y+2z= 108 


| 
| 
~ 


Systems of Linear Equations 


You know that a system of linear equations can have exactly one solution, 
infinitely many solutions, or no solution. If the coefficient matrix A of a square 
system (a system that has the same number of equations as variables) is 
invertible, then the system has a unique solution, which is defined as follows. 


A System of Equations with a Unique Solution 


If A is an invertible matrix, then the system of linear equations represented 
by AX = B has a unique solution given by X = A7!B. 


le <etst)(- yy Solving a System of Equations Using an Inverse Matrix 


Use an inverse matrix to solve the system. 


2x+3y+z=-1 
3x +3y+z= 1 
2x +4y+z= -2 


SOLUTION Begin by writing the system in the matrix form AX = B. 


2 3 l||x =, 
3 3 l]|y]= 1 
2 4 1]|z =2 
Next, use Gauss-Jordan elimination to find A~!. 
—1 1 0 
At=/-1 0 1 
6 =2 =3 
Finally, multiply B by A~! on the left to obtain the solution. 
=] 1 O}) -1 2 
X=A'B=]-1 0) 1 1) =]-1 
6 2 3 2 2 
So, the solution is x = 2, y = —1, andz = —2. 


. What is the product of a square matrix of order n and its inverse? 


. Matrix A is a singular matrix of order n. Does a matrix B exist such that 
AB = !? Explain. 


XX 
w "|, where Xqq° Xp9 = X17 * Xzz- ISA 


. Consider the matrix A = 


: . : 21 X22 
invertible? Explain. 


. Matrix A is nonsingular. Can a system of linear equations represented by 
AX = B have infinitely many solutions? Explain. 
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Skills Revi 6.3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview 0. these skills in the exercise set for this section. For additional help, review Sections 6.1 and 6.2. 


In Exercises 1-8, perform the indicated matrix operations. 


16 j[ib 10 48 
eer 25,1 0 16 
pe 2) OG. 2006 
i 103 oa 5 20 6S 
= i 1 | - 23 7 | S ie 15 - 3 - 
F | [; | 
Dy le Se 


2 Ollie 0 i 3) ie 1 
7.1/0 -1 O|/0 -1 0 8.|3 -1 -2||-9 -8 11 
eC 30 all 6. Sy =7 


In Exercises 9 and 10, rewrite the matrix in reduced row-echelon form. 


iy ln oe eo BO 
ae me || 10)/|(=)) 002 Ge Si a0 


7 4 3-4 8. A= | 4), B= 0 1 2 
.a-={! )2-[-3 ‘| -l 1-2 -1 0 1 
_f-4 1] ,_f[2 -1 2 0 2 1 
24=|75 ole 5 | i ga oe Oo A 
er 4 1 re ns ns Oc ns 
= 3 é} 
3.4 =|? “i e-|, 7 3 -1 1 O 
3 3 
—— -1 3 -2 -2 
LE val a 3 1]}-2 9 -7 -10 
4,A= ,B= = 
2 =10 3-4 ol fp et ei 
~2 3 is 3 3-6 6 6 
RAS) tot Oe <8 3 -l 1 0-1 
0 1 4 i 2-y wac| i-th 2. 0 
-l 0 2 {76 9 4 , -! 1 2. Of 
6A=| 1-2 O,B=7)-3 -5 2 0-1 1 1 
: oo 2 2 i 2 ey a eae 
2-17 11 i @t 2 ouil=e =1. 3 =e 
7.A=|-1 11 -7|,B=|2 4 -3 4; 0 1 1 OO 
0 3 -2 3 6 —-5 -4 -2 2 0 
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In Exercises 11-30, find the inverse of the matrix (if it 


exists). 


23. 


25. 


oo Ww 
| 


27. 


| 
| 
| 
| 

2, F 5 
| 
| 
| 


29. 


NON OC nfo ONO 
OW OW noo fo?So 


ororF 


In Exercises 31-38, use the matrix capabilities of a 
graphing utility to find the inverse of the matrix (if it 


exists). 
1 2 
31. 3 7 
=5 -7 
0.1 0.2 
33. | -0.3 0.2 
0.5 0.4 
1 -3 2 
0 4 —-12 
Ss 
: 3 0 5 
0 —-3 9 
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12. = 
~2 
14. ie 
4 
16. i 
1 
18. b 
6 
~2 
20.| 6 
0 
1 
22.| 3 
4 
3 
24.| 2 
-4 
2 
26. | 0 
0 
1 
28. | 3 
2 
“4 
0 
30.| 5 
0 


32. | —5 


34. | 0.7 


36. 


ooor 


noo Owe 


oOoON WwW 


noo nono 


0 
2, 
0 
1 


0 


 =7 


1 


4 


2 +2 


I 2) =f. =2 
37. 3: ee 3 
2 =53 =2 =5 
=], 4 4 11 
4 8 -7 14 
38. 2 5 -4 6 
0 2 l, “=f 
3 6 =5S 10 


In Exercises 39-44, use the formula on page 501 to find 
the inverse of the matrix (if it exists). 


7 12 
w.| 7 7] 
=12 3 
a.[ 3 


“ ; 


loo BIO 


| 


Win Ble 


In Exercises 45-48, use the inverse matrix found in 
Exercise 11 to solve the system of linear equations. 


45. |] x+2y=0 
3x + Ty = 1 


as ett a 8 


3x + Ty = 26 


46. | x+2y= —-5 


3x + Ty = —16 


3x + 7y = —21 


48. | x+2y= -6 


In Exercises 49-52, use the inverse matrix found in 
Exercise 16 to solve the system of linear equations. 


49, }2x+ 3y= 5 
x + 4y = 10 


51. le +3y=4 


x+4y=2 


In Exercises 53 and 54, use the 


50. e + 3y=0 


x+4y=3 


x+4y=-2 


52. ie +3y= 1 


inverse matrix found in 


Exercise 21 to solve the system of linear equations. 


535, || 2 y Z=0 54, 
3x + 5y + 4z =5 
3x + 6y + 5z = 2 


In Exercises 55 and 56, use the 


x+ y+ z=-l 
3x + 5y+4z= 2 
3x + 6y+5z= 0 


inverse matrix found in 


Exercise 37 to solve the system of linear equations. 


55. Xy > 2X5 X4 2Xx,= 0 
Bi SX = 2K3 sky 1 
2% 4 — Ih, — 2X4 ) 7 inal | 
x, +4x,+4%,4+ 1lx,= 2 
56 X1 — 2x xs 2x4= 1 
3x, — 5x2 — 2x3 3x4 2 
24 3X5 2K5 5x4 = 0 
x, + 4x, + 4x, 4+ 11x, = -3 
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In Exercises 57-64, use an inverse matrix to solve (if 
possible) the system of linear equations. 


57. |3x + 4y = —2 58. | 18x + 12y = 13 
5x+3y= 4 30x + 24y = 23 
59. |—0.4x + 0.8y = 1.6 60. |0.2x — 0.6y = 2.4 
2x- 4y= 5 —x+14y = -88 
61. |-x += -2 62. |ix — y = —20 
w+ ay = 12 =e =S1 
63. |4x-—- y+ z=-5 64. |4x — 2y + 3z = —2 
2x + 2y + 3z = 10 2x + 2y+5z= 16 
sax 2y+62= 1 8x —S5y—2z= 4 


©) In Exercises 65 and 66, use the matrix capabilities of a 


graphing utility to solve (if possible) the system of 
linear equations. 


65. ( 7x-3y +2w= 41 


2x y w =-13 

4x +z-2w = 12 

x y w 8 
66. | 2x + Sy + w= 11 


x + 4y + 2z-2w=-7 
2n= 2y + 5z w= 3 
x = 3w = =1 


In Exercises 67 and 68, develop for the given matrix a 
system of equations that has the given solution. Use 
an inverse matrix to verify that the system of equa- 
tions has the desired solution. 


2 1 3 x= 
67./4 0 -2 y=-3 
0 3 2 z=5 
i, OF .@ a=5 
68./1 1 1 y=-2 
2.2% 0 z=1 


Bond Investment In Exercises 69-72, you invest in 
AAA-rated bonds, A-rated bonds, and B-rated bonds. 
Your average yield is 9% on AAA bonds, 7% on A 
bonds, and 8% on B bonds. You invest twice as much 
in B bonds as in A bonds. The desired system of linear 
equations (where x, y, and z represent the amounts 
invested in AAA, A, and B bonds, respectively) is as 
follows. 


xt yr Zz = (total investment) 
0.09x + 0.07y + 0.08Z = (annual return) 
2y- z=0 
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Use the inverse of the coefficient matrix of this 
system to find the amount invested in each type of 
bond for the given total investment and annual 
return. 


69. Total investment = $5,000; annual return = $950 
70. Total investment = $0,000; annual return = $180 
71. Total investment = $6,000; annual return = $040 
72. Total investment = $5,000; annual return = $770 


Circuit Analysis In Exercises 73 and 74, consider the 
circuit shown in the figure. The currents /,, /,,and /, in 
amperes, are the solution of the system of linear 
equations 


2I, + Alg= E, 

ly + 4, = E> 

+ b- I,= 0 
where E, and £, are voltages. Use the inverse of the 


coefficient matrix of this system to find the unknown 
currents for the given voltages. 


Pes eS Steg 

body I, | 
22 $ S10 
dé S40 eb 
oe es 
hi ae ei 

Seca | eo 

eo 


73. E, = 28 volts, E, = 21 volts 
74. E, = 24 volts, E, = 23 volts 


Raw Materials In Exercises 75-78, consider a company 
that specializes in potting soil. Each bag of potting 
soil for seedlings requires 2 units of sand, 1 unit of 
loam, and 1 unit of peat moss. Each bag of potting soil 
for general potting requires 1 unit of sand, 2 units of 
loam, and 1 unit of peat moss. Each bag of potting soil 
for hardwood plants requires 2 units of sand, 2 units of 
loam, and 2 units of peat moss. Find the numbers of 
bags of the three types of potting soil that the company 
can produce with the given amounts of raw materials. 


75. 500 units of sand 76. 500 units of sand 
500 units of loam 750 units of loam 
400 units of peat moss 

77. 350 units of sand 


445 units of loam 


450 units of peat moss 


78. 975 units of sand 
1050 units of loam 


345 units of peat moss 725 units of peat moss 


506 CHAPTER 6 Matrices and Determinants 
79. Child Support The total values y (in billions of dollars) 
of child support collections from 1998 to 2005 are shown 
in the figure. The least squares regression parabola 
y = at* + bt +c for these data is found by solving the 


system 
8c + 92b+ 1100a= 153.3 
92c + 1100b+ 13,61l6a = 1813.9. 
1100c + 13,616b + 173,636a = 22,236.7 


Let ¢ represent the year, with t = 8 corresponding to 1998. 
(Source: U.S. Department of Health and Human Services) 


Total value of collections 
(in billions of dollars) 
e 


Ss Sa 
8 S107 Wl, 12. 13) 14> 15: 
Year (8 © 1998) 


® (a) Use a graphing utility to find an inverse matrix to solve 
this system, and find the equation of the least squares 
regression parabola. 


(b) Use the result from part (a) to estimate the value of 
child support collections in 2007. 


(c) An analyst predicted that the value of child support 
collections in 2007 would be $4.0 billion. How does 
this value compare with your estimate in part (b)? Do 
both estimates seem reasonable? 


80. Alaskan Fishing The total annual profits y (in thousands 
of dollars) for an Alaskan fishing captain from 2000 to 2008 
are shown in the figure. The least squares regression 
parabola y = af + bt + c for these data is found by solv- 
ing the system 


9c + 36b 204a = 1152 
36c + 204b + 1296a = 4399. 
204c + 1296b + 8772a = 24,597 


Let ¢ represent the year, with t = 0 corresponding to 2000. 


) (a) Use a graphing utility to find an inverse matrix to solve 
this system, and find the equation of the least squares 
regression parabola. 


(b) Use the result from part (a) to predict the captain’s 
profit in 2010. 


(c) Due to increased competition, the captain projects 
profits of $15,000 in 2010. How does this value 
compare with your prediction in part (b)? 


y 
h 
@ 150-+ 
o & 
eS 145 -@ 
BS 1407 
romeo ee 0 
23 
22 130+ ° 
s Z 125+ a 
& © 120+ e 0 
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Pe ust 
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Figure for 80 


In Exercises 81 and 82, use the following matrices. 


4 3 1 -2 13 4 
A=[_5 }8= [5 abc=["5 | 


81. Find AB and BA. What do you observe about the two 
products? 


82. Find C~!,A~! + B~!, and B~! - A~!. What do you observe 
about the three resulting matrices? 


In Exercises 83 and 84, find a value of k that makes the 
matrix invertible and then find a value of k that makes 
the matrix singular. (There are many correct answers.) 


4 3 2k +1 3 
[i ut! 3] 


In Exercises 85 and 86, determine whether the 
statement is true or false. Justify your answer. 
85. There exists a matrix A such that A = A7!. 
86. Multiplication of a nonsingular matrix and its inverse is 
commutative. 
: : a b i$ ss ins 
87. IfAisa2 x 2 matrix A = : d , then A is invertible if 


and only if ad — bc # 0. If ad — bc # 0, verify that the 
inverse 1s 


1 d —b 
18 
a =| A 


88. Exploration Consider matrices of the form 


a, 0 O O = 0 
0 ad O O = 0 
A=|0 0 a, O - O 
0 OO OO O =: 4 


(a) Write a2 x 2 matrix and a3 x 3 matrix of the form of 
A. Find the inverse of each. 


(b) Use the result from part (a) to make a conjecture about 
the inverses of matrices of the form of A. 
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See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Finishing 
Packaging 


0.6 0.2] Model A 
1.0 0.2] Model B 
2.0 0.5] Model C 


NNR 
oRO Assembly 


Labor-Hour Requirements 
(in hours per hang glider) 


Plant 1 
Plant 2 


15 12| Assembly 
W=/10 11) Finishing 
9 8] Packaging 
Wage Requirements 
(in dollars per hour) 
Matrices for 15-18 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 
In Exercises 1 and 2, write a matrix of the given order. 

14x 3 2,3 %1 

In Exercises 3 and 4, write the augmented matrix for the system of 
equations. 

3; es + 2y = —-2 


5x - y= 19 

4. | x + 3g 5 
KPQy= g= 3 
3x +4z= 0 


5. Use Gaussian elimination with back-substitution to solve the augmented matrix found 
in Exercise 3. 


6. Use Gauss-Jordan elimination to solve the augmented matrix found in Exercise 4. 


In Exercises 7-12, use the following matrices to find the indicated matrix (if 
possible). 


—1 4 -1 2 -3 0 -2 
a=[7 al e= |) 0 | c=} ‘ 


7. 2A + 3C 8. AB 
9. A -—3C 10. C? 
11. A“! 12. Bo! 


In Exercises 13 and 14, solve for X using matrices A and C from Exercises 7-12. 
13. X = 3A — 2C 14, 2X + 4A = 2C 


In Exercises 15-18, a hang glider manufacturer has the labor-hour and wage 
requirements indicated at the left. 


15. What is the labor cost for model A at Plant 1? 
16. What is the labor cost for model B at Plant 2? 
17. What is the labor cost for model C at Plant 2? 
18. Compute LW and interpret the result. 


In Exercises 19 and 20, use an inverse matrix to solve the system of linear 
equations. 
19. x—-3y= 10 
=2x + y= =10 
20. |2x- y+ z= 3 
3x - z= 15 
4y +3z=-1 
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Section 6.4 
Evaluate the determinant of a 2 x 2 matrix. 


The Determinant 
of a Square Matrix 


Find the minors and cofactors of a matrix. 
Find the determinant of a square matrix. 
Find the determinant of a triangular matrix. 


The Determinant of a 2 x 2 Matrix 


Every square matrix can be associated with a real number called its determinant. 
Determinants have many uses, and several will be discussed in this and the next 
section. The use of determinants is derived from special number patterns that 
occur when systems of linear equations are solved. For instance, the system 
axt by =c, 
a,x + b,y = cy 
has a solution given by 
x = ————_ and Se 
a,b, — ab, . aby — ayb, 


provided that a,b, — a,b, # 0. Note that the denominator of each fraction is the 
same. This denominator is called the determinant of the coefficient matrix of the 


system. 
Coefficient Matrix Determinant 
a b 
A= i | det(A) = a,b, — ayb, 


The determinant of the matrix A can also be denoted by vertical bars on both sides 
of the matrix, as indicated in the following definition. 


Definition of the Determinant of a 2 x 2 Matrix 


The determinant of the matrix 


ele 
a, by 
is given by 


det(A) = |A] = 


In this text, det(A) and |A| are used interchangeably to represent the 
determinant of A. Although vertical bars are also used to denote the absolute 
value of a real number, the context will show which use is intended. 

A convenient method for remembering the formula for the determinant of a 
2 x 2 matrix is shown in the following diagram. 


det(A) = = a,b, — ayb, 


STUDY TIP 


The determinant of a matrix of 
order 1 x 1 is defined simply as 
the entry of the matrix. For 
instance, if A = [—2], then 
det(A) = —2. 
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Note that the determinant is the difference of the products of the two diagonals of 


the matrix. In Example | you will see that the determinant of a matrix can be 
positive, zero, or negative. 


i> <eiseye)(-we) The Determinant of a 2 x 2 Matrix 


Find the determinant of each matrix. 


2 -3 2 1 0 3 
wae? 3] oe J ecef 3 


SOLUTION Use the formula det(A) = i ; aby — ayb,. 
2 4% 
2 223 
a. de(A) = | 5] = 22) — 1(-3)=44+3=7 
2 1 
b. det(B) =|, 4] = 22) - 41) = 4-4 =0 
0 3 
e. de(C)=|, 3] = 04) - 2) = 0-6 = -6 


/ CHECKPOINT 1 


Find the determinant of A = E ‘| 
3 -1l| @ 


TECHNOLOGY 


=\, Most graphing utilities can evaluate the determinant of a matrix. Use a 
graphing utility to find the determinant of matrix A from Example 1. 
The result should be 7, as shown below. For specific keystrokes on how to 
use a graphing utility to evaluate the determinant of a matrix, go to the text 
website at college.hmco.com/info/larsonapplied. 


detetAls 


Try evaluating the determinant of B with your graphing utility. 


a a | 
B-(5 ms il 


What happens when you try to evaluate the determinant of a nonsquare 
matrix? 
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Sign Pattern for Cofactors 


3 x 3 matrix 


+ —_ + a 


n X n matrix 


Matrices and Determinants 


Minors and Cofactors 


To define the determinant of a square matrix of order 3 x 3 or higher, it is con- 
venient to introduce the concepts of minors and cofactors. 


Minors and Cofactors of a Square Matrix 


If A is a square matrix, the minor M,; of the entry a;; is the determinant of 
the matrix obtained by deleting the ith row and jth column of A. The 
cofactor C,, of the entry a; is given by C, = (— 1)/*/M;, 


In the sign pattern for cofactors at the left, notice that odd positions (where 
i + j is odd) have negative signs and even positions (where i + j is even) have 
positive signs. 


Finding the Minors and Cofactors of a Matrix 


0 2 1 
Find all the minors and cofactors of A=|3 —1 2 |. 
4 0 1 


SOLUTION To find the minor M,,, delete the first row and first column of A and 
evaluate the determinant of the resulting matrix. 


‘0:24 
= 2|, 

0 1 
Similarly, to find M,,, delete the first row and second column. 
3 = 2; 

4 1 
Continuing this pattern, you obtain the following minors. 

M,,=-1 M,,=—-5 M,,= 4 


M,,= 2 M,, = —4 M,, = —8 
My, = 5 My = —3 M,, = —6 


2 
1 


Mi P | = —1(1) — 0(2) 1 


=/ 2 
4 1 


|= 30) 4(2) = —5 


Now, to find the cofactors, combine the minors above with the checkerboard 
pattern of signs for a 3 x 3 matrix shown at the upper left. 


Cy = 7! Cy,= 5 C= 4 
Cy = =2 Cy = —4 Cy3= 8 
Cy = 5 Cy = 3 C33 = —6 


/ CHECKPOINT 2 


3 
Find all the minors and cofactors of A=|0 —1 5; 
4 


/ CHECKPOINT 3 


Find the determinant of 


3 0 
A= {1 2 
2 0 


2 
=); 
—4/ @ 
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The Determinant of a Square Matrix 


The definition below is called inductive because it uses determinants of matrices 
of order n — 1 to define determinants of matrices of order n. 


Determinant of a Square Matrix 


If A is a square matrix (of order 2 x 2 or greater), then the determinant 
of A is the sum of the entries in any row (or column) of A multiplied by 
their respective cofactors. For instance, expanding along the first row yields 


|A| = GyCyy + AyCig t+ > + + a,,C,,. 


Applying this definition to find a determinant is called expanding by 
cofactors. 


Try checking that for a 2 x 2 matrix 


a b 
A= 1 J 
ks b, 


this definition of the determinant yields 
|A| = a,b, — ayb, 


as previously defined. 


The Determinant of a Matrix of Order 3 x 3 


Find the determinant of 


0 2 1 
A=|3 -l 2s 
4 0 1 


SOLUTION Note that this is the same matrix that was given in Example 2. There 
you found the cofactors of the entries in the first row to be 


Cy, =—-1, C.=5, and Cy, =4. 
So, by the definition of a determinant, you have 
|A| = 4yCy, + ay Cio + a,3Cy5 First-row expansion 
= O(—1) + 2(5) + 1(4) 
= 14. 


In Example 3, the determinant was found by expanding by the cofactors in 
the first row. You could have used any row or column. For instance, you could 
have expanded along the second row to obtain 


|A| = Ay Cy, + Aya. + A5,Cy, Second-row expansion 
= 3(—2) + (—1)(—4) + 2(8) 
= 14. 
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Matrices and Determinants 


When expanding by cofactors, you do not need to find cofactors of zero 
entries, because zero times its cofactor is zero. 


aC=WE,=6 


So, the row (or column) containing the most zeros is usually the best choice for 
expansion by cofactors. This is demonstrated in the next example. 


JS <eresye)(-wa The Determinant of a Matrix of Order 4 x 4 


Find the determinant of 


| 
an 
an 
co OW 
wn oO 


3 4 0 2 


SOLUTION After inspecting this matrix, you can see that three of the entries in 
the third column are zeros. So, you can eliminate some of the work in the 
expansion by using the third column. 


[A| = 3(C,3) + 0(Cy3) + O(C33) + O(Cys) 


Because C,3, C33, and C,, have zero coefficients, you only need to find the 
cofactor C,3. To do this, delete the first row and third column of A and evaluate 
the determinant of the resulting matrix. 


| 1 2 
Cis = (- 1)! +3) 0 2 3 Delete 1st row and 3rd column. 
3 4 2 
=] 1 2 
=| 0 2 3 Simplify. 
3 4 2 
Expanding by minors in the second row yields 
1 2 =] 2 =] 1 
= —1)3 + —1)4 + =) 
cy=o-w, Seanad} Jeans} | 


= 0 + 2(1)(—8) + 3(—1)(-7) 
= 5. 
So, you obtain 


Al = 30, S36 S15: 


/ CHECKPOINT 4 


3 0 7 0 

: . | 2 6 O ii 

Find the determinant of A = ‘ 1 0 > 
1 5 O 10| @ 


Try using a graphing utility to confirm the result of Example 4. 
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There is an alternative method that is commonly used to evaluate the 
determinant of a3 x 3 matrix A. This method works only for 3 x 3 matrices. To 
apply this method, copy the first and second columns of A to form fourth and fifth 
columns. The determinant of A is then obtained by adding the products of the 
three “downward diagonals” and subtracting the products of the three “upward 
diagonals,” as shown in the following diagram. 


Subtract these three products 


Add these three products 
So, the determinant of the 3 x 3 matrix A is given by 
|A| = 4149433 + GyxQ7343) + Ay 34y)\439 


~ 431499413 ~~ 39493411 ~ 4334914)2- 


The Determinant of a 3 x 3 Matrix 


Find the determinant of 


0 2 1 
A=|3 -1. 2\|. 
4-4 1 


SOLUTION Because A is a3 x 3 matrix, you can use the alternative procedure 
for finding |A|. Begin by copying the first and second columns to form fourth and 
fifth columns. Then compute the six diagonal products, as follows. 


—4 0 6 < Subtract these products. 


0 16 —12 & Add these products. 


Now, by adding the lower three products and subtracting the upper three products, 
you find the determinant of A to be 


|A| = 0 + 16 + (-12) -(-4) -0-6 
=o 


/ CHECKPOINT 5 


-3 -4 0) 
Find the determinant of A = 4 1 =—2). 
0 2 3| of 


Be sure you understand that the diagonal process illustrated in Example 5 is 
valid only for matrices of order 3 x 3. For matrices of higher orders, another method 
must be used, such as expansion by cofactors or a graphing utility. 
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/ CHECKPOINT 6 


Find the determinant of 


=] 


0 
0 
0 


=2 
5 
0 
0 


=) 
4 
2 
0 


Matrices and Determinants 


WMmOnd w 


Triangular Matrices 


Evaluating determinants of matrices of order 4 or higher can be tedious. There is, 
however, an important exception: the determinant of a triangular matrix. A 
triangular matrix is a square matrix with all zero entries either below or above its 
main diagonal. A square matrix is upper triangular if it has all zero entries 
below its main diagonal and lower triangular if it has all zero entries above its 
main diagonal. A matrix that is both upper and lower triangular is called 
diagonal. That is, a diagonal matrix is one in which all entries above and below 


the main diagonal are zero. 


Upper Triangular Matrix 


41, Ayn 13 Ain 
0 452 3 Ad 
0 0 a3; As, 
0) 0) 0) +++ a 


nn 


Lower Triangular Matrix 


a,, O Oo ... O 
a, @ 0 0 
43; 932 33 0 
any Ang an3 vs Ann 


To find the determinant of a triangular matrix of any order, simply find the 


product of the entries on the main diagonal. 


The Determinant of a Triangular Matrix 


| 


oooor FUN 
co oWw~o UDNO 
CONDO WrFrCO 
onoOOoO WwWOC;O 


— 1(3)(2)(4)(—2) = 48 


. Explain the difference between F 7 and : A 


. Explain the difference between the minors and cofactors of a square 


matrix. 


2 
. Consider the matrix A = | 1 
3 


| When expanding by cofactors, 


which column reduces the amount of work in finding the determinant? 


Explain your reasoning. 


. What is the determinant of any identity matrix? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.3, 
and 6.2. 


Skills Review 6.4 


In Exercises 1-4, perform the indicated matrix operations. 


| =2 2 7 =e 5 @ =3) 
Z lo lee 24] 2. | 3 Sal i 
3 =4 2 0 2 3 
ab 3) il © =i 4. 4-1 2 3 
0 US =?) | =2 
In Exercises 5-10, perform the indicated arithmetic operations. 
5. [(1)(3) + (—3)2)] — [M4 + B)6)] 
6. [(4)(4) + (—1)(-3)] — (- DQ) + (-2)7)] 
q ese SOE Za) 
He G2) 34) ies) 2) 


D 


ss 2) 7-3) 10. 4(— 1)°[3(6) — 2(7)] 


Exercises 6.4 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In 
1 


3. 


11. 


13. 


@) In 


gr 


15. 


17. 


Exercises 1-14, find the determinant of the matrix. 5 —-3 2 2 3 4 
= [3] 2: [a] 19.|7 5 -7 20.}0 5 -2 
, [3 i 0 6-1 0 oO -2 
2 7 ~2 1 In Exercises 21-28, find all (a) minors and (b) cofactors 
ie | 6 ie | of the matrix. 
2 3 i 8 7 
21. 3 ;| 22, | ee >| 
| 9 Al 8 a 4 2, 5 —3 2 
12 4 “1 10 4 3 1 = 5 
E Al 10. ie | E -4| - 7 | 
3 4 5) 2 
i i 4 0 2 i =1 6 
3 , v. : | 24 2 4 %.|3 2 5 
= 3 a: i 4-6 4 
33 w.| 3 3 3-2 8 -—2 9 4 
<6 ; -| -t 27. 3 2 -6 28. 7 -6 0 
—l1 3 6 6 T =6 


Exercises 15-20, use the matrix capabilities of a 


aphing utility to find the determinant of the matrix. In Exercises 29-34, find the determinant of the matrix 


by the method of expansion by cofactors. Expand 


0.1 0.3 0.2 0.2 —0.1 —0.3 using the indicated row or column. 
-0.3 -02 0.1 16.| O01 -O1 04 
i. 2 4 =05 -<=02 =04 4 1 -3 “3 4 2 
29.|} 6 5 -2 30./ 6 3 1 
0.9 07 0 0.1 O01 —43 -l 3 4 4 -7 —8 
-0.1 03 123 18.|7.5 62 0.7 (a) Row 3 (a) Row 2 
22 42 61 03 0.6 —1.2 Cee (b) Column 3 
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7 0 —-4 LO: -=5 5 5 3 0 6 1 4 3 2 

31.;2 —-3 0 32. | 30 0 10 49 4 6 4 12 50 —5 6 2 1 
5 8 1 0 10 1 “10 2x *=3 4 ° 0 0 0 0 
(a) Row 1 (a) Row 3 0 1-2 2 =e oi 4S 
(b) Column 3 (b) Column 1 2 = Sel 3 

=2, 0 1 3 2, 
6 0 -3 5 51.} 1 0 0 4 0 
4 1 _ = 
33. = 2s 6 @ 2-1 © 
=. 2 Ff 4 > © S&S ft 9 

fe ? 0 7 5 2 0 0 -2 
(a) Row 2 (b) Column 2 0 1 4 3 2 
u|4 0 5 ~6 0 0 3 4 1 
*lo 3002 «7 oc. ¢ @ 2 2 

1 0 —3 2 : . ei 

@ In Exercises 53-60, use the matrix capabilities of a 

(a) Row 3 (b) Column 1 graphing utility to evaluate the determinant. 

In Exercises 35-52, find the determinant of the matrix. 3 8. HT 5 —8 0 

Expand by cofactors on the row or column that 53. /0 -—5 4 54., 9 7 4 

appears to make the computations easiest. Use a 8 1 6 -8 7 1 

graphing utility to confirm your result. 7 0-14 3 0 0 

1 4-2 > -1 3 55.|-2 5 4 56.|-2 5 0 

35./ 3 2 0 36/1 4 4 “6 2 2 mB Ss 7 

Al 4 3 1 0 2 1 —-1 8 4 0 —-3 8 3 
2 6 0 —-4 8 1 =1 6 
2 4 6 -3 0 90 57. 58. 

37.10 3 1 38.| 7 11 0 2 0 2 6 “4 6 0 9 
0 0-5 12 2 0 2 8 0 -7 0 0 14 
af <0 a 2 3 a ae 

39.14 2 1 40.| 1 -1 0 a ee th 
4 2 1 0 1 4 59. —1 0 3 2 

4 7 —8 0 0 
1 4 -2 | 3 1 1 2 3 0 2 

41. 3 6 —6 42. 4 2 5 

—. 7 2 —2 1 6 “2 0 0 0 0 
0 3 0 0 0 
0.3 0.2 0.2 0.1 0.2 03 60 0 0-1 0 0 

43. 0.2 0.2 0.2 44.|-03 0.2 0.2 0 0 0 2 0 
-04 04 0.3 0.5 0.4 04 0 0 0 0 —-4 
6 3 =7 5 0 3 . nea : £ th 

45. | 0 0 0 ag, =a 0 8 In eee sh eva ss t oe of the 
4 -6 3 3 ite matrix. Do not use a graphing utility. 

2 0) 0 1 0 
3 6 —5 4 
61.|4 —-3 0 62.|-4 -1l 
mi oS 8 6 5 1 5 1 
1 1 2 2 
0 a | 2 3° =. =] 4 0 0) 0 
0: =] =—3 5 1 —-4 0) 0 
2 2 a F 
aa Slo Gk 7 ele fat 6 

a = Fe 0 0 0 -4 6-2 3 -1 
1 S| 0 1 
3 7 0 7 
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1 0 0 0 0 3 2 0 =3 0 1 
0 2 0 0 0 80. A=|-1 —-3 4), B= 0 2 1 
65. | 0 0 3 0 0 =2 0 1 =2). ill 1 
J a =| o 4 -1 0 0 
° ) 2 2. 2 81.A=| 1 0 , B=| 0 2 0 
—2 0 0 0 0 0 1 0 0 0 3 
66 ; : = : : : : 3 
° 0 0 0 > 0 82. A=]1 —-1 2), B= ]0 1 3 
3 1 0 3° = 2 1 
0 0 0 0 -4 
In Exercises 83-86, find a 4 x 4 upper triangular matrix 
4 0 0 0 3 3 6 1 : : : 
whose determinant is equal to the given value and a 
6 =5 0 0 0 -10 4 3 : ; : ; 
67. i 3 2 0 68. 0 0 5 2 4x4 lower triangular matrix whose determinant is 
i — 0 0 0 8 equal to the given value. Use a graphing utility to 
confirm your results. 
——— ee 8 83. —18 84. —40 
0 -I 3 4 -3 
0 0 Q =2 1 ‘ F ‘ 
In Exercises 87-90, explain why the determinant of the 
0 0 0 0 -2 Si 
matrix is equal to zero. 
—3 0 0 0 0 
3 4 -2 7 
4 1 0 0 0 1 3-4 > 3 2) 1 
70. i) 7 0 0 87. 0 5 7 1 88.|-6 —4 2 
6 4 0-2 0 — oo 5 -7 9 
1 2 1 =10 6 
s O 1 F ja ge od 
In Exercises 71-74, find the determinant of the matrix. | 4 3 
Tell which method you used. 89. 11 5 7 8 90 5 7 0 
=1 3 2 
2 1 4 6 -5 2 =o 2S =? 
71./7 3 -2 72.|0 5 -3 
4 1 0 0 2 In Exercises 91 and 92, determine whether the state- 
ment is true or false. Justify your answer. 
3 0 0 3 2 -4 ; . : 
91. If a square matrix has an entire row of zeros, the determi- 
73./4 —-2 0 74. | -1 -~=3 ; 
nant will always be zero. 
5 4 3 0 1 0 


In Exercises 75-82, find (a) |A], (b) |B], (c) AB, and (d) 


|AB|. 
0 2 0 
i} B=(5 | 


92. If two columns of a square matrix are the same, the 
determinant of the matrix will be zero. 


In Exercises 93-96, evaluate the determinant(s) to 
verify the equation. 


Ww x Zz 
93. = -|” 

y Zz Ww x 

Ww CX Ww x 
94, =c 

y CZ y Z 

Ww x WwW x + cw 
95. = 

y y ztey 

Ww *& 
96. = 0 

Cw GX 
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Applications of 
Matrices and 


Determinants 
i 
(4, 3) 
3-4 
(232) 
all 
idl 
(1, 0) 
1 3 3 4 
FIGURE 6.1 


Find the area of a triangle using a determinant. 

Determine whether three points are collinear using a determinant. 
Use a determinant to find an equation of a line. 

Encode and decode a cryptogram using a matrix. 


Area of a Triangle 


In this section, you will study some additional applications of matrices and 
determinants. The first involves a formula for finding the area of a triangle whose 
vertices are given by three points on a rectangular coordinate system. 


Area of a Triangle 


The area of a triangle with vertices (x,, y,), (x5, y>), and (x3, y3) is given by 


1 x) yy 1 
Area = +5 iy Wy 1 
x3 V3 1 


where the symbol (+) indicates that the appropriate sign should be 
chosen to yield a positive area. 


Finding the Area of a Triangle 


Find the area of the triangle whose vertices are (1, 0), (2, 2), and (4, 3), as shown 
in Figure 6.1. 


SOLUTION Let (x,, y,) = (1, 0), (x5, y>) = (2, 2), and (x3, y3) = (4, 3). Then, to 
find the area of the triangle, evaluate the determinant 

xX, yy 1 1 0 1 

X, Vo 1} = |2 2 1 

XxX, 3 1 4 3 1 


2 1 2 1 2 2 
a — 2: + _ 3 + —_1\/4 
it) 3 , a 4 1 it) 4 1 
= 1(-1) + 0+ 1(-2) = -3. 
Using this value, you can conclude that the area of the triangle is 
1 1 0 1 1 3 
eee eee 2 = =" (3) ao Choose (—) so that the area 
4 3 fl 2 eH) 1s positive. 


/ CHECKPOINT 1 


Find the area of the triangle whose vertices are (2, 1), (3, 5), and (10, 5). © 


1 2 3 4 
FIGURE 6.2 
y 
A 
at 
6-- 
5+ (7,5)60 
4+ 
3-- 
2-- 
i+ e (1,1) 
4 Sa re 
-4-3-2-1 | 1234567 
e 2+ 
(-2,-2) _,1 
—4+ 
FIGURE 6.3 
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Lines in the Plane 


Suppose the three points in Example | had been on the same line. What would 
have happened had the area formula been applied to three such points? The 
answer is that the determinant would have been zero. Consider, for instance, the 
three collinear points (0, 1), (2, 2), and (4, 3), as shown in Figure 6.2. The area of 
the “triangle” that has these three points as vertices is 


0 1 1 

1 1 2 of 2 1 2 2 
cau = =. =] )2 — 1 )3 —1)4 

2" ; ; 5| 0 1) 3 i| + 1 1) a i| + 1 1) 4 ‘| 


= 500 1) — 1(—2) + 1(-2)] = 0. 


This result is generalized as follows. 


Test for Collinear Points 


Three points (x,, y,), (%, y2), and (x3, y3) are collinear (lie on the same line) 
if and only if 


eT 1 
2 iO 
x3 3 1 


Testing for Collinear Points 


Determine whether the points (—2, —2), (1, 1), and (7,5) are collinear. (See 
Figure 6.3.) 


SOLUTION Letting (x1, y)) = (=2, =2), (%s y) = (1, 1), and (x3, y3) = (7, 5), 


you have 
xX, Vy i =2 =2 1 
X, Vo 1}=] 1 1 1 
X, 5 1 7 5 1 
= -2(-1)]5 , + (2-13), ; + 1(-1)4), | 
= —2(—4) + 2(-—6) + 1(—2) 
==6. 


Because the value of this determinant is not zero, you can conclude that the three 
points do not lie on the same line and are not collinear. 


/ CHECKPOINT 2 


Determine whether the points (— 2, 4), (3, 0), and (6, —4) are collinear. = 


Another way to test for collinear points in Example 2 is to find the slope of 
the line between (— 2, — 2) and (1, 1) and the slope of the line between (— 2, — 2) 
and (7, 5). Try doing this. If the slopes are equal, then the points are collinear. If 
the slopes are not equal, then the points are not collinear. 
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The test for collinear points can be adapted to another use. That is, if you are 
given two points on a rectangular coordinate system, you can find an equation of 
the line passing through the two points, as follows. 


Two-Point Form of the Equation of a Line 


An equation of the line passing through the distinct points (x,, y,) and (x, y>) 


is given by 
ey dl 
3 9 || = 0) 
X, y, | 
Seem Finding an Equation of a Line 


Find an equation of the line passing through the two points (2, 4) and (— 1, 3), as 
shown in Figure 6.4. 


SOLUTION Let (x,, y,) = (2, 4) and (x, y,) = (—1, 3). Applying the determinant 
formula for the equation of a line produces 


Isr x y 1 
—— p++ > x 2 4 1 =0. 
=3 -=2. <=] 1 2 3 =] 3 1 
-l+ 
To evaluate this determinant, you can expand by cofactors along the first row to 
FIGURE 6.4 obtain the following. 
4 1 2. 1 2 4 
— 1) + y(—1)3 + 1(-1)4 = 
xe j]+xcm_t if+ico_t ff=o 


x(1) — y(3) + (1)(10) = 0 
x—3y+ 10=0 
So, an equation of the line is 


x—3y+ 10=0. 


/ CHECKPOINT 3 


Find an equation of the line passing through the two points (—3, — 1) 
and (3,5). © 


Note that this method of finding the equation of a line works for all lines, 
including horizontal and vertical lines. For instance, the equation of the vertical 
line through (2, 0) and (2, 2) is 


x y 1 

2 0 1} =0 

2 2 1 
4—-—2x=0 


© CORBIS 


During World War II, Navajo soldiers 
created a code using their native 
language to send messages between 
batallions. Native words were assigned 
to represent characters in the English 
alphabet, and they created a number 
of expressions for important military 
terms, like iron-fish to mean subma- 
rine. Without the Navajo Code Talkers, 
the Second World War might have had 
a very different outcome. 
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Cryptography 

A cryptogram is a message written according to a secret code. (The Greek word 
kryptos means “hidden.”) Matrix multiplication can be used to encode and 
decode messages. To begin, you need to assign a number to each letter in the 
alphabet (with 0 assigned to a blank space), as follows. 


0=_. 9=I 18=R 
1=A 10=J 19=S 
2=B 1l=K 20 = T 
3=C 12=L 21=U 
4=D 13 =M 22=V 
5=E 14=N 23 = W 
6=F 15=0 24=xX 
7=G 16 =P 25 =Y 
=H 17 =Q 26 = Z 


The message is then converted to numbers and partitioned into uncoded row 
matrices, each having n entries, as demonstrated in Example 4. 


Forming Uncoded Row Matrices 


Write the uncoded row matrices of order 1 x 3 for the message 
MEET ME MONDAY. 


SOLUTION Partitioning the message (including blank spaces, but ignoring 
punctuation) into groups of three produces the following uncoded row matrices. 


[13 5 5] [20 0 13] [5 0 13] [15 14 4] [1 25 0] 
MEE T M E MONDAY 


Note that a blank space is used to fill out the last uncoded row matrix. 


/ CHECKPOINT 4 


Write the uncoded row matrices of order | x 3 for the message 


OWLS ARE NOCTURNAL. & 


To encode a message, choose an n x n invertible matrix A and multiply the 
uncoded row matrices by A to obtain coded row matrices. The uncoded matrix 
should be on the left, whereas the encoding matrix A should be on the right. Here 
is an example. 


Uncoded Matrix — Encoding Matrix A Coded Matrix 


i =< 9 
[13 5 5] -1 1 3/= [13 -26 21] 
j=] =4 


This technique is further illustrated in Example 5. 
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/ CHECKPOINT 5 


Use the following matrix to 
encode the message 


OWLS ARE NOCTURNAL. 
1 -l 0 
A=]1 Oe =I 
6 -—2 -3] 8 


Matrices and Determinants 


Encoding a Message 


Use the following matrix to encode the message MEET ME MONDAY. 


1 =2 2 
A= |-1 1 3 
1: =] —4 


SOLUTION The coded row matrices are obtained by multiplying each of the 
uncoded row matrices found in Example 4 by the matrix A, as follows. 


Uncoded Matrix Encoding Matrix A Coded Matrix 


|, =o 3 

[13 5 5] -1 1 3/= [13 -26 21] 
j= =4 
i 22 32 

[20 0 13] =1 1 3/= 3 =53 12] 
i =1 =4 
Lt = 3 

[5 0 13] =~ i 3] [is =23 -=49] 
{t. =1 =4 
i; = 2 

[15 14 4] -1 1 3/= [5 -20 56] 
{ =f =4 
{ =% 2 

[1 25 0] -1 1 3)/= [+24 23 77] 
jf. =i =4 


So, the sequence of coded row matrices is 
[13-26 21] [33 —53 —12][18 —23 —42][5 —20 56][-—24 23 77]. 
Finally, removing the matrix notation produces the following cryptogram. 


13, =26. 21 33: =53. =12. 18 =23: —42 5. =20 56 =24 23 77 


For those who do not know the encoding matrix A, decoding the cryptogram 
found in Example 5 is difficult. But for an authorized receiver who knows the 
encoding matrix A, decoding is simple. The receiver only needs to multiply the 
coded row matrices by A~! (on the right) to retrieve the uncoded row matrices. 
Here is an example. 


=1-10 =8 
[13 —26 21] 1 6 5}/=[13 5 5] 
Coded ee ae, Uncoded 
Av! 


The receiver could then easily refer to the number code chart on page 521 and 
translate[13 5 5] into the letters M E E. 
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Decoding a Message 


Ls = 2 2 
Use the inverse of the matrix A = | — 1 1 3 | to decode the cryptogram. 
1 =. =4 


13 —26 21 33 —53 —12 18 —23 —42 5 —20 56 —24 23 77 


SOLUTION First find A~! by using the techniques demonstrated in Section 6.3. 
A! is the decoding matrix. Then partition the message into groups of three to 
form the coded row matrices. Multiply each coded row matrix on the right by A~! 
to obtain the decoded row matrices. 


Coded Matrix Decoding Matrix A~! Decoded Matrix 
—1 -10 -8 
[13 —26 21] 1 6 5} = [13 5 5] 
0 -1 -1 
—1 -10 -8 
[33 —53 —12] 1 6 5| = [20 0 13] 
0 -1 -i 
—1 -10 -8 
[18 -—23 —42] 1 6 5| = [5 0 13] 
0 -1 -i1 
/ CHECKPOINT 6 -1-10 -8 
=) 1 = 15 14 4 
Use the inverse of the matrix [5 oe 0 = - [15 | 
od a 
~ [-24 23 77] 1 -6 -5/= [1 25 O] 
eS = 0 -1 -1 


to decode the cryptogram. 

110; = 39;='59725;.- 21, = 3,23, 
18, —5, 47, —20, —24, 149, 
56, —75, 87, —38, —37 @ 


So, the message is as follows. 


[13 5 5] [20 0 13] [5 0 13] [15 14 4] [1 25 0] 
MEE T M E M OND AY 


. The area of a triangle with vertices (x, y;), (X>, Y2), and (x3, y3) is 4. What 
are the possible values of the determinant in the area formula? Explain. 


. Suppose the matrix formed by three points is not invertible. What does 
this tell you about the points? 


. You are finding the equation of a line given two points using the 


determinant formula. By expanding by cofactors along the first row and 
second column, you find that the determinant is 0. What does this tell 
you about the line? 


0 
. Can you use the matrix A = d to encode a message? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au Su ste\ale\uialepey use these skills in the exercise set for this section. For additional help, review Sections 6.2, 6.3, 


and 6.4. 


In Exercises 1-6, evaluate the determinant. 


4 | 2 3 2, | 10 A 3. | 4 0 
=o) eines ==») 
F AL Fje=2 ae es 
4. i 4 Bila. a2 64\' GO =4 
A —§ 20 6 =o ein wt 


In Exercises 7 and 8, find the inverse of the matrix. 


1 3 =| 
nA=|) ;| 8. A=|—-4 2) 1 


In Exercises 9 and 10, perform the indicated matrix multiplication. 


[0% oslos! we si; | 


Exercises 6.5 


In Exercises 1-10, use a determinant to find the area of 5. : 6. 4 6, 10) 
the triangle with the given vertices. ral , 
LY 2 Vea 


(1, 6) 


7. (—2, 4), (2, 3), (—1, 5) 8. (0, —2), (—1, 4), (3, 5) 
9. (—3, 5), (2, 6), (3, —5) 10. (—2, 4), (1, 5), (3, —2) 
In Exercises 11 and 12, find a value of y such that 


the triangle with the given vertices has an area of 
4 square units. 


11. (—5, 1), (0, 2), (—2, y) 
12. (—4, 2), (—3, 5), (-1, y) 


In Exercises 13 and 14, find a value of y such that the 
triangle with the given vertices has an area of 
6 square units. 


13. (—2, -3), (1, -1), (-8, y) 
14. (1, 0), (5, —3), (-3, y) 


SECTION 6.5 


® 15. Gypsy Moths A large region of forest has been infested 


In 


with gypsy moths. The region is roughly triangular, as 
shown in the figure. From the northernmost vertex A of the 
region, the distances to the other vertices are 30 miles south 
and 15 miles east (for vertex B), and 25 miles south and 33 
miles east (for vertex C). Use a graphing utility to 
approximate the number of square miles in this region. 


| B 
I< 15 mi — 


'<_——— 33 mi 


. Botany A botanist is studying the plants growing in a 
triangular tract of land, as shown in the figure. To estimate 
the number of square feet in the tract, the botanist starts at 
one vertex, walks 70 feet east and 55 feet north to the 
second vertex, and then walks 90 feet west and 35 feet 
north to the third vertex. Use a graphing utility to determine 
how many square feet there are in the tract of land. 


Exercises 17-24, use a determinant to determine 


whether the points are collinear. 


17 
18 


19. 


20 
21 
22. 


. (-4, -7), (0, —4), (4, - 1) 
. (2, 4), (4, 5), (—2, 2) 

(—1, —7), (0, —3), (1, 2) 

- (1, 7), (0, 4), (-1, 2) 

. (—2, —11), (4, 13), (2, 5) 

. (4, 3), (3, 1), (2, -1) 
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23. (—2, 3), (2, —1), (7, —4) 

24. (—3, —4), (-1, -1), (5, 5) 

In Exercises 25 and 26, find y such that the points are 
collinear. 

25. (2, —5), (3, y), (5, —2) 

26. (—6, 2), (—4, y), (—3, 5) 

In Exercises 27 and 28, find x such that the points are 
collinear. 

27. (—4, —1), (—1, 2), (x, 6) 

28. (1, 5), (5, —1), (x, 3) 

In Exercises 29-36, use a determinant to find an 
equation of the line passing through the points. 

29. (—1, 2), (5, 3) 30. (3, 1), (—2, —5) 

31. (—4, 3), (2, 1) 32. (10, 7), (—2, —7) 

33. (—4, 5), (—4, —2) 34. (3, 3), (6, 3) 

35. (—3, 3), (3, 1) 36. (3, 4), (6, 12) 


In the remaining exercises for this section, use the 
number code chart on page 521. 


In Exercises 37 and 38, find the uncoded 1 x 2 row 
matrices for the message. Then encode the message 
using the encoding matrix. 


Message Encoding Matrix 


El 

3 5 

Le 

—1 1 

In Exercises 39 and 40, find the uncoded 1 x 3 row 


matrices for the message. Then encode the message 
using the encoding matrix. 


37. COME HOME SOON 


38. HELP IS ON THE WAY 


Message Encoding Matrix 

1 -1 0 

39. CALL ME TOMORROW 1 | 
=6 2 3 

4 2 1 

40. PLEASE SEND MONEY =f = 3. = 
3 2 1 


In Exercises 41-46, write a cryptogram for the message 
using the matrix 


i 2 2 
A=| 3 7 9|. 
-1 -4 -7 


41. LANDING SUCCESSFUL 
42. BEAM ME UP SCOTTY 
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43. HAPPY BIRTHDAY 

44, OPERATION OVERLORD 
45. CONTACT AT DAWN 

46. HEAD DUE WEST 


In Exercises 47-50, use A! to decode the cryptogram. 
1 2 
47, A= 
os 
11, 21, 64, 112, 25, 50, 29, 53, 23, 46, 40, 75, 55, 92 


48.4 =| 3 | 


19, 26, 41, 57, 28, 42, 78, 109, 64, 87, 62, 83, 63, 87, 28, 
42, 73, 102, 46, 69 


4 2 1 
49. A=|-3 =3 =1 
3 2 i! 
94, 35, 25, 44, 16, 10, 4, —10, 1, 27, 15, 9, 71, 43, 22 

1 =i 0 
50. A = 1 Q° =1 
=6 2 3 

9: 1, —9,, 38; — 19; = 19,28; —9,,— 19, — 80; 25,. 41; 


— 64, 21, 31, —7, —4,7 


In Exercises 51 and 52, decode the cryptogram by using 
the inverse of the matrix A. 


i 2 2 
A=| 3 7 9 
—1 -4 -7 

51. 20, 17, —15, —9, 44, -83, 64, 136, 157, 24, 31, 


12, 4, —37, —102 


52. — 10, —57, — 111, 74, 168, 209, 35, 75, 85, 16, 35, 42, 34, 
55, 43 


53. The following cryptogram was encoded with a 2 x 2 
matrix. 


8,21, = 15, = 10, =13,. = 13,5, 10, 5,:25;.5,, 19, = 1,.6, 20, 
40, — 18, —18, 1, 16 


The last word of the message is RON. What is the 
message? 


54. The following cryptogram was encoded with a 2 x 2 


matrix. 

5,/2,,.25; 11,-—2, —7, = 15, = 15,,32,. 14, =8,.—13;38,.19; 
= 19, =19;. 37, 16 

The last word of the message is SUE. What is the 
message? 


55. Cryptography A code breaker intercepted the encoded 
message below. 


45, —35, 38, —30, 18, 
193, 99, 25.— 2, 22, 


18, 35, 
21,.15,.— 10 


30, 81, —60, 42, — 28, 


Let A7! = " “| You know that [45 —35]A~! = [10 15] 


and that [38 —30]A~! =[8 14], where A~! is the 
inverse of the encoding matrix A. Explain how you can find 
the values of w, x, y, and z. Decode the message. 


56. Cryptography Your biology professor gives you the 
encoded message below. 


— 204, 47, —231, 53, —265, 61, —223, 51, —9, 2, —117, 
28, — 117, 26, — 166, 37, — 265, 61, — 145, 34, — 112, 25, 
= 16:19 


LetA! = i “| You know that [—204 47]A~! = [15 16] 


and that [—231 53]A~!=[15 19], where A7! is the 
inverse of the encoding matrix A. Explain how you can find 
the values of w, x, y, and z. Decode the message. 


Kei Uesugi/Getty Images 
oltage Security, Inc. is a leader in secure 
business communications and data protec- 

tion. The company provides the most scalable 
enterprise key management and encryption 
capabilities for securing data. Invented by 
Dr. Dan Boneh and Dr. Matt Franklin in 2001, 
Identity-Based Encryption or IBE is a break- 
through in cryptography. IBE enables users to 
simply use an identity, such as an e-mail 
address, to secure business communications. 


57. Research Project Use your campus library, the 
Internet, or some other reference source to find infor- 
mation about a company that generates software 
which uses cryptography to secure data. Write a 
brief paper about such a company or small business. 
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After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 529. 
Answers to odd-numbered Review Exercises are given in the back of the book.* 


Section 6.1 


Review Exercises 


mw Determine the order of a matrix. A 
4, 2 413 An 
44, 42 93 An 
G37 39) G33) ee Ga, m rows 
Gini Ana Ang Quan 
eT, 
n columns 
A matrix having m rows and n columns is of order m x n. 
m Perform elementary row operations on a matrix in order to write the matrix in 3-6 
row-echelon form or reduced row-echelon form. 
m Solve a system of linear equations using Gaussian elimination or 7-16 
Gauss-Jordan elimination. 
Section 6.2 
a Add or subtract two matrices and multiply a matrix by a scalar. 17-20, 33, 34 
If A = [a,,] and B = [b,,] are m x n matrices and c is a scalar, then 
A+ B=[a,, + b,,] and cA = [ca,,]. 
a Find the product of two matrices. 25-32 


If A = [a,;] is an m x n matrix and B = [b,/] is ann x p matrix, then AB is an m x p matrix 


AB Ic, 


| | NS ea ee 
where ¢;; = d;b,; + Gib; + djab3; + + a 


a Solve a matrix equation. 


a Use matrix multiplication to solve an application problem. 


Section 6.3 


m Verify that a matrix is the inverse of a given matrix. 
m Find the inverse of a matrix. 


m Find the inverse of a2 x 2 matrix using a formula. 


1 @) =p 
ee 
A (tal = (exe ie | 


m Use an inverse matrix to solve a system of linear equations. 


21-24 
3b ot 


37,30) 
39, 40 
41, 42 


43-54 


*Use a wide range of valuable study aids to help you master the material in this chapter. The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare. The student website at college.hmco.com/info/arsonapplied offers algebra help and a 
Graphing Technology Guide. The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 
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Section 6.4 
m Evaluate the determinant of a2 x 2 matrix. 
a b 
det(A) = |A| = Bs bs = a,b, — a,b, 


m Find the minors of a matrix. 

m Find the cofactors of a matrix. 

m Find the determinant of a square matrix. 
|A| = @un@y + ayy + °*- + ,,C), 


m Find the determinant of a triangular matrix. 


Section 6.5 
a Find the area of a triangle using a determinant. 
if 22 1 
Area = 5 X Vo 1 
Mey Me 1 


m Determine whether three points are collinear using a determinant. 


oe) 1 


a Use a determinant to find an equation of a line. 


as y 1 
Bai Ml We 
% Ya 1 


mu Encode and decode a cryptogram using a matrix. 


Study Strategies 


a Variety of Approaches You can use a variety of approaches when finding the determinant of a square matrix. 


ay 


1. For a2 x 2 matrix, you can use the definition |A| = 
2 


= ab, — a5). 


Review Exercises 


55-58 


59-62 
59-62 
63-68 


65, 66 


69-72 


73-76 


77-80 


81-85 


2. For a3 x 3 matrix, you can use the diagonal process shown in Example 5 on page 513. 


3. For any square matrix (of order 2 x 2 or greater), you can use expansion by cofactors. Be sure you choose the row 


or column that makes the computations the easiest. 


4. You can always use the matrix capabilities of a graphing utility. 


mw Using Technology Performing operations with matrices can be tedious. You can use a graphing utility to 


accomplish the following. 


ePerform elementary row operations on matrices. 


eReduce matrices to row-echelon form and reduced row-echelon form. 


eAdd and subtract matrices. 

eMultiply matrices. 

eMultiply matrices by scalars. 

¢Find inverses of matrices. 

*Solve systems of equations using matrices. 


eEvaluate determinants of matrices. 


Review Exercises 


Review Exercises 529 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1 and 2, determine the order of the matrix. 


3 7 4 -2 =] 
i se Gk S 


In Exercises 3 and 4, write the matrix in row-echelon 
form. 


1 3 0 2; 
3./3 10 1 8 
2 3 3 10 


In Exercises 5 and 6, write the matrix in reduced 
row-echelon form. 


1 2 3 
3. | =2 0 2 
2 1 2 
2 3 1 =5 
1 0 5 2 
=] 4 3 6 
Q. = 2 6 -8 


In Exercises 7-14, use matrices to solve the system of 
equations (if possible). Use Gaussian elimination with 
back-substitution or Gauss-Jordan elimination. 


7. |4x — 3y = 18 8. | 2x + 4y = 16 
x+ y= 1 —x+3y=17 

9. |}2x+3y- z= 13 10. |3x + 4y+2z= 5 
3x + z= 8 2x + 3y = 7 


x— dy + 3z = —4 2y— 3z = 12 
ace 2y + 2z = 10 12, fet 10y + 4z = 20 
2x 


3y + 5z = 20 x+ 3y—2z= 8 

13. }2x + y-—3z= 4 14. |2x + 4y + 2z = 10 
x + 2y + 2z = 10 x + 3e= 29 

% = 2z = 12 3x — 2y = 4 

x y z= 6 x y z= 8 


15. Biology A school district borrowed $00,000 at simple 
annual interest to upgrade microbiology equipment. Some 
of the money was borrowed at 8%ome at 10%and some 
at 12% se a system of equations to determine how much 
was borrowed at each rate if the total annual interest was 
30,000 and the amount borrowed at 10%as three times 
the amount borrowed at 8%olve the system using matrices. 


16. Amusement Park An amusement park borrowed 
650,000 at simple annual interest to renovate a roller 
coaster. Some of the money was borrowed at 8.5%some 
at 9.5%and some at 10%Use a system of equations to 
determine how much was borrowed at each rate if the total 
annual interest was $8,250 and the amount borrowed at 
8.5%vas four times the amount borrowed at 10% olve 
the system using matrices. 


In Exercises 17-20, find (a) A + B, (b) A — B, (c) 4A, and 
(d) 4A — 3B. 


ah eS) 4 2 
A=["> tha-[ 8 3] 


1 0 2 2 Oo 1 
18.A=|-1 3 £5]),B=/3 -4 6 
2-2 3 | oO =3 
1 3 -2 6 
=|) ah 
2 1 4 -5 
B=|; -6 3 3 
3 -1 
20.A=|-2|,B=|] 4 
3 5 


In Exercises 21-24, solve for X when 


1 -2 0 1 
A=1|0 1 and B=/1 1 |. 
2 3 3 5 


21. X = 4A — 3B 
23. 2X —3A=B 


22. X =5B+ 2A 
24. 4X — 8B = 4A 


In Exercises 25-30, find AB, if possible. 


1 4 - 
25. A 2 i, e=| | 
2 2 

3 

2 
26.A=|)|,B=[2 0 —1] 

6 

1 

4 0 0 4 9 0 
27.A=|]0 3 O|,B=|0 | 0 

0 Q -2 0 0 a 
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0 0 2 3 4 0 1 
2%.A=|1 0 6|,B=|2 1 0 O 

0 2 2 0 0 1 1 

3 1 1 2 -2 
29.A=|4 7|,B=|3 4 0 

f 4 0 1 0 

1 2 3 6-1 2 2 
0. a=[; 8 0 0 ie, 4 


In Exercises 31 and 32, find (a) AB, (b) BA, and, if 
possible, (c) A?. (Note: A? = AA.) 


4 
31.A=[1 -3 4], B=|-2 
-1 
i @ 2 2 0 O 
32,.A4=|/3 1 -2],B=]1 -2 1 
i i. 4 5 4 -2 


33. Factory Production A window corporation has four 
factories, each of which manufactures three products. The 
number of units of product i produced at factory j in one 
day is represented by a,; in the matrix 


80 120 20 40 
A=} 40 60 80 20). 
140 60 100 80 


Find the production levels if production is increased by 20% 


34. Factory Production An electronics manufacturer has 
three factories, each of which manufactures four products. 
The number of units of product i produced at factory 7 in 
one day is represented by a,; in the matrix 


120 140 60 
Re 80 100 40 

40 160 80; 

20 120 100 


Find the production levels if production is decreased by 10% 


35. Inventory Levels A company sells four different 
models of car sound systems through three retail outlets. 
The inventories of the four models at the three outlets are 
given by matrix S. 


Model 
eee 
A B Cc D 
3 2 1 4) 1 
S= 1 3 4 3} 2? Outlet 


5 3 2 2| 3 


The wholesale and retail prices of the four models are given 
by matrix T. 


Price 
SSS SSS 
Wholesale Retail 
$50 600 A 
$25 $05 B 
T= Model 
300 a5 | cf 


$50 $150 D 
(a) What is the total retail price of the inventory at 
Outlet 3? 


(b) What is the total wholesale price of the inventory at 
Outlet 1? 


(c) Compute ST and interpret the result in the context of 
the problem. 


36. Labor/Wage Requirements A _ company _ that 
manufactures racing bicycles has the following labor-hour 
and wage requirements. 


Labor-Hour Requirements (per bicycle) 


Department 
ta a “y 
Cutting Assembly Packaging 
0.9 hour 0.8 hour 0.2 hour} Basic 
S = | 1.5 hours 1.0 hour 0.4 hour] Light | \odels 
3.5 hours 3.0 hours 0.5 hour} Ultra- 
light 
Wage Requirements (per hour) 
Plant 
SS 
A B 
$2.00 $3.00 Cutting 
T= {| 9.00 8.50 Assembly > Department 
$.50 8.00 Packaging 
(a) What is the labor cost for a light racing bicycle at 
Plant A? 
(b) What is the labor cost for an ultra-light racing bicycle 
at Plant B? 


(c) Compute ST and interpret the result. 


In Exercises 37 and 38, show that B is the inverse of A. 


it @ 4 =4° 5 -=3 
37.A=|/3 6 4],B=/| 9 -3 1 
0 1 3 =—3 1 0 

2 0 1 2 

+ & & Ff 

meee fl 

0-1 2 2 

-4 6 1 

gal| 6 =F 


ole 

| 

~) 

oO 
Ww RN eR 
aN 


In Exercises 39 and 40, find the inverse of the matrix. 


=] 0 0 3 2 2 
39 0 2 0 40. | 0 2 1 
0 0 4 1 0 1 


In Exercises 41 and 42, use the formula on page 501 to 
find the inverse of the matrix. 


1 3 =2 1 
a.|> 3 a 
In Exercises 43 and 44, use the inverse matrix found in 
Exercise 41 to solve the system of linear equations. 
43. | x + 3y = 15 44.) x+3y= 7 

2x + Sy = 26 2x + Sy = 11 


In Exercises 45 and 46, use the inverse matrix found in 
Exercise 40 to solve the system of linear equations. 


45. |3x + 2y + 2z = 13 46. |3x + 2y + 2z = 12 
2y+ z= 4 2yor 2 = 13 
x + z= 5 x + zZ= 3 


In Exercises 47-50, use an inverse matrix to solve the 
system of linear equations. 
47. }—3x + 10y = 8 
5x — I7y = —-13 

48. 5x- y= 13 

—9x + 2y = —24 
49. |3x + 2y- z= 6 

x - y+ 2z=-1 

5x y Zz 7 


50. |-x+4y-2z= 12 
2x — 9y + 5z = —25 
=x-+Sy = 4z¢= 10 


Raw Materials In Exercises 51 and 52, you are 
making three types of windshield washer fluid in 
chemistry class. Fluid X requires 9 cups of water, 1 cup 
of isopropyl alcohol, and 1 tablespoon of detergent. 
Fluid Y requires 10 cups of water, 3 cups of isopropyl 
alcohol, and 1 tablespoon of detergent. Fluid Z 
requires 14 cups of water, 2 cups of isopropyl alcohol, 
and 2 tablespoons of detergent. A system of linear 
equations (where x, y, and z represent fluids X, Y, and 
Z, respectively) is as follows. 


9x + 10y + 14z = (cups of water) 
X+ 3y+ 2z = (cups of isopropyl alcohol) 
X+ yt 2z = (tablespoons of detergent) 


Use the inverse of the coefficient matrix of this system 
to find the numbers of units of fluids X, Y, and Z that 
you can produce with the given amounts of ingredients. 
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51. 240 cups of water 
44 cups of isopropyl! alcohol 
28 tablespoons of detergent 


52. 235 cups of water 
41 cups of isopropyl! alcohol 
29 tablespoons of detergent 


53. Field of Study The percent y of U.S. college freshmen 
who identified computer science as their probable field of 
study from 2001 to 2005 decreased in a pattern that was 
approximately parabolic. The least squares regression 
parabola y = at? + bt + c for the data is found by solving 


the system 
5c 15b 55a = 9.7 
15¢ 55b + 225a = 23.9. 
55c + 225b + 979a = 77.3 


Let ¢ represent the year, with t = 1 corresponding to 2001. 
(Source: The Higher Education Research Institute) 


oO) (a) Use a graphing utility to find an inverse matrix with 
which to solve the system, and find the equation of the 
least squares regression parabola. 


(b) Use the result of part (a) to estimate the percent in 2000. 


(c) The actual percent in 2000 was 3.7. How does this 
value compare with your estimate in part (b)? 


54. Carnivorous Plants A Venus flytrap is grown in a 
greenhouse, and the size y (in millimeters) of its traps is 
measured at the end of each year for 5 years. The least 
squares regression parabola y = at? + bt + c for the data 
is found by solving the system 


5c 15b 55a = 53.3 
15c 55b + 225a = 190.6. 
55c + 225b + 979a = 755.8 
Let ¢ represent the year, with t = 1 corresponding to the 
first year. 


oO) (a) Use a graphing utility to find an inverse matrix with 
which to solve the system, and find the equation of the 
least squares regression parabola. 


(b) Use the result of part (a) to estimate the sizes of the 
traps after the first and third years. 


(c) The actual sizes of the traps were 2.5 millimeters after 
the first year and 12.8 millimeters after the third year. 
How do these values compare with your estimates in 
part (b)? 


In Exercises 55-58, find the determinant of the matrix. 


8 4 7 2 
s[° 4] sf? 2] 


5 2 3 0 
o[5 2] [> 9) 
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In Exercises 59-62, find all (a) minors and (b) cofactors 
of the matrix. 


2, =] 
vf 

3 6 
wf 9 

) 2 -1 
61. | —2 5 0 

1 8 6 

8 3 4 
62. 6 = 9 

—4 1 2 


In Exercises 63-68, find the determinant of the 
matrix. Tell whether you used expansion by cofactors, 
the product of the entries on the main diagonal, or 
upward and downward diagonals. 


1 2 3 -2 3 3 
63.|8 6 7 64./-1 O 5 
0 2-1 1 2 -1 
1 3 2 4 2 0 0 0 
0-1 2 2 3 4 0 O 
a6; 0 oO 3 0 w; 5 1-2 O 
0 0 O 4 6 3 1 1 
—2 4 #1 4 7 -1 
67.| 6 1 2 68.| 2 -3 4 
5 3 4 —5 1 -1 


In Exercises 69-72, use a determinant to find the area 
of the triangle with the given vertices. 


In Exercises 73-76, use a determinant to determine 
whether the points are collinear. 


73. (0, 3), (1, 5), (2, 8) 

74. (2, 6), (—2, 3), (0, 5) 

75. (—4, 1), (6, 6), (0, 3) 

76. (—3, —1), (0, 5), (—4, —3) 

In Exercises 77-80, use a determinant to find an 
equation of the line passing through the points. 

77. (—7, 3), (8, 2) 78. (5, —4), (—3, 2) 

79. (2, 4), (2, —7) 80. (—5, —1), 1, -1) 


In the remaining exercises for this review, use the 
number code chart on page 521. 


In Exercises 81 and 82, find the uncoded row matrices 
for the message. Then encode the message using the 
encoding matrix. 


Message Encoding Matrix 

2 3 

81. TRANSMIT NOW 3 4 
1 2 2 
82. CALL AT MIDNIGHT 3 i 9 
= =—4-%7 


In Exercises 83 and 84, use A~' to decode the 
cryptogram. 


1 2 
s.a-| 1 3] 


14, 53, —17, 96, 5, 10, 12, 64, 5, 10, 3, 11, 25, 50 


1 =1 0 
84. A = 1 0 -1 
—6 2 3 


—14, —-1, 10, —38, 2, 27, —94, 18, 57,7, —11, —1, —96, 
203.515, = 714, 23,395.17; = 12,5 


85. Cryptography A family sends the encoded message 

below to a relative overseas. 

=57, =13,/91;.26, 97, 29;.=76,:= 19; 5, 5, = 84, =21,55; 

16, =28; —7; 97, 28, =8;.=2 

Let A~! = |" | 

y Zz 

(a) You know that [—57 —13]A~! =[23 5] and that 
[91 26]A~'=[0 13], where A~! is the inverse of 
the encoding matrix A. Explain how you can find the 
values of w, x, y, and z. 


(b) Decode the message. 
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Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write the augmented matrix for the system of linear 


equations. 

1. | 2x y + 4z 2 2. |/3x+4y+2z= 4 
x+4y- z= 0 2x + 3y = 2 
x + 3y + 3z 1 2y = 32 = =13 


In Exercises 3-5, use matrices to solve the system of equations. 


3. | x + 2y + 3z = 16 4./x—-2y+ z= 14 5. |2x -—3y+z= 14 
5x + 4y -— z= 22 yosz= 2 x + 2y =—-4 
z=-6 y-z=-4 
In Exercises 6-9, use the matrices to find the indicated matrix. 
1 3 2 -1 3 0 -2 : 
A=|) al 2= (4 0 he=| 5} = = 
6. 2A +C 7. CA 8. BD 9. A2 
In Exercises 10-12, find the inverse of the matrix. 
3 4 2 
w.a=| 3 "A 1. a=|) ‘l 1.A=|2 3 0 
0 2) =3 
In Exercises 13-15, find the determinant of the matrix. 
Le @ a 2 al 2 0 0 
13. | 1 || 14. | 1 0 2 15. |0 5 0 
4 5 2 0 0 -2 


16. Use the inverse matrix found in Exercise 12 to solve the system in Exercise 2. 

17. Find two nonzero matrices whose product is a zero matrix. 

18. Find the area of the triangle whose vertices are (— 3, 1), (0, 4), and (5, 2). 

19. Use a determinant to decide whether (2, 1), (—3, — 14), and (4, 7) are collinear. 

20. Use a determinant to find an equation of the line passing through the points (1, —2) 
and (5, 2). 


21. A manufacturer produces three models of a product, which are shipped to two 
warehouses. The number of units i that are shipped to warehouse j is represented by 
a; in matrix A below. The prices per unit are represented by matrix B. Find the 
product BA and interpret the result. 
1500 4000 
A = |}3000 4500 
5500 7000 


B=[$5 $0 $3 | 


7.1 


7.2 


7.3 


7.4 


7.5 
7.6 
7.7 
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Summation Notation 


Arithmetic 
Sequences and 
Partial Sums 


Geometric Sequences 
and Series 


The Binomial 
Theorem 


Counting Principles 
Probability 


Mathematical 
Induction 


John Mitchell/Photo Researchers, Inc. 


Burmese pythons, which are not native to the United States, were introduced 
in the Florida Everglades by their former owners. As a result, there have been 
several documented alligator and python encounters. You can use the terms of 
a sequence to find a trend in the ratio of alligators to pythons in a marshland. 
(See Section 7.1, Exercise 87.) 


Sequences, series, and probability are used to solve many 
real-life applications. The applications listed below represent 
a sample of the applications in this chapter. 


Annual Payroll, Exercise 90, page 544 


Counting Kidney Donors, Example 6, page 574 
Blogging, Exercises 69 and 70, page 592 


Sequences and 
Summation 
Notation 
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m Use sequence notation to find the terms of a sequence. 
m Evaluate a factorial expression. 


m@ Find the sum of a finite sequence and use summation notation to write 
the sum of a sequence. 


m Use a sequence to solve an application problem. 


Sequences 


In mathematics, the word sequence is used in much the same way as in ordinary 
English. Saying that a collection is listed in sequence means that it is ordered so 
that it has a first member, a second member, a third member, and so on. 

Mathematically, you can think of a sequence as a function whose domain is 
the set of positive integers. Rather than using function notation, however, 
sequences are usually written using subscript notation, as indicated in the 
definition below. 


Definition of Sequence 


An infinite sequence is a function whose domain is the set of positive 


integers. The function values 
Glig Gp Chey Gina 0 oo @) 


mote 


are the terms of the sequence. If the domain of the function consists of the 
first n positive integers only, the sequence is called a finite sequence. 


On occasion it is convenient to begin subscripting a sequence with 0 instead 
of | so that the terms of the sequence become dp, d,, dz, d3,. . -- 


Finding Terms of a Sequence 


a. The first four terms of the sequence given by a, = 3n — 2 are 


a, = 30) -2=1 Ist term 
a, = 3(2) -2=4 2nd term 
a, = 3(3) -2 =7 3rd term 
dy = 3(4) — 2 = 10. 4th term 


b. The first four terms of the sequence given by a, = 3 + (— 1)" are 
a,=3+(-1)!=3-1=2 d,=3+(-1? =3+1=4 
a,=3+(-1%=3-1=2 a4,=3+(-14=3+1=4. 


/ CHECKPOINT 1 


Write the first four terms of the sequence given by a, = 2n + 1. © 
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When working with sequences, note that any variable can be used as a 
subscript. The most commonly used variable subscripts in sequence and series 
notation are i, j, k, and n. Also note that the terms of a sequence need not all be 
positive, as shown in Example 2. 


Finding Terms of a Sequence 


—]1 n 
The first four terms of the sequence given by a, = ala are 
oo 
oA od. 
a, (1) —] 7-1] 1 1st term 
(—1)? 1 1 did 
a, = = = 
2 9Q=1 A= 1 3 oe 
(—1)° =] 1 ce 
i= = a 
3 2(3)-1 6-1 5 mere 
—1)* 1 1 
a4 ( ) 4th term 


~ 24)-1 8-1 7 


/ CHECKPOINT 2 


(=i) 


n+lo 


Write the first four terms of the sequence given by a, = 


Try finding the first four terms of the sequence whose nth term is 


E02 


a, = : 
"  2n-1 
How do they differ from the first four terms of the sequence in Example 2? 
It is important to realize that simply listing the first few terms is not sufficient 
to define a unique sequencethe tliterm must be given. _ To see this, consider the 
following sequences, both of which have the same first three terms. 


1111 1 
7 ae ig > PF pee es 

tid. 6 

74°8°15'° (n+ I(r —n+ 6° 


TECHNOLOGY 


=\ Use the table feature of a graphing utility to find the first four terms of 
each sequence. Be sure to start the table with n = | and set the table 
to increment n by 1. 


aa,=2"+1 ba, =(-)(2"+1) ea, =(-1"*!2"+ 1) 


Describe the differences in the terms of the sequences. 

For instructions on how to use the table feature, see Appendix A; 
for specific keystrokes, go to the text website at college.hmco.com/info/ 
larsonapplied. 


SECTION 7.1 Sequences and Summation Notation 537 


Factorial Notation 


Some important sequences in mathematics involve terms that are defined with 
special types of products called factorials. 


Definition of Factorial 
If n is a positive integer, n factorial is defined as 
mi=1-2-3-4---(n—-1)-n. 


As a special case, zero factorial is defined as 0! = 1. 


Here are some values of n! for the first several nonnegative integers. Notice 
that 0! is 1 by definition. 


{= 
TECHNOLOGY kab 
l= 
=\ Most scientific and = 
graphing calculators have 2b=1-2=2 
a factorial feature built in. Use SS {i oeSegE 
the factorial feature to verify 
the factorials at the right. Try She gene 4S 24 
finding such values as 8!, 15!, 51=1°2-3-4-5= 120 


and 20!. How does the 
The value of n does not have to be large before the value of n! becomes very large. 


For instance, 10! = 3,628,800. 


calculator’s display change for 
increasingly large values of n? 
For specific keystrokes and for 
information on how to use the Finding Terms of a Sequence Involving Factorials 
factorial feature, go to the text 
website at college.hmco.com/ 
info/larsonapplied. 


Write the first five terms of the sequence given by 


2 


nv 


Begin with n = 0. 


SOLUTION 
2 2 
a = 5-7 =2 Oth term 
2 
a= 7-772 1st term 
= 2 = 2 = i 9 
a, = oT >) = 2nd term 
2 2 
/ CHECKPOINT 3 a,= 55553 3rd term 
Write the first five terms of 
the sequence given by a, = &. a= 2_2_ 1 Was denies 
Begin withn = 1. = “41 24° «12 
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Factorials follow the same conventions for order of operations as do 
exponents. For instance, 
2n! = 2(n!) = 2(1- 2° 3° 4- - -n), whereas 
(Qn)! =1-2+3+4---2n. 


Finding Terms of a Sequence Involving Factorials 


Write the first five terms of the sequence given by 
Qn 


a a 
n n! 


Begin with n = 0. 


SOLUTION 
2 
a) = 0! = 1 = Oth term 
Qe 2. 
Ct a 1st term 
V CHECKPOINT 4 2? 4 
: ta 5 4 2nd term 
Write the first five terms of the a 2 
sequence given by 3B 8g A 
ie 1) 3-31 6 3 3rd term 
a, = ——.. 
4n * 16. 2 a 
ay => = SS erm 
Begin with n = 1. © 4 4! 24 3 


When working with fractions involving factorials, you will often find that the 
fractions can be reduced. 


Simplifying Factorial Expressions 


Simplify each factorial expression. 


8! 2! - 6! n! 
eg atest SG = 
SOLUTION 

ee ee ee 
i gh Gee 7 as 
Ciel de eae 
31-5! b-2-3-1:2+3-4-5 3 
“t= (see |” 

/ CHECKPOINT 5 
4\(n + 1)! 


Simplify the factorial expression given by inl 
In} 


DISCOVERY 


Consider the sequence 


1\" 
a,=(1 +4). 
n 


Use a graphing utility to find 
4100» 41000° 410,000 494 4} 90,000 
Compare your results with the 
approximation of e given by a 
graphing utility. What do you 
observe? 
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Series and Summation Notation 


The sum of the terms of an infinite sequence is called an infinite series. The sum 
of the first n terms of a sequence is called a finite series or the nth partial 
sum. There is a convenient notation for the sum of the terms of a finite sequence. 
It is called summation notation or sigma notation because it involves the use of 
the uppercase Greek letter sigma, written as >. 


Definition of Summation Notation 


The sum of the first n terms of a sequence is represented by 


n 


n 
Ng =4 4a a,4 a+ a 


i=1 


where i is the index of summation, 7 is the upper limit of summation, and 
1 is the lower limit of summation. 


Summation notation is an instruction to add the terms of a sequence. From 
the definition above, the lower limit of the summation tells you where to begin 
the sum and the upper limit of the summation tells you where to end the sum. 


| <etssy)(-M- Using Summation Notation 


a. > 3i 


3(1) + 3(2) + 3(3) + 3(4) + 3(5) 


= 3(11+2+3+4+5) 
= 3(15) = 45 
6 
BVA + tee) + +s) +0 +e) 
k=3 
= 10+ 17+ 26+ 37 = 90 
Bee i 4 re re ae 
Ail Of 1! 2! 3! 4! St! 6! 67! 8! 
1 1 1 1 1 1 


1 
= Lea eS oA 120 ' 720 ' 5040 ' 40,320 


=~ 2.71828 


Note that the sum in part (c) is very close to the irrational number 
e ~ 2.718281828. It can be shown that as more terms of the sequence whose nth 
term is 1/n! are added, the sum approaches e. 


/ CHECKPOINT 6 


4 
Find the sum Si (4i +1).8 
1 


In Example 6, note that the lower index of a summation does not have to 
be |. Also note that the index does not have to be the letter 7. For instance, in part 
(b), the letter k is the index. 
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STUDY TIP 


The sum of the terms of any 
finite sequence must be a finite 
number. Variations in the upper 
and lower limits of summation 
can produce quite different- 
looking summation notations 
for the same sum, as you can 
see in Example 7. For example, 
consider the following two 
sums. 


S302) = 35 2 
ii = 

= 3(2! + 2? + 23) 
SE Orel) = = 35 ol 


i=0 i=0 


= 3(2' + 2? + 2?) 


/ CHECKPOINT 7 


Write the partial sum in summation 
notation. Decide whether the 
notation is unique. 
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|e ets})(-Way Writing a Sum in Summation Notation 


Write each partial sum in summation notation. Decide whether the notation is 
unique. 


3 3 4 3 3 
OTEG $45 G40. feo sao. Pete 
SOLUTION 


a. Begin by looking for similarities and differences in each of the terms. Each 
term has 3 in the numerator. In the denominator, 2 is added to a number that 
is increasing by | for each term. Let i be the index of summation, let | be the 
lower limit of summation, and let 5 be the upper limit of summation. Then, 
using summation notation, you can write 


3 3 a a oe 
1+2°2+2 542 Sit+2 


347 “A420 


The sum can also be written in other ways, such as 


43 Gf 3 S63 
pay 2,545 as i=4 


Sai-1 
The summation notation for the sum is not unique. 


b. This series has terms with alternating signs, and each term can be written as a 
power of 2. Let n be the index of summation, let | be the lower limit of 
summation, and let 4 be the upper limit of summation. Then, using summation 
notation, you can write 


2-428 = 16= (12) ear er ie) tS 


= 3 Eyer. 


n=1 


1)4* 1(2)4 


The sum can also be written in other ways, such as 
3 
» (-1) n (2)"+! and > (- 1)"(2)"- 1 
The summation notation for the sum is not unique. 


The following properties of sums are helpful when adding the terms of a sequence. 


Properties of Sums 


il Ss c=cn, cisaconstant. 


2. §) ca; =>) a,c is a constant. 


U.S. population 
(in millions) 


02 4 6 8 101214 
Year (0 © 1990) 


FIGURE 7.1 


/ CHECKPOINT 8 


The projected population of 

the United States in the year 2020 
is 336 million. Use the model in 
Example 8 to predict the U.S. 
population in 2020. How close is 
the prediction to the projection of 
the population? © 
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Application 


Sequences have many applications in business and science. One such application 
is illustrated in Example 8. 


Example 8 
WAG eyxeN@i— Population of the United States (R) 


Figure 7.1 shows the population of the United States for the years 1990 to 2005. 
These data can be approximated by the model 


a, = 0.001n3 — 0.05n2 + 3.6n + 250, n=0,1,...,15 


where a,, is the population (in millions) and n represents the year, with n = 0 
corresponding to 1990. Find the last three terms of this finite sequence. The 
projected population of the United States in the year 2050 is 420 million. Use the 
model to predict the population in 2050. Do you think this model should be used 
to predict the United States population in future years? (Source: U.S. 
Census Bureau) 


SOLUTION The last three terms of this finite sequence are as follows. 
a,3 = 0.001(13)? — 0.05(13)? + 3.6(13) + 250 ~ 291 2003 population 
ay4 = 0.001(14)? — 0.05(14)? + 3.6(14) + 250 = 293 — 2004 population 
a,5 = 0.001(15)° — 0.05(15)? + 3.6(15) + 250 ~ 296 — 2005 population 
To predict the population in 2050, find the 60th term of the sequence, as follows. 
go = 9.001(60)? — 0.05(60)? + 3.6(60) + 250 ~ 502 


This estimate is too high when compared with the Census Bureau’s estimate. This 
model should not be used to predict the U.S. population in future years. From 
Figure 7.1, you can see that the population grew in a linear or quadratic pattern 
from 1990 to 2005. So, a linear or quadratic model would be better for predicting 
the population in future years. 


1. Explain how to find the term a3 of the sequence given by 


1 
=n+ 


a nT 


n 


? 838! F Teer: 
. Explain how to evaluate 37! without using multiplication. 


. Determine whether the following statement is true or false. Explain your 
reasoning. 


6 
There are three terms in the sum ) 3i. 
i=3 


. Describe and correct the error in the partial sum. 


Sic=c 4c = 10c 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sada sY-\al-\iiawall use these skills in the exercise set for this section. For additional help, review Sections 0.3, 0.6, 


and 2.4. 


In Exercises 1 and 2, find the indicated function value. 


1. Find f(2) for f(n) = a 
2. Find f(3) for f(n) = a 


In Exercises 3-6, factor the expression. 


3. 4n? — 1 4. 4n? — 8n + 3 
5. n2—3n+2 6. n2+ 3n+2 


In Exercises 7-10, perform the indicated operations and simplify. 


* (SN a))a) ae 


Exercises 7.1 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-22, write the first five terms of the In Exercises 23-28, find the indicated term of the 
sequence. (Assume that n begins with 1.) sequence. 
1. a, = 2n-—7 2. a, =4—2n 23. a, = (—1)"(3n — 2) 24. a, = (-1)""![n(n — 1] 
3. a, = 2” 4. a, = (—2)" Qs = aig = 
= 1\r = i n - ' 
5. a, (5) 6. a, ( >) 25. a, = a 26. a, = ian 
3 n+1 i 2n 
7. a, = 8. a, = —— 
™ nt+i1 " 2 a= ag = 
(=1)" (-1)"*1 4n 4n> —n + 3 
9, = 10. = 27. == 28. = 7? 
“n n ae n On On? — 3 a n(n — 1)(n + 2) 
UW. a, =2- Mm a= a a — 
5 In Exercises 29-32, match the sequence with the graph 
13.4, = 14. a, = x of its first 10 terms. [The graphs are labeled (a), (b), (c), 
n!} n 
and (qd).] 
w-1 n— 1 
= = a b 
15. a, =~ 16. a, = “35 (a), (b) a, 
(- 1)" (- 1)'n 10 10 ale 
17. 4, =" 18. a=" 5 st 
3n! (n + 1)! ‘ ei 
19. a, = - 0. a, =“ 4 4 4te 
* Ga i e n! os 
cage aw 
Se —ntl 327 -—n+4 Tit ti he eooes, , HH 606 o oe 
21. a, = 3 22. a, = Za 4] 24 6 8 10 +24 6 8 10 
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() a, (d) a, 
»: A 
i+ °° 1o+ 
gt e e gt 
oT ° oT peeeeee 
a" e —* 
27 ° oT 
ees See H- FH -+-+- +--+ 4+ 2 
+2 4 6 8 10 r 2 4 6 8 10 
6 6n 
29. a,, ea 30. a, = - 
4” 2n 
31. Oe ay 32. “1 (n= 1)! 


In Exercises 33-36, evaluate the expression. 


8! 10! 
33. 6! 34, Or 
28! 49! 
35. 35! 36. 50! 


In Exercises 37-40, simplify the factorial expression. 
Then evaluate the expression when n = O andn = 1. 


! ! 
37. (n + 1)! 38. (n + 2)! 
n} n!} 
(in = 1) (2n +2)! 
3): Gn 1 ane Cr 


In Exercises 41-54, write an expression for the most 
apparent nth term of the sequence. (Assume that n 
begins with 1.) 


ay 14,7, 00218)... 
42. 3,7, 11 15,.19).0 

43. 2,—4,6,-8,10,... 
44. 1,-1,1,-1,1,... 
AS, BF oases 


12 
29 
l1li4 

46. 1,4,5, 16.35.-- - 
234 


16° 
47,2,3328... 
48.2,22238... 
Ce Me ether 
50. 3.5: 37 G1 Dae + + - 
SL 1+¢hit+hit¢hi1t¢pitsh. 
ae eee ee eee ieee 
3. LAiam 

92 23 24 25 
54. 1,2,55 554 190 °° 
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In Exercises 55-72, find the sum. 


a 


4 
55. 5S) (6i + 3) 56. SY (4i — 2) 
i=1 i=1 
5 
Bry oi 58. —3(i — 2) 
i=1 i=l 
5 
59. 5 12 60. S 5 
k=1 k=1 
5 
61. Si? 62. >) 3i? 
i=0 i=0 
63. > — 64 Se 
; (Hp 2k , J 
5 
65. 8) G@= 1? 66. > (k + I)(k — 3) 
i=1 k=2 
4 
67. S) (—1)'(2i + 4) 68. 5) (—2)! 
i=1 i=1 
1 5 2 
60. YS — 70. 
2 k! >» (ja dp 
& (j + 2)! 4 i 
71. - 72. - 
> (2))! > (i— 1)! 


In Exercises 73-82, use summation notation to write 
the sum. 
1 1 1 1 


a, 3() * 30) 3G) 30) 


74, 5 

75. [2(3) + 3] 

7. [1 — (4) ] + [1 
2 


77.3 —9 +27 — 81 + 243 — 729 
78. 1-54 4 * 
t @.4 4 1 
D ppt Bt 202 
1 1 1 1 
Wa Fad S05 | "10+ 12 
il 3 7 15 31 
81l.g4+3+i¢+at+ ea 
1,2,6, 24, 1200, 20 
82.5 +4 8° 16° 32 7 64 


83. Evaluate 
4 6 
Sat B= 27 
j=0 K=2 
What do you observe about the two sums? Is the summa- 
tion notation for a sum unique? Explain. 


84. Evaluate 


6 (j + 1)! i k! 

u 
y ; and y : 
i! aik= 1)! 


What do you observe about the two sums? Is the summa- 
tion notation for a sum unique? Explain. 


J=0 
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85. Compound Interest You deposit $5,000 in an 
account that earns 7%mterest compounded monthly. The 
balance in the account after n months is given by 


0.07 \" 

A, = 25,000 Se 12) , n=1,2,3,.... 
12 

(a) Compute the first six terms of the sequence. 


(b) Find the balance in the account after 5 years by 
computing the 60th term of the sequence. 


(c) Is the balance after 10 years twice the balance after 5 
years? Explain. 


86. Compound Interest A deposit of $0,000 is made in 
an account that earns 8.5%terest compounded quarterly. 
The balance in the account after n quarters is given by 


Bil 10,000( + 008s)" w= 1,2,3,04 6 


(a) Compute the first eight terms of the sequence. 


(b) Find the balance in the account after 10 years by 
computing the 40th term of the sequence. 


(c) Is the balance after 20 years twice the balance after 10 
years? Explain. 


87. Ratio of Reptiles The ratio a, of alligators to pythons 
in a marshland from 2001 to 2008 can be approximated by 


the model 

a, = 24—4.4n + 0.34n?, n=1,2,...,8 

where n is the year, with n = 1,2,. . ., 8 corresponding 
to 2001, 2002,. . . , 2008. 


) (a) Use a graphing utility to find the terms of the finite 
sequence. Interpret the meaning of the terms in the 
context of the real-life situation. 


(b) Construct a bar graph that represents the sequence. 
Describe any trends you see in your graph. 


(c) In 2008, the total number of alligators and pythons in 
the marsh was about 800. In that year, how many were 
alligators? How many were pythons? 


88. Ratio of Males to Females The ratio a, of males to 
females in the United States from 1940 to 2010 can be 
approximated by the model 


a, = 1.05 — 0.038n + 0.0036n?, n=1,2,...,8 
where n is the year, with n=1,2,3,...,8 
corresponding to 1940, 1950, 1960,. . ., 2010. (Source: 


U.S. Census Bureau) 


©) (a) Use a graphing utility to find the terms of this finite 
sequence. Interpret the meaning of the terms in the con- 
text of the real-life situation. 


(b) Construct a bar graph that represents the sequence. 
Describe any trends you see in your graph. 
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(c) In 2000, the population of the United States was 
approximately 281 million. In that year, how many 
people were females? How many were males? 


89. Insect Control Sales The annual retail sales a, (in 
millions of dollars) of insect control products in the United 
States from 2000 to 2005 (see bar graph) can be approxi- 
mated by the model 


a, = 53.167n? — 500.75n? + 1302.7n + 1226, 
n=0,1,2,3,4,5 
where n represents the year, with n = 0 corresponding to 


2000. Find the total sales from 2000 to 2005 by evaluating 
the sum 


5 
x (53.167n> — 500.75n? + 1302.7n + 1226). 


n=0 


(Source: The National Gardening Association) 


Annual retail sales 
(in millions of dollars) 


T T T T T T >on 


0 i 2 3: 4 5) 
Year (0 © 2000) 


90. Annual Payroll The annual payroll a, (in billions of 
dollars) of new car dealerships in the United States from 
2000 to 2005 can be approximated by the model 


a, = 46.3 + 1.53n — 0.102n?, n= 0,1,2,3,4,5 


where n represents the year, with n = 0 corresponding to 
2000. Find the total payroll from 2000 to 2005 by 
evaluating the sum 


3. 
S} (46.3 + 1.53n — 0.102n?). 
n=0 


(Source: National Automobile Dealers Association) 


In Exercises 91 and 92, determine whether the state- 
ment is true or false. Justify your answer. 


91. ¥ (2 +2) = ye) 
i=1 


i=1 i=1 


6 


92. y3 = by Di? 
j=l 


J=3 


In Exercises 93-96, find the first five terms of the 
sequence. 


_ x” _ (—1)"x2"*! 

93. a, = rr 94. a, = ree 
—1)ry2n —1)ry2nt+1 
ce. a re cea 


(2n)! (2n + 1)! 


Arithmetic 
Sequences and 
Partial Sums 


DISCOVERY 


Determine the arithmetic rule 
used to generate the terms of 
each sequence. 


AS eae Wels Ess 6 
ds Oy U2, I; Bans o 
c. 100, 90, 80, 70,.. . 
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Recognize and find the nth term of an arithmetic sequence. 
m@ Find a formula for an arithmetic sequence. 

B Find the nth partial sum of an arithmetic sequence. 

m@ Use an arithmetic sequence to solve an application problem. 


Arithmetic Sequences 


A sequence whose consecutive terms have a common difference is called an 
arithmetic sequence. 


Definition of Arithmetic Sequence 


A sequence is arithmetic if the differences between consecutive terms are 
the same. So, the sequence 


iy Clay Cp Gino 0 oo Go 0 6 
is arithmetic if there is a number d such that 
Oy = th = @, C—O, > 0h Gan = Gy = ah, aiaal So) OMm, 


The number d is the common difference of the arithmetic sequence. 


Examples of Arithmetic Sequences 


a. The sequence whose nth term is 4n + 3 is arithmetic. For this sequence, the 
common difference between consecutive terms is 4. 


7,11,15,19,...,4n+3,... Begin with n = 1. 
———— 
W-7=4 
b. The sequence whose nth term is 7 — 5n is arithmetic. For this sequence, the 


common difference between consecutive terms is —5. 


2, = 3, = 38,2193. 6 aad = One es Begin with n = 1. 
——— | 
-3-2=-5 
c. The sequence whose nth term is Hn + 3) is arithmetic. For this sequence, the 
common difference between consecutive terms is i. 
537 n+3 


gee SS eae Begin with n = 1. 
424 4 . 
Net eth 


5 at 
a7l=% —_—— 


/ CHECKPOINT 1 


Determine whether the sequence is arithmetic. If it is, find the common 
difference. 


a. 5,7,9,11,... be —2,1,6,13,... o43,3,2,...9 
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/ CHECKPOINT 3 


Find the 10th term of the 
arithmetic sequence whose 
first two terms are 1 and 4. © 


In Example 1, notice that each of the arithmetic sequences has an nth term 
that is of the form dn + c, where the common difference of the sequence is d. An 
arithmetic sequence may be thought of as a linear function whose domain is the 
set of natural numbers. 


The nth Term of an Arithmetic Sequence 
The nth term of an arithmetic sequence has the form 
a, =dn+c 


where d is the common difference between consecutive terms of the 
sequence and c = a, — d. 


> <ets}°)(-W4y Finding the nth Term of an Arithmetic Sequence 
Find a formula for the nth term of the arithmetic sequence whose common 
difference is 3 and whose first term is 2. 


SOLUTION Because the sequence is arithmetic, you know that the formula for 
the nth term is of the forma, = dn + c. Moreover, because the common difference 
is d = 3, the formula must have the form 


da, =3n+c. 
Because a, = 2, it follows that 


e=a,-d=2-3=-1. 


So, the formula for the nth term is 
a, = 3n — 1. 


The sequence has the form 2,5, 8,11,14,...,3n7—-—1,.... 


/ CHECKPOINT 2 


Find a formula for the nth term of the arithmetic sequence whose common 
difference is 2 and whose first term is 5. © 


Finding the nth Term of an Arithmetic Sequence 


Find the ninth term of the arithmetic sequence whose first two terms are 2 and 9. 


SOLUTION For this sequence, the common difference is d = 9 — 2 = 7. There 
are two ways to find the ninth term. One way is to write out the first nine terms 
by repeatedly adding 7. 


2, 9, 16, 23, 30, 37, 44, 51, 58 


Another way to find the ninth term is first to find a formula for the nth term. 
Because the first term is 2, it follows that 


c=a,-—d=2-7=—-5. 


So, a formula for the nth term is a, = 7n — 5, which implies that the ninth term is 


dy = 7(9) — 5 = 58. 


/ CHECKPOINT 5 


The third term of an arithmetic 
sequence is 12, and the 14th term 
is 45. Write the first several terms 
of this sequence. © 
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If you know the nth term of an arithmetic sequence and you know the 
common difference of the sequence, you can find the (n + 1)th term by using 
the recursion formula 


G44 = a, Fd. Recursion formula 


With this formula, you can find any term of an arithmetic sequence, provided that 
you know the previous term. For instance, if you know the first term, you can find 
the second term. Then, knowing the second term, you can find the third term, and 
so on. 

If you substitute a, — d for c in the formula a, = dn + c, then the nth term 
of an arithmetic sequence has the alternative recursion formula 


a,=a,+ (n = 1)d. Alternative recursion formula 


Screw Using a Recursion Formula 


Find the 15th term of the arithmetic sequence whose common difference is 11 and 
whose 14th term is 136. 


SOLUTION Because you know the 14th term and want to find the 15th term, use 
the recursion formula. 


An4, = a, +d 
G44, = A4+d 
= 136+ 11 
= 147 


S 
ci 
| 


So, the 15th term of the sequence is a,; = 147. 


/ CHECKPOINT 4 


Find the 12th term of the arithmetic sequence whose common difference is 6 
and whose 11th term is 37. © 


Finding the First Several Terms of an Arithmetic Sequence 


The fourth term of an arithmetic sequence is 20, and the 13th term is 65. Write 
the first several terms of this sequence. 


SOLUTION You know that a, = 20 and a,, = 65. So, you must add the common 
difference d to the fourth term nine times to obtain the 13th term. Therefore, the 
fourth and 13th terms of the sequence are related by 


a3 = a, + 9d. da, and a,3 are nine terms apart. 


Using a, = 20 and a,, = 65, you can conclude that d = 5, which implies that the 
sequence is as follows. 


4, 4g 430 Ag 45 AG Ap Ag ag Aig Ay 


5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 
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DISCOVERY 


To develop the formula for 

the sum of a finite arithmetic 
sequence, consider writing the 
sum in two different ways. One 
way is to write the sum as 


So =a) (a, + a) 


45 (ip ae Dal a= 2 2 


so lle ce i — 1 eh 


In the second way, you 
repeatedly subtract d from 
the nth term to obtain 


Soa (an a) 


(ees 20) chee 


aF la, — (n — 1)d]. 


Can you discover a way to 
combine these two versions 
of S to obtain the following 
formula? 


n 
Sy = ra sir d,) 
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The Sum of a Finite Arithmetic Sequence 


There is a simple formula for the sum of a finite arithmetic sequence. Be sure you 
see that this formula works only for arithmetic sequences. 


The Sum of a Finite Arithmetic Sequence 


The sum of a finite arithmetic sequence with n terms is given by 


n 
S, = 741 3d.) 


Finding the Sum of a Finite Arithmetic Sequence 


Find the sum: 1+ 3+5+4+7+94 114 134 154 174 19. 


SOLUTION To begin, notice that the sequence is arithmetic (with a common 
difference of 2). Moreover, the sequence has 10 terms. So, the sum of the 
sequence is 


Si =14+345474+94114+13+154+174+ 19 


n 
= 2 (a 1+ dy) Formula for the sum of a finite arithmetic sequence 
10 
= > (1 + 19) Substitute 10 for n, 1 for a,, and 19 for a,,. 
= 5(20) Simplify. 
= 100. Multiply. a 


/ CHECKPOINT 6 
Find the sum: 4 + 7+ 10 + 13 + 16+ 19 + 22+25+28+31. = 


Finding the Sum of a Finite Arithmetic Sequence 


Find the sum of the integers from | to 100. 


SOLUTION The integers from | to 100 form an arithmetic sequence that has 100 
terms. So, you can use the formula for the sum of an arithmetic sequence, as follows. 


S,=1t2+3+4+54+6+---+99+ 100 
n 
= 71 + a,) Formula for the sum of a finite arithmetic sequence 
100 
= “A - (1 + 100) Substitute 100 for n, 1 for a,, and 100 for a,,. 
= 50(101) Simplify. 
= 5050 Multiply. —— 


/ CHECKPOINT 7 


Find the sum of the integers from 101 to 150. © 


FIGURE 7.2 


/ CHECKPOINT 9 


In Example 9, suppose the 
auditorium has 30 rows of seats. 
How many seats are there in 

all 30 rows? © 
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The sum of the first n terms of an infinite sequence is the nth partial sum. 


The nth partial sum can be found by using the formula for the sum of a finite 
arithmetic sequence. 


Finding a Partial Sum of an Arithmetic Sequence 


Find the 150th partial sum of the arithmetic sequence 


5, 16, 27, 38,49,.... 
SOLUTION For this arithmetic sequence, you have a, = 5andd = 16-5 = 11. 
So,c = a, — d=5 — 11 = —6, and the nth term is 

a, = 11n — 6. 


So, d;59 = 11(150) — 6 = 1644, and the sum of the first 150 terms is as follows. 


5, = 5a + a,) nth partial sum formula 
150 . 
= > (5 =F 1644) Substitute 150 for n, 5 for a,, and 1644 for a,,. 
= 75(1649) Simplify. 
= 123,675 Simplify. 


/ CHECKPOINT 8 


Find the 100th partial sum of the arithmetic sequence 


4,10, 16, 22,28,... @ 


Applications 


Seating Capacity ® 


An auditorium has 20 rows of seats. There are 20 seats in the first row, 22 seats 
in the second row, 24 seats in the third row, and so on (see Figure 7.2). How many 
seats are there in all 20 rows? 


SOLUTION The numbers of seats in the rows form an arithmetic sequence in 
which the common difference is d = 2. Because c = a, — d = 20 — 2 = 18, 
you can determine that the formula for the mth term in the sequence is 
da, = 2n + 18. So, the 20th term in the sequence is dy) = 2(20) + 18 = 58, and 
the total number of seats is 


Soo = 20+ 22+244+---+58 


n 
= 2 (a, oF a,) nth partial sum formula 
20 ; 
= 2 (20 + 58) Substitute 20 for n, 20 for a,, and 58 for a,,. 
= 10(78) Simplify. 
= 780. Simplify. 
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AP/ Wide World Photos 


There were fewer than 1700 coffee 
shops in the United States in 1991. 
By 2006, the number had increased 
to more than 19,000. (Source: 
Specialty Coffee Association of 
America) 


sory -wilm Total Sales ®) 


A small coffee shop sells $0,000 worth of beverages during its first year. The 
owner of the business has set a goal of increasing annual sales by $500 each year 
for 9 years. Assuming that this goal is met, find the total sales during the first 10 
years this business is in operation. What kinds of economic factors could prevent 
the shop owner from meeting the sales goal? 


SOLUTION The annual sales form an arithmetic sequence in which a, = 10,000 
and d = 7500. So, 


c =a, — d= 10,000 — 7500 = 2500 

and the nth term of the sequence is 
a, = 7500n + 2500. 

This implies that the 10th term of the sequence is 
dig = (7500)(10) + 2500 = 77,500. 


So, the total sales for the first 10 years are as follows. 


n 
5. = A (a es a,) nth partial sum formula 


_ 10 (10 000 + 77 500) Substitute 10 for n, 10,000 for a,, and 
2 ? ? 


77,500 for a,,. 
= 5(87,500) Simplify. 
= $37,500 Simplify. 


Many economic factors, such as the location of the shop, demand by consumers, 
and marketing techniques, could prevent the shop owner from meeting the sales 
goal. 


/ CHECKPOINT 10 


A company sells $000 worth of printing paper during its first year. The sales 
manager has set a goal of increasing annual sales of printing paper by $500 
each year for 9 years. Assuming that this goal is met, find the total sales of 
printing paper during the first 10 years this business is in operation. © 


. Explain how to determine whether a sequence of terms is an arithmetic 
sequence. 

. Each term of a sequence is twice the previous term. Explain why this is not 
an arithmetic sequence. 

. You know the third term and the common difference of an arithmetic 
sequence. Explain how to find the fifth term. 


. Determine whether the following statement is true or false. Explain your 
reasoning. 


To find the sum of a finite arithmetic sequence with n terms, 
you must add all n terms. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sada ste\al-\wiawayal use these skills in the exercise set for this section. For additional help, review Sections 0.1, 0.2, 


2.4, and 7.1. 


In Exercises 1 and 2, find the sum. 


1. ¥ @i-1) Oy > i +2 


In Exercises 3 and 4, find the distance between the two real numbers. 


5 a Ie 
3b By ts 4. 3,3 


In Exercises 5 and 6, evaluate the function as indicated. 
5. Find f(3) for f(n) = 10 + (n — 1)4. 
6. Find f(10) for f(n) = 1 + (n — 1). 


In Exercises 7-10, evaluate the expression. 
7. 41 + 25) 8. (4 + 16) 
Sh AG) (Oe = ie 10. §[2(-3) + (15 — 1)5] 


Exercises 7.2 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-12, determine whether the sequence 17. a, =(2+n)-(1 +n) 
is arithmetic. If it is, find the common difference. a Sieh 
1. 3,7,11,15,19,... 
> ? ? : > + 
aa iieo 
2. 20,17, 14, 11,8,... a / ieee! | ” 4n 
3. —3, -2,0,3,7,... 21. a, = (-1)" 22. a, = (-1)"*! 
4. —12, —8, —4,0,4,8,... . : 
Boise 4 In Exercises 23-34, find a formula for a, for the 
5. 3,35,2,9, 1,3... - arithmetic sequence. 
Og 7 A SG 
6. 4, 2422242 45-55 23. a,=4,d=5 24. a, =3,d=8 
1248 16 32 
7. 35 30353) 3 3° 25. a, = 50,d = —12 26. a, = 102,d = —6 
& SoS... 27. a, = 7, as = 27 28. a, = —5,a,= —17 
29. a; = 8, dy = 32 30. dg = 29, ag = 95 


9. log, 10, log;) 100, log,, 1000, log,, 10,000, . . . 31. 2,8, 14, 20, 26,.. . 
10. In 1, In 2,1 In 4, 1 ee 
DE enone Ce ae ee i ey ee 
11. 5.3, 5.7, 6.1, 6.5,6.9,... 
$3. 2 ne xs 
12. 1.2, 2.4, 3.6, 4. 1 0 eee 
ence 34. gS 
In Exercises 13-22, write the first five terms of the 
sequence. Determine whether the sequence is 
arithmetic. If it is, find the common difference. 


In Exercises 35-42, write the first five terms of the 
arithmetic sequence. 


35. a, = 10,d = —4 


36. a, =2,d=4 


13. a, = 5 + 3n 
14. a, = 100 — 3n 37. a) = 5,44; =a, +9 38. a) = 7,4_4) = dy — 2 
15. a, = (2")n 39. a, = 2, dy, = 46 40. a; = 28, dy) = 3 


16. a, = 2"7! 


41. a, = 26, a,, = 10 


42. a, = 16, ay) = 46 
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In Exercises 43-46, match the arithmetic sequence with 
its graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) 


(c) 


43. 
45. 


an (b) an 
4 4 
wT. 87, 
te toe 
18 -- PS 6+ °. 
i oa 
4 e lies 
6 * 27 *. 
eee eee See HH > 
-6t 24 6 8 6 ot 2 4 6 8 10 
ak =4-- 
an an 
A (d) A 
10-- PY 30 -- 
ak. a fe 
= = e 
8-F a 24 ‘ 
an =e e 
6+ ae 18; * 
ae 12+ Pas 
4 ahs. e 
27 6 . 
i a a el a a a ee 
7, 2 4 6 8 10 y 2 4 6 8 10 
2+ -6-+ 
a, = 3n=5 44. a, = 25 — 3n 
3 
a, = —3n+8 46. a, = 2+ 4n 


©) In Exercises 47-50, use a graphing utility to graph the 
first 10 terms of the sequence. 


47. 


Q 
ll 


a, = 15 —3n 48. a, = —5 + 2n 
0.4n — 2 50. a =13n+7 


In Exercises 51-58, find the indicated nth partial sum 
of the arithmetic sequence. 


51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 


59. 
60. 


6, 13, 18,24,,....,%= 8 

4,11, 18,25,..., n= 10 
—10,-8,-6,-4,...,n=12 
—2,-9, -16,-23,..., n= 10 
05,09, 13, 1.742 a= 10 
1.50, 1.45, 1.40, 1.35,. . ., n = 20 
a, = 100, a,, = 220, n = 25 


a, = 15, dio = 307, n = 100 


Find the sum of the first 100 odd integers. 


Find the sum of the integers from — 20 to 80. 


In Exercises 61-70, find the partial sum. 


63. 


65. 


50 100 
3 n 62. > 2n 
n=1 n=1 
100 100 
5n 64. S In 


n=32 n=51 
250 


3 (1000 — 5n) 66. S' (1000 — n) 


n=0 n=1 
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67. 


69. 


20 500 

5 (3n + 2) 68. S (n + 6) 
n=1 n=1 

100 7 4+ 4 100 g — 3p 
n=l 2 ™ >, 16 


In Exercises 71-74, use summation notation to write 


the sum. 

71.3+6+9+12+ 15 300 
72.54+7 11 13 ee: eb 3 
73.5 +24+14+34+34+---4+4 
444+ 34+ 3454+ 84+---4+12 


Job Offer 


In Exercises 75 and 76, consider a job offer 


with the given starting salary and the given annual 
raise. (a) Determine the salary during the sixth year of 
employment. (b) Determine the total compensation 
from the company through six full years of employment. 


TDs 
76. 


77. 


78. 


79. 


80. 


Starting Salary Annual Raise 


$5,000 $750 
$9,400 $125 
Seating Capacity Determine the seating capacity of an 


auditorium with 30 rows of seats if there are 15 seats in the 
first row, 20 seats in the second row, 25 seats in the third 
row, and so on. 


Seating Capacity Determine the seating capacity of an 
auditorium with 36 rows of seats if there are 15 seats in the 
first row, 18 seats in the second row, 21 seats in the third 
row, and so on. 


Brick Pattern A brick patio has the approximate shape 
of a trapezoid (see figure). The patio has 18 rows of bricks. 
The first row has 14 bricks and the 18th row has 31 bricks. 
How many bricks are in the patio? 


31 
=?" 


————Sa 
14 


Brick Pattern A triangular brick wall is made by cutting 
some bricks in half to use in the first column of every other 
row. The wall has 28 rows. The top row is one-half brick 
wide and the bottom row is 14 bricks wide. How many 
bricks are used in the finished wall? 


81. 


82. 


83. 


84. 


85. 


86. 


87. 
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Total Sales The annual sales a, (in millions of 
dollars) for The Cheesecake Factory, Inc., from 2001 to 
2006 can be approximated by the model 


a, = 500.7 + 161.52n, n=0,1,...,5 


where n represents the year, with n = 0 corresponding to 
2001. (Source: The Cheesecake Factory, Inc.) 


(a) Construct a bar graph showing the annual sales for The 
Cheesecake Factory, Inc., from 2001 to 2006. 


(b) Find the total sales from 2001 to 2006. 


Total Sales The annual sales a, (in millions of 
dollars) for Starbucks Corporation from 2001 to 2006 can 
be modeled by 


a, = 2328.5 + 1032.84n, n=0,1,...,5 


where n represents the year, with n = 0 corresponding to 
2001. (Source: Starbucks Corporation) 


(a) Construct a bar graph showing the annual sales for 
Starbucks Corporation from 2001 to 2006. 


(b) Find the total sales from 2001 to 2006. 


Falling Object A heavy object (with negligible air 
resistance) is dropped from a plane. During the first second 
of fall, the object falls 16 feet;during the second second, it 
falls 48 feet;during the third second, it falls 80 feet;and 
during the fourth second, it falls 112 feet. Assume this 
pattern continues. How many feet will the object fall in 
8 seconds? 


Falling Object A heavy object (with negligible air 
resistance) is dropped from a plane. During the first second 
of fall, the object falls 4.9 meters;during the second second, 
it falls 14.7 meters; during the third second, it falls 24.5 
meters;and during the fourth second, it falls 34.3 meters. 
Assume this pattern continues. How many meters will the 
object fall in 10 seconds? 


Total Profit A small landscaping company makes a 
profit of $0,000 during its first year. The company president 
sets a goal of increasing profit by $0,000 each year for 4 
years. Assuming that this goal is met, find the total profit 
during the first 5 years of this business. What kinds of 
economic factors could prevent the company from meeting 
the profit goal? 


Total Sales An entrepreneur sells $0,000 worth of 
gumballs in the first year of operation. The entrepreneur 
has set a goal of increasing annual sales by $000 each year 
for 9 years. Assuming that this goal is met, find the total 
sales during the first 10 years of this gumball business. 
What kinds of economic factors could prevent the 
entrepreneur from meeting the sales goal? 


Reasoning Given an arithmetic sequence for which 
only the first few terms are known, is it possible to find the 
nth term? Explain your reasoning. 


88. 


89. 
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Reasoning _ If the only known information about a finite 
arithmetic sequence is its first term and its last term, is it 
possible to find the sum of the sequence? Explain your 
reasoning. 


Total Revenue The annual revenues a, (in billions of 
dollars) for McDonald’s Corporation from 2000 to 2005 are 
shown in the table, where n represents the year, with n = 0 
corresponding to 2000. (Source: McDonald’s Corporation) 


Year, | Revenue, a,, 
0 14.243 
1 14.870 
2 15.406 
3 17.141 
4 19.065 
5 20.460 


(a) Construct a bar graph showing the annual revenues 
from 2000 to 2005. 


oP) (b) Use the linear regression feature of a graphing utility to 


90. 


find an arithmetic sequence that approximates the 
annual revenues from 2000 to 2005. 


(c) Use summation notation to represent the total revenue 
from 2000 to 2005. Find the total revenue. 


Total Revenue The annual revenues a, (in millions of 
dollars) for Outback Steakhouse, Inc. (OSI Restaurant 
Partners, Inc.) from 2001 to 2006 are shown in the table, 
where n represents the year, with n = 0 corresponding to 


2001. (Source: OSI Restaurant Partners, Inc.) 
Year,n | Revenue, a,, 
0 2127.1 
1 2362.1 
2 2744.4 
3 3201.8 
4 3601.7 
5 3941.0 


(a) Construct a bar graph showing the annual revenues 
from 2001 to 2006. 


) (b) Use the linear regression feature of a graphing utility to 


find an arithmetic sequence that approximates the 
annual revenues from 2001 to 2006. 


(c) Use summation notation to represent the total revenue 
from 2001 to 2006. Find the total revenue. 
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Geometric 
Sequences and 
Series 


DISCOVERY 


Determine the rule used to 
generate the terms of each 
sequence. 


vid 
a. Ils 3p wn Go 0 a6 


I Sy 20, SO, D0, . « « 


ig D 27 
C. 25458 16+ + - 


Recognize and find the nth term of a geometric sequence. 
Find the sum of a finite geometric sequence. 
Find the sum of an infinite geometric series. 


Use a geometric sequence to solve an application problem. 


Geometric Sequences 


In Section 7.2, you learned that a sequence whose consecutive terms have a common 
difference is an arithmetic sequence. In this section, you will study another 
important type of sequence called a geometric sequence. Consecutive terms of a 
geometric sequence have a common ratio, as indicated in the following definition. 


Definition of Geometric Sequence 


A sequence is geometric if the ratios of consecutive terms are the same. So, 


the sequence a), a5, a3, dy,. . .,d,. . . 18 geometric if there is a number r 
such that 
a a a 
2 3 4 
=1, =r, =r, r#0 
aT By a3 


and so on. The number r is the common ratio of the geometric sequence. 


is <errs}e)(-wey Examples of Geometric Sequences 


a. The sequence whose nth term is 2” is geometric. For this sequence, the com- 
mon ratio between consecutive terms is 2. 


25 48, 16 y 6 sey 28 ee Begin with n = 1. 
Se 


b. The sequence whose nth term is 4(3”) is geometric. For this sequence, the 
common ratio between consecutive terms is 3. 


12, 36, 108, 324,.. ., 4(3”), ee Begin with n = 1. 


36 _ 
2 =3 


: 1\". : : 
c. The sequence whose nth term is (—3) is geometric. For this sequence, the 
: : el 
common ratio between consecutive terms is — 3. 


ae (-3) poke ina 
3’ 9’ 7 81° ay 3 goa ae egin with nm = 1. 
a) 

i, ae! | 

=13 °° ~3 


/ CHECKPOINT 1 


Determine whether the sequence 2, 8, 32, 128,. . . is geometric. If it is, find its 
common ratio and write a formula for a,. © 


TECHNOLOGY 


=\ You can generate the 
geometric sequence in 
Example 2 with a graphing 
utility using the following steps. 


3 (ENTER) 
2 &) [ANS] 


Now press (ENTER) repeatedly to 
generate the terms of the 
sequence. 


/ CHECKPOINT 3 


Find the 12th term of the geometric 
sequence whose first term is 14 
and whose common ratio is 1.2. © 
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In Example 1, notice that each of the geometric sequences has an nth 
term that is of the form ar”, where the common ratio of the sequence is r. A 
geometric sequence may be thought of as an exponential function whose domain 
is the set of natural numbers. 


The nth Term of a Geometric Sequence 


The nth term of a geometric sequence has the form 


a, =ar"! 


where r is the common ratio of consecutive terms of the sequence. 
So, every geometric sequence can be written in the following form. 


(he Ch, Ube a4, sree ee enim oeers 


Le aa | { 


2 3 4 
Oe Giilhs GilPy Oyo Cin o « « 


If you know the nth term of a geometric sequence, you can find the (n + 1)th 
term by multiplying by r. That is, a,,, = ra 


nm 


Finding the Terms of a Geometric Sequence 


Write the first five terms of the geometric sequence whose first term is a, = 3 and 
whose common ratio is r = 2. 


SOLUTION Starting with 3, repeatedly multiply by 2 to obtain the following. 


a, =3 Ist term 
dy = 3(2') = 6 2nd term 
a, = 3(27) = 12 3rd term 
a, = 3(2°) = 24 4th term 
ds = 3(2*) = 48 5th term 


/ CHECKPOINT 2 


Write the first five terms of the geometric sequence whose first term is a, = 2 
and whose common ratio is r = 3. © 


iSerye(-wwy Finding a Term of a Geometric Sequence 


Find the 15th term of the geometric sequence whose first term is 20 and whose 
common ratio is 1.05. 


SOLUTION 

a4, = ar"! 
20(1.05)!5-! 
= 39.599 


Formula for the nth term of a geometric sequence 


a5 Substitute 20 for a,, 1.05 for r, and 15 for n. 


Use a calculator. 
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/ CHECKPOINT 5 


The second term of a geometric 
sequence is 6, and the fifth term is 
a Find the eighth term. © 
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iS <erje(-wm Finding a Term of a Geometric Sequence 


Find the 12th term of the geometric sequence 
Dy 1D,455 5. 3: ae 


SOLUTION 


. : . 15 : 
The common ratio of this sequence is r = = = 3. Because the first term is 


a, = 5, you can determine the 12th term (n = 12) to be 
1 


a, = ar" Formula for the nth term of a geometric sequence 
ay. = 5(3)4-1 Substitute 5 for a,, 3 for r, and 12 for n. 
=5 ( 177, 147) Use a calculator. 
= 885,735. Simplify. 


/ CHECKPOINT 4 


Find the 10th term of the geometric sequence 


4,20, 100,.... 8 


If you know any two terms of a geometric sequence, you can use that 
information to find a formula for the nth term of the sequence. 


S<erye(-wyy Finding a Term of a Geometric Sequence 


The fourth term of a geometric sequence is 125, and the 10th term is re Find the 
14th term. (Assume that the terms of the sequence are positive.) 


SOLUTION Because r is the common ratio of consecutive terms of a sequence, 
you have to find the relationship between the 10th term and the fourth term. 


ay = ar 


yy = ayr®. 
Because a). = 125/64 and a, = 125, you can solve for r as follows. 


re 
ag = ee 


La 
64 
1 


aye 


r& 


Because the terms of the sequence are assumed to be positive, choose the positive 
solution, r = . You can obtain the 14th term by multiplying the 10th term by r +. 
,= s) _ 125 

2 1024 


DISCOVERY 


To develop the formula for 
the sum of a finite geometric 
sequence, consider the 
following two equations. 


S—a, tartar 
Ps 9 esp Ghype 2 
a7 yee * 

rS=art+ar?+ar? 
qe 8 0 ap Gyre" 
ar (hip 


Can you discover a way to 
simplify the difference between 
these two equations to obtain 
the formula for the sum of a 
finite geometric sequence? 
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The Sum of a Finite Geometric Sequence 


The formula for the sum of a finite geometric sequence is as follows. 


The Sum of a Finite Geometric Sequence 
The sum of the finite geometric sequence 
Oh Oh iP Ohi? > Ohh) GP yo 6 69 GPE 


with common ratio r # | is given by 


Finding the Sum of a Finite Geometric Sequence 


12 
Find the sum > 4(0.3)"— 1. 


n=1 


SOLUTION By writing out a few terms, you have 


s 4(0.3)"-! = 4(0.3)° + 4(0.3)! + 4(0.3)2 + 4(0.3)3 +--+ 4(0.3)". 


n=1 


Now, because a, = 4, r = 0.3, and n = 12, you can apply the formula for the 
sum of a finite geometric sequence to obtain 


2 l-r\ fie 03)" 
n-l — = = 
by 4(0.3) a( = “| 4 er 5.714. 


/ CHECKPOINT 6 


10 
Find the sum >» 2(3"-). m 


n=1 


When using the formula for the sum of a finite geometric sequence, be 
careful to check that the sum is of the form 


n 
r=1 
Sari 
i=1 


If the sum is not of this form, you must adjust the formula for the nth partial sum. 


For instance, if the sum in Example 6 were pa 4(0.3)”, then you would evaluate 


n=1 


the sum as follows. 


5403) = 4(0.3) + 4(0.3)2 + 4(0.3)3 + - - » + 4(0.3)!2 


= 4(0.3) + [4(0.3)](0.3) + [4(0.3)](0.3)? + - - - + [4(0.3)](0.3)!!. 
So, a, = 4(0.3), r = 0.3, and n = 12, and the sum is 


1 = (0.3)? 


ns )~ 1.714. 


oe 4(03)( 
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Geometric Series 


The summation of the terms of an infinite geometric sequence is called an 


DISCOVERY infinite geometric series, or simply a geometric series. 
Use a calculator to evaluate r” The formula for the sum of a finite geometric sequence can, depending on the 
for r = 5 and n = 1, 2, 5, 10, value of r, be extended to produce a formula for the sum of an infinite geometric 
50, and 100. What happens to series. Specifically, if the common ratio r has the property that |r| < 1, it can be 
the value of r” as n increases? shown that r” becomes arbitrarily close to zero as n increases without bound. 
Make a conjecture about the Consequently, 
value of r” asn— oo. Use a 

i ae 1\x l= 7? 1-0 
graphing utility to graph y = (5) (=) > a(7=2) as n— ©. 


to verify your conjecture. 
This result is summarized as follows. 


The Sum of an Infinite Geometric Series 


If |r| < 1, the infinite geometric series 


Gh ar ile aP Chir? ap Gyr? ap 2 © Sar Gyre" ap oe « 
has the sum 
2) a 
4 1 
S= aqr'= : 


|e <etss}°)(-Wa Finding the Sum of an Infinite Geometric Series 


Find each sum. 


a S 40.6)" ob. S 300.1)! 


n=1 
SOLUTION 
a. y 4(0.6)" = 4 + 4(0.6) + 4(0.6)? + 4(0.6)3 + - --+4(0.6)7+--- 
n=0 


= 10 


b. S 3(0.1)"—! = 3 + 3(0.1) + 3(0.1)? + 3(0.1)? +--+ + 300.171 +--- 
n=1 
3 P 

1-0.1 oe 4 

10 

3 


= 3.33 


/ CHECKPOINT 7 


Find the sum by 5(0.4)"— | a 


n=1 
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Application 


Compound Interest ® 


You make a deposit of $0 on the first day of each month in a savings account 
that pays 6%ompounded monthly. Will there be enough money in the account 
in 2 years to buy a $500 digital TV? 


SOLUTION 


The first deposit will gain interest for 24 months, and its balance will be 


0.06\* 
Tim Boyle/Getty Images Ang = s0(1 + 208) _ 50(1.005)7*. 
= bs 12 
Digital televisions will eventually 
replace analog TVs because they The second deposit will gain interest for 23 months, and its balance will be 
deliver better sound and picture 3 
; 0.06 \~ 
quality to viewers, and they are a A, = 50(1 +——} = 50(1.005)?3. 
more efficient way for broadcasters 12 


to communicate information. The last deposit will gain interest for 1 month, and its balance will be 


1 
i= s0(1 + 208) = 50(1.005). 


The total balance in the account will be the sum of the balances of the 24 deposits. 
Using the formula for the sum of a finite geometric sequence, with 
A, = 50(1.005), r = 1.005, and n = 24, you have 


i= (1.005) 


= 50(1.005)] = 


= $277.96. 


You will not have enough money in your account in 2 years to pay for the TV. 


/ CHECKPOINT 8 


You make a deposit of $0 on the first day of each month in a savings account 
that pays 3%ompounded monthly. Will there be enough money in the account 
in 2 years to buy a $725 digital TV? © 


. Explain how to determine whether a sequence of terms is a geometric 
sequence. 

. You know the fourth term and the common ratio of a geometric 
sequence. Explain how to find the sixth term. 


. You know the common ratio of a finite geometric sequence. What else do 
you need to know to apply the formula for finding its sum, S,? 


. The first term of an infinite geometric series is 4. The second term is 5. 
Can you find the sum of this infinite geometric series? Explain. 
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Skills Revi 7.3 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview /. these skills in the exercise set for this section. For additional help, review Sections 0.3 and 7.1. 


In Exercises 1-4, evaluate the expression. 


ec), Dele aya 4. 4(34) 
In Exercises 5-8, simplify the expression. 

4n> (2n)3 
5; (2n)(3n?) 6. n(3n)> is oy 8. On 


In Exercises 9 and 10, use summation notation to write the sum. 


9, 2 + 2(3) + 2(3) + 2(3°) 10. 3 + 3(2) + 3(2?) + 3(23) 


Exercises 7.3 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-4, find the common ratio of the 28. a, = 6, r = e®!, 9th term 
DEOME ME SEQ UERCE: 29. a, = 500, r = 1.02, 40th term 


i, 3, 15; 75, 375, 1875, « ; 
2. —2,8, —32, 128, -512,... 
3, 216, 36,6, 1,2. « 


30. a, = 1000, r = 1.005, 60th term 
31. a, = —40, a, = —10, 3rd term 
32. a, = 3,45 = a 3rd term 

4. 3.3.3.3, 39+ + - 33. a, = —18, a, = 3, 6th term 


. ; 34. a, = “8, a, = 4, 7th term 
In Exercises 5-14, determine whether the sequence is OS bo 2 
geometric. If it is, find its common ratio and write a 


In Exercises 35-38, match the geometric sequence with 
formula for a,. 


its graph. [The graphs are labeled (a), (b), (c), and (d).] 


5. 1,4, 16,64,... 6. 2, 10, 50, 250,.. . 
(a) an (b) an 
1 412,36, 108. Be = 3,48 ns A " 
1. 4 ny oe 20 -- 750 -- 
9. 1, 394s Boe es 10. 2> 1, 3790+ + 16 +° 600 e 
te ices oS 12. —8, 3,4, -2, 2+ 450 ° 
+ 300 + 
3. 1.444 1 aie ey c - 
Was °. 150 ale a* 
In Exercises 15-22, write the first five terms of the Bansay h para is He nies 
geometric sequence. -4> + 
15. a, =4,r= : 16. a, =6,r= : (a ‘a . 
17. a, = 1,r=3 18. a, = 1r=3 
1 1 5 “4 18 e 600 + 
19. a, =3,r=-3 20. a, = 3,7 = —-5 12+ 400 + e 
21. a, = 1,r=e 22. a, = 2,r =e! er 20f ¢ 
Se ier ai Gun —H fost fa 
In Exercises 23-34, find the indicated term of the 2 ee -200 2% 8 10 
geometric sequence. -12 -400 + 
=19-4 —600 + 
23. a, = 16,r = in Sth term 1a 600 + ‘ 
24. a, =9,r= 3, 7th term i a 
i 35. a, = 18(3)" 36. a, = 18(—2)" | 
25. a, = 6,r = —3, 12th term ci C aeail 
37. a, = 18(3) 38. a, = 18(—3) 


26. a4, = lr = -3, 10th term 
27. 100, r = e, 9th term 


=~ 
ll 


SECTION 7.3 


® In Exercises 39-44, use a graphing utility to graph the 


first 10 terms of the sequence. 
39. 


12(—0.75)"~! 
12(—0.4)"-! 
2(1.3)"-! 


40. a, = 10(—1.5)""! 
42. a, = 20(—1.25)""! 
44, a, = 10(1.2)""! 


In Exercises 45-58, find the sum of the finite geometric 
sequence. 


4s. ¥° 8(2") 


47. 


49. 


51. 


53. 


55. 


57. 


n=1 


46. S. 3(4") 


48. 


50. 


52. 


54. 


58. 


n=1 


8 


>, (-2y 


n=0 


In Exercises 59-64, use summation notation to write 


the sum. 
59.5 4+ 15 + 45 3645 
60. 7+ 14 + 28 896 

1 1 1 
a a 8 2048 

3 3 

62. 15 — 3 4 aE 
63. 0.14044 1.64 -+ 102.4 
64. 32+ 24+ 18 4 - + 10.125 


In Exercises 65-72, find the sum of the infinite 
geometric series, if it exists. 


67. 


68. 


69. 


col 


wit 


70. 


71. 


72. 


In 
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~ Ms sf J 1 M ft 
¥\ 4(2) 4+1+44+¢4 
n=0 
is) 1\" 
¥' 3(i5) = 3 + 0.3 + 0.03 + 0.003 4 
n=0 


Exercises 73-76, find the rational number represen- 


tation of the repeating decimal. 


73 
74 
75 
76. 


77 


78. 


. 0.36 
. 0.297 
. 0.318 
. 1.38 


. Compound Interest You are saving for a motorcycle. 
You deposit $00 at the beginning of each month for 
4 years in an account that pays 6%ompounded monthly. 
The balance A in the account at the end of 4 years is 


0.06 \! 0.06 \*8 
A 3001 + 909)'4. sen 


300( 


(a) Is there enough money in the account after 4 years to 
buy a $7,000 motorcycle? 


(b) Suppose the interest rate is 9%s there enough money in 
the account after 4 years to buy a $7,000 motorcycle? 


Compound Interest You are saving to pay for an 
addition to your house. You deposit $00 at the beginning 
of each month for 3 years in an account that pays 5% 
compounded monthly. The balance A in the account at the 
end of 3 years is 


83) 


12 


A 200 1 + 12 


36 
200 1 | “) : 
(a) Is there enough money in the account after 3 years to 
pay for the construction of an $000 addition to your 
house? 


(b) Suppose the interest rate is 77s there enough money 
after 3 years to pay for the construction of an 8000 
addition to your house? 


. Compound Interest You deposit $00 in an account at 
the beginning of each month for 10 years. The account pays 
8%ompounded monthly. Use a graphing utility to find 
your balance at the end of 10 years. If the interest were 
compounded continuously, what would be the balance? 


. Compound Interest You deposit $50 in an account at 
the beginning of each month for 20 years. The account pays 
6%ompounded monthly. Use a graphing utility to find 
your balance at the end of 20 years. If the interest were 
compounded continuously, what would be the balance? 


562 


81. 


82. 


83. 


CHAPTER 7 


Profit The annual profits a, (in millions of dollars) for 
Harley-Davidson, Inc. from 2000 to 2005 can be approxi- 
mated by the model 


a, = 364.10e°2!4", n=0,1,...,5 


where n represents the year, with n = 0 corresponding 
to 2000 (see figure). Use the formula for the sum of a 
finite geometric sequence to approximate the total 
profit earned during this six-year period. (Source: 
Harley-Davidson, Inc.) 


Annual profit 
(in millions of dollars) 
~~ 
Ss 
i 
T 


304 HH H HH HH H 


T T T T T T aot 


Year (0 © 2000) 


Profit The annual profits a, (in millions of dollars) for 
The Home Depot, Inc. from 1997 to 2005 can be approxi- 
mated by the model 


= 1364,39¢019™, 


where n represents the year, with n = 0 corresponding to 
1997 (see figure). Use the formula for the sum of a finite 
geometric sequence to approximate the total profit earned 
during this nine-year period. (Source: The Home Depot, 
Inc.) 


n= 0,1,2,.3,...458 


7000 
6000 —-——— ————— 
5000 
4000 —=—— 
3000 
2000 
1000 


Annual profit 
(in millions of dollars) 


Tiga lignes Is ee geri ee 


Oe ale SS cia ea oes e/a) 
Year (0 © 1997) 


Orthopedic Implants The annual sales a,, (in millions 
of dollars) for Stryker Corporation from 2000 to 2006 can 
be approximated by the model 


a, = 2277.53e°-4", n=0,1,2,3,...,6 


where n represents the year, with n = 0 corresponding to 
2000. (Source: Stryker Corporation) 


(a) Construct a bar graph showing the annual sales from 
2000 to 2006. 
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84. 


85. 


86. 


87. 


(b) Use the formula for the sum of a finite geometric 
sequence to approximate the total sales during this 
seven-year period. 


Cardiovascular Devices The annual sales a, (in 
millions of dollars) for St. Jude Medical Inc. from 1999 to 
2006 can be approximated by the model 


= 1018.63e9!6", n=0,1,2,3,...,7 


where n represents the year, with n = 0 corresponding to 
1999. (Source: St. Jude Medical Inc.) 


(a) Construct a bar graph showing the annual sales from 
1999 to 2006. 


(b) Use the formula for the sum of a finite geometric 
sequence to approximate the total sales during this 
eight-year period. 


MAKE A DECISION You decide to work at a company 
that pays §.01 for the first day, 8.02 for the second day, 
§.04 for the third day, and so on. If the daily wage keeps 
doubling, what will be your total income for working 
29 days? 30 days? 31 days? Which job pays more the first 
year: the job that pays 6.01 the first day and twice the 
previous day’s wage for every day thereafter, or a job that 
pays $0,000 per year? 


MAKE A DECISION You decide to work at a company 
that pays 8.01 for the first day, 6.03 for the second day, 
§.09 for the third day, and so on. If the daily wage keeps 
tripling, what will be your total income for working 29 
days? 30 days? 31 days? Which job pays more the first 
year: the job that pays 9.01 the first day and triple the pre- 
vious day’s wage for every day thereafter, or a job that pays 
60,000 per year? 


Geometry The sides of a square are 16 inches in length. 
A new square is formed by connecting the midpoints of the 
sides of the original square, and two of the resulting trian- 
gles are shaded (see figure). If this process is repeated five 
more times, what will be the total area of the shaded region? 


Cee, 


8. Geometry The sides of a square are 27 inches in length. 


New squares are formed by dividing the original square 
into nine squares. The center square is then shaded (see 
figure). Each of the eight unshaded squares is then divided 
into nine smaller squares and the center square of each is 
shaded. If this process is repeated four more times, what 
will be the total area of the shaded region? 


The Binomial 
Theorem 
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@ Find a binomial coefficient. 
M@ Use Pascal's Triangle to determine a binomial coefficient. 


m@ Expand a binomial using binomial coefficients and find a specific term in 
a binomial expansion. 


Binomial Coefficients 


Recall that a binomial is a polynomial that has two terms. In this section, you will 
study a formula that gives a quick method of raising a binomial to a power. To 
begin, look at the expansion of (x + y)” for several values of n. 


(x+y)=1 

(et yeaty 

(x + y)? = x7 + 2xy + y? 
(ery? 
(x + y)* = x4 + 433y + 6x2y? + 4xy3 + y4 

(x + yP = 2° + S5xty + 10xy? + 10x?y? + 5xyt + 


B+ 3xy + 3xy? + y 


There are several observations you can make about these expansions. 
1. In each expansion, there are n + | terms. 


2. In each expansion, x and y have symmetrical roles. The powers of x decrease 
by | in successive terms, whereas the powers of y increase by 1. 


3. The degree of each term is n. For instance, in the expansion of (x + y)°, the 
degree of each term is 5. 


4¢1=5 3-25 
a a 
(x + y) = x9 + Sxty! + 10x3y? + 10x?y3 + Sxyt + y5 
4. The coefficients increase and then decrease in a symmetric pattern. 


The coefficients of a binomial expansion are called binomial coefficients. To 
find them, you can use the Binomial Theorem. 


The Binomial Theorem 
In the expansion of (x + y)” 

(Ge se Wy? = av? sp ae Ty dpe oo te Cg? Aye deo 0 9 te aggpP—" sp sy 
the coefficient of x”~'y’, the (r + 1)th term, is given by 


ee n! 


nr (n= rir! 


The notation ( is often used in place of ,,C, to denote a binomial coefficient. 
Te 
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/ CHECKPOINT 1 


Find each binomial coefficient. 
a. 5C, b. «Cs 


DISCOVERY 

Find each pair of binomial 
coefficients. 

a. 7Cp, 7C, 

b. 2G, sC, 

Cs lin deg 

d. 3Cj, 3Cy 

What do you observe about the 
pairs in (a) and (b)? What do 
you observe about the pairs 
in (c) and (d)? Write two 
conjectures from your 
observations. Develop a 


convincing argument for your 
two conjectures. 


/ CHECKPOINT 2 


Find each binomial coefficient 
using the pattern shown above 
Example 2. 


6 
a. oC, b. (°) _ 
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Finding Binomial Coefficients 


Find each binomial coefficient. 


a. 3C, b. oC; c. 7Cy d. .Cy, 
SOLUTION 
C 8! (8 * 7) - of 8-7 28 Coefficient of third term 
a. 30, = 6! 2! 6-2! i in expansion of (x + y)8. 
b f= 10! _ (10 *9- 8) oe gi = 10:9-8 = 120 Coefficient of fourth term 
10-3 71. 3! UW -3! 3-2-] in expansion of (x + y)!°. 
C= a =] Coefficient of first term in 
C. 70 = ee an expansion of (x + y)’. 
a = at 24 Coefficient of ninth term 
88 Ol. Bt in expansion of (x + y)8. 


When r # 0 and r #2, as in parts (a) and (b) of Example 1, there is a 
simple pattern for evaluating binomial coefficients. 


2 factors 3 factors 
8-7 10-9-8 
3. => and ,C,;=~——— 
261 32 2.57 
2 factorial 3 factorial 


Finding Binomial Coefficients 


Find each binomial coefficient using the pattern shown above. 


7 12 
a. 7C; b. (7) Ce yo, d. oa 


SOLUTION 
f= 7:6°5 = 35 Coefficient of fourth term 
a. 703 Pe cal in expansion of (x + y)’. 
b 7 _ 7:6:5:°4 = 95 Coefficient of fifth term in 
4) #e F221 expansion of (x + y)’. 
12 Coefficient of second term 
Co oC) 4 12 in expansion of (x + y)!?. 


Coefficient of twelfth term 
in expansion of (x + y)!2. 


a. (1?) - 12! _ (12)+ Wt __ 12 
“Mii? We iit i <iar- fi 


It is not a coincidence that the results in parts (a) and (b) of Example 2 are 
the same and that the results in parts (c) and (d) are the same. In general, it is 
true that 


iG = nln 7 


r* 


/ CHECKPOINT 3 


Use the eighth row of Pascal’s 
Triangle to find the binomial 
coefficients. 


9C3, 9s. 97 a 
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Pascal's Triangle 


There is a convenient way to remember a pattern for binomial coefficients. By 
arranging the coefficients in a triangular pattern, you obtain the following array, 
which is called Pascal’s Triangle. This triangle is named after the famous French 
mathematician Blaise Pascal (16234662). 


1 4 1 
1 5 \w7 1 5 1 4+6=10 
1 6 15 Y 20 6 1 
1 7 21 35 ay 7 1 15+6=21 


The first and last numbers in each row of Pascal’s Triangle are 1. Every other 
number in each row is formed by adding the two numbers immediately above the 
number. Pascal noticed that the numbers in this triangle are precisely the same 
numbers that are the coefficients of binomial expansions, as follows. 


(tye =1 Oth row 

(x + y)! = Ix + ly Ist row 

(x + y)? = 1x? + 2xy + ly’? ad FOW 

(x + y)? = 1x3 + 3x*y + 3xy? + ly? Sedlnow 


(x + y)* = 1x4 + 4x3y + 6x2y?2 + 4xy3 + ly4 
(x + y)> = 1x5 + S5x4y + 10x3y? + 10x2y3 + Sxy4 + Ly> 
(x + y)® = 1x® + Oxy + 15x4y? + 20x3y3 + 15x2y4 + Oxy? + ly? 
(x + y)7 = Lx? + Tx®y + 21x y? + 35x43 + 35x3y4t + 21x2y? + Txy® + Ly? 
The top row in Pascal’s Triangle is called the zero row because it corresponds to 
the binomial expansion (x + y)° = 1. Similarly, the next row is called the first 


row because it corresponds to the binomial expansion (x + y)! = Ix + ly. In 
general, the nth row in Pascal’s Triangle gives the coefficients of (x + y)". 


Using Pascal's Triangle 


Use the seventh row of Pascal’s Triangle to find the binomial coefficients. 
Cor 8C1+ sCo» 8C3, gCa, gC5> 8Cor 8C7, gC 
SOLUTION 


1 7 21 35 35 21 7 1 
a Oe ee a ee a ee a a a oe 
{ : = a i : i ; { 8th row 


80 sC\ 32 C3 84 8Cs so sC7 sCg 
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Binomial Expansions 


As mentioned at the beginning of this section, when you write out the coefficients 
for a binomial that is raised to a power, you are expanding a binomial. The 
formulas for binomial coefficients give you an easy way to expand binomials, as 
demonstrated in the next three examples. 


Expanding a Binomial 


Write the expansion for the expression 
(x + 1)%. 
SOLUTION The binomial coefficients from the third row of Pascal’s Triangle are 
1,.3,.3, 1: 
So, the expansion is as follows. 
(x + 1)? = (1)x3 + (3)x°(1) + (3)x(17) + ()(19) 
= + 3x7 + 3x4 1 


/ CHECKPOINT 4 


Write the expansion for the expression 
(x + 2). B 


To expand binomials representing differences, rather than sums, you alternate 
signs. Here are two examples. 


G1 Sh (4) 

=x — 3x? + 3x-1 
Gait =P 

= x4 — 4535 + 6x2 — 4x41 


Expanding a Binomial 


Write the expansion for each expression. 
a. (2x — 3)4 b. (x — 2y)4 


SOLUTION The binomial coefficients from the fourth row of Pascal’s 
Triangle are 


1, 4, 6, 4, 1. 
So, the expansions are as follows. 
a. (2x — 3)* = (1)(2x)* — (4)(2x)3(3) + (6)(2x)?(37) — (4)(2x)(33) + (1)(34) 
= 16x* — 96x? + 216x? — 216x + 81 
Write the expansion for the 
expression b. (x — 2y)* = (1x4 — (4)x3(2y) + (6)x*(2y)? — (4)x(2y)? + (1)(2y)* 
(3x + 1). = = xt — 8x3y + 24x°y? — 32xy? + l6yt 


/ CHECKPOINT 5 
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iS <erete (No Finding a Term in a Binomial Expansion 


a. Find the sixth term of (a + 2b)°. 
b. Find the coefficient of the term a°b° in the expansion of (3a — 2b)!!. 
SOLUTION 


a. From the Binomial Theorem, you can see that the (r + 1)th term is ,C.x”"~"y’. 
In this case, 6 = r+ 1 and therefore r = 5. Because n = 8, x = a, and 
y = 2b, the sixth term in the binomial expansion is 


aCsa8~5(2b)5 = 56 + a? + (2b)° 


= 56(2>)a*b> 
= 1792a°b°. 
b. In this case, n = 11, r = 5, x = 3a, and y = —2b. Substitute these values to 
obtain 
nC, ae ry” = 46 (3a) =2b)° 


(462)(729a°)(— 32b°) 
— 10,777,536a°b?. 
So, the coefficient is — 10,777,536. 


/ CHECKPOINT 6 


Find the specified nth term in the expansion of the binomial. 
a. (2a + b)!, n=6 
b. (a + 5b)°*, n=4 8 


. Can ,C,x"~ 3 y4 be a term of the binomial expansion of (x + y)"? Explain. 


. The coefficient of a term in a binomial expansion is given by 7C;. To what 
power is the binomial raised? Explain. 


. When finding the fourth term of a binomial expansion by evaluating 
nO XPT YS 
what value should you substitute for r? Explain. 


. Describe and correct the error in setting up the first four rows of Pascal's 
Triangle. 
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Skills Revi 7.4 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
1s heview /. these skills in the exercise set for this section. For additional help, review Sections 0.5 and 7.1. 
In Exercises 1-6, perform the indicated operations and simplify. 


1. 5x2(x3 + 3) 2. (&« + 5)(x2 — 3) 3. (x + 4)? 
4. (2x — 3)? 5. x°y(3xy7?) 6. (—2z)> 


In Exercises 7-10, evaluate the expression. 


8! 10! 6! 
Te Si 8. 51 oP * 3131 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-12, find the binomial coefficient. 39. How are the expansions of the binomials (x + y)” and 
i .c, (x — y)" alike? How are they different? 
3 4 40. How many terms are in the expanded form of (x + y)°? 
104 ~ 106 6 7 8 . 
(x + y)°? (x + y)7? (« + y)8?2 How many terms are in 
5. 12Cs 6. wy. (x sales yy"? 
7. o0C15 8. s0Cs . , . 
7 D In Exercises 41-46, use the Binomial Theorem to 
9. 10 ( expand the complex number. Simplify your answer by 
? a using the fact that i? = —1. 
u. (i) v. ey 41. (1 + i)4 42. (2 — i) 
43. (3 — /—4)° 44, (5+ /—16)’ 
In Exercises 13-18, evaluate using Pascal’s Triangle. fe (5 : Bi) te ( ZY 
ie a at Le = Sa 
13.46, 14. a, 2° 2 4. 4 
15. 7C, 16. 6C; In Exercises 47-50, expand the expression by using 
7 (3) 18 (3) Pascal's Triangle to determine the coefficients. 
5 8 47, (2t — 1)5 48. (x + 4) 
In Exercises 19-38, use the Binomial Theorem to 49. (3 + 2z)4 50. (Gy + 2)° 
expand the expression. Simplify your answer. ; ; - ; 
ri : In Exercises 51-58, find the specified nth term in the 
19. (x + 1) 20. (x + 1) expansion of the binomial. 
21. (x + 2) 22. (x + 2)4 51. (x+y), n=4 52. (x — y), n=7 
23. (x — 2)" 24. (x — 2)° 53. (x — 6y)5, n=3 54. (x — 10z)’", n=4 
25. (x + y)? 26. (x + y)° 55. (4x +3y), n=8 56. (5a + 6b), n=5 
27. (3s + 2)4 28. (2s + 3)5 57. (10x — 3y)!2, n=9 58. (7x + 2y)5, n=7 
29. (3 — 2s)° 30. (2 — 3s)4 
In Exercises 59-66, find the coefficient a of the term in 
= eS) =. 5 Ui 
a ey) ods (es a the expansion of the binomial. 
a By = 
33. (1 — 2x) 34. (1 — 32) Binomial Term 
2 — +2)5 2 2)6 
35. (x? — y’) 36. (x? + y?) 59, (x + 2)! ow 
5 3: 
37. (2 + y) 38. (x — 2) 60. (x + 3)? ax® 


61. (x — 2y)!° ax’ y? 


Binomial Term 
62. (4x — y)!° ax3y! 
63. (3x — 2y)? ax>y* 
64. (2x — 3y)!! axty® 
65. (x? — 1)8 ax® 
66. (x? + 2)! ax’? 


In Exercises 67-70, use the Binomial Theorem to 
expand the expression. 


67. (5 + 3)’ 


69. (0.6 + 0.4)5 


10 


68. (+ + 3) 
70. (0.35 + 0.65)° 


71. Finding a Pattern Describe the pattern formed by the 
sums of the numbers along the diagonal segments of 
Pascal’s Triangle (see figure). 


Row 0 
Row | 
Row 2 
Row 3 


Row 4 


72. Finding a Pattern Use each of the encircled groups of 
numbers in the figure to form a 2 x 2 matrix. Find the 
determinant of each matrix. Describe the pattern. 


73. Nonfarm Employees The total number f(s) of 
nonfarm employees (in millions) in the United States from 
1980 to 2005 can be approximated by 


fd 0.01177 + 2.21t + 87.0, O0<t< 25 


where ¢ represents the year, with t = 0 corresponding to 
1980 (see figure). (Source: U.S. Bureau of Labor 
Statistics) 
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(a) You want to adjust this model so that t = 0 corresponds 
to 1990 rather than 1980. To do this, you shift the graph 
of f 10 units to the left and obtain g(t) = f(t + 10). 
Write g(t) in standard form. 


oO) (b) Use a graphing utility to graphf and g in the same 
viewing window. 


Nonfarm employees 
(in millions) 


Year (0 © 1980) 


Figure for 73 


74, Crickets You conduct an experiment and determine that 
the numbers of chirps f(¢) that a cricket makes each minute 
at various temperatures can be approximated by 


f(t) = 0.0047 + 3.73t + 44, O0<t < 30 


where t = 0 represents 50°F (see figure). 


(a) You want to adjust this model so that t=0 
corresponds to 60°F rather than 50°F. To do this, you 
shift the graph of f10 units to the left and obtain 
g(t) = f(t + 10). Write g(¢) in standard form. 


‘o) (b) Use a graphing utility to graph f and g in the same 
viewing window. 


Number of chirps per minute 


Temperature (0 < 50F) 


75. Extended Application To work an extended appli- 
cation involving fractals, visit this text’s website at 
college.hmco.com/info/larsonapplied. 
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Mid-Chapter Quiz 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this quiz as you would take a quiz in class. When you are done, check 
your work against the answers given in the back of the book. 


In Exercises 1 and 2, write the first five terms of the sequence. (Assume that n 
begins with 1.) 


n 
1. a, = 2n — 3 Ate = Tea Te 


In Exercises 3 and 4, evaluate the expression. 


5! 30! 
31 4. 71 


3.1 3.3 1iiidl 


Ds 354495 16 055 = O55 5553-4) Shee 
7. Arithmetic: a, = 2,d = 5 8. Arithmetic: a, = 7,d = 3 
9. Geometric: a, = 10,r = 3 10. Geometric: a, = 4,r = -5 


In Exercises 11-14, determine whether the sequence is arithmetic, geometric, 
or neither. Explain your reasoning. 


11. a, =2+ 3(n- 1) 12, 154,29 5.8 .1y 2 
13. lodge: 14. a, = 3(2)" 


In Exercises 15-20, find the sum. 


15. 53 9 16. > 2i? 
i=1 i=1 
25 6 

17.) (4n — 3) 1. 
n=1 n=l 

i. 5 iy 20. ¥ 5(2)" 
n=0 n=0 


21. Evaluate (a) gC, and (b) j9C jo. 


In Exercises 22 and 23, use the Binomial Theorem to expand the expression. 
22. (x — 5)4 23. (2x + 1)5 


24. Find the ninth term in the expansion of (x? + y)!°. 


25. A person accepts a position with a company and will receive a salary of $2,500 for 
the first year and a guaranteed raise of $250 per year. 


(a) What is the employee’s salary during the sixth year of employment? 


(b) What is the total compensation from the company through six full years of 
employment? 
26. You deposit $00 in an account at the beginning of each month for 20 years. The 
account pays 8%ompounded monthly. What is your balance at the end of the 
20 years? 


Counting 
Principles 


STUDY TIP 


The counting problems in 
Examples | and 2 can be 
distinguished by saying that the 
random selection in Example 1 
occurs with replacement, 
whereas the random selection 
in Example 2 occurs without 
replacement, which eliminates 
the possibility of choosing 

two 6’s. 
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@ Solve simple counting problems. 

m Use the Fundamental Counting Principle to solve counting problems. 
m Use permutations to solve counting problems. 

m Use combinations to solve counting problems. 


Simple Counting Problems 


This section and Section 7.6 offer a brief introduction to some of the basic 
counting principles and their application to probability. 


Selecting Pairs of Numbers at Random ® 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece of 
paper is drawn from the box, its number is written down, and the piece of paper 
is replaced in the box. Then, a second piece of paper is drawn from the box, and 
its number is written down. Finally, the two numbers are added together. In how 
many different ways can a sum of 12 be obtained? 


SOLUTION To solve this problem, count the different ways that a sum of 12 can 
be obtained using two numbers from | to 8. 


First number 4 =| 6 7 8 
Second number 8 7 6 5 4 


From this list, you can see that a sum of 12 can occur in five different ways. 


/ CHECKPOINT 1 


In Example 1, in how many different ways can a sum of 14 be obtained? © 


Selecting Pairs of Numbers at Random ® 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece 
of paper is drawn from the box and, without replacing the paper, a second 
piece of paper is drawn. The numbers on the pieces of paper are written down and 
totaled. In how many different ways can a sum of 12 be obtained? 


SOLUTION ‘To solve this problem, you can count the different ways that a sum 
of 12 can be obtained using two different numbers from | to 8. 


First number 4 5 7 8 
Second number 8 7 5 4 


So, a sum of 12 can be obtained in four different ways. 


/ CHECKPOINT 2 


In Example 2, in how many different ways can a sum of 14 be obtained? © 
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/ CHECKPOINT 4 


The catalog number for a particular 
product consists of one letter from 
the English alphabet followed by a 
five-digit number. How many 
different catalog numbers 

are possible? © 


Counting Principles 


Examples | and 2 describe simple counting problems in which you can list each 
possible way that an event can occur. When it is possible, this is the best way to 
solve a counting problem. However, some events can occur in so many 
different ways that it is not feasible to write out the entire list. In such cases, you 
must rely on formulas and counting principles. The most important of these is the 
Fundamental Counting Principle. 


Fundamental Counting Principle 


Let E, and E, be two events. The first event £, can occur in m, different 
ways. After E, has occurred, E, can occur in m, different ways. The number 
of ways that the two events can occur is m, * mp. 


The Fundamental Counting Principle can be extended to three or more 
events. For instance, the number of ways that three events E,, E,, and E; can 
occur ism, * m,°* m3. 


Using the Fundamental Counting Principle ®) 


How many different pairs of letters from the English alphabet are possible? 


SOLUTION This experiment has two events. The first event is the choice of the 
first letter, and the second event is the choice of the second letter. Because the 
English alphabet contains 26 letters, it follows that the number of pairs of letters 
is 26 + 26 = 676. 


/ CHECKPOINT 3 


The extension for a filename on a computer typically consists of three letters 
from the English alphabet. How many different extensions are possible? © 


Using the Fundamental Counting Principle ® 


Telephone numbers in the United States currently have 10 digits. The first three 
are the area code and the next seven are the local telephone number. How many 
different local telephone numbers are possible within each area code? (Note that 
at this time, a local telephone number cannot begin with 0 or 1.) 


SOLUTION Because the first digit cannot be 0 or 1, there are only eight choices 
for the first digit. For each of the other six digits, there are 10 choices. 


Area code Local number 
i = * 


( a a eS aa a ae 
8 10 10 10 10 10 10 


So, the number of local telephone numbers that are possible within each area code 
is8-10- 10° 10- 10+ 10+ 10 = 8,000,000. 
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Permutations 


One important application of the Fundamental Counting Principle is in determining 
the number of ways that n elements can be arranged (in order). An ordering of n 
elements is called a permutation of the elements. 


Definition of Permutation 


A permutation of n different elements is an ordering of the elements such 
that one element is first, one is second, one is third, and so on. 


Finding the Number of Permutations of n Elements 


How many permutations of the letters A, B, C, D, E, and F are possible? 


SOLUTION Consider the following reasoning. 


First position: Any of the six letters. 

Second position: Any of the remaining five letters. 
Third position: Any of the remaining four letters. 
Fourth position: Any of the remaining three letters. 
Fifth position: Any of the remaining two letters. 
Sixth position: The one remaining letter. 


So, the numbers of choices for the six positions are as follows. 


Permutations of six different letters 


The total number of permutations of the six letters is 
61=6°-5°-4-3-2-1 


= 720. ———— 


/ CHECKPOINT 5 


How many permutations of the letters W, X, Y, and Z are possible? © 


Number of Permutations of n Elements 
The number of permutations of n distinct elements is given by 
n-(n—1)+--4-3-2-1=n!. 


In other words, there are n! different ways that n distinct elements can be 
ordered. 
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/ CHECKPOINT 6 


In Example 6, suppose six 
family members are potential 
donors. In how many different 
ways can the top three potential 
donors be ordered? © 


Occasionally, you are interested in ordering a subset of a collection of 
elements rather than the entire collection. For example, you might want to choose 
(and order) r elements out of a collection of n elements. Such an ordering is called 
a permutation of 1 elements taken r at a time. 


Counting Kidney Donors ®) 


Eight family members of a patient with end-stage kidney (renal) disease are 
identified as potential kidney donors. How many possible orders are there for a 
best match, a second-best match, and a third-best match? 


SOLUTION Here are the different possibilities. 


Best match: Eight choices 
Second-best match: Seven choices 
Third-best match: Six choices 


Using the Fundamental Counting Principle, multiply these three numbers together 
to obtain the following. 


Different orders of donors 


So, there are 8 - 7 - 6 = 336 different orders. 


Permutations of n Elements Taken r at a Time 


The number of permutations of n distinct elements taken r at a time is 


n! 
P. — 
nr (n— rn)! 


=n(n —1)m—2)---(m—r+t 1). 


Using this formula, you can rework Example 6 to find the number of 
permutations of the eight potential donors taken three at a time. 


8! 
PP, = ——_ 
s 3 (8 — 3)! 
8! 
~ 5 
_ (8-7-6): 5! 
xt 
= 336 


The answer is 336 different orders, the same answer obtained in Example 6. 
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Remember that for permutations, order is important. So, if you were looking 
at the possible permutations of the letters A, B, C, and D taken three at a time, the 
permutations (A, B, D) and (B, A, D) would be different because the order of 
the elements is different. 

Suppose, however, that you were asked to find the possible permutations of 
the letters A, A, B, and C. The total number of permutations of the four letters 
would be ,P, = 4!. However, not all of these arrangements would be 
distinguishable because there are two A’s in the list. To find the number of 
distinguishable permutations, you can use the following formula. 


Distinguishable Permutations 


Suppose a set of n objects has n, of one kind of object, n, of a second kind, 
n, Of a third kind, and so on, withn =n, +n, +n,+---++n,. Then 
the number of distinguishable permutations of the n objects is 


n! 


isl 9° Taal oO all oe © & OTe 


le <ersste)(-way Distinguishable Permutations 


In how many distinguishable ways can the letters in BANANA be written? 


SOLUTION This word has six letters, son = 6, but you have to take into account 
that there are three A’s, two N’s, and one B. So, the number of distinguishable 
ways the letters can be written is 


n! 6! 6:5:4-31 
nilena!eng! 3!-2!- 1! W 2! 


= 60. 


The 60 different distinguishable permutations are as follows. 
AAABNN AAANBN AAANNB- AABANN AABNAN AABNNA 
AANABN AANANB AANBAN AANBNA AANNAB- AANNBA 
ABAANN ABANAN ABANNA ABNAAN ABNANA ABNNAA 
ANAABN ANAANB ANABAN ANABNA ANANAB- ANANBA 
ANBAAN ANBANA ANBNAA ANNAAB ANNABA ANNBAA 
BAAANN BAANAN BAANNA- BANAAN- BANANA’ BANNAA 
BNAAAN BNAANA BNANAA BNNAAA NAAABN- NAAANB 
NAABAN NAABNA NAANAB- NAANBA NABAAN NABANA 
NABNAA NANAAB NANABA NANBAA NBAAAN NBAANA 
NBANAA NBNAAA NNAAAB- NNAABA NNABAA NNBAAA 


/ CHECKPOINT 7 


In how many distinguishable ways can the letters in MITOSIS be written? © 


576 CHAPTER 7 


TECHNOLOGY 


~=\, Most graphing utilities 
have keys that will 

evaluate the formulas for the 
number of permutations or 
combinations of n elements 
taken r at a time. For specific 
instructions on how to evaluate 
permutations and combinations 
using a graphing utility, go 
to the text website at 
college.hmco.com/info/ 
larsonapplied. Evaluate .P; 
(the number of permutations of 
eight elements taken five at a 
time). The display should be 
6720. Now evaluate ,C; (the 
number of combinations of 
eight elements taken five at a 
time). The display should be 
56. Use your graphing utility 
to evaluate the following. 


De 36Cy 
d. 55C; 


a. 36P, 


C. a5P3 
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Combinations 


When you count the number of possible permutations of a set of elements, order 
is important. As a final topic in this section, you will look at a method of selecting 
subsets of a larger set in which order is not important. Such subsets are called 
combinations of n elements taken r at a time. For instance, the combinations 


{A,B,C} and {B,A,C} 


are equivalent because both sets contain the same three elements, and the order in 
which the elements are listed is not important. So, you would count only one of 
the two sets. A common example of how a combination occurs is a card game in 
which the player is free to reorder the cards after they have been dealt. 


|%<eresye)(-Meay Combinations of n Elements Taken r at a Time 


In how many different ways can three letters be chosen from the letters A, B, C, 
D, and E? (The order of the three letters is not important.) 


SOLUTION The following subsets represent the different combinations of three 
letters that can be chosen from the five letters. 


{A, B, C} {A, B, D} 
{A, B, E} {A, C, D} 
{A, C, E} {A, D, E} 
{B, C, D} {B, C, E} 
{B, D, E} iC, D, E} 


From this list, you can conclude that there are 10 different ways that three letters 
can be chosen from the five letters. 


/ CHECKPOINT 8 


In how many different ways can two letters be chosen from the letters J, K, L, 
M, and N? (The order of the two letters is not important.) © 


Combinations of n Elements Taken r at a Time 


The number of combinations of n elements taken r at a time is 


n! 


nee (n — rir! 


Note that the formula for ,,C,is the same one given for binomial coefficients. 
To see how this formula is used, solve the counting problem in Example 8. In that 
problem, you are asked to find the number of combinations of five elements taken 
three at a time. So, n = 5, r = 3, and the number of combinations is 


. 
Se eee 
sv3 9131 2t-B 2-1 


10 


which is the same answer obtained in Example 8. 


/ CHECKPOINT 10 


Should the number of different 
nine-digit social security numbers 
be counted using permutations 

or combinations? © 
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Counting Card Hands ®) 


A standard poker hand consists of five cards dealt from a deck of 52. How many 
different poker hands are possible? (After the cards are dealt the player may 
reorder them, and therefore order is not important.) 


SOLUTION You can find the number of different poker hands by using the 
formula for the number of combinations of 52 elements taken five at a time, 
as follows. 


52!) _ 52+ 51-50-49 - 48 
47)5! S242 322 9 1 


59Cs5 = = 2,598,960 different hands 


/ CHECKPOINT 9 


In three-card poker each player is dealt three cards from a deck of 52. How 
many different three-card poker hands are possible? (Order is not important.) © 


Example 10 Choosing Between Permutations and 
Vw. @)AeK(e)\ ~Combinations 


Decide whether each scenario should be counted using permutations or combinations. 


a. Number of different arrangements of three types of flowers from an array of 
20 types 


b. Number of different three-digit pin numbers for a debit card 


SOLUTION ‘To determine which counting principle is necessary to solve each 
problem, ask yourself two questions: (1) Is the order of the elements important? 
If yes, then you should solve the problem using permutations. (2) Are the chosen 
elements a subset of a larger set in which order is not important? If yes, then you 
should solve the problem using combinations. 


a. The order of the flowers is not important. So, the number of possible flower 
arrangements should be counted using combinations. 


b. The order of the digits in the pin number matters. So, the number of possible 
pin numbers should be counted using permutations. 


. You have n cards numbered from 1 to n. Describe the possible number of 
permutations of the numbers when taking two cards at a time. 


. Some locks are called combination locks. Are these locks named after 
mathematical combinations? Explain. 


3. Is ,C, ,, always greater than ,C,? Explain. 


. From n elements, you take r at a time. For what value of r is the number 
of permutations equal to the number of combinations? Explain. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.3, 7.1, 


Skills Review 7.5 


and 7.4. 


In Exercises 1-4, evaluate the expression. 


12! DSI 
5 5 BB Bs OS See zap 
Il, 12) of 0 2, IGP o Fo al 3: 273) 591 
In Exercises 5 and 6, find the binomial coefficient. 
5. 2C; 6. 95Coo 
In Exercises 7-10, simplify the expression. 
- n! (2n)! 
“(n- 4)! * 4(2n — 3)! 
9, 224:6:8-- Qn) 3-6:9-12---+ (n) 


Qn 


Exercises 7.5 


an 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Random Selection In Exercises 1-8, determine the 
number of ways a computer can randomly generate 
the specified integer(s) from 1 through 15. 


1. An odd integer 2. An even integer 
. A prime integer 

. An integer that is greater than 9 

. An integer that is divisible by 4 

. An integer that is divisible by 5 


. Two integers whose sum is 20 


ronan bb WwW 


. Two distinct integers whose sum is 20 


9. Job Applicants A small college needs two additional 
faculty members: a chemist and a statistician. There are five 
applicants for the chemistry position and six applicants for 
the statistics position. In how many ways can these positions 
be filled? 


10. Computer Systems A customer in a computer store 
can choose one of six monitors, one of three keyboards, and 
one of eight computers. If all the choices are compatible, 
how many different systems can be chosen? 


11. Mixtures A chemist is making a mixture. The chemist 
must choose one of the solutions in five pipets and one 
of the solutions in three beakers. How many different 
mixtures can the chemist make? 


12. Dissections In a physiology class, a student must 
dissect three different organisms. The student can select 
one of nine earthworms, one of four frogs, and one of seven 
fetal pigs. In how many ways can the student select the 
specimens? 


13. 


14. 


15. 


16. 


17. 


18. 


Toboggan Ride _ Six people are lining up for a ride on a 
toboggan, but only two of the six are willing to take the first 
position. With that constraint, in how many ways can the 
six people be seated on the toboggan? Draw a diagram to 
illustrate the number of ways that the people can sit. 


Course Schedule A college student needs to schedule 
five prescribed courses for next semester. Only three of the 
five courses are able to be scheduled as the first class of the 
day. With that constraint, in how many ways can she select 
her schedule? Draw a diagram to illustrate the number of 
ways she can select her schedule. 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two letters 
followed by a four-digit number. How many distinct license 
plate numbers can be formed? 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two letters 
followed by a four-digit number. To avoid confusion 
between “O” and “zero” and “I” and “one,” the letters “O” 
and “I” are not used. How many distinct license plate 
numbers can be formed? 


True-False Exam In how many ways can a 10-question 
true-false exam be answered? (Assume that no questions 
are omitted.) 


True-False Exam In how many ways can a 15-question 
true-false exam be answered? (Assume that no questions 
are omitted.) 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Three-Digit Numbers How many three-digit numbers 
can be formed under each condition? 


(a) The leading digit cannot be 0. 


(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 


(c) The leading digit cannot be 0 and the number must be 
a multiple of 5. 


Four-Digit Numbers How many four-digit numbers 
can be formed under each condition? 


(a) The leading digit cannot be 0. 


(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 


(c) The leading digit cannot be 0 and the number must be 
a multiple of 5. 


Competing Restaurants Two hamburger restaurants 
are competing for customers. Restaurant A offers one of 
six cheeses, one of three types of meat patties, one of four 
toppings, one of five sauces, and one of five buns. 
Restaurant B offers one of seven cheeses, one of three 
meats, one of five toppings, one of five sauces, and one of 
three buns. How many different burgers can be made at 
each restaurant? Which restaurant can truthfully advertise 
that it has more burger choices? 


Competing Restaurants Two Italian restaurants are 
featuring a “Design Your Own Pasta Dish” sales promotion. 
Restaurant A offers one of six pastas, one of four sauces, 
one of five cheeses, and one of eight toppings. Restaurant B 
offers one of five pastas, one of five sauces, one of six 
cheeses, and one of seven toppings. How many different 
pasta dishes can be made at each restaurant? Which 
restaurant can truthfully advertise that it has more pasta 
dish choices? 


Combination Lock A combination lock will open 
when the right choice of three numbers (from 1 to 40, 
inclusive) is selected. How many different lock 
combinations are possible? 


Combination Lock A combination lock will open 
when the right choice of three numbers (from 1 to 50, 
inclusive) is selected. How many different lock 
combinations are possible? 


Chemistry Lab In achemistry lab, five oxidation-reduction 
reactions can be performed in any order. How many different 
orders are possible for the five reactions? 

Biology Lab In a plant biology lab, six different 
experiments can be performed in any order. How many 
different orders are possible for the six experiments? 
Concert Seats Four couples have reserved seats in a 
given row for a concert. In how many different ways can 
they be seated, given the following conditions? 

(a) There are no restrictions. 


(b) The two members of each couple wish to sit together. 


28. 
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Single File In how many orders can five girls and three 
boys walk through a doorway single-file, given the 
following conditions? (a) There are no restrictions. (b) 
The boys go before the girls. (c) The girls go before the 


boys. 


In Exercises 29-40, evaluate the expression. 


29. 
31. 
33. 
35. 
37. 
39. 


aPs 30. <P, 
4C3 32. 5Cy 
aP3 34. oP 
C3 36. 10Cs 
Ps 38. 4P3 
Cy 40. 4.C; 


In Exercises 41-44, simplify the expression. 


41. 
43. 


45. 


46. 


47. 


48. 


49. 


50. 


nPs 42. nC3 
iene 44, iA 
Choosing Officers From a pool of 15 candidates, the 


offices of president, vice-president, secretary, and treasurer 
will be filled. In how many different ways can the offices 
be filled if each of the 15 candidates can hold any office? 


Bike Race There are 10 bicyclists entered in a race. 
In how many different ways can the top three places 
be decided? 


Forming an Experimental Group In order to 
conduct an experiment, five students are randomly selected 
from a class of 30. How many different groups of five 
students are possible? 


Lab Practical A student may answer any 15 questions 
from a total of 20 questions on a biology lab practical. In 
how many ways can the student select the questions? 


Lottery In Connecticut’s Classic Lotto game, a player 
chooses six distinct numbers from 1 to 44. In how many 
ways can a player select the six numbers? (The order of 
selection is not important.) 


Lottery In South Dakota’s Dakota Cash game, a player 
chooses five distinct numbers from 1 to 35. In how many 
ways can a player select the five numbers? (The order of 
selection is not important.) 


In Exercises 51-56, find the number of distinguishable 
permutations of the group of letters. 


51. 
53. 
55. 
56. 


57. 


A, 8,8, E, T, 8 52. A, C,C, R, U, A, L 
S,P, E,C,1,E,S 54. M, A, M, M, A, L 
A, L, G, E, B, R, A 


M,1LS,S,1,S, 8, 1, P, P, I 


Number of Subsets How many subsets of four 
elements can be formed from a set of 100 elements? 
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58. 


59. 


60. 


61. 


62. 


MAKE A DECISION 


CHAPTER 7 


Number of Subsets How many subsets of five 
elements can be formed from a set of 80 elements? 


Game Show On a game show, 10 audience members 
are randomly chosen to be eligible contestants. Six of the 
10 eligible contestants are chosen to play a game on stage. 
You and your friend are two of the 10 eligible contestants. 
In how many ways can the six players be chosen from the 
group of eligible contestants given that you and your friend 
are chosen to play a game? 


Job Applicants An employer interviews 10 people 
for four openings in the research and development 
department of the company. Four of the 10 people are 
women. All 10 applicants are qualified. In how many ways 
can the employer fill the four positions, given the 
following conditions? 


(a) There are no restrictions. 
(b) Exactly two selections are women. 


Poker Hand Five cards are selected from a standard 
deck of 52 playing cards. In how many ways can you get a 
full house? (A full house consists of three of one kind and 
two of another. For example, A-A-A-5-5 and K-K-K-10-10 
are full houses.) 


Poker Hand Five cards are selected from a standard 
deck of 52 playing cards. In how many ways can you get a 
straight flush? (A straight flush consists of five cards that 
are in order and of the same suit. For example, Av, 2¥, 34, 
4¥, 5 and 104, Ja, Qa, Ka, Aa are straight flushes.) 


In Exercises 63-66, decide whether 


the scenario should be counted using permutations or 
combinations. Explain your reasoning. 


63. 


64. 


65. 


66. 


67. 


68. 


Number of ways 10 people can line up in a row for concert 
tickets 


Number of ways three different roles can be filled by 10 
people auditioning for a play. 


Number of different three-topping pizzas that can be made 
from an assortment of 15 different toppings 


Number of ways a jury of 12 people can be selected from a 
group of 50 people. 


Forming a Committee A six-member research com- 
mittee at a local college is to be formed. It will consist of 
one administrator, three faculty members, and two students. 
There are seven administrators, 12 faculty members, and 
20 students in contention for the committee. How many 
six-member committees are possible? 


Law Enforcement A police department uses computer 
imaging to create digital photographs of alleged perpetrators 
from eyewitness accounts. One software package contains 
195 hairlines, 99 sets of eyes and eyebrows, 89 noses, 
105 mouths, and 74 chins and cheek structures. 
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Geometry 


(a) Find the possible number of different faces that the 
software could create. 


(b) An eyewitness can clearly recall the hairline and eyes 
and eyebrows of a suspect. How many different faces 
can be produced with this information? 


In Exercises 69-72, find the number of 


diagonals of the polygon. (A line segment connecting 
any two nonadjacent vertices is called a diagonal of a 


polygon.) 

69. Pentagon 70. Hexagon 

71. Octagon 72. Decagon (10 sides) 

73. MAKE A DECISION Without calculating the numbers, 


74, 


determine which of the following is greater. Explain. 
(a) The combinations of 10 elements taken six at a time 
(b) The permutations of 10 elements taken six at a time 


MAKE A DECISION Is the value of ,,P. always greater 
than the value of ,,C,.? Explain. 


Inti St Clair/DigitalVision/Getty Images 
| Seria in 1999, Intelebiz specializes in 
software development and _ e-business 
solutions. One of the products offered by 


Intelebiz is an inventory management system 
that keeps the supply chain in balance. The 
system uses combinations and permutations of 
items and item variations to offer customers a 
wide variety of products. The functionality of 
the system supports any number of inventory 
items and item relationships. 


75. Research Project Use your campus library, the 
Internet, or some other reference source to find 
information about a company that uses combinations 
or permutations to perform inventory management 
or some other business function. Write a brief report 
about the company. In the report, explain why the 
use of combinations or permutations is needed to 
perform the business function. 


Probability 


/ CHECKPOINT 1 


Find the sample space when two 
students select a drink from three 
possible drinks (denoted by A, B, 
and C) for lunch. © 
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m Determine the sample space of an experiment and find the probability of 
an event. 


m Find the probabilities of mutually exclusive events. 


Find the probabilities of independent events. 
® Find the probability of the complement of an event. 


The Probability of an Event 


In measuring the uncertainties of everyday life, ambiguous terminology, such as 
fairly certain’”and fighly unlikely, is often used.In mathematics we attempt 

to assign a number to the likelihood of the occurrence of an event. This 
measurement is called the probability that the event will occur.For example, if 
you toss a fair coin, the probability that it will land face up is 5. 

Any happening whose result is uncertain is called an experiment. The 
possible results of an experiment are outcomes, the set of all possible outcomes 
of an experiment is the sample space of the experiment, and any subcollection of 
a sample space is an event. For instance, when a six-sided die is tossed, the 
sample space can be represented by the numbers from | through 6, each being an 
equally likely outcome. 

To describe a sample space in such a way that each outcome is equally likely, 
you must sometimes distinguish between various outcomes in ways that appear 
artificial. Example 1 illustrates such a situation. 


Finding the Sample Space ® 


Find the sample space for each event. 
a. One coin is tossed. 

b. Two coins are tossed. 

c. Three coins are tossed. 

SOLUTION 


a. Because the coin will land either heads up (denoted by #7) or tails up (denoted 
by T), the sample space is S = {H, T}. 


b. Because either coin can land heads up or tails up, the possible outcomes are 
HH = heads up on both coins 
HT = heads up on first coin and tails up on second coin 
TH = tails up on first coin and heads up on second coin 
TT = tails up on both coins. 


The sample space is S = {HH, HT, TH, TT}. This list distinguishes between 
the two cases HT and TH, even though these two outcomes appear to be similar. 


c. Following the notation of part (b), the sample space is 
S = (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT }. 


582 


Impossible The occurrence 
event of the event is 


(cannot just as likely as 
occur) it is unlikely. i, O< P(E) < jl 
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To calculate the probability of an event, count the number of outcomes in the 
event and in the sample space.The number of outcomes in event E is denoted by 
n(E), and the number of outcomes in the sample space S$ is denoted by n(S). The 
probability that event E will occur is given by n(E)/n(S). 


The Probability of an Event 


If an event E has n(E) equally likely outcomes and its sample space S has 
n($) equally likely outcomes, the probability of event E is 
n(E) 
P(E) = : 
(E) n(S) 


Because the number of outcomes in an event must be less than or equal to 
the number of outcomes in the sample space, the probability of an event must 
be a number between 0 and 1.That is, for any event E,it must be true that 
0 < P(E) < 1, as shown in Figure 73. 


Increasing likelihood 
of occurrence 


00 05 
i 


Properties of the Probability of an Event 


Let E be an event that is a subset of a finite sample space S. 


2. If P(E) = 0, E cannot occur and is called an impossible event. 


FIGURE 7.3 
3. If P(E) = 1, E must occur and is called a certain event. 
Pe LEA Finding the Probability of an Event ®) 

AG AP Ad A®@ a. Two coins are tossed.What is the probability that both land heads up? 
29 29 2 2@ b. A card is drawn from a standard deck of playing cards (see Figure 74).What 
39 30 3&@ 3@ is the probability that it is an ace? 
49 49 4h 46 SOLUTION 
5 5 5 5 

7 oe 28 3@ a. Following the procedure in Example 1(b), let E = {HH} and S= 
6% 6% o& 6@ {HH, HT, TH, TT }. The probability of getting two heads is 
79 710 7&@ 7@ (1 

n 
89 8% 8h 8@ PE) = Tis) =a 
99 99 9& 96 ; 
10% 04 0& 0 b. Because there are 52 cards ina standard deck of playing cards and there are 
four aces (one in each suit), the probability of drawing an ace is 
19 19 1& 56 
E 4 1 

2% 2% O& Q2@ re) = BS = 
K®¥ K®@ K& K@ —EES 


FIGURE 7.4 Standard Deck of / CHECKPOINT 2 
Playing Cards ————e 


A card is drawn from a standard deck of playing cards.What is the probability 
that the card is a diamond? © 


Vis 


FIGURE 7.5 


TECHNOLOGY 


di can use the random 
integer feature of a 
graphing utility to simulate the 

tossing of a die or set of dice. 
For instance, the result of 
rolling a pair of dice five times 
and summing the outcomes is 
shown below. 


FIGURE 7.6 


/ CHECKPOINT 4 


Two twelve-sided dice (as 
described in Example 4) are tossed. 
What is the probability that the 
total of the two dice is less 

than 5? © 
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Finding the Probability of an Event ®) 


Two six-sided dice are tossed.What is the probability that the total of the two dice 
is 7XSee Figure 75) 


SOLUTION Because there are six possible outcomes on each die, you can use 
the Fundamental Counting Principle to conclude that there are 6 - 6 or 36 different 
outcomes when two dice are tossed.To find the probability of rolling a total of 7, 
you must first count the number of ways this can occur. 


First Die 1 


2/3 );4/5)6 
scone [6 [5 [+13 [2[6 


So, a total of 7 can be rolled in six ways, which means that the probability of 
rolling a 7 is 


n(E) 6 1 
n(S) 36 6 


P(E) = 


/ CHECKPOINT 3 


Two six-sided dice are tossed.What is the probability that the total of the two 
dice is 4? © 


Finding the Probability of an Event ®) 


Twelve-sided dice can be constructed (in the shape of regular dodecahedrons) 
such that each of the numbers from | to 6 appears twice on each die, as shown in 
Figure 76.Can these dice be used in any game requiring ordinary six-sided dice 
without changing the probabilities of different outcomes? 


SOLUTION For an ordinary six-sided die, each of the numbers 1, 2, 3, 4, 5, and 
6 occurs only once, so the probability of any particular number coming up is 


For a twelve-sided die, each number occurs twice, so the probability of any 
particular number coming up is 


n(E) 2 1 


So, the twelve-sided dice can be used in any game requiring ordinary six-sided 
dice without changing the probabilities of different outcomes. 


In Examples 2, 3, and 4, you simply counted the outcomes in the desired 
events.For larger sample spaces, however, you should use the counting principles 
discussed in Section 75. 
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STUDY TIP 


df can write a probability as a 
fraction, a decimal, or a percent. 


The Probability of Winning a Lottery ®) 


In Louisiana’s Lotto game, a player chooses six numbers from | to 40.If these 
six numbers match the six numbers drawn (in any order) by the lottery commission, 
the player wins (or shares) the jackpot. What is the probability of winning 
the jackpot? 


SOLUTION Because the order of the six numbers does not matter, use the formula 
for the number of combinations of 40 elements taken six at a time. 
_ 40- 39 + 38 - 37 + 36+ 35 


mS) = 40Ce 6°5°4-3-2-1 


= 3,838,380. 
If a person buys only one ticket, the probability of winning the jackpot is 


n(E) 1 
P(E) = n(S)  3,838,380' 


/ CHECKPOINT 5 


In Pennsylvania’s Cash 5 Lotto game, a player chooses five numbers from | to 
39.The order of the numbers is not important.What is the probability of 
winning the jackpot? © 


/*<ererye(-Ne Random Selection ®) 


The frequencies of respiratory diseases in 2005 among adults 18 years old and 
older are shown in the table below.One person is selected at random.What is the 
probability that the person is at most 64 years old? (Source: National Health 
Interview Survey) 


Respiratory Diseases:2005 


1844 years 110,431 
4564 years 72,296 
6574 years 18,446 
75 years and over 16,600 


SOLUTION From the table, the total number of adults with a respiratory disease 
is 217,773. Because there are 110,431 + 72,296 = 182,727 adults with a 
respiratory disease that are at most 64 years old, the probability that the 
person is at most 64 years old is 


n(E) _ 182,727 
n(S) 217,773 


P(E) = ~ 0839. 


/ CHECKPOINT 6 


In Example 6, what is the probability that the randomly selected adult with a 
respiratory disease is at least 45 years old? © 


Hearts 
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/ CHECKPOINT 7 


One card is selected from a 
standard deck of 52 playing cards. 
What is the probability that the 
card is either a spade or an eight? ™ 
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Mutually Exclusive Events 


Two events A and B (from the same sample space) are mutually exclusive if A 
and B have no outcomes in common.In the terminology of sets, the intersection 
of A and B is the empty set and 


P(ANB) = 0. 


For instance, if two dice are tossed, the event A of rolling a total of 6 and the 
event B of rolling a total of 9 are mutually exclusive.To find the probability that 
one or the other of two mutually exclusive events will occur, you can add their 
individual probabilities. 


Probability of the Union of Two Events 
If A and B are events in the same sample space, the probability of A or B 
occurring is given by 
P(A UB) = P(A) + P(B) — P(ANB). 
If A and B are mutually exclusive, then 


P(A UB) = P(A) + P(B). 


The Probability of a Union ®) 


One card is selected from a standard deck of 52 playing cards. What is the 
probability that the card is either a heart or a face card? 


SOLUTION Because the deck has 13 hearts, the probability of selecting a heart 
(event A) is 


13 

P(A) ==. 
A=% 
Similarly, because the deck has 12 face cards, the probability of selecting a face 


card (event B) is 
12 
P(B) = 50° 


Because three of the cards are hearts and face cards (see Figure 77), it follows 
that the events A and B are not mutually exclusive, and therefore 


P(ANB) = = 


Finally, applying the formula for the probability of the union of two events, you 
can conclude that the probability of selecting a heart or a face card is 


P(A UB) = P(A) + P(B) — P(ANB) 


13 12 3 
rae ae 
2 

52 
= 0423. 
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/ CHECKPOINT 8 


In Example 8, what is the 
probability that the employee 
has 30 or more years of service? © 


Probobility of Mutually Exclusive Events (R) 


The personnel department of a company has compiled data showing the number 
of years of service for each employee.The results are shown in the table. 


rs of service Number of employees 

04 157 
59 89 

104 74 

1549 63 

2024 42 

2529 38 

3034 37 

3539 21 

4044 8 


If an employee is chosen at random, what is the probability that the employee has 
had 9 or fewer years of service? 


SOLUTION To begin, add the number of employees and find that the total is 529. 
Next, let event A represent choosing an employee with 0 to 4 years of service and 
let event B represent choosing an employee with 5 to 9 years of service.Then 


89 


P(A) = =~ and P(B) = 559° 


Because A and B have no outcomes in common, you can conclude that these two 
events are mutually exclusive and that 


157 89 
P(A UB) = P(A) + P(B) = = 529 
_ 246 
529 
= 0465. 


So, the probability of choosing an employee who has 9 or fewer years of 
service is about 0465. 


Independent Events 


Two events are independent if the occurrence of one has no effect on the 
occurrence of the other.For instance, rolling a total of 12 with two six-sided dice 
has no effect on the outcome of future rolls of the dice.To find the probability 
that two independent events will occur, multiply the probabilities of each. 


/ CHECKPOINT 10 


In 2005, approximately 124%f 

the population of the United States 
was 65 years old or older.In a 
survey, 5 people were chosen at 
random from the population.What 
is the probability that all 5 were 65 
years old or older? = (Source: U.S. 
Census Bureau) @ 
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Probability of Independent Events 


If A and B are independent events, the probability that both A and B will 
occur is 


P(A and B) = P(A) « P(B). 


Probability of Independent Events ® 


A random number generator on a computer selects three integers from | to 20. 
What is the probability that all three numbers are less than or equal to 5? 


SOLUTION The probability of selecting an integer from | to 5 is 


5 1 
P(A) = 20 “ 


So, the probability that all three integers are less than or equal to 5 is 
1\/1\/1 
ta) - Poa) - Pea) = (3)(4)(4) 
ex 
64° 


/ CHECKPOINT 9 


A random number generator on a computer selects two integers from | to 20. 
What is the probability that one number is less than or equal to 10 and one 
number is greater than 10? © 


Je <ersste)(-Wllly Probability of Independent Events ®) 


In 2005, approximately 752%f the population of the United States was 18 years 
old or older.In a survey, 10 people were chosen at random from the population. 
What is the probability that all 10 were 18 years old or older? (Source: U.S. 
Census Bureau) 


SOLUTION Let A represent choosing a person who was 18 years old or older. 
The probability of choosing a person who was 18 years old or older is 0752, the 
probability of choosing a second person who was 18 years old or older is 0752, 
and so on. Because these events are independent, you can conclude that the 
probability that all 10 people were 18 years old or older is 


P(A) + P(A) +... + P(A) = [P(A)]!° 


10 occurrences 


= (0752 )!° 
=~ 00578 
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DISCOVERY 


afi are in a class with 22 other 
people. What is the probability 
that at least two out of the 23 
people will have a birthday on 
the same day of the year? 

The complement of the 
probability that at least two 
people have the same birthday is 
the probability that all 23 
birthdays are different.So, first 
find the probability that all 23 
people have different birthdays 
and then find the probability of 
the complement. 

Now, determine the 
probability that in a room with 
50 people at least two people 
have the same birthday. 


/ CHECKPOINT 11 


A microscope manufacturer has 
determined that a certain model 
averages one faulty microscope for 
every 2000 it produces.What is the 
probability that an order of 300 
microscopes will have one or more 
faulty microscopes? © 
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The Complement of an Event 


The complement of an event A is the collection of all outcomes in the sample 
space that are not in A. The complement of event A is denoted by A’. Because 
P(A or A’) = 1 and because A and A’ are mutually exclusive, it follows that 
P(A) + P(A’) = 1. So, the probability of A’ is given by 


P(A’) = 1 — P(A). 


For instance, if the probability of winning a certain game is P(A) = a then the 
probability of /osing the game is P(A’) = 1 — } = 2. 


Probability of a Complement 


Let A be an event and let A’ be its complement.If the probability of Ais 
P(A), then the probability of the complement is 


P(A’) = 1 — P(A). 


| <ess}0)(-Wely Finding the Probability of a Complement ®) 


A digital piano manufacturer has determined that a certain machine averages one 
faulty piano for every 1000 it produces. What is the probability that an order of 
200 pianos will have one or more faulty pianos? 


SOLUTION To solve this problem as stated, you would need to find the 
probabilities of having exactly one faulty piano, exactly two faulty pianos, exactly 
three faulty pianos, and so on.However, using complements, you can simply find 
the probability that all pianos are perfect and then subtract this value from 1. 
Because the probability that any given piano is perfect is 999/1000, the 
probability that all 200 pianos are perfect is 

999 


200 
P(A) = (=) = 08186. 


So, the probability that at least one piano is faulty is 
P(A’) = 1 — P(A) = 01814. 


. Event E is neither impossible nor certain. What is true about P(E)? 


. Explain how you can be sure that event A and event B are not mutually 
exclusive given that P(A) = 0.4 and P(B) = 0.8. 


. Events A and B are independent events. Explain why the probability of 
both A and B occurring cannot be greater than the probability of event A 
occurring. 

. Events A, B, and C are three events such that P(A) + P(B) = 1 — P(C) and 
AUB is the complement of C. What is the relationship of events A and B? 


Skills Review 7.6 


7.1, and 7.4. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.2, 0.3, 


In Exercises 1-8, evaluate the expression. 


1 5) 5 
ib 7 ae — ii 


5-4 
5! 
4! 

812! 

5C3 

1003 


3h 


In Exercises 9 and 10, evaluate the expression. (Round your answer to three 


decimal places.) 


100 
9. (=) 
100 
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10. 1 — (= 


89 )" 
100 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, determine the sample space for the 
experiment. 


1. A coin and a six-sided die are tossed. 


2. A six-sided die is tossed twice and the sum of the points is 
recorded. 


3. A taste tester has to rank three varieties of yogurt (A, B, 
and C) according to preference. 


4. Two marbles are selected from a sack containing two red 
marbles, two blue marbles, and one black marble. The 
color of each marble is recorded. 


5. Two county supervisors are selected from five supervisors 
(A, B, C, D and E) to study a recycling plan. 


6. A sales representative makes presentations of a product in 
three homes.In each home, there may be a sale (denote by 
S) or there may be no sale (denote by F). 


Choosing an Integer In Exercises 7-10, a computer 
randomly generates an integer from 1 through 50. 
Find the probability of the event. 


7. An odd number is generated. 
8. A number less than 25 is generated. 
9. A prime number is generated. 


10. A multiple of 5 is generated. 


Heads or Tails? In Exercises 11-14, a coin is tossed 
three times. Find the probability of the event. 


11. Getting exactly one head 


12. Getting a tail on the second toss 
13. Getting at least one tail 
14. Getting at least two heads 


Tossing a Die In Exercises 15-20, two six-sided dice 
are tossed. Find the probability of the event. 

15. The sum is 5. 

16. The sum is less than 10. 
17. The sum is at least 7. 18. The sum is 2, 3, or 8. 
19. The sum is odd and no more than 7. 


20. The sum is odd or a prime number. 


Drawing a Card In Exercises 21-26, a card is selected 
from a standard deck of 52 cards. Find the probability 
of the event. 

21. Getting a red card 

22. Getting a face card 23. Not getting a face card 
24. Getting a red card that is not a face card 

25. Getting a card that is a 6 or less (aces are low) 


26. Getting a card that is a 9 or higher (aces are low) 


Drawing Marbles In Exercises 27-32, two marbles are 
drawn (without replacement) from a bag containing 
two green, three yellow, and four red marbles. Find 
the probability of the event. 


27. Drawing exactly one red marble 


590 


28. 
29. 
30. 
31. 
32. 
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Drawing exactly one yellow marble 
Drawing two green marbles 
Drawing two red marbles 

Drawing none of the yellow marbles 


Drawing marbles of different colors 


In Exercises 33 and 34, you are given the probability 
that an event wil! happen. Find the probability that 
the event will not happen. 


33. p = 03 


34. p = 072 


In Exercises 35 and 36, you are given the probability 
that an event will not happen. Find the probability that 
the event will happen. 


35. p = 01 


37. 


38. 


39. 


40. 


36. p = 068 


Winning an Election Three people have been 
nominated for president of a college class. From a small 
poll, it is estimated that the probability of Jane winning the 
election is 046, and the probability of Larry winning the 
election is 032. What is the probability of the third 

candidate winning the election? 


Winning an Election Taylor, Moore, and Jenkins are 
candidates for a public office. It is estimated that Moore 
and Jenkins have about the same probability of winning, 
and Taylor is believed to be twice as likely to win as either 
of the others.Find each candidate’s probability of winning 
the election. 


College Bound In a high school graduating class of 
198 students, 43 are on the honor roll. Of these, 37 are 
going on to college, and of the other 155 students, 102 are 
going on to college.A student is selected at random from 
the class.What is the probability that the person chosen is 
(a) going to college, (b) not going to college, and (c) on the 
honor roll, but not going to college? 


Alumni Association The alumni office of a college 
sends a survey to selected members of the class of 2005. 
The numbers of graduates, and the numbers of graduates 
who attended graduate school, are shown in the table.An 
alumnus is selected at random.What is the probability that 
the person is (a) female, (b) male, and (c) female and did 
not attend graduate school? 


Number of graduates 
Number of 
that attended graduate 
graduates 
school 
Women 672 124 
Men 582 198 
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41. 


42. 


43. 


44, 


45. 


46. 


47. 


Random Number Generator Two integers (from 1 to 
30, inclusive) are chosen by a random number generator on 
a computer. What is the probability that (a) both numbers 
are even, (b) one number is even and one is odd, (c) both 
numbers are less than 10, and (d) the same number is 
chosen twice? 


Random Number Generator Two integers (from 1 to 
40, inclusive) are chosen by a random number generator on 
a computer. What is the probability that (a) both numbers 
are even, (b) one number is even and one is odd, (c) both 
numbers are less than 30, and (d) the same number is 
chosen twice? 


Preparing for a Test A biology instructor gives her 
class a list of eight study problems, from which she will 
select five to be answered on an exam.A student knows 
how to solve six of the problems.Find the probability that 
the student will be able to answer all five questions on 
the exam. 


Preparing for a Test A chemistry instructor gives his 
class a list of 20 study problems, from which he will select 
10 to be answered on an exam.A student knows how to 
solve 15 of the problems.Find the probability that the student 
will be able to answer all 10 questions on the exam. 


Drawing Cards from a Deck One card is selected at 
random from a standard deck of 52 playing cards.Find (a) 
the probability that the card is an even-numbered card, (b) 
the probability that the card is a heart or a diamond, and (c) 
the probability that the card is a nine or a face card. 


Drawing Cards from a Deck Two cards are selected 
at random from a standard deck of 52 playing cards. Find 
the probability that two hearts are selected under 
each condition. 


(a) The cards are drawn in sequence, with the first card 
being replaced and the deck reshuffled prior to the 
second drawing. 


(b) The two cards are drawn consecutively, without 
replacement. 


Game Show On a game show, you are given five 
different digits to arrange in the proper order to represent 
the price of a car.If you are correct, you win the car.Find 
the probability of winning under each condition. 


(a) Gf must guess the position of each digit. 


(b) df know the first digit but must guess the remaining 
four. 


(c) df know the first and last digits but must guess the 
remaining three. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


Game Show On a game show, you are given six 
different digits to arrange in the proper order to represent 
the price of a house.If you are correct, you win the house. 
Find the probability of winning under each condition. 


(a) Gf must guess the position of each digit. 


(b) df know the first digit but must guess the remaining 
five. 


(c) Gf know the first and last digits but must guess the 
remaining four. 


Letter Mix-Up _ Five letters and envelopes are addressed 
to five different people. The letters are randomly inserted 
into the envelopes.What is the probability that (a) exactly 
one will be inserted in the correct envelope and (b) at least 
one will be inserted in the correct envelope? 


Payroll Mix-Up Three paychecks and envelopes are 
addressed to three different people. The paychecks get 
mixed up and are randomly inserted into the envelopes. 
What is the probability that (a) exactly one will be inserted 
in the correct envelope and (b) at least one will be inserted 
in the correct envelope? 


Poker Hand Five cards are drawn from a standard deck 
of 52 cards.What is the probability of getting a full house? 
(A full house consists of three of one kind and two of 
another. For example, A-A-A-5-5 and K40-10 are 

full houses) 


Poker Hand Five cards are drawn from a standard deck 
of 52 cards. What is the probability of getting a straight 
flush?(A straight flush consists of five cards that are in 

order and of the same suit.For example.A ¥, 2¥, 3¥, 4¥, 
Sy and 104, Ja, Qa, Ka, Aa are straight flushes) 


Defective Units A shipment of 1000 compact disc 
players contains four defective units. A retail outlet has 
ordered 20 units. 


(a) What is the probability that all 20 units are good? 


(b) What is the probability that at least one unit is 
defective? 


Defective Units A shipment of 12 stereos contains 
three defective units. Four of the units are shipped to a 
retail store.What is the probability that (a) all four units are 
good, (b) exactly two units are good, and (c) at least two 
units are good? 


Cash Scholarship A high school is composed of 31% 
freshmen, 26%sophomores, 25%uniors, and 18% 
seniors. A single student is picked randomly by lottery 
for a cash scholarship. What is the probability that 
the scholarship winner is either a freshman, a sophomore, 
or a junior? 


56. 


57. 


58. 


59. 


60. 


Probability 
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Houses for Sale by Region In 2006, about 1006%f 
houses for sale in the United States were in the northeast, 
about 1806%were in the midwest, about 4972%ere in 

the south, and about 2216%ere in the west.A house is 
selected at random from the houses for sale in the United 
States. What is the probability that the house is in the 


midwest or the south? (Source: U.S. Census Bureau) 


Making a Sale A sales representative makes a sale at 
approximately one-third of the offices she calls on.On a 
given day, she goes to four offices.What is the probability 
that she will make a sale at (a) all four offices, (b) none of 
the offices, and (c) at least one office? 


Making a Sale A sales representative makes a sale at 
approximately one-fourth of the businesses he calls on.On 
a given day, he goes to five businesses. What is the 
probability that he will make a sale at (a) all five 
businesses, (b) none of the businesses, and (c) at least one 
of the businesses? 


A Boy or a Girl? Assume that the probability of the 
birth of a child of a particular gender is 50% a family 
with six children, what is the probability that (a) all six 
children are girls, (b) all six children are of the same 
gender, and (c) there is at least one girl? 


A Boy or a Girl? Assume that the probability of the 
birth of a child of a particular gender is 50% a family 
with four children, what is the probability that (a) all four 
children are boys, (b) all four children are of the same 
gender, and (c) there is at least one boy? 


In Exercises 61-64, consider n independent 


trials of an experiment in which each trial has two 
possible outcomes, called success and failure. The 
probability of a success on each trial is p, and the 
probability of a failure is q = 1 — p. In this context, 
the term ,,C, p* q”~* in the expansion of (p + q)" gives 
the probability of k successes in the n trials of 
the experiment. 


61. 


62. 


A fair coin is tossed eight times.To find the probability of 
obtaining five heads, evaluate the term 


1\3/1\3 
5) (3) 
in the expansion of (4 + 18 
The probability of a baseball player getting a hit 
during any given time at bat is x To find the probability that 


the player gets four hits during the next 10 times at bat, 
evaluate the term 


1\4/4\6 
wel) (5) 
4 


in the expansion of ( + #)10. 
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63. The probability of a sales representative making a sale with 
any one customer is . The sales representative makes 10 
contacts a day.To find the probability of making four sales, 
evaluate the term 


1\*/3\° 
we) () 
in the expansion of G +: 3)". 


64. To find the probability that the baseball player in Exercise 
62 makes five hits during the next 10 times at bat if the 
probability of a hit is a evaluate the term 


W727 
w0s(5) (2) 
in the expansion of (G +t: 20 


65. Use information from news sources, the Internet, or an 
original experiment to write an example of two mutually 
exclusive events. 


66. Use information from news sources, the Internet, or 
an original experiment to write an example of two 
independent events. 


Scientific Discoveries In Exercises 67 and 68, use the 
following information. In a survey, Americans were 
asked how well informed they were about new scien- 
tific discoveries. The results are shown in the pie 
graph. Two people from the survey were chosen at 
random. (Source: Pew Internet & American Life Project) 


67. What is the probability that both people considered them- 
selves very informed about scientific discoveries? 


68. What is the probability that neither person felt very 
informed about scientific discoveries? 


Informed About 
Scientific Discoveries 


Not at all informed 

8% 
Not too informed 
23% 


Very informed 
11% 


Somewhat informed 
58% 
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Blogging In Exercises 69 and 70, use the following 
information. In a survey, bloggers were asked how 
long they had been blogging. The results are shown in 
the pie graph. Two bloggers from the survey were 
chosen atrandom. (Source: Pew Internet & American Life 
Project) 


69. What is the probability that neither blogger had been 
blogging for more than three years? 


70. What is the probability that both bloggers had been 
blogging for more than one year? 


Length of Time Bloggers 
Have Been Blogging 


Four or more 
years 19% 


Two to three 
years 30% 


Six months 
or less 8% 


About a year 33% 


Science News In Exercises 71 and 72, use the following 
information. A survey asked Americans what their 
main source of science news and information was. The 
results are shown in the pie graph. Three people from 
the survey were chosen at random. (Source: Pew 
Internet & American Life Project) 


71. What is the probability that the main source of science 
news and information for all three people was either 
television or the Internet? 


72. What is the probability that none of the three people 
considered newspapers or the Internet to be their main 
source of science news and information? 


Science News adaitiéarm 
Magazines 14% Newspapers 14% 
Radio 4% 
Other 7% 
Internet 20% 
Television 41% 


73. MAKE A DECISION For a given n and 1, is it possible to 
order the following from least to greatestExplain. 


n! 
n} ie TV aC, 


Mathematical 
Induction 
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Use mathematical induction to prove a formula. 


| 
m Find the sums of powers of integers. 
@ Find a formula for a finite sum. 

| 


Use finite differences to find a linear or quadratic model. 


Introduction 


In this section, you will study a form of mathematical proof called mathematical 
induction. It is important that you clearly see the logical need for it, so take a 
closer look at the following problem. 


S=1=P 
S,=1+3=2? 
S,=1+3+5 = 3? 
S,=14+3+5+7=" 
S,=14+34+5+7+9=5 


Judging from the pattern formed by these first five sums, it appears that the sum 
of the first n odd integers is 


SSH 14345 57 + 90+ee + Qn = 1) = 7%, 


Although this particular formula is valid, it is important for you to see that 
recognizing a pattern and then simply jumping to the conclusion that the pattern 
must be true for all values of n is not a logically valid method of proof.There are 
many examples in which a pattern appears to be developing for small values of n 
and then at some point the pattern fails.One of the most famous cases of this was 
the conjecture by the French mathematician Pierre de Fermat (16014665), who 
speculated that all numbers of the form 


Fo 2? + 1, n=0,1,2,... 
are prime.For n = 0, 1, 2, 3,and 4, the conjecture is true. 
Fy, = 3, F, =5, F, = 17, F, = 257, F, = 65,537 


The size of the next Fermat number (Fs = 4,294,967,297) is so great that it 
was difficult for Fermat to determine whether it was prime or not. However, 
another well-known mathematician, Leonhard Euler (17074783), later found the 
factorization 

Fs = 4,294,967,297 


= 641(6,700,417) 


which proved that F’; is not prime and therefore Fermat’s conjecture was false. 
Just because a rule, pattern, or formula seems to work for several values of 

n, you cannot simply decide that it is valid for all values of n without going 

through a legitimate proof. Mathematical induction is one method of proof. 
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The Principle of Mathematical Induction 
Let P, be a statement involving the positive integer n. If 
1. P, is true, and 


2. the truth of P, implies the truth of P..., for every positive integer k, then P, 
must be true for all positive integers n. 


It is important to recognize that both parts of the Principle of Mathematical 
Induction are necessary.To apply the Principle of Mathematical Induction, you 
need to be able to determine the statement P, , , for a given statement P,. 


A Preliminary Example 


Find P.., , for the following. 


ol RK +1)? 
a. PuS, = q 
b. PoS,;=14+54+94+--- + [4K —- 1) — 3] + 4k - 3) 


ce. Pek > 2k+1 
SOLUTION 


(k + 1)*(k + 1+ 1) 
4 
2, 2 
= (k 3 1) (k : 2) Simplify. 
4 

b. Peg Spo, = 1 4+54+94--- + {4K + 1) - 1) -3}4+[4K4+ 1-3] 
1+5+9+--- +(4k-3)+ (4k 4+ 1) 

Pe SIG is 


3Kt1 > 2k +3 — ee 


a. Py Spa. = Replace k by k + 1. 


IV 


/ CHECKPOINT 1 
Find P,,, for P,:S , = k(2k + 1). @ 


A well-known illustration used to explain why the Principle of Mathematical 
Induction works is the unending line of dominoes shown in Figure 78.If the line 
actually contains infinitely many dominoes, it is clear that you could not knock 
the entire line down by knocking down only one domino at a time. However, 
suppose it were true that each domino would knock down the next one as it fell. 
Then you could knock them all down simply by pushing the first one and starting 
a chain reaction.Mathematical induction works in the same way.If the truth of P, 
implies the truth of P, , and if P, is true, the chain reaction proceeds as follows: 
P, implies P,, P, implies P;, P,; implies P,, and so on. 


STUDY TIP 


When using mathematical 
induction to prove a summation 
formula (such as the one in 
Example 2), it is helpful to think 
Of S.41 AS Sea = Sy + O41 
where a, , is the (k + 1)th 
term of the original sum. 
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Using Mathematical Induction 


Using Mathematical Induction 


Use mathematical induction to prove the formula 
S,=14+3+547+> +@Qn—-1) =r 
for all integers n = 1. 


SOLUTION Mathematical induction consists of two distinct parts. First, you 
must show that the formula is true when n = 1. 


1. When n = 1, the formula is valid, because 
S =1=P. 
The second part of mathematical induction has two steps. The first step is to 


assume that the formula is valid for some integer k. The second step is to use this 
assumption to prove that the formula is valid for the next integer, k + 1. 


2. Assuming that the formula 
S.=14+34+54+7+--: +(k-1=Fh 
is true, you must show that the formula S,,, = (k + 1)? is true. 
Sg SL StStT tes $= 1) + BES 1) = 1] 
S[lears toss OS 1) Orel = 1) 


= §, + (2k + 1) Group terms to form S;,. 
=k? +2k+1 Replace S, by k?. 
= (k + 1)? Factor. 


Combining the results of parts (1) and (2), you can conclude by mathematical 
induction that the formula is valid for all integers n = 1. 


/ CHECKPOINT 2 


Use mathematical induction to prove the formula 


n(n + 7) 


S,=44+5+6+7+-:. +(n+3)= 5 


for all integersn => 1. © 


It occasionally happens that a statement involving natural numbers is not true 
for the first k — 1 positive integers but is true for all values of n > k. In these 
instances, you use a slight variation of the Principle of Mathematical Induction 
in which you verify P, rather than P,. This variation is called the Extended 
Principle of Mathematical Induction. To see the validity of this variation, note 
from Figure 78 that all but the first k — 1 dominoes can be knocked down by 
knocking over the Ath domino.This suggests that you can prove a statement P.to 
be true for n = k by showing that P, is true and that P, implies P., ,. In Exercises 
4144 of this section, you are asked to apply this extension of mathematical 
induction. 
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Using Mathematical Induction 


Use mathematical induction to prove the formula 
S,=124+224+324+44+--- +n? 
n(n + 1)(2n + 1) 
6 


for all integers n = 1. 


SOLUTION 
1. When n = 1, the formula is valid, because 


— 10. + 12-141) _ 1(2)B) 


S,=-P 6 6° 
2. Assuming that 
SSP ee ee ee eee ee 
_ kk + 1)(2k + 1) 


6 
you must show that 


(K+ D(K+1+ )2Kk4+ 14+ 1] 
Sead ~~ 6 


= (k + 1)(k + 2)(2k + 3) 
6 


To do this, write the following. 


Sear = Se + a4 


= (12 2 8 a eae ot A RS YP 
+ - 
= K(k a 1) + (k + 1) By assumption 
k(k + 1)(2k + 1) + 6(k + 1)? 
= 6 Add expressions. 
k + I[K(2k + 1) + 6(K + 1 
V CHECKPOINT 3 = + Dit - Heal Factor out (k + 1). 
Use mathematical induction to (k + 1)(2k2 + 7k + 6) 
prove the formula — 6 Simplify. 
7 3n(n + 1) 6 ompletely factor. 
2 Combining the results of parts (1) and (2), you can conclude by mathematical 
for all integersn > 1. © induction that the formula is valid for all integers n = 1. 


When proving a formula by mathematical induction, the only statement that 
you need to verify is P,. For the inequality in Example 4, you need to show that 
the inequality holds for n = 1 and n = 2 because in Step 2 of the mathematical 
induction, k > 1 (as opposed to k = 1) is the restriction on k. 
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eerste (we Proving an Inequality by Mathematical Induction 


Prove that n < 2” for all positive integers n. 
SOLUTION 
1. Forn = 1 andn = 2, the formula is true, because 
1 < 2! and2 < 27. 
2. Assuming that 
k < 2 
you need to show that k + 1 < 2+! Forn = k, you have 
2k+l = 2(24) > 2(k) = 2k. By assumption 
Because 2k =k +k >k+ 1 forall k > 1, it follows that 
tls k>k +1 
or 
k+1 < 2kt1, 


Combining the results of parts (1) and (2), you can conclude by mathematical 
induction that n < 2” for all positive integers n. 


/ CHECKPOINT 4 


Prove that n! > 2n for all integers n > 3. © 


Sums of Powers of Integers 


The formula in Example 3 is one of a collection of useful summation formulas. 
This and other formulas dealing with the sums of various powers of the first n 
positive integers are as follows. 


Sums of Powers of Integers 


fo see. += tet 

yy, (ESOP ae PE + = Bet Ons) 
es ee +o eet 

A. 18 ot gts pot = Me Den ee 
Bie Pee as ae po oe 


Each of these formulas for sums can be proven by mathematical induction. 
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Finding a Sum of Powers of Integers 


‘ 
Find §) n? = 19+ 2 + 3? 4.4? 4 53+ 6 + 7 


n=1 
SOLUTION Using the formula for the sum of the cubes of the first n positive 
integers, you obtain the following. 
7 
S Pa Pare Pea 3+ or +7 
ae = 
4 
49(64) 


4 
= 784 
Check this sum by adding the numbers, as shown below. 


1+ 8+ 27 + 644+ 125 + 216 + 343 = 784 


/ CHECKPOINT 5 


10 
Find $) rn? = 1? + 22+ 324 424+ 524+ 624+ 724+ 82+ 92+ 107. © 


n=1 


Pattern Recognition 


Although choosing a formula on the basis of a few observations does not guarantee 
the validity of the formula, pattern recognition is important.Once you have a 
pattern that you think works, you can try using mathematical induction to prove 
your formula. 


Finding a Formula for the nth Term of a Sequence 


To find a formula for the nth term of a sequence, consider the following 
guidelines. 


1. Calculate the first several terms of the sequence.It is often a good idea to 
write the terms in both simplified and factored forms. 


2. Try to find a recognizable pattern for the terms and write a formula for 
the nth term of the sequence.This is your hypothesis or conjecture. Mi 
might try computing one or two more terms in the sequence to test your 
hypothesis. 


3. Use mathematical induction to prove your hypothesis. 
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Finding a Formula for a Finite Sum 


Find a formula for the following finite sum. 


1-2 2-3 3:4 4:5 n(n + 1) 


SOLUTION Begin by writing out the first few sums. 


1 1 1 
3709-2141 
es 1,1 _4_2_ 2 
2 1°2° 2°53 6 3 2+1 

1 1 1 9 3 3 
Me 939 O63 9-4 12 4 3+1 

1 1 1 1 48 4 4 

= —— + —— + > 4+ — ETE 

ae 2:3 3:4 4:5 60 5 441 


From this sequence, it appears that the formula for the kth sum is 


scot, See 
te aa oe ee ee a, k(k + 1) 
__ ke 

k+1 


To prove the validity of this hypothesis, use mathematical induction, as follows. 
Note that you have already verified the formula for n = 1, so you can begin by 
assuming that the formula is valid for n = k and trying to show that it is valid for 
n=k+1. 


5242 Bee i ie |+ : 
et1 1422 °2-+33+4 5 «4-5 kk+ 1] (k+ 1D(k +2) 
= us + u B ti 
k+1.) (K+ Dk+2) anne 
(k + I(k + 2) ractions. 
_ + 2k+ 1 ernetie aie 
(k + I(k as 2) istributive Toperty 
= _(kK+ iP = 1)’ Factor t 
(k si (k ae 2) actor numerator. 
_k+1 — 
k+2 $2 implify. 


So, the hypothesis is valid. 


/ CHECKPOINT 6 


Find a formula for the following finite sum. 


3454+7+9+--- +(2n+1) @ 
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/ CHECKPOINT 7 


Decide whether the sequence 
3, 8, 17, 30, 47, 68,... 


can be represented perfectly by a 
linear or a quadratic model.If so, 
find the model. © 


Finite Differences 


The first differences of a sequence are found by subtracting consecutive terms. 
The second differences are found by subtracting consecutive first differences. The 


first and second differences of the sequence 3, 5, 8, 12, 17, 23,... areas follows. 
n: 1 2 3 4 5 6 
as 


ne 


3 5 8 12 17 23 
= a al NO ill a 
a ae NO il 


First differences: 
Second differences: 


For this sequence, the second differences are all the same nonzero number.When 
this happens, the sequence has a perfect quadratic model.If the first differences 
are all the same nonzero number, the sequence has a linear model. That is, it 
is arithmetic. 


Finding an Appropriate Model 


Decide whether the sequence 6, 12, 26, 48, 78, 116, . . .can be represented 
perfectly by a linear or a quadratic model.If so, find the model. 


SOLUTION The first and second differences are as follows. 


n: 1 2 3 4 5 6 
a, 6 12 26 48 78 116 
oe eee ale ee cali, Ce” ae a 
First differences: 6 14 22 30 38 


ee oe a a ge 
8 8 8 8 


Second differences: 


For this sequence, the second differences are all the same. So, the sequence 
follows a quadratic model perfectly and you know that the model has the form 


a, = an? + bntc. 


By substituting 1, 2, and 3 for n, you can obtain a system of three linear equations 
in three variables. 


a, = a(i)? + bi) +c =6 Substitute 1 for n. 
a, = a(2)? + b(2) +c = 12 Substitute 2 for n. 
a3 = a(3)? + b(3) + c = 26 Substitute 3 for n. 


df now have a system of three equations in a,/and_ c. 


a+ b+c= 6 Equation | 
4a+2b+c= 12 Equation 2 
9a + 3b +c = 26 Equation 3 


Using the techniques discussed in Chapter 5, you can find that the solution of this 
system is 


a=4,b= —6,andc = 8. 
So, the quadratic model is 


a, = 4n? — 6n + 8. 
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Finding an Appropriate Model 


Decide whether the sequence 2, 9, 16, 23, 30, 37, . . .can be represented 
perfectly by a linear or a quadratic model. If so, find the model. 


SOLUTION The first differences are as follows. 
n: 1 2 3 4 5 6 


2 9 16 23 30 37 
al al i a a “ee 


a,,: 


First differences: 


For this sequence, the first differences are all the same.So, the sequence follows 
a linear model perfectly and you know that the model has the form 


da, = an + b. 


By substituting | and 2 for n, you can obtain a system of two linear equations in 
two variables. 


a, = ai) +b=2 Substitute 1 for n. 


a, a(2) +b=9 Substitute 2 for n. 


afi now have a system of two equations in and Db. 


at+b=2 Equation 1 
2a+b=9 Equation 2 
Using the techniques discussed in Chapter 5, you can find that the solution of this 
system is a = 7 and b = —5. So, the linear model is 
a, = In = 3. 


/ CHECKPOINT 8 


Decide whether the sequence 6, 10, 14, 18, 22, 26, . . .can be represented 
perfectly by a linear or a quadratic model. If so, find the model. © 


1. Determine whether the following statement is true or false. Explain your 
reasoning. 
The statement n” > rn is true for all positive integers. 
. Let P,, be a statement involving the positive integer n. You know P, is true 
and the truth of P, implies the truth of P, ,, for every positive integer k. 
For which integers n does this prove that P,, is true? 


. A sequence has a linear model. What is true about the second differences 
of this sequence? Explain. 


. Explain how you could use a sum of powers of integers formula to find 
the sum 


63+ 73+ 83+---+n3 
where n is an integer greater than 8. (Hint: Think of the sum as a 
difference of two sums.) 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
Sy au Su ste\al-\uiaw aval use these skills in the exercise set for this section. For additional help, review Sections 0.3, 0.4, 


0.6, 0.7, and 7.1. 


In Exercises 1-4, find the sum. 
6 Ss) 
fy ek 3) 2 =) 
k=3 t= 


In Exercises 5-10, simplify the expression. 


5. Wk +1) +3 es 3(k + 1) 
5) 6 

2k k+1 

8. 32k +1) 9. je Le hk 


Exercises 7.7 


In Exercises 1-4, find P, ,, for the given P,. 
5 3 


BS Te ea} 2. Fe GDF 3) 
_ Rk - 1) _ kB 
el Be FE 5G 


In Exercises 5-18, use mathematical induction to prove 
the formula for every positive integer n. 


5.2+44+64+8+--- +2n=n(n+ 1) 
ete 7e 1S 15S" 2 OR= I) — won 1) 
Oe t +18 1 Ge 3) 5 (Sn 1) 
8 14+4+7+104 Kan = 2) 53n 1) 
9142424294 fQn-l = on] 
10. 211 +3 4+ 374+ 33 +--- 4+377-!')=3"- 1 

+ 
1.1949 444 nt 

2 

2, + 2 
12. B+ 3+ R44 4--- +e et 
ee aad a, n 
“1 + 1) 22+ 1) | “nAnt+1) ntl 


rele ed = (edlean 


“,  m(n + 1)°(2n* + 2n — 1) 
15. > i 12 

Ny — an + 1)(2n + 1)Gn? + 3n — 1) 
16. » i 30 


Bo, n(n + 1)(n + 2) 
4 3 


n 1 n 
18.) Dae) mFI 


In Exercises 19-28, find the sum using the formulas for 
the sums of powers of integers. 


= 
ll 

= 
ll 


a 
So 


N 
- 
Me 
= 

wn 


S 


n=1 


27. 


$e 

25. do n> — n) 26. > (n> — n?) 
1 5 
2! (6i — 8°) 28. y3 (273 = 


In Exercises 29-34, find a formula for the sum of the 
first n terms of the sequence. 


29. 1,5,9,13,... 30. 25, 22,19, 16,... 
9 81 729 27 8 
31. 1, 0; 00> i000 - -- 32.. 3;.— 3 2T = gy e% 
1 J: a, fl 1 
336 SS RSS Satie 
4 12’ 24’ 40 2n(n + 1) 
1 1 1 1 1 
34. aoa 


2:°3°3°44-5'5-6 (n + 1)(n + 2)?°" 


In Exercises 35-40, determine whether the inequality 
is true for n = 1, 2, 3, and 4. 


35. n? < 3 36. 4n* < n° 


37. (n+ 1)? < 3 38. (n — 2)? < rn? 


= 2 
ae 40, PO enn 


39.n—-—12 


n 


In Exercises 41-44, prove the inequality for the indicated 
integer values of n. 


41. n! >2”", n>4 42. (3)" >n, n>7 
1 i 1 1 

43. + + fit >J/n, n>2 
/1 2 af Jn 


n+1 n 
44. (*) <(2).12 lando<x<y 
y, y 


In Exercises 45-52, use mathematical induction to 
prove the given property for all positive integers n. 


a\" a” 
46. |—-} =— 
6. (2) =< 


47. Ifx, #0,x, #0,...,.x ,, #0, then 


45. (ab)" = ab" 


(x,x,x3°°: x,)7h = axplepleyhees xr 
48. If x, > 0,x, >0,...,x ,, > 0, then 
InQ®x5x3°°* xX,) = 
Inx, +Inx,+Inx,+--- + Inx,,. 


49. Generalized Distributive Law: 


xy, Fyg ters + yy, XY, + Xyg teres + xy, 
50. (a + bi)" and (a — bi)" are complex conjugates for all 
n>. 


51. A factor of (n? + 3n? + 2n) is 3. 
52. A factor of (27"~! + 37"~!) is 5. 


53. Writing In your own words, explain what is meant by a 
proof by mathematical induction. 


54. Think About It What conclusion can be drawn from the 
given information about the sequence of statements P,? 


(a) P; is true and P, implies P,., ;. 
(b) Pys Pos Pact 


(c) P,, Py, and P, are all true, but the truth of P, does not 
imply the truth of P...;- 


., Ps, are all true. 


(d) P, is true and P,, implies P,, , 5. 


In Exercises 55-60, decide whether the sequence can 
be represented perfectly by a linear or a quadratic 
model. If so, find the model. 


55. 5, 13, 21, 29, 37, 45,... 
56. 2, 9, 16, 23, 30, 37,... 
57. 6, 15, 30, 51,78, 111,... 
58. 0, 6, 16, 30, 48, 70,... 
59,.—2,.1;6; 135.223.3353. 4:3 
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60. —1, 8, 23, 44, 71, 104,... 


In Exercises 61-70, write the first five terms of the 
sequence, where a, = f(1). Then calculate the first and 
second differences of the sequence. Does the 
sequence have either a linear model or a quadratic 
model? If so, find the model. 


61. f(1) =0 62. f(1) = 2 

a= a,,+3 a, =n — a,_4 
63. f(1) = 3 64. f(1) = —3 

GO, = a, 4 Nn a, = —24,_4 
65. a) = 0 66. ay) = 2 

Gy = Ay, +1 a, = (a,—1)? 
67. f(1) = 2 68. f(1) = 0 

G0, 24 2 a, = a,_; + 2n 
69. a, = 1 70. dy = 0 

a, =a + n> a4,=4,-,—1 


n n-1 n n-1 


In Exercises 71-74, find a quadratic model for the 
sequence with the indicated terms. 


71. dg = 3,4, = 3,a, = 15 
72. dy = 7, a, = 6, a, = 10 
73. a, = 0, a, = 8, a, = 30 
74. dy 3, a 5, dg 57 


75. MAKE A DECISION: BRAKING DISTANCE The table 
shows the distance d,, (in feet) required to stop a car from 
the moment its brakes are applied at a speed of n miles per 
hour on dry, level pavement. (Source: The University of 
Oklahoma Police Department) 


Speed, n 20 | 30 | 40 50 60 


Braking distance,d, | 25 | 57 | 101 | 158 | 227 


(a) Let d,, be the nth term of a sequence.Find the first and 
second differences of the given values of d,,. 


(d) Will a linear or quadratic model fit the data best? 
Algebraically find a model of this type using n = 20, 
30, and 40. 


(c) Use the regression feature of a graphing utility to find 
a model of the same type for all the data. 


(d 


Nar 


Graph the models from parts (b) and (c) with a scatter 
plot of the data. How closely does each model fit the 
data points? 


(e) When you drive a car, do you assume an equal risk for 
each 10 mile-per-hour increase in speed‘Explain your 
reasoning. 
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Chapter Summary and Study Strategies 


After studying this chapter, you should have acquired the following skills. 
The exercise numbers are keyed to the Review Exercises that begin on page 606. 
Answers to odd-numbered Review Exercises are given in the back of the text.* 


Section 7.1 Review Exercises 

m Use sequence notation to find the terms of a sequence. 1-12 

a Evaluate a factorial expression. 13-16 
n}=1-2-3-4--- (M—1)-n 


As a special case, zero factorial is defined as 0! = 1. 


a Find the sum of a finite sequence and use summation notation to write 


the sum of a sequence. 17-24 
Ses Oy ar Cy ar Gin ar Oe ae OL, 
i=1 
m Use a sequence to solve an application problem. 25820) 
Section 7.2 
m Recognize and find the nth term of an arithmetic sequence. 27-36 
a Find a formula for an arithmetic sequence. 37-40 


a, = dn + c, where c = a, — d 
Gn+1 =~ Uy a d 
a, = a, + (n — 1)d 


a Find the nth partial sum of an arithmetic sequence. 41-44 


n 
Si, = 341 1 a,) 


a Use an arithmetic sequence to solve an application problem. 45, 46 
Section 7.3 
m Recognize and find the nth term of a geometric sequence. 47-58 


= Tall 
a, — ar 


a Find the sum of a finite geometric sequence. 59-62 
n . 1 —= re 
i i-l= 
n See ay( j= _ 
a Find the sum of an infinite geometric series. 63-66 


If |r| < 1, then S = Sari = 41 
i=0 l= ir 


a Use a geometric sequence to solve an application problem. 67-70 


*Use a wide range of valuable study aids to help you master the material in this chapter.The Student 
Solutions Guide includes step-by-step solutions to all odd-numbered exercises to help you review 
and prepare.The student website at college.hmco.com/info/larsonapplied offers algebra help and a 
Graphing Technology Guide.The Graphing Technology Guide contains step-by-step commands 
and instructions for a wide variety of graphing calculators, including the most recent models. 


Chapter Summary and Study Strategies 


Section 7.4 
g Find a binomial coefficient. 


Binomial Theorem: In the expansion of (x + y)”, the coefficient of 
x"~'y’, the (r + 1)th term, is given by 


a Use Pascal’s Triangle to determine a binomial coefficient. 


a Expand a binomial using binomial coefficients and find a specific term 
in a binomial expansion. 


Section 7.5 


a Use the Fundamental Counting Principle to solve counting problems. 


a Use permutations to solve counting problems. 


n! 


Section 7.6 


mu Determine the sample space of an experiment and find the probability of an event. 


n(E) 
n(S) 
a Find the probabilities of mutually exclusive events. 
A and B mutually exclusive: P(A U B) = P(A) + P(B) 
a Find the probabilities of independent events. 


A and B not mutually exclusive: P(A U B) = P(A) + P(B) — P(ANB) 
A and B independent: P(A and B) = P(A) - P(B) 


a Find the probability of the complement of an event. 
P(A’) = 1 — P(A) 


P(E) = 


Section 7.7 

a Use mathematical induction to prove a formula. 
a Find the sums of powers of integers. 

a Find a formula for a finite sum. 


a Use finite differences to find a linear or quadratic model. 


Study Strategies 


a Studying Relationships Between Concepts To reinforce your understanding of the concepts presented in this 
chapter, review how they are related.For instance, look back at the similarities and distinctions between concepts such as 
sequences and series, geometric and arithmetic sequences, combinations and binomial coefficients, combinations and 


permutations, counting methods and probability, and so on. 


a Using Mathematical Induction Proofs can be complicated.When using mathematical induction, write out a plan to 
identify how you will meet the two conditions necessary for the proof.If you get lost in the proof, review the plan to get 


yourself back on track.Revise the plan if you need to. 


Review Exercises 
71-74 


75, 76 
77-86 


87-92 
93-98 


99, 100 


101-109, 112 


103, 105 


110, 111 


105, 110-114 


115-118 
119-122 
123, 124 
125-128 
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Review Exercises 


Sequences, Series, and Probability 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-6, write the first five terms of the 
sequence. (Assume that rn begins with 1.) 


loa,=4n+1 
2s a, = 3n = 2 
n 
3: On n+ 
4, 4="%—! 
n 
Qn 
= f—7\rr1 
5. a, = (-1) eed 
a3" = 1 
6. a, = (-1) are 


In Exercises 7-12, write an expression for the most 
apparent nth term of the sequence. (Assume that n 
begins with 1.) 


7. 1,2,4,8,... 


11. 3, —9, 27, —81,.243,...... 
12:-=2; 4, =8,.16;,=32,.0.31 


In Exercises 13-16, evaluate the expression. 


16! 24! 

13, G5 14. i 
4! + 5! 9! + 6! 

15. i 


In Exercises 17-20, find the sum. 


17. ¥Gi =% 18. Si +5) 


6 8 
19. Sk — 1)(k + 2) 20. Se +1 
k=1 k=1 


In Exercises 21-24, use summation notation to write 
the sum. 


ie re rn 3 
"741°142°143 °14+4 "1412 
22.14+44+44+4444 + a 
23.2-4+8-16+32-64+- + 8192 
24.2+8+18 + 324 + 98 


25. Compound Interest On your next birthday, you plan 
to deposit $000 in an account that earns 6%ompounded 
quarterly. The balance in the account after n quarters is 
given by 


A, = 40001 + 95) n= 1,2,3,.... 


(a) Compute the first eight terms of the sequence. 


(b) Find the balance in the account after 10 years by 
computing the 40th term of the sequence. 


(c) Find the balance in the account after 30 years by 
computing the 120th term of the sequence. 


26. Compound Interest A deposit of $0,000 is made 
in an account that earns 8%ompounded monthly. The 
balance in the account after n months is given by 


008 


ae N= 1,253 ssc 


A, = 10,000( 


(a) Compute the first 10 terms of the sequence. 


(b) Find the balance in the account after 10 years by 
computing the 120th term of the sequence. 


In Exercises 27-30, determine whether the sequence is 
arithmetic. If it is, find the common difference. 


27.35 8; 13; 185.6: 

28. 1,339, 27,0 

29,4, 3,3,3. 9. 3: 

30. 64, 56, 48, 40, 32,... 

In Exercises 31-36, write the first five terms of the 
arithmetic sequence. 

31. a, =9,d=5 

32. a, =8,d=—4 

33. a, = 14, a, = 29 

34. ay = 0,a,;5 = —9 

35. a, = 24,4,,,; =a, —7 

36. a, = 16,a,,, =a, +4 

In Exercises 37-40, find a formula for a,, for the arith- 
metic sequence. 

37. a, =2,d =3 

38. a, = 15,d = -3 

39, 2,7, 12, 17,22, 32-5 

40. 39, 33, 27, 21, 15,... 


In Exercises 41-44, find the indicated nth partial sum 
of the arithmetic sequence. 


41. 3,9, 15,21, 27,..., n=8 
42. —8, —4,0,4,8,....n1 = 12 
43. a, = 9, a,5 = 93,n = 15 

44. a, = 27, dy = 300, n = 20 


45. Job Offers fi have job offers from two companies. 
The position with Company A has a salary of $2,500 for 
the first year with a guaranteed annual raise of $600 per 
year.The position with Company B has a salary of $8,000 
for the first year with a guaranteed annual raise of $500 
per year. 


(a) What will your salary be during the sixth year of 
employment at Company A‘at Company B? 


(b) How much will Company A have paid you at the end of 
6 years? 


(c) How much will Company B have paid you at the end of 
6 years? 


46. Seating df are setting up 20 rows of chairs for a 
concert.There will be 20 chairs in the first row, 23 chairs 
in the second row, 26 chairs in the third row, and so on. 
How many chairs do you need? 


In Exercises 47-50, determine whether the sequence is 
geometric. If it is, find its common ratio and write a 
formula for a,,. 


47. 1, —3,9, —27,... 

48. 3,9, 15, 21,... 

49. 16,8,4,2,1,5,44,... 

50. 1,-3.3. -37. > a 

In Exercises 51-54, write the first five terms of the 
geometric sequence. 

51. a, =3,r=2 

52. a, =2,r=e 

53. a, = 10,7 = —§ 

aa She, 

In Exercises 55-58, find the indicated term of the 
geometric sequence. 

55. a, = 8,r = 5, 40th term 

56. a, = 100, r = —75, Sth term 

57. a, = —100,a; = 125, 10th term 

58. a, = 10, a, = 11025, 19th term 
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In Exercises 59-62, find the sum of the finite 
geometric sequence. 
20 


59. S 4(2" 60. S'2(3)" 


n=1 n=0 


15: 
61. $\20(01 i! 


t= 1 


30 
62. 5° 100(106 )'~! 
i=1 


In Exercises 63-66, find the sum of the infinite 

geometric series, if it exists. 
co n oO /3\n 

63. 5: (3) 64. 5: (3) 
n=0 n=0 
a (5\" igo) 1\" 

65. >) 66. > 3(i) 

67. MAKE A DECISION: COMPOUND INTEREST di deposit 
$00 at the beginning of each month for 10 years in an 
account that pays 6%ompounded monthly.The balance A 
at the end of 10 years is as follows. 


006 \' | ( , oos.ym 
A 109(11 + ve 100i 1+, 


(a) Find the balance after 10 years. 


(b) Is the balance after 20 years twice what it is after 10 
years ‘Explain your reasoning. 


68. Compound Interest dui deposit $00 in an account at 
the beginning of each month for 10 years.The account pays 
6%ompounded monthly.What will your balance be at the 
end of 10 years?Suppose instead that the interest were 
compounded continuously.What is your balance at the end 
of the 10 years? 


69. Profit The annual profits a, (in millions of dollars) for 
a pharmaceuticals company from 1990 to 2008 can be 
approximated by the model 


a, = 1653eS", n=0,1,2,3,..., 18 


where n represents the year, with n = 0 corresponding to 
1990. 


(a) Construct a bar graph that represents the company’s 
profits during the 19-year period. 


(b) Use the formula for the sum of a finite geometric 
sequence to approximate the total profit earned during 
the 19-year period. 


70. Sales The annual sales a,, (in millions of dollars) for a 
furniture company from 1990 to 2008 can be approximated 
by the model 


a, = 225e135" nn = 0, 1,2,3,..., 18 


where n represents the year, with n = 0 corresponding to 
1990. Use the formula for the sum of a finite geometric 
sequence to approximate the total sales during the 19-year 
period. 
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In Exercises 71-74, find the binomial coefficient. 


eee, 72, 


In Exercises 75 and 76, evaluate using Pascal's Triangle. 


75. 


Cs 


vs. (3 


In Exercises 77-82, use the Binomial Theorem to 
expand the expression. Simplify your answer. 


77 
78 
79 
80 
81 
82 


(x + 1)® 
= 1)? 
(3x + y)> 
(2x — y)* 
(x — 2y)® 
(x? + 4)° 


In Exercises 83 and 84, find the specified nth term in 
the expansion of the binomial. 


83. 
84. 


(a — 3bP, n = 3 
(2x + y)!9 n=8 


In Exercises 85 and 86, find the coefficient a of the 
term in the expansion of the binomial. 


85. 
86. 


87. 


88. 


89. 


90. 


Binomial Term 
(x + 2) ax! 
(2x — 5y)? ax4y> 


Computer Systems A customer in a computer store 
can choose one of six monitors, one of five keyboards, and 
one of seven computers.All of the choices are compatible. 
How many different systems can be chosen? 


Chemistry Experiment To set up an experiment, a 
chemist can use one of two beakers, one of two graduated 
cylinders, one of six hot plates, and one of three stirring 
rods. How many different equipment setups are possible 
for the experiment? 


Genetics A geneticist is using gel electrophoresis to 
analyze DNA.The DNA is divided into five samples.Each 
sample is treated with a different restriction enzyme and 
then injected into one of five wells that have been formed 
in a bed of gel.In how many orders can the five samples be 
injected into the wells? 


Aircraft Boarding — Ten people are boarding an aircraft. 
Two have tickets for first class and board before the other 
eight people.In how many orders can the ten people board 
the aircraft? 


Sequences, Series, and Probability 


91. 


92. 


Four-Digit Numbers How many four-digit numbers 
can be formed under each condition? 


(a) The leading digit cannot be 0, 1, or 2. 


(b) The leading digit cannot be 0, 1, or 2, and no repeti- 
tion of digits is allowed. 


(c) The leading digit cannot be 0 and the number must be 
divisible by 2. 


Five-Digit Numbers How many five-digit numbers 
can be formed under each condition? 


(a) The leading digit cannot be 0. 


(b) The leading digit cannot be 0 and no repetition of 
digits is allowed. 


(c) The leading digit cannot be 0 and the number must be 
odd. 


In Exercises 93-96, evaluate the expression. 


93. 
95. 


oP3 94, 30P 1 
gPs 96. isPo 


In Exercises 97 and 98, find the number of distinguish- 
able permutations of the group of letters. 


97. 
98. 


99. 


100. 


E, N, T, R, E, P, R, E, N, E, U,R 

P, H, O, T, O, S,,YN, T, H, E, S, I, S 

Zebrafish A researcher has a sample of 24 zebrafish 
embryos and must choose a sample of them for study.In 


how many ways can the researcher choose a sample of 
each size? 


(a) 5 embryos 
(b) 10 embryos 
(c) 18 embryos 


Job Applicants An employer interviews 10 people for 
five openings in the marketing department of a company. 
Seven of the 10 people are women.All 10 applicants are 
qualified and seven of them are women. In how many 
ways can the employer fill the five openings, given the 
following conditions? 


(a) The people are chosen at random. 
(b) Exactly three of those hired are women. 


(c) All five of those hired are women. 


In Exercises 101 and 102, determine the sample space 
for the experiment. 


101. 
102. 


Guessing the last digit in a telephone number 


Tossing four coins 


Drawing a Card 


In Exercises 103 and 104, a card is 


selected from a standard deck of 52 cards. Find the 
probability of the event. 


103. 
104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


Getting a 10, jack, or queen 


Getting a black card that is not a face card 


Education In a high school graduating class of 
72 students, 28 are on the honor roll. Of these, 18 are 
going on to college, and of the other 44 students, 12 are 
going on to college.A student is selected at random from 
the class.What is the probability that the person chosen is 
(a) going to college, (b) not going to college, and (c) on 
the honor roll, but not going to college? 


Preparing fora Test An instructor gives a class a list 
of 12 study problems, from which eight will be selected to 
construct an exam.A student knows how to solve 10 of 
the problems.Find the probability that the student will be 
able to answer (a) all eight questions on the exam, (b) 
exactly seven questions on the exam, and (c) at least seven 
questions on the exam. 


Game Show On a game show, you are given five 
different digits to arrange in the proper order to represent 
the price of a car.If you are correct, you win the car.Find 
the probability of winning under each condition. 


(a) Gf must guess the position of each digit. 


(b) df know the first two digits, but must guess the 
remaining three. 


Payroll Mix-Up Four paychecks and envelopes are 
addressed to four different people. The paychecks get 
mixed up and are randomly inserted into the envelopes. 
What is the probability that (a) exactly one will be insert- 
ed in the correct envelope and (b) at least one will be 
inserted in the correct envelope? 


Poker Hand Five cards are drawn from a standard 
deck of 52 playing cards. What is the probability of get- 
ting two pair Two pair consists of two of one kind, two 

of another kind, and one of a third kind. For example, 
9-9-5 is two pair) 


A Boy or a Girl? Assume that the probability of 
the birth of a child of a particular gender is 50%n a 
family with five children, what is the probability that (a) 
all the children are boys, (b) all the children are of the 
same gender, and (c) there is at least one boy? 


A Boy or a Girl? Assume that the probability of the 
birth of a child of a particular gender is 50% a family 
with seven children, what is the probability that (a) all the 
children are girls, (b) all the children are of the same 
gender, and (c) there is at least one girl? 
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Review Exercises 


112. Defective Units A shipment of 1000 radar detectors 
contains five defective units.A retail outlet has ordered 50 
units. 


(a) What is the probability that all 50 units are good? 


(b) What is the probability that at least one unit is 
defective? 


In Exercises 113 and 114, you are given the probability 
that an event will happen. Find the probability that 
the event will not happen. 


113. p = 057 114. p = 023 


In Exercises 115-118, use mathematical induction to 
prove the formula for every positive integer n. 


n 


115,144 4+* +Ga=2) =3Gn- 1) 
3 | 5 bce ee 1 \ ld n 
116. 1 2 24 2 T T a(n T 1) qn T 3) 


(a 


n=1 — yn 
117. Sar = a(l = r") 
=r 


i 


118. Se + kd) [2a + (n — 1)d] 
k=0 


In Exercises 119-122, find the sum using the formulas 
for the sums of powers of integers. 


30 3 
119. ¥ n 120. by n> 
n=1 n=1 
8 6 
121. y ne 122. BY (n2 + n) 


n=1 n=1 
In Exercises 123 and 124, find a formula for the sum of 
the first n terms of the sequence. 


3 9 27 
123. 1, 5, 95, Ios - ++ 


In Exercises 125 and 126, decide whether the sequence 
can be represented perfectly by a linear or a quadratic 
model. If so, find the model. 


125. 5, 10, 15, 25, 30, 35,... 
126. 1, 6, 13, 22, 33, 46,... 


MAKE A DECISION In Exercises 127 and 128, write 
the first five terms of the sequence, where a, = f(1). 
Then calculate the first and second differences of the 
sequence. Does the sequence have either a linear 
model or a quadratic model? If so, find the model. 


127. ag = 2; a, = a,_, +7 


128. f(1) = 1; a4, =a,_,; + 2n 


610 CHAPTER 7 Sequences, Series, and Probability 


Chapter Test See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, write the first five terms of the sequence. (Assume that n 
begins with 1.) 


la, =2n+1 2. a, = (—1)'n? 3. a, = (n+ 1)! 4.4, = (4)" 
In Exercises 5-8, determine whether the sequence is arithmetic, geometric, or 
neither. If possible, find its common difference or common ratio. 

5. a, =5n-2 6. a, = 27 +2 7. a, = 5(2”) 8. a, = 3n? — 2 


In Exercises 9-11, find the sum. 


9, ¥ (2n +1) 10. ¥ 3(3)" U1. > 6)" 


n=1 n=1 
12. A deposit of $000 is made in an account that pays 5%ompounded monthly. The 
balance in the account after n months is given by 


A= sogo(1 + 22.) We 15.25 Byes 


Find the balance in the account after 10 years. 
13. Use the Binomial Theorem to expand (2x — 3)>. 


14. Determine the coefficient of the x” term in the expansion of (x — 3)!?. 


In Exercises 15 and 16, evaluate each expression. 
15. (a) 5P, — (b) oP; 16. (a) CyB) 66 Cs 


17. A customer in an electronics store can choose one of five CD players, one of six 
speaker systems, and one of four satellite radios to design a sound system.How many 
different systems can be designed? 


18. An ecology quiz consists of 12 multiple choice questions with four possible answers 
for each question.In how many ways can the quiz be completed{Assume that no 
question is omitted) 


19. How many different five-digit numbers can be formed if the leading digit cannot be 0 
and the number must be odd? 


20. In how many ways can eight people sit in an eight-passenger van? 


21. In how many ways can three toppings for a pizza be selected from a list of 
12 toppings? 


22. df roll three six-sided dice.What is the probability that you roll a five on each die? 


23. The weather report calls for 55%hance of rain.According to this report, what is the 
probability that it will not rain? 


24. Use mathematical induction to prove the following formula. 


5n(n + 1) 
2 
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Cumulative Test: Chapters 5-7 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are done, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, solve the system of equations using the indicated 


method. 
1. Elimination 2. Matrices 
3 2 2 2x —-3y+ z= 18 3x — 4y + 2z = —32 
| 2 2 3x —2z=-4 2x + 3y = 8 
1 0 1 x- y+3z= 20 y= 3z> 19 
4 | In Exercises 3 and 4, sketch the graph of the solution set of the system of 
B=|-l 2 inequalities. 
3 1 
3 2x+ y= -3 3x —2y = 6 
5 0 -4 “| x-3y< 2 * |4x + Ty < 42 
C= 3 0 1 
) Sf 33 In Exercises 5-8, use the matrices at the left to perform the indicated matrix 
operation. 
D= ES | 5. 2A = C 6. AB 7. BD 8. Av! 
Matrices for 5-9 9. Find the determinants (if possible) of the matrices A, B, C, and D at the left. 
10. Find the point of equilibrium for a system with demand equation 
p = 80 — 0004x 
and supply equation 
1000 3000 2000 leis 
A =|2000 4000 5000 11. A factory produces three different models of a product, which are shipped to three 
3000 1000 1000 different warehouses.The number of units of model ithat are shipped to warehouse j 


is represented by a, in matrix A at the left. The price per unit for each model is 
B=[$5 $2 37 | represented by matrix B. Find the product BA and state what each entry of the 
Matrices for 11 product represents. 


12. Write the first five terms of the sequence given by a, = 7n — 3. 


13. Write the first five terms of the geometric sequence for which a, = 2 andr = a 


fe) i-1 
14. Find the sum >) 13 (=| 
a” \10 


15. Use the Binomial Theorem to expand (2x + 3y)°. 
16. In how many ways can the letters in MATRI%e arranged? 


17. A shipment of 2500 microwave ovens contains 20 defective units.df order three 
units from the shipment.What is the probability that all three are good? 


18. On a game show, the digits 7, 8, and 9 must be arranged in the proper order to form 
the price of an appliance.If the digits are arranged correctly, the contestant wins the 
appliance. What is the probability of winning if the contestant knows that the price is 
at least 800? 


19. Write the first five terms of the sequence for which a, = 2 anda, = a,_, + n. Then 
calculate the first and second differences of the sequence.Does the sequence have a 
linear model, a quadratic model, or neither? 
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A An Introduction to Graphing Utilities 


Graphing utilities such as graphing calculators and computers with graphing 
software are very valuable tools for visualizing mathematical principles, 
verifying solutions to equations, exploring mathematical ideas, and developing 
mathematical models. Although graphing utilities are extremely helpful in 
learning mathematics, their use does not mean that learning algebra is any less 
important.In fact, the combination of knowledge of mathematics and the use of 
graphing utilities enables you to explore mathematics more easily and to a greater 
depth.If you are using a graphing utility in this course, it is up to you to learn its 
capabilities and to practice using this tool to enhance your mathematical learning. 

In this text, there are many opportunities to use a graphing utility, some of 
which are described below. 


Uses of a Graphing Utility 

A graphing utility can be used to 

echeck or validate answers to problems obtained using algebraic methods. 
ediscover and explore algebraic properties, rules, and concepts. 


egraph functions and approximate solutions of equations involving 
functions. 


eefficiently perform complicated mathematical procedures such as those 
found in many real-life applications. 


efind mathematical models for sets of data. 


In this appendix, the features of graphing utilities are discussed from a 
generic perspective. To learn how to use the features of a specific graphing 
utility, consult your user’s manual or the website for this text, found at 
college.hmco.com/info/arsonapplied, where you will find specific keystrokes for 
most graphing utilitiesdfr college library may also have a video on how to use 
your graphing utility. 


The Equation Editor 


Many graphing utilities are designed to act as function graphers‘In this course, 
functions and their graphs are studied in detail.A function can be thought of as a 
rule that describes the relationship between two variables. These rules are 
frequently written in terms of x and y.For example, the equation y = 3x + 5 
represents y as a function of x. 

Many graphing utilities have an equation editor that requires that an equation 
be written in “y =form in order to be entered, as shown in Figure Al. (fa 
should note that your equation editor screen may not look like the screen shown 
in Figure Al) 
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FIGURE A.4 
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FIGURE A.5 


Table Feature 


Most graphing utilities are capable of displaying a table of values with x-values 
and one or more corresponding y-values. These tables can be used to check 
solutions of an equation and to generate ordered pairs to assist in graphing an 
equation by hand. 

To use the rable feature, enter an equation in the equation editor in “y = 
form.The table may have a setup screen, which allows you to select the starting 
x-value and the table step or x-increment.di may then have the option of 
automatically generating values for x and y or building your own table using ask 
mode.In ask mode, you enter a value for x and the graphing utility displays the 
y-value. 

For example, enter the equation 


_ 3x 
y x+2 


in the equation editor, as shown in Figure A2.In the table setup screen, set the 

table to start at x = —4 and set the table step to 1.When you view the table, 
notice that the first x-value is —4 and each value after it increases by 1.Also 
notice that the Y1 column gives the resulting y-value for each x-value, as shown 
in Figure A3.The table shows that the y-value when x = —2 is ERROR. This 
means that the equation is undefined when x = —2. 

With the same equation in the equation editor, set the independent variable 
in the table to ask mode.In this mode, you do not need to set the starting x-value 
or the table step, because you are entering any value you choose for xaf may 
enter any real value for x#ategers, fractions, decimals, irrational numbers, and 
so forth.If you enter x = 1 + /3, the graphing utility may rewrite the number 
as a decimal approximation, as shown in Figure A4d.df can continue to build 
your own table by entering additional x-values in order to generate y-values. 

If you have several equations in the equation editor, the table may generate 
y-values for each equation. 


Creating a Viewing Window 


A viewing window for a graph is a rectangular portion of the coordinate plane. 
A viewing window is determined by the following six values. 


Kin =the smallest value of x 

ax =the largest value of x 

1 =the number of units per tick mark on the x-axis 
Min =the smallest value of y 

Max =the largest value of y 

X1 =the number of units per tick mark on the _ y-axis 


When you enter these six values in a graphing utility, you are setting the viewing 
window. On some graphing utilities, there is a seventh value on the viewing 
window labeled %&s.This sets the pixel resolution.For instance, whens = 1,= 
functions are evaluated and graphed at each pixel on the x-axis.Some graphing 
utilities have a standard viewing window, as shown in Figure A5. 
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FIGURE A.8 
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By choosing different viewing windows for a graph, it is possible to obtain 
very different impressions of the graph’s shape. For instance, Figure A6 shows 
four different viewing windows for the graph of 


y = Olx 4 — x3 + 2x?, 


Of these, the view shown in part (a) is the most complete. 


wee Maa, 2 10 y Dlx C3) ky 2 


8 
-8 16 
-5 10 
=16 -10 
(a) (b) 
2 yO@lx 4-9 2x 7 11 yOlx 4-x3 2x ? 
a4 6 
=4 10 
-8 -2 
(c) (d) 
FIGURE A.6 


On most graphing utilities, the display screen is two-thirds as high as it is 
wide.On such screens, you can obtain a graph with a true geometric perspective 
by using a square settingere in which 


Max — Min 2 
Max — Min 3. 


One such setting is shown in Figure A7.Notice that the x and y tick marks are 
equally spaced on a square setting, but not on a standard setting. 

To see how the viewing window affects the geometric perspective, graph the 
semicircles y, = /9 — x* andy, = —/9— x? using a standard viewing 
window.Then graph y,and y,using a square viewing window.Note the difference 
in the shapes of the circles. 


Zoom and Trace Features 


When you graph an equation, you can move from point to point along its graph 
using the trace feature.As you trace the graph, the coordinates of each point are 
displayed, as shown in Figure A8.The trace feature combined with the zoom 
feature enables you to obtain better and better approximations of desired points 
on a graph. 

For instance, you can use the zoom feature of a graphing utility to approx- 
imate the x-intercept(s) of a graph. Suppose you want to approximate the 
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x-intercept(s) of the graph of y = 2x? — 3x + 2. Begin by graphing the equation, 
as shown in Figure A9(a).From the viewing window shown, the graph appears to 
have only one x-intercept.This intercept lies between —2and —1.By zooming 
in on the intercept, you can improve the approximation, as shown in Figure 
A9(b).To three decimal places, the solution is x ~ — 1476. 


y2x 3-3x2 4 
-6 6 
—4 
(a) (b) 
FIGURE A.9 


Here are some suggestions for using the zoom feature. 


1. With each successive zoom-in, adjust the x-scale so that the viewing 
window shows at least one tick mark on each side of the x-intercept. 


2. The error in your approximation will be less than the distance between 
two tick marks. 


3. The trace feature can usually be used to add one more decimal place of 
accuracy without changing the viewing window. 


Figure Al0(a) shows the graph of y = x? — 5x + 3. Figures A10(b) and 
A10(c) show Zoom-in views’of the two x-intercepts.Using these views and the 
trace feature, you can approximate the x-intercepts to be x ~ 0697 and 
x ~ 4303. 


ye 
10 Y 5x B 


0.01 


Wns b nts 


-10 10 4.32 


n=4.s0erbe T=73.49E-£ 
-10 ~0.01 -0.01 


(a) (b) (c) 
FIGURE A.10 


n=. Bor es4o4 T= 7E.4HE -£ 


Zero or Root Feature 


Using the zero or root feature, you can find the real zeros of functions of the 
various types studied in this textpelynomial, exponential, and logarithmic. 
To find the zeros of a function such as f(x) = 3x — 2, first enter the 
function as y,; = 3y — 2 in the equation editor. Then use the zero or root feature, 
which may require entering lower and upper bound estimates of the zero, as 
shown in Figures Al 1(a) and A11(b). 


10 


T1=tF Ahn e 


FEESund? 
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(a) 
FIGURE A.11 
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fla) =3x-2 


(b) 


In Figure Al 1(c), you can see that the zero is x = 26666667 ~ 25. 


Intersect Feature 


To find the point(s) of intersection of two graphs, you can use the intersect 
feature.For instance, to find the point(s) of intersection of the graphs of 


y= —x+2 and y=x+4 


enter these two functions in the equation editor and use the intersect feature, as 
shown in Figure Al2. 


y= xe 6 41> 6 


ond curve? 
T=S.8FeS404 LBrPcs4 Y=c.1e7e59e . 


—2 —2 
(a) (b) 


Suc 
=: 


(c) (d) 
FIGURE A.12 


From Figure A12(d), you can see that the point of intersection is (— 1, 3). 
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FIGURE A.13 


STUDY TIP 


In this text, when regression 
models are found, the number 
of decimal places in the 
constant term of the model 

is the same as the number of 
decimal places in the data, and 
the number of decimal places 
increases by one for terms of 
increasing powers of the 
independent variable. 


Regression Feature 


Throughout the text, you are asked to use the regression feature of a graphing 
utility to find models for sets of data. Most graphing utilities have built-in 
regression programs for the following. 


Regression Form of Model 

Linear y=ax+ bory=a+t bx 
Quadratic y=ax?+bxt+c 

Cubic y=axet+ bx? +ex+d 
Quartic y=axt+ bx +ex*+dxt+e 
Logarithmic y=at bln(x) 

Exponential y = ab* 

Power y = ax? 

Logistic y= oe 

Sine y = asin(bx +c) +d 


For example, you can find a linear model for the retail sales y (in billions of 
dollars) of health and personal care stores in the United States from 1999 to 2005 
using the data shown in the table. (Source: U.S. Census Bureau) 


er 1999 po00 R001 2002 003 2004 2005 


Sales, y | 1428 | 1554 |1667 {1801 1922 1986 2084 


First let x represent the year, with x = 9 corresponding to 1999, and enter the data 
in the list editor, as shown in Figure A1l3.Note that the list in the first column 
contains the years and the list in the second column contains the retail sales of 
health and personal care stores that correspond to the years. Now use your 
graphing utility’s linear regression feature to obtain the coefficients a and b for 
the model y = ax + b, as shown in Figure Al4.So, a linear model for the data 
is given by 


y = 1103x + 454. 


FIGURE A.14 


‘ 


When you run some regression programs, you may obtain an “r-value,” 
which gives a measure of how well the model fits the data.The closer the value 
of |r| is to 1, the better the fit.For the data in the table above, you can see from 
Figure Al4 that r ~ 0996, which implies that the model is a very good fit for 
the data. 
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Maximum and Minimum Features 


The maximum and minimum features of a graphing utility find the relative 
extrema of a function.To find the relative maximum of a function such as 


f(x) = x3 — 3x 


first enter the function as y, = x7 — 3x in the equation editor.Then use the 
maximum feature, which may require entering lower and upper bound estimates 
for the maximum, as shown in Figures A15(a) and A15(b). 


Vn" F-FH 


Van" F-FH 
k 


EEound? 
e BOe WL. 48ses4 


(b) 


FIGURE A.15 


In Figure A15(c), you can see that the relative maximum occurs at (— 1, 2).The 
relative minimum of the function can be found in a similar manner.From Figure 
A15(d), you can see that the relative minimum occurs at (1, — 2). 
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SB Conic Sections 


B.1 Conic Sections 


m Recognize the four basic conics: circles, parabolas, ellipses, and hyperbolas. 
™ Recognize, graph, and write equations of parabolas (vertex at origin). 

m Recognize, graph, and write equations of ellipses (center at origin). 

@ Recognize, graph, and write equations of hyperbolas (center at origin). 


Introduction to Conic Sections 


Conic sections were discovered during the classical Greek period, which lasted 
from 600 to 300 B.c.By the beginning of the Alexandrian period, enough was 
known of conics for Apollonius (262490 _B.c) to produce an eight-volume work 
on the subject. 

This early Greek study was largely concerned with the geometric properties of 
conics.It was not until the early seventeenth century that the broad applicability of 
conics became apparent. 

A conic section (or simply conic) can be described as the intersection of a 
plane and a double-napped cone.Notice in Figure B1 that in the formation of the 
four basic conics, the intersecting plane does not pass through the vertex of the 
cone. When the plane does pass through the vertex, the resulting figure is a 
degenerate conic, as shown in Figure B2. 


we 4 X > 7% 
A A ws | N 


FIGURE B.1 — Conic Sections FIGURE B.2 Degenerate Conics 


There are several ways to approach the study of conicsafi could begin by 
defining conics in terms of the intersections of planes and cones, as the Greeks 
did, or you could define them algebraically, in terms of the general second-degree 
equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0. 


However, you will study a third approach in which each of the conics is defined 
as a locus, or collection, of points satisfying a certain geometric property. For 
example, in Section 21 you saw how the definition of a circle as _ the collection 
of all points (x, y) that are equidistant from a fixed point (h, k) led easily to the 


standard equation of a circle, (x — h)? + (y — k)? = r?. 


STUDY TIP 


Note that the term parabola 
is a technical term used in 


mathematics and does not simply 


refer to any U-shaped curve. 


5 =py, p #0 


Focus (0, p) 
e 


bance ae 9) 


\ 
\ 
\ 


| Vertex 


\\ Focus (p, 0) 
e 


P 


Pp 


Directrix:x 


Axis 


y? Apx, p#0 


Parabola with horizontal axis 


FIGURE B.3 
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di will restrict your study of conics in this section to parabolas with 
vertices at the origin and ellipses and hyperbolas with centers at the origin.In the 
following section, you will look at the more general cases. 


Parabolas 
In Section 31 you determined that the graph of the quadratic function given by 
f(x) = ax*+ bx +e 


is a parabola that opens upward or downward. The following definition of a 
parabola is more general in the sense that it is independent of the orientation of 
the parabola. 


Definition of a Parabola 


A parabola is the set of all points (x, y) in a plane that are equidistant from a 
fixed line called the directrix and a fixed point called the focus (not on the 
line). The midpoint between the focus and the directrix is called the vertex, 
and the line passing through the focus and the vertex is called the axis of 

the parabola. 


Directrix 


Using this definition, you can derive the following standard form of the 
equation of a parabola. 


Standard Equation of a Parabola (Vertex at Origin) 


The standard form of the equation of a parabola with vertex at (0, 0) and 
directrix y = —p is given by 


p#FO0. Vertical axis 


x? = Apy, 
For directrix x = —p, the equation is given by 
Horizontal axis 


y? = 4px, p#0. 


The focus is on the axis p units (directed distance) from the vertex.See 
Figure B3. 
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FIGURE B.4 


/ CHECKPOINT 1 


Find the focus of the parabola 
whose equation is y? = 2x. & 


Conic Sections 


Finding the Focus of a Parabola 


Find the focus of the parabola whose equation is y = —2x?. 


SOLUTION Because the squared term in the equation involves x, you know that 
the axis is vertical, and the equation is of the form 


x? = Apy. Standard form, vertical axis 


df can write the original equation in this form as follows. 


—2x? = y Write original equation. 
2 ! vi F 
x= oe Divide each side by —2. 
. 1 
x= 4 - 8 ly Write in standard form. 
So, p = —} Because p is negative, the parabola opens downward and the focus 


of the parabola is (0, p) = (0, —3), as shown in Figure B4. 


Finding the Standard Equation of a Parabola 


Write the standard form of the equation of the parabola with vertex at the 
origin and focus at (2, 0). 


SOLUTION The axis of the parabola is horizontal, passing through (0, 0) and 
(2, 0), as shown in Figure B5.So, the standard form is 


y? = 4px. Standard form, horizontal axis 
Because the focus is p = 2 units from the vertex, the equation is 
y? = 4(2)x Standard form 


y* = 8x. 


Focus 
Vertex (2, 0) 
t ¢ t t-—> x 
1 2 3 4 
(0, 0) 


FIGURE B.5 Ee 


/ CHECKPOINT 2 


Write the standard form of the equation of the parabola with vertex at the origin 
and focus at (0, 2). © 
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Light source Parabolas occur in a wide variety of applications. For instance, a parabolic 


atfocus f- ~~~ ~~~ >> oo vi reflector can be formed by revolving a parabola about its axis. The resulting 
ee eee oe = surface has the property that all incoming rays parallel to the axis are reflected 
through the focus of the parabola.This is the principle behind the construction of 

Pocus; (f= 7eessSse se S45 2435 > ; : 3 ‘ : 
eo the parabolic mirrors used in reflecting telescopes. Conversely, the light rays 


emanating from the focus of the parabolic reflector used in a flashlight are all 
reflected parallel to one another, as shown in Figure B6. 


Ellipses 


Parabolic reflector: 
Light is reflected 
in parallel rays. 


The second basic type of conic is called an ellipse, and it is defined as follows. 


FIGURE 6-6 Definition of an Ellipse 


An ellipse is the set of all points (x, y) in a plane the sum of whose 
distances from two distinct fixed points, called foci, is constant. 


d,+#_, is constant. 


The line through the foci intersects the ellipse at two points, called the 
vertices. The chord joining the vertices is called the major axis, and its midpoint 
is called the center of the ellipse.The chord perpendicular to the major axis at 
the center is called the minor axis of the ellipse. 

df can visualize the definition of an ellipse by imagining two thumbtacks 
placed at the foci, as shown in Figure B7.If the ends of a fixed length of string 
are fastened to the thumbtacks and the string is drawn taut with a pencil, the path 
traced by the pencil will be an ellipse. 


FIGURE B.7 


The standard form of the equation of an ellipse takes one of two forms, 
depending on whether the major axis is horizontal or vertical. 
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Standard Equation of an Ellipse (Center at Origin) 


The standard form of the equation of an ellipse with the center at the 
origin and major and minor axes of lengths 2a and 2b (where 0 < b < a) is 


(-a, 0) 


ra 
Vertex 


(0, —a) 


eA 
Vertex 


Major axis is horizontal. 
Minor axis is vertical. 


Major axis is vertical. 
Minor axis is horizontal. 


FIGURE B.8 


/ CHECKPOINT 3 


Find the standard form of the 
equation of the ellipse that has a 
major axis of length 8 and foci at 
(0, —3) and (0, 3). = 


The vertices and foci lie on the major axis, a and c units, respectively, from 
the center.Moreover, a, b,and care related by the equation 


c? = a? — b?. 


Finding the Standard Equation of an Ellipse 


Find the standard form of the equation of the ellipse that has a major axis of 
length 6 and foci at (— 2, 0) and (2, 0), as shown in Figure B8. 


SOLUTION Because the foci occur at (—2, 0) and (2, 0), the center of the ellipse 
is (0, 0), and the major axis is horizontal. So, the ellipse has an equation of 
the form 

+ = 1. 


>) re) Standard form, horizontal major axis 


a 


Because the length of the major axis is 6, you have 2a = 6, which implies that 
a = 3. Moreover, the distance from the center to either focus is c = 2. Finally, 
you have 


b? = a 


c= 3?-2?=9-4=5., 


Substituting a? = 3? and b? = (V5) yields the following equation in standard 
form. 


x2 y 
32 ( Je 1 Standard form 
x2 y? 
This equation simplifies to 9 “+t 5 I. 


STUDY TIP 


The endpoints of the minor axis 
of an ellipse are commonly 
referred to as the co-vertices. 

In Figure B9, the co-vertices 
are (—3, 0) and (3, 0). 
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Sketching an Ellipse 


Sketch the ellipse given by 4x” + y* = 36, and identify the vertices. 


SOLUTION Begin by writing the equation in standard form. 


4x? + y? = 36 Write original equation. 
acc? aca Divide each side by 36 
— ——S i oe ivide each side . 
36 | 36 36 . 
Wad Write in standard fi 
3 62 rite in standar orm. 

2 2 

Xx 

- = =] Simplify. 


Because the denominator of the y?-term is larger than the denominator of the x?- 
term, you can conclude that the major axis is vertical.Moreover, because a = 6, 
the vertices are (0, —6) and (0, 6). Finally, because b = 3, the endpoints of the 
minor axis are (—3, 0) and (3, 0), as shown in Figure B9. 


y 2 2 
, ee 
(0, 6) 32 62 
(3, 0) (3, 0) 
t t t }+—> x 
-6 -4 4 6 


(0, -6) 
FIGURE B.9 


Note that from the standard form of the equation, you can sketch the ellipse 
by locating the endpoints of the two axes.Because 37is the denominator of the 
x?-term, move three units to the right and left of the center to locate the endpoints 
of the horizontal axis. Similarly, because 67is the denominator of the y?term, 
move six units upward and downward from the center to locate the endpoints of 
the vertical axis. 


/ CHECKPOINT 4 


Sketch the ellipse given by x? + 4y? = 64, and identify the vertices. © 


Hyperbolas 


The definition of a hyperbola is similar to that of an ellipse.The distinction is 
that, for an ellipse, the sum of the distances between the foci and a point on the 
ellipse is constant, whereas for a hyperbola, the difference of the distances 
between the foci and a point on the hyperbola is constant. 
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Definition of a Hyperbola 


A hyperbola is the set of all points (x, y) in a plane the difference of whose 
distances from two distinct fixed points, called foci, is constant. 


d,—d, is constant. 


The graph of a hyperbola has two disconnected parts, called branches. The 
line through the two foci intersects the hyperbola at two points, called vertices. 
The line segment connecting the vertices is called the transverse axis, and the 
midpoint of the transverse axis is called the center of the hyperbola. 


Standard Equation of a Hyperbola (Center at Origin) 


The standard form of the equation of a hyperbola with the center at the 


2 2 2 2 
origin (where a # 0 and b # 0) is = = =1 or = = = = IL. 


Transverse 
, 
axis 


> xX 
Zz ; 
2 _> Transverse axis 


Vertex: (0, -c) 
(0, -a) 


y The vertices and foci are, respectively, a and c units from the center. 
Moreover, a, b, and c are related by the equation b? = c? — a?. 


Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola with foci at (—3, 0) and 
(3, 0) and vertices at (— 2, 0) and (2, 0), as shown in Figure B10. 


SOLUTION From the graph, c = 3 because the foci are three units from the 
center.Moreover, a = 2because the vertices are two units from the center.So, it 
follows that 


FIGURE B.10 P=aC?-@=3?-2=9-4=5, 
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Because the transverse axis is horizontal, the standard form of the equation is 


2 2 


Xx 
7 x = 1. Standard form, horizontal transverse axis 
a b 
Finally, substituting a* = 2? and b? = (V5) you have 
xy? a 
= 1. Write in standard form. 


/ CHECKPOINT 5 


Find the standard form of the equation of the hyperbola with foci at (0, —4) and 
(0, 4) and vertices at (0, —3) and (0, 3). @ 


An important aid in sketching the graph of a hyperbola is the determination 
of its asymptotes, as shown in Figure B11.Each hyperbola has two asymptotes 
that intersect at the center of the hyperbola. Furthermore, the asymptotes pass 
through the corners of a rectangle of dimensions 2a by 2b.The line segment of 
length 2b, joining (0, b) and (0, —b) [or (—b, 0) and (d, 0)], is referred to as the 
conjugate axis of the hyperbola. 


Asymptote: 


Asymptote: 
b 
Sa 


Transverse axis is horizontal. Transverse axis is vertical. 
FIGURE B.11 


Asymptotes of a Hyperbola (Center at Origin) 

The asymptotes of a hyperbola with center at (0, 0) are 
y= ae and y= re Transverse axis is horizontal. 

or 


a a 
y=-—x and y= ——x. Transverse axis is vertical. 
b 


b 
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/ CHECKPOINT 6 


Sketch the hyperbola whose 
equation is 9y? — x7 = 9. © 


fat 

~ wie 
rif =4=- 
FIGURE B.14 
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Sketching a Hyperbola 


Sketch the hyperbola whose equation is 4x? — y? = 16. 


SOLUTION 
4x? — y? = 16 Write original equation. 
4x? yy? 16 
cra = 16 = 16 Divide each side by 16. 
S = a =1 Write in standard form. 


Because the x?-term is positive, you can conclude that the transverse axis is 
horizontal and the vertices occur at (— 2, 0) and (2, 0). Moreover, the endpoints 
of the conjugate axis occur at (0,—4) and (0,4), and you can sketch the 
rectangle shown in Figure B12.Finally, by drawing the asymptotes through the 
corners of this rectangle, you can complete the sketch shown in Figure B13. 


6-- 
ee ey 

(—2, 0) ; (2, 0) 

t t—# *— {> x t 

-6 -4 ‘ 1 4 6 -6 
~T0,=4) 
-6—- 

FIGURE B.12 FIGURE B.13 


Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola that has vertices at (0, — 3) 
and (0, 3) and asymptotes y = —2x and y = 2x, as shown in Figure B14. 


SOLUTION Because the transverse axis is vertical, the asymptotes are of 
the form 


a a ae : 
yr 7x and yr —7,X. Transverse axis is vertical. 


b b 


Using the fact that y = 2x and y = —2x, you can determine that a/b = 2. 
Because a = 3, you can determine that b = 2. Finally, you can conclude that the 
hyperbola has the following equation. 


—— =1 Write in standard form. 


/ CHECKPOINT 7 


Find the standard form of the equation of the hyperbola that has vertices at 
(—5, 0) and (5, 0) and asymptotes y = —x andy = x. © 


Skills Review B.1 


and 2.1. 
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The following warm-up exercises involve skills that were covered in earlier sections. You will 
use these skills in the exercise set for this section. For additional help, review Sections 0.7, 1.3, 


In Exercises 1-4, rewrite the equation so that it has no fractions. 


x2 a 
—+-= 
: 6° 5 
x? y? 
2 We eae 


In Exercises 5-8, solve for c. (Assume c > 0.) 
5 @ = 3? = ie 
Ye a 


xe a _ 2B 
x 32° 32 32 
Be Aly 
———: + eee 
o> joa Tome | 


(h @ = + 
o @= iP =2 


In Exercises 9 and 10, find the distance between the point and the origin. 


9. (0, —4) 


Exercises B.1 


10. (—2, 0) 


See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 


In Exercises 1-8, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), (f), (g), and 
(h).] 


(a) y (b) y 
4+ 
See eS 
42 4+ 2 4 
fit 


C) y @ 3 


(e) i (f) 7 
4+ gt 
a-- 
a af tle 4 €+>-: 
cal -2+ 


(9) : (h) 


2 2 

x? = dy x 
3. y? = 4x y 

x ye ey 
5 1 re 6 go 4 

xe ye yx 
os 4) 8.7 i>! 


In Exercises 9-16, find the vertex and focus of the 
parabola and sketch its graph. 


9. y = 4x? 10. y = 3x2 
11. y? = —6x 12. y? = 3x 
13. x? + 8y = 0 14. x7 + 12y =0 
15.x+ y?= 16. y? — 8k = 0 


In Exercises 17-26, find the standard form of the 
equation of the parabola with the given characteristic(s) 
and vertex at the origin. 


17. Focus: (0, —3) 
19. Focus: (—2, 0) 


18. Focus: (0, —2) 
20. Focus: 3, 0) 
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21. Directrix: y = —1 

22. Directrix: y = 2 

23. Directrix: x = 3 

24. Directrix: x = —2 


25. Passes through the point (4, 6); horizontal axis 


26. Passes through the point (—2, —2); vertical axis 


In Exercises 27-34, find the center and vertices of the 
ellipse and sketch its graph. 


x2 y2 x2 y? 
oh ee A += = 
a 25 16 : * 144 169 , 
x2 y? x? y? 
29.55 +6 = 1 30. + T= 1 
9 9 4 
x2 y2 x2 y? 
1.—+7=1 2, += 1 
° 9 5 3 28 =«64 
33. 5x? + 3y? = 15 34, x? + 4y? = 4 


In Exercises 35-42, find the standard form of the 
equation of the ellipse with the given characteristics 
and center at the origin. 


35. Vertices: (0, +2); minor axis of length 2 
36. Vertices: (+2, 0); minor axis of length 3 
37. Vertices: (+5, 0); foci: (+2, 0) 

38. Vertices: (0, +10); foci: (0, +4) 

39. Foci: (+5, 0); major axis of length 12 
40. Foci: (+2, 0); major axis of length 8 


41. Vertices: (0, +5); passes through the point (4, 2) 
42. Major axis vertical; passes through the points (0, 4) and 
(2, 0) 


In Exercises 43-50, find the center and vertices of the 
hyperbola and sketch its graph. 


ney geet xy ot 
43. x y 1 44. 9 16 1 
y? x2 _ y? x2 _ 
4. - 751 = i ee pee 
Ta ae ey 
a 25 144 — : aS 364 ! 
49, 2x? — 3y? = 50. 3y2 — 5x2 = 15 


In Exercises 51-58, find the standard form of the 
equation of the hyperbola with the given characteristics 
and center at the origin. 


51. Vertices: (0, +2); foci: (0, +4) 
52. Vertices: (+3, 0); foci: (+5, 0) 


53. 
54. 
55. 
56. 
57. 
58. 


59. 


60. 


61. 


Vertices: (+1, 0); asymptotes: y = +3x 


Vertices: (0, +3); asymptotes: y = +3x 

Foci: (0, +4); asymptotes: y = +5x 

Foci: (£10, 0); asymptotes: y = +x 

Vertices: (0, +3); passes through the point (—2, 5) 
Vertices: (+2, 0); passes through the point (3, V3) 


Satellite Antenna The receiver in a_ parabolic 
television dish antenna is 3 feet from the vertex and is 
located at the focus (see figure). Write an equation for a 
cross section of the reflector. (Assume that the dish is 
directed upward and the vertex is at the origin) 


i > 


Suspension Bridge Each cable of the Golden Gate 
Bridge is suspended (in the shape of a parabola) between 
two towers that are 1280 meters apart. The top of each 
tower is 152 meters above the roadway (see figure). The 
cables touch the roadway at the midpoint between the towers. 
Write an equation for the parabolic shape of each cable. 


3 ft 


> xX 


y 


(—640, 152) 


(640, 152) 
Cable 


ain ‘Roadway 


Architecture A fireplace arch is to be constructed in the 
shape of a semiellipse.The opening is to have a height of 2 
feet at the center and a width of 5 feet along the base (see 
figure).The contractor draws the outline of the ellipse by 
the method shown in Figure B7.Where should the tacks be 

placed, and what should be the length of the piece of string? 


62. 


63. 


64. 


Mountain Tunnel A semielliptical arch over a tunnel 
for a road through a mountain has a major axis of 100 feet, 
and its height at the center is 30 feet (see figure). Determine 
the height of the arch 5 feet from the edge of the tunnel. 


<— 100 ft ——" 


Sketch a graph of the ellipse that consists of all points (x, y) 
such that the sum of the distances between (x, y) and two 
fixed points is 15 units and the foci are located at the 
centers of the two sets of concentric circles, as shown in 
the figure. 


(| 
i 


ast i sare 
oO XS Ly 


Think About It A line segment through a focus of an 
ellipse with endpoints on the ellipse and perpendicular to 
its major axis is called a latus rectum of the ellipse. 
Therefore, an ellipse has two latera recta. Kowing the 
length of the latera recta is helpful in sketching an ellipse 
because this information yields other points on the curve 
(see figure). Show that the length of each latus rectum is 
2b?/a. 


y 
A 


Latera recta 
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In Exercises 65-68, sketch the ellipse using the latera 
recta (see Exercise 64). 


65. 


66. 


67. 
68. 


69. 


70. 


ge 32 
pepe 
ey, 
9 16 

9x? + 4y? = 36 
5x? + 3y? = 15 


Navigation Long-range navigation for aircraft and 
ships is accomplished by synchronized pulses transmitted 
by widely separated transmitting stations. These pulses 
travel at the speed of light (186,000 miles per second).The 
difference in the times of arrival of these pulses at an 
aircraft or ship is constant on a hyperbola having the trans- 
mitting stations as foci.Assume that two stations 300 miles 
apart are positioned on a rectangular coordinate system at 
points with coordinates (— 150, 0) and (150, 0) and that a 
ship is traveling on a path with coordinates (x, 75) (see 
figure).Find the xcoordinate of the position of the ship if 
the time difference between the pulses from the transmit- 
ting stations is 1000 microseconds (0001 second). 


y 


Hyperbolic Mirror A hyperbolic mirror (used in some 
telescopes) has the property that a light ray directed at one 
focus will be reflected to the other focus (see figure). The 
focus of the hyperbolic mirror has coordinates (12, 0). Find 
the vertex of the mirror if its mount at the top edge of the 
mirror has coordinates (12, 12). 


y 


(12, 12) 


e 
(12, 0) 


> X 


(-12, 0) 
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B.2. Conic Sections and Translations 


m Recognize equations of conics that have been shifted vertically or 
horizontally in the plane. 

® Write and graph equations of conics that have been shifted vertically 
or horizontally in the plane. 


Vertical and Horizontal Shifts of Conics 


In Section Bl, you studied conic sections whose graphs were in standard 
position. In this section, you will study the equations of conic sections that have 
been shifted vertically or horizontally in the plane.The following summary lists 
the standard forms of the equations of the four basic conics. 


Standard Forms of Equations of Conics 


Circle: Center = (h, k); Radius = r 


iy 
A Hh)? +Q-b2=77 


FI — 


Parabola: Vertex = (h, k) 
Directed distance from vertex to focus = p 


(x-h)?4 po-b 


(y-k)? 4 p(w—h) 


1 

6) 

a Focus: 
i] 
1 
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Standard Forms of Equations of Conics (continued) 


Ellipse: Center = (h, k) 
Major axis length = 2a; Minor axis length = 2b 


¥ (-h)?  (~-k? 
+ J 

@=W? _O-k), ; ie a 
2 2 
a b 


>X 
>x 
Hyperbola: Center = (h, k) 
Transverse axis length = 2a; Conjugate axis length = 2b 
Caer TOSie Cnn ie 
y ne iG Be 4 y Ee 2 b2 4 
A A 
> xX 


|e <etssy)(-W Equations of Conic Sections 


Describe the translation of the graph of each conic. 
a. (x — 1)? + (y + 2)? = 3? b. (x — 2)? = 4(—1)(y - 3) 


w= 3) (y= 2)? _ = 2)? Wa IP . 
c. D 32 1 d. 32 + D 


SOLUTION 


1 


a. The graph of (x — 1)? + (y + 2)? = 3? is a circle whose center is the point 
(1, —2) and whose radius is 3, as shown in Figure B15(a) on the following 
page.Note that the graph of the circle has been shifted one unit to the right and 
two units downward from standard position. 


b. The graph of (x — 2)? = 4(—1)(y — 3) is a parabola whose vertex is the point 
(2, 3). The axis of the parabola is vertical.The focus is one unit above or below 
the vertex.Moreover, because p = —1,it follows that the focus lies below the 
vertex, as shown in Figure B15(b).Note that the graph of the parabola has been 
shifted two units to the right and three units upward from standard position. 
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/ CHECKPOINT 1 


Describe the translation of the 
graph of 


(x + 4)? + (y — 3)? = 52. 


Cc. 


gt 12 32 


Conic Sections 


The graph of 


=o) (= 2? 
12 32 


1 


is a hyperbola whose center is the point (3,2). The transverse axis is 
horizontal with a length of 2(1) = 2. The conjugate axis is vertical with a 
length of 2(3) = 6, as shown in Figure B15(c). Note that the graph of the 
hyperbola has been shifted three units to the right and two units upward from 
standard position. 


. The graph of 


=2) ead _ 
32 + 92 


1 


is an ellipse whose center is the point (2, 1). The major axis of the ellipse is 
horizontal with a length of 2(3) = 6. The minor axis of the ellipse is vertical 
with a length of 2(2) = 4, as shown in Figure B15(d).Note that the graph of 
the ellipse has been shifted two units to the right and one unit upward from 
standard position. 


y y 
23 a 


A 


t w= 1)? 42) A se a) 


(23)' @=2)" 5 


(c) 


FIGURE B.15 


oa a 2-4 


(d) 


Writing Equations of Conics in Standard Form 


To 


write the equation of a conic in standard form, complete the square, as 


demonstrated in Examples 2, 3, and 4. 


37 heal) 


FIGURE B.16 
/ CHECKPOINT 2 


Find the vertex and focus of the 
parabola given by 


w+2x-4y+5=0. 8 


CHE O=p2 +7 
ee ite 
3-- 
(-5, 1) 
C2 — 5 
is 
t T i + a 
-5 -4 -3) - -1 
at 
FIGURE B.17 
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Finding the Standard Form of a Parabola 


Find the vertex and focus of the parabola given by x? — 2x + 4y — 3 = 0. 


SOLUTION 
x? —2x+ 4y-3=0 Write original equation. 
x? — 2x = —4y + 3 Group terms. 
w—-2x+1=-4y4+34+1 Add | to each side. 
(x — 1) = -4y +4 Write in completed square form. 
(x — 1)? = 4(-l(y - 1) Write in standard form. 
From this standard form, it follows that h = 1,k = 1, and p = —1. Because the 


axis is vertical and p is negative, the parabola opens downward.The vertex and 
focus are (h, k) = (1, 1) and (h,k + p) = (1,0). The graph of this parabola is 
shown in Figure B16. 


In Examples 1(b) and 2, p is the directed distance from the vertex to the 
focus.Because the axis of the parabola is vertical and p = —1,the focus is one 
unit below the vertex, and the parabola opens downward. 


Sketching an Ellipse 


Sketch the ellipse given by the equation x* + 4y? + 6x — 8y + 9 = 0. 


SOLUTION 
x? + 4y? + 6x — BY +9 =0 Write original equation. 
(x2 + 6x + ) + (4y? — 8y + )=-9 Group terms. 
(x? + 6x + ) + 46? - 2y + )=-9 Factor 4 out of y-terms. 
(2 + 6x +9) + 4(y? —2y + 1) =-949+44(1) Addoand 4(l) = 410 
(x ae 3)2 ao A(y = 1)? =4 Hi aa 
+ 2 -—1 2 
& mn 3) t (y i ) =1 Divide each side by 4. 
+ 2 — | 2, 
(x a =F (y R ) =1 Write in standard form. 


From this standard form, it follows that the center is (h, k) = (—3, 1). Because 
the denominator of the aterm is a? = 27the endpoints of the major axis lie two 
units to the right and left of the center.Similarly, because the denominator of the 
y-term is b? = 17, the endpoints of the minor axis lie one unit up and down from 
the center.The ellipse is shown in Figure B17. 


/ CHECKPOINT 3 


Sketch the ellipse given by the equation 
+ 9y — 4x 4+ Ly +4=0. 8 
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Sketching a Hyperbola 


Sketch the hyperbola given by the equation 
y* — 4x? + 4y + 24x — 41 = 0. 


SOLUTION 
Geman ae i y? — 4x? + 4y + 24x — 41 =0 Write original equation. 
) a (32) 7 (y? + 4y + ) — (4x2 — 24x + )=41 Group terms. 
+ + — A(x- — 6x + = Factor 4 out of x-terms. 
(y? 4y ) -— 4(x? - 6 )=41 
(y? + 4y + 4) — 402 - Gr +9) = 41 +4-4(0) Sardar surat ide. 
| . (y+ 2P —4ee~3 = 9 ion ae 
-2 
+2)? A(x — 3)? 
(y 9 ) & 9 3) = 1 Divide each side by 9. 
+ 2) =/2 I 
(y 9 ) are = 1 Change 4 to 1/(1/4). 
+ 2)? — 3) 
(y 32 ) " 1 = 1 Write in standard form. 


From the standard form, it follows that the transverse axis is vertical and the 
center lies at (h, k) = (3, —2). Because the denominator of the y-term is a* = 37, 
you know that the vertices lie three units above and below the center. 


Vertices: (3,5) and (3,1) 


FIGURE B.18 


To sketch the hyperbola, draw a rectangle whose top and bottom pass through the 
A CHECKPOINT 4 vertices. Because the denominator of the x-term is b? = 3)*, locate the sides of 
Se ten ae erst the rectangle 3 units to the right and left of the center, as shown in Figure B18. 
Finally, sketch the asymptotes by drawing lines through the opposite corners of 
the rectangle. Using these asymptotes, you can complete the graph of the 
4x° — y> + 16x — 2y -1=0. © _ hyperbola, as shown in Figure B18. 


Sketch the hyperbola given by the 
equation 


To find the foci in Example 4, first find c. 


c2 =a? + b? 
ce=94+ = 
45 
Qh a ae 
ana 
_ 3/5 
aa 


Because the transverse axis is vertical, the foci lie c units above and below the 
center. 
3/5 5/5 


Foci: (3. —2+ a33| and (3. =) = a4) 


FIGURE B.19 


FIGURE B.20 
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Writing the Equation of an Ellipse 


Write the standard form of the equation of the ellipse whose vertices are 
(2, —2) and (2,4). The length of the minor axis of the ellipse is 4, as shown 
in Figure B19. 


SOLUTION The center of the ellipse lies at the midpoint of its vertices.So, the 
center 1s 


(h, k) (? . as 4) = (2, 1). Center 


Because the vertices lie on a vertical line and are six units apart, it follows that 
the major axis is vertical and has a length of 2a = 6. So, a = 3. Moreover, 
because the minor axis has a length of 4, it follows that 2b = 4, which implies 
that b = 2. Therefore, you can conclude that the standard form of the equation of 
the ellipse is as follows. 


RHA? lye ay 
b? 7 a 

g=2) , b= 1P 
2? = 3? 


1 Major axis is vertical. 


=1 Write in standard form. 


/ CHECKPOINT 5 


Write the standard form of the equation of the ellipse whose vertices are 
(—1, 4) and (4, 4). The length of the minor axis of the ellipse is 3. ™ 


An interesting application of conic sections involves the orbits of comets in 
our solar system.Of the 610 comets identified prior to 1970, 245 have elliptical 
orbits, 295 have parabolic orbits, and 70 have hyperbolic orbits. For example, 
Halley’s comet has an elliptical orbit, and reappearance of this comet can be 
predicted every 76 years.The center of the sun is a focus of each of these orbits, 
and each orbit has a vertex at the point where the comet is closest to the sun, as 
shown in Figure B20. 

If p is the distance between the vertex and the focus (in meters), and v is the 
speed of the comet at the vertex (in meters per second), then the type of orbit is 
determined as follows. 


1. Ellipse: v < . peas 
P 
/2GM 
2. Parabola: v = a” 
P 
/2GM 
3. Hyperbola: v > a 


In each of these equations, M = 1989 x 10*° kilograms (the mass of the sun) 
and G ~ 667 x 107!! cubic meter per kilogram-second squared (the universal 
gravitational constant). 
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Skills Revi B.2 The following warm-up exercises involve skills that were covered in earlier sections. You will use 
lis heview D. these skills in the exercise set for this section. For additional help, review Section B.1. 


In Exercises 1-12, identify the conic represented by the equation. 


2 2) 2, 2 
ae al ect 3, 2x + y? =0 
2 eo 2 2) 
see a! go! 6. 4x2 + 4y? = 25 
2 2D; 
BS eases Te yA eee 
7 A 5 1 8. x by = 0 2 she = 
9x2 ye - ae x2 vee 
Wael 11. 3y? — 3x2 = 48 1 ea al 


Exercises B.2 See www.CalcChat.com for worked-out solutions to odd-numbered exercises. 
In Exercises 1-6, describe the translation of the graph In Exercises 7-16, find the vertex, focus, and directrix 
of the conic from the standard position. of the parabola. Then sketch its graph. 
2. y 7. (x — 1)? + 8(y + 2) =0 
t 8. (x +3) + (y 22 =0 
9. (y +4) = 2@ — 5) 10. (x + 4) = 4(y - 3) 
11. y =} (x? — 2x + 5) 12. y = —i(x2 + 4x — 2) 


13. 4x — y?2 — 2y — 33 =0 


CG. 14.y°+x+y=0 


(x2) ?4y-1) 274 (y- 1)? 42) 2) 15. y? + 6y + 8x + 25 =0 
16. x2 — 2x + 8y +9 =0 


3. y 4. 
7 In Exercises 17-24, find the standard form of the 
= ae ee equation of the parabola with the given characteristics. 
“eg. ee 17. Vertex: (3, 2);focus: (1, 2) 
t b> x 
mall i 6 18. Vertex: (—1,2);focus: (—1, 0) 
19. Vertex: (0, 4);directrix: y = 2 
(y 3) 1 ee Omer 20. Vertex: (—2, 1);directrix: x = 1 
as 
Toe 1) =i ne aa = 21. Focus: (2, 2);directrix: x = —2 
5 6 y 22. Focus: (0, 0);directrix: y = 4 
at 23. Vertex: (0, 4);passes through (—2, O)and (2, 0) 
i pi \i 4 — 24. Vertex: (2, 4);passes through (0, O)and (4, 0) 
-6 \ -2 
—2 - : 7 , 
In Exercises 25-32, find the center, foci, and vertices of 
a the ellipse. Then sketch its graph. 
-6-4 
— 4) _ s)2 
wa ge HP Oy —5P 
Gar G2) 2 (2)? (8)? : ? 
+ 4 = ad 


9) 16 4 9 
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26. (x + 2)? 4 (y + 4)? 1 In Exercises 53-60, find the standard form of the 
1/4 equation of the hyperbola with the given characteristics. 

27. 9x? + 4y? + 36x — 24y + 36 = 0 53. Vertices: (2, 0), (6, 0); foci: (0, 0), (8, 0) 

28. 9x? + 4y? — 36x + 8y + 31 =0 54. Vertices: (2, 3), (2, —3); foci: (2,5), (2, —5) 

29. 16x? + 25y? — 32x + 50y + 16=0 55. Vertices: (4, 1), (4, 9); foci: (4, 0), (4, 10) 

30. 9x? + 25y* — 36x — 50y + 61 = 0 56. Vertices: (—2, 1), (2, 1); foci: (—3, 1), (3, 1) 

31. 12x? + 20y? — 12x + 40y — 37 = 0 57. Vertices: (2, 3), (2, —3); passes through (0, 5) 

32. 36x? + Oy? + 48x — 36y + 43 = 0 58. Vertices: (—2, 1), (2, 1); passes through (4, 3) 

In Exercises 33-42, find the standard form of the Soe Nemes 2116.2) 


equation of the ellipse with the given characteristics. 


33. 
34. 
35. 


Vertices: (0, 2), (4, 2); minor axis of length 2 
Vertices: (3, 1), (3, 9); minor axis of length 6 
Foci: (0, 0), (4, 0); major axis of length 8 


60. 


asymptotes: y = by yu4a4- fe: 
Vertices: (3, 0), (3, 4); 

_2 _ 2 
asymptotes: y = 3x, y = 4 — 3x 


In Exercises 61-68, identify the conic by writing the 
equation in standard form. Then sketch its graph. 


36. Foci: (0, 0), (0, 8); a. length 16 ee ee ee ee 
37. Center: (2, —1);vertex: (2, 5); , ; 
minor axis of length 2 nee Bs oe toy et 
63. 4x2 — y> — 4x —-3 = 0 


38. 


Center: (4, 0);vertex: (4, —4); 


minor axis of length 6 64. y? — 4y — 4x = 0 
39. Center: (3, 2); a = 3c; foci: (1, 2), (5, 2) 65. 4x? + 3y? + 8x — 24y + 51 =0 
40. Center: (0, 4); a = 2c; vertices: (—4, 4), (4, 4) 66. 4y? — 2x? — 4y + 8x — 15 =0 
41. Vertices: (5,0), (5, 12); endpoints of minor axis: 67. 25x* — 10x — 200y — 119 =0 
(0, 6), (10, 6) 68. 4x2 + 4y2 — l6y + 15 =0 
42. Vertices: (— 12, 0), (0, 0); endpoints of minor axis: 
(—6, 3), (—6, —3) 69. Satellite Orbit A satellite in a 100-mile-high circular 


In Exercises 43-52, find the center, vertices, and foci of 
the hyperbola. Then sketch its graph, using asymptotes 


orbit around Earth has a velocity of approximately 17,500 
miles per hour If this velocity is multiplied by \/2,then the 
satellite will have the minimum velocity necessary to 


as a sketching aid. escape Earth’s gravity, and it will follow a parabolic path 


with the center of Earth as the focus (see figure). 


= 2 2. 

43, & me Ot) 4 . 

yee GaP, ae ag 
144 25 

45. (y + 62 —(x- 2 =1 
= 2 2 

4g: oe (x te i 

47. 9x? — y? — 36x — 6y + 18 =0 * 


48. x* — 9y? + 36y — 72 = 0 

49, 9y? — x? + 2x + 54y + 62 = 0 

50. 16y? — x2 + 2x + 64y + 63 = 0 

51. x* — 9y? + 2x — 54y — 107 Not drawn to scale 

52. 9x? — y? + 54x + 10y + 55 (a) Find the escape velocity of the satellite. 


(b) Find an equation of its path (assume the radius of Earth 
is 4000 miles). 
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Fluid Flow Water is flowing from a horizontal pipe 48 
feet above the ground.The falling stream of water has the 
shape of a parabola whose vertex (0, 48) is at the end of the 
pipe (see figure).The stream of water strikes the ground at 
the point (10 J3, 0). Find the equation of the path taken by 
the water. 


In Exercises 71-78, e is called the eccentricity of an 
ellipse and is defined by e = c/a. It measures the flat- 
ness of the ellipse. 


71. 


72. 


73. 


74. 


75. 


Find an equation of the ellipse with vertices (+5, 0) and 
eccentricity e = 2. 
Find an equation of the ellipse with vertices (0, +8) and 
eccentricity e = 5. 


Planetary Motion Earth moves in an elliptical orbit 
with the sun at one of the foci (see figure). The length of 
half of the major axis is a = 92956 x 10’ miles and the 
eccentricity is 0017.Find the shortest distance (perihelion) 
and the greatest distance (aphelion) between Earth and the 
sun. 


& . 


Figure for 73-75 


Planetary Motion The dwarf planet Pluto moves in an 
elliptical orbit with the sun at one of the foci (see figure). 
The length of half of the major axis is 3670 x 10° miles 
and the eccentricity is 0249.Find the shortest distance and 
the greatest distance between Pluto and the sun. 


Planetary Motion Saturn moves in an elliptical orbit 
with the sun at one of the foci (see figure). The shortest 
distance and the greatest distance between Saturn and the 
sun are 13495 x 10° kilometers and 15040 x 10° 
kilometers, respectively.Find the eccentricity of the orbit. 


76. 


77. 


78. 


79. 


80. 


Satellite Orbit The first artificial satellite to orbit Earth 
was Sputnik I (launched by the former Soviet Union in 
1957). Its highest point above Earth’s surface was 588 
miles, and its lowest point was 142 miles (see figure). 
Assume that the center of Earth is one of the foci of the 
elliptical orbit and that the radius of Earth is 4000 miles. 
Find the eccentricity of the orbit. 


i] 1 i] 
t! i] i) 
i 1 i 1 
1 | i) i] 
rt 
142 miles 588 miles 


Not drawn to scale 


Show that the equation of an ellipse can be written as 
(e-ne (ye 

a? " a(1 — e2) 
Note that as e approaches zero, the ellipse approaches a 
circle of radius a. 


Comet Orbit Halley’s comet has an elliptical orbit with 
the sun at one focus. The eccentricity of the orbit is 
approximately 097.The length of the major axis of the 
orbit is approximately 3588 astronomical units. (An 
astronomical unit is about 93 million miles) Find the 
standard form of the equation of the orbit.Place the center 
of the orbit at the origin and place the major axis on 
the x-axis. 


Comet Orbit The comet Encke has an elliptical orbit 
with the sun at one focus.Encke’s path ranges from 034 to 
408 astronomical units from the sun. Find the standard 
form of the equation of the orbit.Place the center of the 
orbit at the origin and place the major axis on the x-axis. 


Australian Football In Australia, football by 
Australian Rules (or rugby) is played on elliptical fields. 
The fields can be a maximum of 170 yards wide and a 
maximum of 200 yards long. Let the center of a field of 
maximum size be represented by the point (0, 85). Find the 
standard form of the equation of the ellipse that represents 
this field. (Source: Australian Football League) 
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Answers to Odd-Numbered Exercises and Tests 


CHAPTER 0 


SECTION 0.1 
1. 


19; 


23. 
27. 


31. 


(page 8) 

(a) Natural: {5} 

(b) Integer: {—9, 5} 

(c) Rational: {—-9, -f, = z Ol } 
(d) Irrational: { /2} 


. (a) Natural: {12, 1, V4} (Note: J4 = 2) 


(b) Integer: {12, — 13, 1, /4} 
(c) Rational: {12, — 13, 1, /4, 3} 
(d) Irrational: { V6} 


- (a) Natural: {8 o} (Note: B= 4) 
(b) Integer: {8 —4, o} 
(c) Rational: {8 —§ —4, 9, 9, 142 } 
(d) Irrational: Lael J70} 
. 06 9. 0126 i. = 1 -<25 
<7 15. 1 > —35 
3 -3.5 
2 a a 
te + + + [-—o—> x 4-3-2 -1 0 1 2 
1 2 a 4 5 6 7 
ee” 
673 
ee 
3 6 
ee > x 
0 1 2 
204 31 127 584 7071 41 
60° 9° , 345, 2 3,2 = 21. 96> 413> 50002 V 2» 33 
x<4 25.0<x<3 
x < 0 denotes all negative 29. x < 5 denotes all real 


real numbers. numbers less than or 


equal to 5. 
A$ > +—@£#{|—,; 
—4 oe! 0 1 3) 4 5 6 7 
x > 3 denotes all real numbers greater than 3. 
+ Ht 
1 2 3 4 5 
. —2 <x < 2 denotes all real numbers greater than —2 and 
less than 2. 
(4+ +++» 


=—3 2 =] 0 1 2 3 


. —1 < x < Odenotes all real numbers greater than or equal 


to — 1 and less than 0. 


37. 


x>0 3%5<y<12 41.4 >35 

.35% <r<6% 45.10 47.-6 49. -9 
.-1 537-3 = 55, |-7| =|7| 
—3}>-|-3| 59 -|-2)/=—-|2| 614 
.3 0 65.500 67. 51 69. STA Je — 3] > 
x+10]>6 75. |ly-O0] > 6 > |y| > 6 
x—m|>5 79. 179 miles 


. 129°F 
Passes Budget 
a—)| 005b Variance Test 
. $7655 $500 No 
. $6432 600 & 
. 93783 $040 No 
Passes Quality 
ja — D| 00012b Control Test 
. 0002 00168 & 
. 0027 00192 No 
. 0027 00216 No 
. (a) No.If u > Oand v < Oor if u < Oand v > 0,then 


|u + v| # |u| + |v]. 


(b) &. If the signs of 
Ju r v| < |u| ot |v]. 


and re different, then 


. Answers will vary. Sample answer: The set of natural 


numbers includes only the integers greater than zero. The 
set of integers includes all numbers that have no fractional 
or decimal parts.The set of rational numbers includes all 
numbers that can be written as the quotient of two integers. 
Any real number that is not a rational number is in the set 
of irrational numbers. 


SECTION 0.2 = (page 18) 
Skills Review (page 18) 
1.-4<-2 20>-3 3. ¥3>173 
4.-7<-3 5.|6-4|=2 6. |2-(-2)| =4 
7. |0-(-5)|=5 8 |3-(-1)| =4 
9. |-7| + |7]} =74+7= 14 
10. —|8 — 10| = —|-2| = -2 


0 WHLdVHO 
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1. 7x, 4 3. x°, —4x, 8 5.. 2x7, — 94,13 SECTION 0.3 (page 27) 
7. —6 9. 6 11. (a) -—10 (b) -6 
13. (a) 14 (b) 2 Skills Review (page 27) 
15. (a) ; (b) aan cannot divide by zero. 11 2. 5 3. 4 4a 5. i 6.1 
17. 1 19. 35 21.3 23... C tati dditi 3 
4 ommutative (addition) 7.3 8. 0 9. zt 10. 1 
25. Inverse (addition) 27. Distributive Property 
29. Inverse (multiplication) 31. Identity (addition) 1. 64 3. 8 5. 729 7, —81 9. 5 
33. Identity (multiplication) 35. Associative (addition) 11. 8 13. 4 15. 5184 17. -3 19. 1 
37. x(3y) = (x + 3)y Associative (multiplication) 21. 18 23. Z 25. —12523 27. 16x7 29. 10x4 
= (3x)y Commutative (multiplication) P ay, . 
x 
39. 24-3 41.24-3-5 843, -14 45. 31. —3c7 33. ae 35. 5 37.5 +5 
47.5 497 51. -013 53. 156 7 1 
55. 238 57. 4625 39. 7 41. 7 43, 27" 45. 1,x #0 
59. 212% 9 
ee 47,—— 49.32 51.53, = 
(b) Health and Medicare: ~$49 billion (y + 2) x y 
Education and Veterans’ Benefits: ~ $68 billion 55. 573 x 107 square miles 57. 946 x 10!? kilometers 
Income Security: ~$46 billion 59. 1x 10-7 meter 61. 350,000,000 air sacs 
Social Security: ~$24 billion 63. 00000000000000000001602 coulomb 


Other: ~$91 billion 
National Defense: ~$94 billion 


61. ~ 1695 patients 
63. (a) Scientific:5 ©) ©O1s C2 C3 O G10 © 
Graphing:5 (O18 ©)2 @)3 0) G10 


65. (a) 60 x 104 (b) 20 x 10"! 

67. (a) 3071 x 10° (b) 3077 x 10! 

69. (a) 4907 x 10'7 (b) 1479 

71. (a) (48 x 10!°)(25 x 108) = 12 x 10" 


12 x 10-8 
(b) Scientific:6 G2) G5 O O78 0265 0) (b) is 1875 x 107-3 
X 
306 73. (a) $2,47740  (b) 92,46728 


Graphing: ©)6 KO O7 OOO200 (c) $2,42812  (d) $2,32767 
As the number of compoundings per year decreases, the 
65. Food: 40% balance in the account also decreases. 
Vet care: 24% 75. =~ 519% 77. 310,04859 
SuppliesOTC medicine: 24% 


SECTION 0.4 = (page 36) 


Live animal purchases: 5% 


Grooming and boarding: 7% 
Skills Review (page 36) 


Supplies/OTC medicine 24% 1. aa 2. 48 3..-= 8x3 4. 6x’ 
1 2 
5. 28x° 6. =x ase 8: 9. 1 
Live animal purchases 5% . 5 ‘ 4x? 


Grooming and boarding 7% 10. (x + 2) 10 


Lera=3 3.975252 5, (6 = 14 
7. (-216'2 =-6 9, 813/4=27 

i. 3/12527=25 13.3 15.3 17.2 
19. -125 21.4 23.216 25. V6 


27. = 29.-4 31. 2x32 33, z oe 
x 
23/2 #5 


35..—— 37. 90 39. 45 41. 
y 2 


43. 4/4 as, “5+ V3) 47. 3(/6 — ./5) 


49. 25 51. 2'/ 53. x9/2,x #0 55. 5 
57.2.3 59. 8x8y3 61. 29263. 32 = 3 
65. x 67. 27x 69. 3127. — 2. Vy 

73. 3557 75. 2006 77. 2938 79. 0382 
81. (040W70)0) & 3 

S/S JIS JSS. 85.5577 42 

87. /3 «7/3 > 73 

89. 25 inches x 25 inches x 25 inches 91. ~ 1283% 
93. No 95. ~ 2221 seconds 97. ~ 0021 inch 


99. ~ 494 vibrations per second 
101. a;Higher notes have higher frequencies. 


103. ~ 402 miles per hour 105. ~ 174°F 107. 1 
109. @®@ =a "=—=1 


111. Radicals can be added together only if they have the same 
radicand and index. 


MID-CHAPTER QUIZ = (page 39) 
1. -|-7| < |-7| 2. —(—3) = |-3| 
3.x =0 4. r => 95% 


5. —2 < x < 3 denotes all numbers greater than or equal to 
—2 and less than 3. 


+ > 


-3 -2 -1 0 1 2 3 
6. 3x7,-7x,2 7.3 8 -13 9% 104 


27x 
yo 


11. — 2x7 12. 3 13. 14. 952779 


15.-1 16-64 17.9 18-33 1923 
20. 22 cm x 22cm x 22 cm 


SECTION 0.5 = (page 46) 


Skills Review (page 46) 


1. 42x3 2. —20z7 3... =218 4. —3x® 


5-8 eeu 6.4/3 7. a 8. 8 
4 4x? 


9 /2 10. —3x 


Answers to Odd—Numbered Exercises and Tests A31 


1. 


Degree: 2 3. Degree: 5 
Leading coefficient: 2 Leading coefficient: 1 
. Degree: 5 


Leading coefficient: 3 


. Polynomial, —3x* + 2x + 8, degree 3 


9. Not a polynomial 


63. 


65. 


. Polynomial, —w* + 2w? + w?, degree 4 

- (a) -—3 (b) 1 (c) 5 (dd) 17 

- (a) -10 (b) -1 ()4 (5 

2 —-2x-10 19. 2x3-4x—5 21. 8x? + 29x? + II 
. 3x3 — 6x? + 3x 25. 4x4 — 12x 

« 9x3 — 21x? 29. x2 + 7x + 12 

. 6x7 — Ix — 5 33,47 — 25 

. x7 + 12x + 36 37. 4x? — 20xy + 25y’ 


2+ xy + y> — 6x — 6y + 9 


2x8 + 3x? + 3x41 43. 8x? — 12x?y + 6xy? — y 
. 9yt-— 1 47. m> — n> — 6m + 9 
Ley Sloat +x? +1 53. 2x? + 2x 


. The student omitted the middle term when squaring the 


binomial. 


(x — 3)? = x? — 2(x)(3) + 32? = 2? — 6x + 9 


. 100073 + 3000r? + 3000r + 1000 59. &e¥;No 
61. 


66,98876; 74,58225; In the years 2004 and 2005, the 
total amounts of federal student aid disbursed were 
approximately 66,988,760,000 and $4,582,250,000. 

x = 3inches:V = 4968 cubic inches 

x = 7inches:V = 7448 cubic inches 

x = Q9inches:V = 7344 cubic inches 

x = 7 inches produces the greatest volume. 


Tx? + 14x + 4 67. Answers will vary. 


SECTION 0.6 = (page 53) 


Skills Review (page 53) 


. 15x? — 6x 2. —2y? — 2y 3. 4x7 + 12x + 9 
9x? — 48x + 64 5. 2x? + 13x — 24 
—52—z+4 7. 4y? - 1 8.x — a 

. + 12x? + 48x + 64 

10. 8x° — 36x? + 54x — 27 


1. 
7. 
11. 


3(x + 2) 3. 3x(x? — 2) 5. (x — I(x + 5) 
(x + 6)(x — 6) 9. (4x + 3y)(4x — 3y) 
(x + 1)(x — 3) 13. (x — 2)? 15. (2y + 3)? 
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21. 
25. 
29. 
33. 
37. 
41. 
45. 
49. 
55. 
59. 
63. 
67. 
69. 


71. 


75. 


77. 
79. 


81. 


~(y—§P 19. (e — 2)? + 2x + 4) 

(y + 5)(y? — S5y + 25) 23. (2t — 1)(47 + 2¢ + 1) 
(x + 2)(x — 1) 27. (w — 2)(w — 3) 

(y + 5)(y — 4) 31. (x — 20)(x — 10) 

(3x — 2)(x — 1) 35. (3x + 1)(3x — 2) 

(6x + 1)(x + 6) 39. (x — 1)? + 2) 

(2x — 1)(x? — 3) 43. (2 — y*)\(3 + y) 

4x(x — 2) 47. y(y — 3)(y + 3) 

3(x + 4)(x — 4) 51. (x -— 1)? 53. (1 — 2x)? 
y(2y + 3)(y — 5) 57. 2x(x — 2)(x + 1) 

(3x + 1)(x? + 5) 61. x(x — 4)(x? + 1) 

—x(x + 10) 65. (x + 1)*(x — 1)? 


A(t — 2)(2 + 2t + 4) 
x xl 
Lid >! 
ie 
1O[ 
x x x 11] 73. (2x — 3) feet 
rrirtiid 
| 2: 
x 1 
Lid 
iO 
(a) (x + 8)(x + 3); factoring by grouping 


(b) (3x — 5)(x + 4); factoring by trial and error 
c = {7, 12, 15, 16}; Answers will vary. 
Answers will vary.Sample answer: 


(1) Find a combination of factors of 2 and —15 such that 
the outer and inner products add up to the middle term 
= 1%; 


2x? — Tx — 15 = (2x + 3)(x — 5) 


(2) Rewrite —7 as the sum of two factors of the product 
2(— 15). Then factor by grouping. 


2x? — Tx — 15 = 2x? — 10x + 3x — 15 
2x(x — 5) + 3(x — 5) 
= (x — 5)(2x + 3) 
Box 1: V = (a — b)a? 
Box 2: V = (a — b)ab 
Box 3: V = (a — b)b* 


Multiplying (a — b) by each term of (a* + ab + b’) 
produces the volumes of the three boxes. 


Answers to Odd—Numbered Exercises and Tests 


SECTION 0.7 


(page 60) 


Skills Review (page 60) 


1. 5x2(1 — 3x) 


3. (3x — 1)? 


6. (x — 5)(x — 10) 
8. (3x — 1)(x — 15) 


4. (2y + 3)? 


10. (y + 4)(o? — 4y + 16) 


2. (4x + 3)(4x — 3) 


5. (z + 3)(z + 1) 


7. (3 —x)(1 + 3x) 
9. (s + 1)(s + 2)(s — 2) 


5. All real numbers 


63. 


69. 


“2 
yy RES 


° oy 
. x2(x — 1) 


. (a) No (b) & 


2* + #0 


x(x + 3) 
°c 


_-1l-x,x#2 


_ x(x + 7) 
x+1 


Pa 3 


> 


x#9 39. 


3. (a) & 


(b) & 


. All real numbers except x = 0 and x = 4 
. All real numbers greater than or equal to — 1 


. 3x, x #0 


15.x-—2,x#2,x#0 


~xt+2,x# -2, x43 


21 


_ * 
* Oe + 17 * 


# 


=i] 


25. —(x + 5), x #5 


“G4 3G—2 * 


x#-y 


5x 


—_ 
=2 29. = 
x # er 


33,.2-— 3 


2 43 


4 
>y 


x 
* x(x 


35, 


#3 


1 


= 


+> 


47. x(x + 1), x # -1,0 


51. (x + 5)(x - 


7) 


2x 4x — 23 


57. 


x—4 


“(x + 2)@ — 2)(x - D 


prt? 


(a) 12% (b) 


61. 


65. Eel =a 
x 


288(NM — P) 


N(12P + NM) 


x=5 


2- 


67 


312% 


x 


2x — 1 
“2x 


7. All real numbers except x = 2 


< 5@— 2)’ xF 


#-2 


gee? 


ay) 


1 


71. if ;No 
80+ 
& 70+/e 
& +] 
254] [alah 
Bot] |] ale/als 
230+ a | | 2 
& Urey 
5 20+ 
F ot 
a a a 
o 12 3 4 5 
Time (in hours) 
REVIEW EXERCISES (page 64) 


1. 


(a) Natural: {11} 

(b) Integer: {11, — 14} 

(c) Rational: {11, —14, —8,3, 04 } 
(d) Irrational: {V6} 


3,42 =3 
4 ee 
ee eee ee | 
5. x < —6 denotes all real numbers less than or equal to — 6. 
<< —_—}—+— + 
28 ey Se) cabie ed 
7.x 20 9.2.24 = 5 11. —14 
13. |-12| > —|12| 15. 4 17. 10 19. |x -—7| = 4 
21. —2x?, x,4 23. 3x3, 7x, —4 25. (a) 2. (b) O 
27. Distributive Property 29. Commutative (addition) 
31.-1 333 35.5 37.010 39, -2 
41. -5 43. 8x, x #0 45. 2. 
x 
47. 3004 x 108 49. 864,400 miles 
51. (a) 11,414125 — (b) 18,380160 
53. | Year 5 10 15 
Balance | $2074.23 | $2868.28 | $3966.30 
Year 20 25 
Balance | $5484.67 | $7584.30 
55§.16/2=4 57.13 59%. 2x2 61.2+ V3 
63. -3/x 65/10 67.75 69. /5 
71. 11269 73. —6x + 26 75. x7 — 8x — 14 
We =H 22 79. x3 + 64 81. x7 + 8x + 16 
83. 6155 


In 2005, the average sale price for a newly manufactured 
residential mobile home in the United States was 61,550. 


87. 4(x + 3)(x — 3) 
91. x(x + 4)(x — 4) 


95. All real numbers except x = 3 


Answers to Odd—Numbered Exercises and Tests A33 
85. x = 0: 1066 
x = 5: 2025 


There were 106,600,000 and 202,500,000 cell phone sub- 
scribers in the United States in 2000 and 2005, respectively. 


89. 3x(x + 1)(x — 2) 
93. (x + 3)(x — 3)(x — 2) 


97. All real numbers 99. 3x 
101. =>, 4 -2 103. x —5,x # -3 
105.273.40,3 107.22 x4-1,4 
x= 1 Sia) 2 
3x? — 4x 6 
ee — eel 
109 6-16-29) 111 Pr ee 
+ a 
w.2%t+ 4000 15, 2540 
x= I ytx 
CHAPTER TEST (page 67) 
1. —12 
2. | Year 5 10 15 
Balance | $5813.18 | $8448.26 | $12,277.81 
Year 20 25 
Balance | $17,843.27 | $25,931.52 
The longer you leave the $000 in the account, the more 
money you earn. 
3. -64x6 4, -4Ve 5.256. 4( V3 - V5) 
+ 
1oxJi BD aa 9. 9x? + 42x + 49 
10. —5x? + 29x 11. 5(x + 4)(x — 4) 
12. (2x + 3)? 13. (x? — 3)(x — 6) 
14. (x +2)°(x-2) 15. H(x—-4),x # -4 
x+4 5 4x? — 13x 
16. 17. 
eee ge (x — 3) — 4) 
x + 26 
18. —-— 
8 G4 56-2) 
19. All real numbers greater than or equal to 2 
20. All real numbers except x = —1 
2x? — 5x = 18 
21. 53 5r-y2°* 1, -2 


22. x = 5: 421, x = 15: 645 


In 1995 and 2005, the average prices of a movie ticket in 
the United States were $21 and 645, respectively. 
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CHAPTER 1 


SECTION 1.1 


Answers to Odd—Numbered Exercises and Tests 


(page 76) 


Skills Review 
1. —3x — 10 


a 


(page 76) 
2,.5x% = 12 3. x 
1 5 


15 + 


x(x + 1) 


Ix — 8 2 
SE 10. == 
x(x — 2) vr—] 


Senn = 


57. 


59. 


61. 
67. 


69. 
73. 
77. 


SECTION 1.2 


. Identity 


3. Conditional equation 


. Conditional equation 
. (a) No 
. (a) & 
11. 
13. 
15. 
17. 
27. 
35. 
45. 
51. 
55. 


(b) No 
(b) & 
(b) No 
(a) No (b) No (c) No (d) & 
(a) & (b) No (c) No (d) No 
5 19. —4 21. 3 23. 9 
29. —-5 31. 9 
10 37. 4 39. 3 


47. No solution 


(c) & 
(c) No 
(c) No 


(d) No 
(d) No 


(a) & (d) No 


25. —26 
33. No solution 

41. 5 

49. 0 


53. No solution 


43. No solution 


All real numbers 


Because substituting 2 for x in the equation produces 
division by zero, x = 2 cannot be a solution to the equation. 


Extraneous solutions may arise when a fractional expression 
is multiplied by factors involving the variable. 


Equivalent equations have the same solutions. 


Example: 2x —6 =0 and x —3=0 both have the 


solution x = 3. 
x = 138889 63. x ~ 62372 


Use the table feature in ASKnode or use the scientific 
calculator part of the graphing utility. 


(a) 646 (b) 641 ¥ 71. (a) 5609 
2003 (t ~ 1281) 75. 589 inches 


65. x ~ 19993 


(b) 5613 


2003 (t ~ 1297) 


79. 2001 (t ~ 1098 ) 


(page 87) 


Skills Review 


114 24 
61 7.2 


8 2 9.6 10. -¥ 


(page 87) 


3..=3 4.4 5. 


45. 
49. 
55. 
63. 
69. 
71. 


73. 
79. 


83. 


89. 


95. 


99. 


101. 


ext(et1=2e+1 3.50 5. 02x 7. 
. 25x +1200 11.5+x=8 13.5=9 

~n+2n= 15 17. 525 =n + (n + 1);262, 263 
. 5x — x = 148:37, 185 


.wW—5=n(n + 1);- 5,-4 
. Coworker’s check: $00 


Qair check: $48 


. January: 62,92683;February: 66,07317 

- ~ 3703% decrease 29. ~ 3942% increase 

. ~ 2240% increase 33. ~ 12857% 

- = 7143% 37. ~ 5417% decrease 

. (a) $7,800 (b) $0,74840 (c) $4,57875 

. (a) 719 million users (b) ~ 81678 million users 


(c) ~ 109285 million users (d) ~ 11857% 


. TV: 15642 hours 


Radio, music: 11376 hours 
Internet: 2133 hours 
Video games: 10665 hours 
Print media: 39105 hours 
Other: 1422 hours 


6x 


15 feet x 225 feet 47. ~ 57 years 
97 or greater 51. $41176 53. ~ 2013% 
$8 57. $6125 59. 2ihours 61. 5 hour 
128 seconds 65. 625 feet 67. $81,080 
$0,500 at 65%nd $500 at 75% 
Stock A: $200 
Stock B: 3800 
1143% 75. 8571 units per month 77. ~ 48 feet 
=~ 321 gallons 81. ~ 1231 miles per hour 
2A Vv V 
oars 85. 1=— Se he 
c=3, 91-5" 93, b= Bo 
L+d-a A 
a a 97, h = Oe 
R, = R, f(n — I) 
R,+f(n - 1) 
Williams: $8,700 


Gonzalez: ~ $1,333 

Walters: $0,000 

Gilbert: ~ $9,933 

Hart: ~ $7,833 

Team average: January: $7,120, February: $0,100, 
March: $1,460 


103. Williams: ~ $5,033 
Gonzalez: ~ $2,867 
Walters: $5,400 
Gilbert: ~ $7,467 
Hart: $8,100 
Reyes: ~ $4,967 
Sanders: ~ $3,633 
Team average: July: ~ $4,514, August: =~ $5,157, 
September: $2,100 
105. takes 30 minutesfrom a depth of 150 feet” 
SECTION 1.3 (page 100) 
Skills Review (page 100) 
po B4J2 3. 14 4, ¥10 
10 4 
5. x(3x + 7) 6. (2x — 5)(2x + 5) 


7. —(x — 7)(x — 15) 
9, (6x — 1)@x + 3) 


8. (x — 2)(x + 9) 
10. (6x — 1)(x — 12) 


1. 2x7 + 5x —-3 =0 3. x2 — 25x =0 
5. x2 -6x+7=0 7. 2x2 -2x +1=0 
9. 3x2-60x-10=0 11.4,-2 13.0,-3 
15.-5 17.3,-3 192,-6 21. —2,-5 
23.44 25. +./7 ~ £265 27. +2./3 ~ +346 
29. 12 + 3/2 ~ 1624 31. -2 + 23 ~ 146 
12 — 3/2 ~ 716 —2— 2/3 ~ —546 
33.45 35.4+/38~+616 37. 215 ~ +214 
39. 28 ~+204 41.48 43.1 45. 43 
47.3 49.3,-11 si3-4 53,5,-% 
55.9.3 57.3,1 59 —-1,-5 61. -3 
63. Algebra argument: 
(x + 2)? = (x + 2)(x + 2) Definition of exponent 
=x?+2x+2x+4 FOIL 
=7?+4x+4 Combine like terms. 


So, (x + 2)? # 2x7 + 4. 
Graphing utility argument: 


(1) Let y, = (x + 2)? and y, =x? + 4. Use the table 
feature with an arbitrary value of x (but not x = 0). 
The table will show that the values of y, are not the 
same as the values of y,. 


Answers to Odd—Numbered Exercises and Tests 


65. 
67. 


69. 
73. 
77. 
81. 
85. 
87. 


89. 


91. 


93. 


A35 


(2) Use the scientific calculator portion of the graphing 
utility to show that if x =5, (5 + 2)? = 49 and 
5? + 4 = 29. So, (x + 2)? is not equal to x? + 4. 


34 feet x 48 feet 
Base: 2./2feet 
Height: 2./2feet 


5 feet 71. ~ 354 seconds 


= 143 seconds 75. 42 seconds faster 
79. 976 miles 
83. 60,000 units 


=~ 424 centimeters 
=~ 49497 meters 
2012 (t ~ 116) 

(a) 1987 (t ~ 1874) 
(b) &;the model is a good representation through 1890. 
(c) &;the model is a good representation through 2006. 


The model in Exercise 88 is not valid for the population 
in 2050 because it predicts 536,526,000 people (not 
419,854,000). 

1 po. (t ~ 1296 ); No;the predicted temperature at 7 P.M. 
is about 145°F, which is unreasonable. 


2003 (t ~ 308 ) 


SECTION 1.4 (page 110) 
Skills Review (page 110) 
13/17) 2.273 3.4/6 4.3773 
§.2,-1 63,-3 7.5,-1 8 5,-7 
9. 3,2 10. 4, -1 
1. One real solution 3. Two real solutions 
5. No real solutions 7. Two real solutions 
95-1 W5E- 2 132.1473 
15.-74J/5 17. -442/5 
2 7 1 11 1 
19. = + — 21. =e 23. -= + V2 
3 3 3 6 3 2 v2 
25. : a i 26 29.6 + /I1 
31. x =~ 0976, — 0643 33. x ~ 0561, 0126 
35. No real solution 37. —11 39. + /10 
a. -34¥5 43-24 0 45, LEV? 
2 2 6 
47. Real-life problems will vary;50, 50 
49. Real-life problems will vary; 7, 8 or —8, —7 
51. 200 units 53. 653 units 55. 9 seats per row 
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57. 14 inches x 14 inches 
59. (a) s = —16r? + Br + 984 
(c) ~ 881 seconds 


61. Moon: ~ 149 seconds 
Earth: ~26 seconds 


65. ~ 259 miles; ~541 miles 
67. (a) 2003 (t~ 1271)  (b) 2005 (t ~ 1492 ) 


(c) No.The model’s prediction of 879 billion is less than 
the expected sales. 


69. 400 p.m. (t ~ 39 ) 


71. Southbound: ~550 miles per hour 
Eastbound: ~ 600 miles per hour 


73. (a) ~ 168°C (b) ~ 25 
75. 5279 units or 94,721 units 


(b) ~ 84533 feet 


63. Moon 


77. Answers will vary. 


MID-CHAPTER QUIZ = (page 114) 


lx=-6 2.x =6 3.x=-2 


5. Use the table feature in ASKmode or the scientific 
calculator portion of the graphing utility. 


6. 328954 7. 431398 
8. 850x + 30,000 = 200,000; 20,000 units 


9. 300,000 = x(75 — 00002x ); 4044 units or 370,956 units 


10.x=3,-5 Ux =+4/5x ~ +224 
12 x= -3+ J/I7x ~ —712, 112 
13.x=—-1+ J6;x = —345, 145 


14.x = == aes 
6 
15. x ~ 1568, — 0068 


17. One real solution 


259, 026 


16. No real solutions 


18. Answers will vary.Sample answer: Use the FOIL method 
[(x + 3)? = (x + 3)( + 3) = x? + 6x + 9], use the table 
feature of your graphing utility, or use the scientific 
calculator portion of your graphing utility to evaluate the 


solution. 


19. ~ 433 seconds 20. 8 inches x 8 inches x 6 inches 


4. No solution 


SECTION 1.5 (page 123) 
Skills Review (page 123) 
1.11 2.20,-3 3.5,-45 4. 0,-4 
Rat S&S Ss. “RS 
ae aS 10. 2+ V2 


79. 


SECTION 1.6 


4 
43,44 19. 1,-2 
.-16 0 27.45 
.0 35, —59,69 37. 1 

=3 + V21 


i Ly 3 


. x ~ +1038 
. ~ 1298% 


3. 0, 232 Seto Te = 3,0 


13, :#./11,41 
21. 50 
29. 6,5 


11. +1 1532 
23. 26 
315.235 


39. +/69 
43.4,-5 45. -1 


53. /3,-3 


6 AT. V,.=3 


$1. 3,=2 55s. 10; —1 


. The quadratic equation was not written in general form 


before the values of a,b, and c were substituted in the 

Quadratic Formula.The general form for this equation is 

3x2 — Ix —-4=0(a = 3,b 7, andc 4), and the 
correct solution is 

(-7) + V(-7" — 48)(-4) 

2(3) : 

61. x ~ 16756 
69. 45,000 passengers 


63. 34 65. 6% 
71. 63 years old 


. 67,760 units;It does not make sense for demand xor price 


P to be less than zero. 


. =~ 1212 feet 


. Least acceptable weight: 788 ounces 


Greatest acceptable weight: 812 ounces 


2 
877 hours 


(page 134) 


. ~1 <x < 5; Bounded 
. x < —2; Unbounded 
Toc 8. h 9. f 
-g 12. a 
. (a) & 
. (a) & 
. (a) & 
. (a) No 
. If 2x > 6, then x > 3. 
. If2 — 4x > —10, thenx < 3. 


. If —3x = —6,thenx < 9. 


Skills Review (page 134) 
32°=3 


7, PS 2 


1-500 2-3 
6. -3 <z< 10 
9. 2,7 10. 0,1 


4. —6 5.x >0 
8. W = 200 


3. x > 11; Unbounded 


10. e 
14. d 
(d) No 
(d) & 
(d) No 
(d) & 
25. If 2x < —8,thenx < —4. 


13. b 
(c) & 
(c) No 
(c) & 
(c) & 


(b) No 
(b) No 
(b) & 
(b) & 


31. 


35. 


39. 


43. 


47. 


51. 


55. 


59. 


63. 


67. 


71. 
77. 
81. 
87. 


x26 33. x > —4 
pH 
i 
4 5 6 7 8 i ar 
x < 25 37. x > 2 
<~__ —__—> « + $$ 
23 24 25 26 27 0 1 2 a 4 
1 
xs 5 41.x< —18 
<—————; x 
4 -3 -2 +=! 0 1 =20 -19 -18 <=I17 =16 
2 
x>5 45.2<x<4 
+++ + +} +> « 
=! 0 1 2 1 2 3 4 5: 
15 
-l<x<3 49. -3<x< 
tJ _. SA GOEL Sa 
-l 0 1 2 3 2 Mi z 10 
3 
ee as sien | 53. -6 <x <6 
+ + mx ————§—“— 
=I 0 1 -6 -4 -2 0 2 4 6 
x < —60rx > 6 De Sr = 2, 


ee 


“8 -6 -4-2 0 2 4 6 8 -10 -8 -6 -4 -2 0 2 4 
16< x < 24 61. x < -jorx>4 
tH Or Ht 
16 18 20 22 24 al 0). DP. 23> 4: “S16 
x < -T7orx = 13 65.4<x<5 
<p} tt + -— 4 
=10: -=5) 1) 5 10 15 3 4 5 6 
eS -? orx = -4 69. No solution 
—]|——OMmsSMw@ iw UH 
=16 =12 -8 -4 
|x| < 2 73. |x — 9| =3 75. |x — 12| < 10 
|x + 3| > 5 79. More than 250 miles 
Greater than 867% 83. 334 weeks 85. 16 inches 
(a) 
x | 10 20 30 
$1399.50 | $2799.00 | $4198.50 
$1820.00 | $2790.00 | $3760.00 
x | 40 50 60 
$5598.00 | $6997.50 | $8397.00 
C | $4730.00 | $5700.00 | $6670.00 


(b) x = 20 units 


Answers to Odd—Numbered Exercises and Tests 


89. 
93. 
97. 
99. 
101. 
103. 
105. 


A37 


Less than 29,6875 miles 91. x = 11401 

2008 (t > 1772 ) 95. [~ 106864, ~ 109464 ] 

Undercharged or overcharged by as much as §25 

[658, 712 ] 

Minimum = 20% Maximum = 80% 

2001 (t > 1132) 

(a) 1995 (t > 486)  (b) 2009 (r > 1933 ) 
SECTION 1.7 (page 145) 

Skills Review (page 145) 

ly<-6 2%r¢>-3 3-3<x<1 

4.x<-5 5s = 3 <x 6.5<x<7 

7. -$<x<i 8.x <2,x >4 

9.x < -6,x > —2 10. -2<x<6 


aI Mw pe 


11. 


15. 


19. 


23. 


27. 


31. 


. (~00, 5), (5,5), (5, 00) 
. (~20, 4), (=4,3), (3, 20) 
. (—00, 1), (= 1, 1), (1, 20) 


[—-3, 3] 9. (—o0, —2) U (2, 00) 
rr —_TaS———<“i‘“‘“— 
woe & eS a ea 
(—7, 3) 13. (—00, —5] U[I, 00) 
(—3, 2) 17. (—co, —1) U (1, co) 
(—3, 1) 21. (—c0, 0) U(0, 3) 


[—2, 0] U[2, co) 
3 2 -1 0 1 2 


29. (—o0, —1) U (4, 00) 


—2 -1 0 1 -1 0 1 2 3 4 
(5, 15) 33. (—5, —3) U(-1, 0) 
0 5 10 15 20 m5. de Be Soe 0 
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35. (—3, 3) U[6, oo) 9.x < 11 s1. —F<x< 4 
+e Hs <_—_—__—_+->: +o St 
=2 0 2 4 6 8 9 10 11 12 13 -6 -4 -2 0 2 4 6 

37. (—o0, —3] U[3, co) 39. All real numbers 83. -I2<x<—8 5. xs: AS Gules 

41. [-3,3] 43. (—00, 2) U (5, 0) = 

45. All real numbers eS ie ee 

47. The cube root of any real number is a real number. 87. (—1,3) 89. (—co, —3) U(0, 3) 

49. (3, oo) 51. (—00, =] U [0, 3] it commen Ma <_—+—-+-+-- > e 

53. [—2, 00) 55. (—351, 351 ) 57. (—013, 2513 ) ae iia ee en eS 

59. (226, 239 ) 61. Between 25 and 10 seconds 91. (—00, 8) U (4, 00) 

63. Between about 138 meters and about 362 meters ~<$—}+_+_++> : 


0 1 2 3: 4 5 


93. (— 169,169 ) 95. (165,174 ) 97. [10, co) 


65. (a) 90,000 < x < 100,000 (b) $0 <p< $2 
(c) about 185,967 units;The company should produce a 


maximum of about 185,967 units. 99. All real numbers 101. (—co, 6] U[9, 00) 
67. 145% 69. 2012 (t > 2245) 103. Between 365 and 472 seconds 
71. 20082009 (t > 1894) 73. R, => 2 ohms 105. (a) —0054x 7 + 143x < 8 


(b) x < 803 orx > 1845 
REVIEW EXERCISES = (page 150) 


(c) No, 15 is not a solution of the inequality. 


1. Conditional equation 107. Between about 63 feet and about 237 feet. 
3. (a) No (b) & (c) & (d) No 109. Greater than 95% 111. $134 <p < $866 
5.13 72-3 9 -} 1. -}—:13. 377778 113. a) | + | 6 10 1B 15 


15. 0033 17. 12 19. 150 — x = 120; 30 pounds 
21. 295 feet x 59 feet 23. 30 25. $6353 


R | $1.58 | $3.16 | $5.18 | $6.93 


27. 2hours —- 29. $51,664 31. 25 quarts (b) &.The model predicts the revenue per share in 2007 
33. 4,4 35.3.8 37. 4/11, ~ +332 to be 899. 
39. —4 + 3/2 ~ 024 (c) &.The model predicts that revenue per share will 


exceed $110 by 2009 (t¢ > 1878). 
~4-— 3/2 = —824 y ( ) 
41. (1) Use the table feature in ASKnode with the variable CHAPTER TEST (page 154) 


equal to a solution. 


1.3; 2. (a) Allreal numbers (b) —3 < x <3 
(2) Use the scientific calculator portion of the graphing 23 (a) ea 


: 51 3 
utility to evaluate the quadratic equation at a particular 3. April:$25,78600 4. —3,3 5. 4, —5 
solution. May:$99,72312 
43. 15 feet x 27 feet 45. 200,000 units or 400,000 units 625 7,2 13 + /69 8. 11 + Y145 
47. Two real solutions 49.6+ 6 Aig e 
1 = 90's 165 iGci 9. 1038, — 0446 10. —5, 5 
ane 2 53. —3 £2V3 11. 4 (7 is extraneous) 12. —1,1, —3,3 13. —6,6 
55. 1866, — 0283 57. 8544, 0162 14. Selling either 341,421 units or 58,579 units will produce 
a ee eee a revenue of 3,000,000. 
i : . 
Earth: ~ 354 seconds 15. x < 3 16. x < —40rx = 5 
25, <5 et 
61.0,-1,4 63.42.41 65.7 —— ne 


67. Nosolution 69. +4/2 71. —3,2 
73.2+/19 75. 900 77. ~ 2795% 


17. (—11, —7) 18. (—co, —2] U[0, 2] 
>_> * —_j FHS: 
-11 -10 -9 -8 = -3 -2 -1 0 1 2 2) 


19. Between 19,189 units and 143,311 units 
20. 2008 (t > 792 ) 


CUMULATIVE TEST: CHAPTERS 0-1 
(page 155) 


1. —32x® 2. 3x2 /2x 3. eae) 
4, (x : J3)(x V3)(x 6) 
x 


+4 y= xX 
eee eee 


5 xX #4 


7. (a) $025 billion (b) 2010 (t ~ 983) 
8.5,4 9. 0734,- 1022 10. §, -” 


11..5-2/2 1241,44 13,4372 
14. -3.<x<4 15. [—2 2, | u[2/2, oo) 
Cook Pej fe 
—3 -2 -1 O 1 2 3 4 -4-3 -2-1 0 1 2 3 4 
16. —2<x<% 
tes“ =: 
-6 -4-2 0 2 4 6 8 10 
17. Between 10,263 units and 389,737 units 
18. 2007 (t > 748 ) 
CHAPTER 2 
SECTION 2.1 = (page 167) 
Skills Review (page 167) 
iS 23 3.2 42 
5.3(J2+ J5) 6. 2(V3 + V1) 7. -3, 11 
8. 9,1 9. 0,43 10. +2 


1. (a) 3. (a) 
‘i a5 
A A 
s+ 44 
at 2+ 
3+ St 
7 a+ (-12,-3) “6 -4-2 | 2 4 6 
oe Lr ee -44 
6-5 ~*<s_ 2-1 | 1234 : ws -64 
(2,-8.2 ee es ing 
, <4 -107 s (3, -11) 
4d “127 
-5t > (275) -144 
9 
(b) 10 (c) (—2, —2) (b) 17 (c) (3, -7) 
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A39 


5. (a) 7. (a) 
1 i 
et 
54 a7 
(5, 4) 
44 wae" a4 
el ay L--7 2,3) ras] -1,2} 
a POs gy 
‘ll (5.1) 
ar ee me ese 1 = 
=1 I 2 3. 4 5 =3 -2 = 1 
Sack 
(b) 2/10 (b) ae 
7 
(c) (2, 3) (c) (- Its z) 
9. (a) 11. (a) 
, 
{ x 
-36 «=-18 18 36 
a ‘ -18+ 
(-36, -18)> Se 5 —45) 
ag Ss is 
=e (48, -72)* 
(b) 4765 (b) 6/277 
(c) (—035, 48 ) (c) (6, —45) 

13. 5 15. 109 17. x = 15, -9 19. y = 9, —23 

21. (a) & (b) No 23. (a) ® (b) & 

25. ; 

x y, 
—2 | —25 
0 =i 
1 —025 
4 
3 0 
2 05 

27. (5,0),(0,-1) 29. (—2, 0), (1, 0), (0, -2) 

31. (0,0),(-2,0) 33. (3,0), (0,2) 

35. Every ordered pair on the x-axis has a y-coordinate of 
zero [(x, 0)], so to find an x-intercept we let y = 0. 
Similarly, every ordered pair on the y-axis has an x-coor- 
dinate of zero [(0, y)], so to find a y-intercept we let 
x=0. 

37. y-axis symmetry 39. x-axis symmetry 

41. y-axis symmetry 43. Origin symmetry 

45. Origin symmetry 
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47. x-axis, y-axis, and origin symmetry 71. * 73. : 
49. ( 51. 7 il 6+ 


~ lk 
Intercept: (0, 0) Intercepts: (4, 0), (0, 4) 
53. c 54. d 55. f 56. a Symmetry:origin Symmetry:none 


59. 75. 


a 
4 


a4 


(-1, 0) 


(0, -1) 


Intercepts: (—1, 0), (0, 1), (0, —1) 


Symmetry: x-axis 


Intercepts: Intercepts: 77, ; 
(3, 0), (0, 5) (—1,0), (1, 0), (0, 1) 0.2) 
Symmetry:none Symmetry: axis 


(2, 0) 


(0, -2) 


Intercepts: (—2, 0), (2, 0), (0, 2), (0, —2) 
Symmetry: *axis, axis, origin 


79. Radius: 2 81. Radius: /5 


Intercepts: Intercepts: : 
(3, 0), (1, 0), (0, 3) ‘2 ¥2, 0), (0, 2) 83. Center: (3, 2);Radius: /5 

4. = i 1 2 
Symmetry:none Symmetry:none 85. x° + y? = 87. (x + 4)? + (y — IP = 2 


89. (x +12 +(y—2% =5 
91, (x — 12 + (y — 1? = 25 
93, (x — 3)? + (y + 2) = 16 


Intercept: (0, 2) Intercepts: (—1, 0), (0, 1) 


Symmetry: ¥axis Symmetry:none 


95. (x 


22 +(y +3 =4 
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109. (a) g | 


Earnings per share (in dollars) 


6 8 10 12 #14 
Year (6 <> 1996) 


(b) 2006: $1.71; 2007: $1.76 


The model’s prediction for 2006 is close to Dollar 
Tree’s prediction, but the model’s prediction for 2007 
is not close to Dollar Tree’s prediction. 


(¢ 


YS 


The model does not support Dollar Tree’s prediction. 
The model predicts an earnings per share of $1.80 in 
2009. After 2009, the predicted values begin to 
decrease. 


111. x2 + (y — 67.5)? = 4556.25 


nw 


101. Center: (3, —1); Radius: 5 
x+y—6x+2y—-15=0 
103. 610 dollars per fine ounce; 1980 


105. ~ 17% 


107. (a) (0, 377); It represents the population (in millions of 
people) of North America in 2000. 


(b) x | —20 | -10] 0 10 | 20 
y | 271 | 324 | 377 | 430 | 483 
x | 30 | 40 | 50 
y | 536 | 589 | 642 
(c) , 
ee 
: 


Year (50 <> 2050) 


SECTION 2.2 


(page 179) 


Skills Review (page 179) 


Te y=3x—-1 


wWwEUA IB OS 
eee 


13. 15. 7 


(-6, 4) 4+ 


: 1 
m is undefined. m=%5 
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17. Answers will vary. 


Sample answer: (3, —2), (—1, —2), (0, —2) 


19. Answers will vary. 
Sample answer: (2, —3), (2, —7), (2, 9) 
21. Answers will vary. 


Sample answer: (6, —5), (7, —4), (8, —3) 


23. Answers will vary. 
Sample answer: (2, 3), (—4, 0), (4, 4) 
25.x-—y—-7=0 


27. dx ty +8 =0 


49. 
53. 
59. 
61. 


63. 
67. 
71. 
77. 
83. 
85. 


89. 


91. 


95. 
99. 


101 


103 


43. m is undefined; 
no y-intercept 


¥ 


=p4 


3x = y= 1=—0 51.x+2y+1=0 
x+9=0 55. y-—7=0 $7. x + 2y -—3=0 
2x —-S5y+1=0 


Answers will vary.Sample answer:df could graph a 
vertical line and pick two convenient points on the line to 
find the slope.Regardless of the points selected, the slope 
will have zero in the denominator.Division by zero is not 
possible, so the slope does not exist. 


4x-y-4=0 65.x+y+2=0 


12x+3y+2=0 69. Neither 
Perpendicular 73. Parallel 75. Perpendicular 
Parallel 79. Perpendicular 81. Neither 
Parallel 
(a) 2x -y-10=0 87. (a) 4x — 6y —-5 = 0 
(b) x + 2y —- 10 =0 (b) 36x + 24y + 7=0 
(a) y=0 
(b)x+1=0 
F=2C+32 93. A= 651+ 800 
& (m = ib) 97. 4191 students 
No;$79,000 

. ~ $9684 million; No. If the actual yearly revenue 


followed a linear trend, then the yearly revenue in 2005 
would be close to $9684 million. 


. p = 33d + 1; % atmosphere per foot 


SECTION 2.3 = (page 189) 
Skills Review (page 189) 
1. 2. 
3. 4. 


5.y=x+2 


8 y=Sx+4 


6. y=3x+3 Toy=xt+2 
9. 5x + 40y — 213 =0 


10. 29x + 60y — 448 = 0 


i, . 2 


Weight (in pounds) 


t 


2 4 6 8 10 12 


Age (in months) 


The model is a good fit for the actual data. 


3, 45 


y=217x +71 
The model is a good fit for the actual data. 
3 32 16 
5. y = 9x 7. y = 20x 9. y = FXO = 35x 
1l,.H=3p 13.c=2d 15, 1 = 0075P 


17. (a) y = 00368x 


(b) 6808 


Answers to Odd—Numbered Exercises and Tests A43 


19.) C= 31 


(b) 
Inches 5 10 20 25 30 
Centimeters | 1269 |2538 6077 6346 7615 


21. V = 1251+ 1915, 5<1< 10 

23. V = 30,400 — 20007, 5<+r< 10 

25. V = 12,500r + 91,500, 5<1< 10 

27. (a) h = 7000 — 20r ~ (b) 21350 PM. 

29, V = 875 — 175t, 31. S = 085L 
33. W = 075x + 1150 
35. (a) P = 60r + 1300 


O<t<5 


(b) 2020 deer 


37. b; Slope = — 10; The amount owed decreases by $0 per 
week. 


39. a; Slope = 048; The amount received increases by 048 
per mile driven. 


41. No;Earning 10 points per coin would result in a positive 
slope. 


43. &:Answers will vary. 
Sample answer: 


y=5-x 
45. No 


47. &;Answers will vary. 
Sample answer: 


y = —118x + 776 
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49. (a) 


(b) 
(c) 


(d) 


51. (a) 


(b) 


(c) 


(d) 


(e) 


53. (a) 


(b) 
(c) 


Answers to Odd—Numbered Exercises and Tests 


26,000 


5 16 
6000 


The data appear to be approximately linear. 
A = 17793t — 3525 


17793;The amount spent on advertising increased by 
$7793 million each year. 


2006: $4,9438 million 
2007: $6,7231 millions’ 


700 


5 16 
0 


Answers will vary. 
Sample answer: y = 5288r — 2039 


y = 5049t — 1872 
Using linear regression equation: 


2006: 62064 million 
2007: 67113 million 


Using equation from part (b): 


2006: 64218 million 
2007: 69506 million 


The projections made by Sonic are higher than the 
predictions given by the models. 


No. Using the linear regression equation, the yearly 
revenue is expected to reach only about 873 million 
by 2011.Using the equation from part (b), the yearly 
revenue is expected to reach only about $07 million 
by 2011. 


Value (in 1982 dollars) 


246 
Year (1 © 1991) 


8 10 12 14 16 


The data appear to be approximately linear. 


y = —00115t + 0840 


2007: 0645, 2008: 0633;Because the data followed 
a linear pattern from 1991 to 2005, you can assume 
that the estimates for 2007 and 2008 are reliable. 


55. (a) 


57. 


SECTION 2.4 


16,000 


10,000 
The data appear to be approximately linear. 
E = 3580t + 12,774 


2007: 15,280,000 employees 
2009: 15,996,000 employees 


16,000 


(b) 
(c) 


(d) 


10,000 


The predictions are most likely just about right because 
the model is a good fit for the actual data. 


The model for population, because population tends to 
change at a consistent rate, whereas snowfall can be quite 
different year to yeardf should use more than three data 
points to ensure the data can be represented accurately by 
a linear model. 


(page 202) 
Skills Review (page 202) 
1. —73 2. 13 3. 2(x + 2) 4. —8(x — 2) 
5. y=i-%& 6. y = +x Tex<-2,x 22 
8 -3<x<3 9. All real numbers 
10.x< lx =2 


11. 


13. 


. This is a function from A to B, because each element of A 


is matched with an element of B. 


. Not a function; The relationship does not match the 


element b of A with an element of B. 


. This is a function from A to B, because each element of A 


is matched with an element of B. 


. This is a function from A to B, because each element of A 


is matched with an element of B. 


. Not a function;The relationship assigns two elements of B 


to the element c of A. 


Not a function from A to B;The relationship defines a func- 
tion from B to A. 


{(—2, 4), (— 1, 1), ©, 0), (1, D, (2, 4)} 


{(-2, 0), (1, 1), (0, V2), (1, V3), (2, 2)} 


—6 6 — 4t 2 — 4c 
1 1 1 1 
15 P= 2t pS 1 
-1 -9 2x — 5 -3 
x? + 2x —0.75 
oT 32nr 
3 pai 
we 2 3 
-7 3 — 2Iz| 
att 
16 
1 
aye? 
1 
2, 
y—4y—12 ” : 
ie 1 
-1 
 iacael | 
=A =7 
+3 0,1,-1 
10 
7 xX 
t=0 
y Sls x= 1 
x =0,-2 
cee | x=2 x>0 
f(x) = Vx -—2 x > 2, 
gx) = fe 2 
f g 
V = x(18 — 2x)? 0O<x<9 
C = 11.75x + 112,000 R = 21.95x 


10.2x — 112,000 


[y(30) = 6] 


1400 
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S = 135.24t — 923.3 
S = 12.8431? — 172.99¢ + 874.7 


A45 


1999 347.5 293.9 358.1 
2000 438.3 429.1 429.1 
2001 539.1 564.3 525.8 
2002 652.0 699.6 648.2 
2003 773.8 834.8 796.3 
2004 969.2 970.1 970.1 
2005 1177.6 1105.3 1169.5 
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(c) Linear 


1.2 


1 
0 
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Quadratic 


1.2 


= 16 


(d) The quadratic model is a better fit because its graph 
represents the actual values of D more closely than the 
linear model. 


(e) 2006: $15, 2007: $23; The predictions given by 
the model are a little lower than the estimates given by 


Coca-Cola. 
85. (a) Incorrect 
(b) Correct 
MID-CHAPTER QUIZ 
1. (a) 
i" 
ak 
(-3, 2) 37 
S027 
sit 
p++ 4+} 4 4 4} 4 > x 
-5 -4-3 -2 ite 123 45 
ea (1 3 
nce 
= S45) 
54 ‘e 
64 
(b) 7/2 
() (3, -3) 
3. (a) 
yf 
i 
i +—+-> x 
=?" =] 1 2 4 LT 
ad 
27 gee 
-- (4,-2) 
pf 
a 
sd 


(page 207) 


2. (a) 


‘wot 
(-1.2,-1.9) “s 
N 


. 
-4+/s_ (3,-4.5) 
. 


54 


(b) /5204 
(c) (—12, — 19) 


4. If the population follows a linear growth pattern, then the 
population will be 251,724 in 2009. 


7.x —-2=0 
; 
A 
Pal 
it 
_ t — 
-2 -1 : 1 Bw SG. 
sod 
sail (2,-3) 
gi 
5 
-64 
9 y 
(3, 0) 
js 
6 8 


Intercepts: (—3, 0), (3, 0), (0, 9) 


Symmetry: yaxis 


Intercepts: (—4, 0), (0, 0) 
Symmetry: none 
12. (x 
13.2 +(y +4)? =5 


2) + (y + 3 = 16 


Intercepts: (3, 0), (0, 3) 


Symmetry: none 


15. 
17. 
19. 


20. 


21. 


(a) 2 (b) —7 16. (a) 1 = (b) —20 
x24 18. All real numbers except x = —2 


30,000 


- 10,000 
Linear: C = 28084t + 13,542 
Quadratic: C = 33823r? + 11172t + 14,670 


Linear 

2006: $0,392,400,000 

2007: $3,200,800,000 

Quadratic 

2006: $3,549,480,000 

2007: $9,063,670,000 
C2 

aaa 


SECTION 2.5 = (page 215) 


Skills Review (page 215) 


1. 2 2. 0 3. _ 4.37 +3 5. 0, +4 
6. 5, 1 7. All real numbers except x = 4 
8. All real numbers except x = 4, 5 9t< 3 


10. All real numbers 


Senn we = 


. Domain: [1, 00); Range: [0, 00)0 

. Domain: (—00, 00); Range: (— 00, 4];4 

. Domain: (—00, 00); Range: (— 90, 00); —1 
. Domain: [—5, 5]; Range: [0, 5]5 


. Function 11. Not a function 


Answers to Odd—Numbered Exercises and Tests A47 


13. Increasing on (— oo, co); No change 


15. Increasing on (—00, 0) and (2, o0), decreasing on (0, 2); 
behavior changes at (0, 0) and (2, —4). 


17. Increasing on (—1, 0) and (1, 00), decreasing on (—o0, —1) 
and (0,1); behavior changes at (—1, —3), (0,0), and 
(1, —3). 


19. Increasing on (—2, 00), decreasing on (— 3, — 2); behavior 
changes at (—2, —2). 


21. 10 


Minimum: (2, —3) 
Increasing: (2, co) 


Decreasing: (— oo, 2) 


Relative maximum: (0, 0) 
Relative minimum: (2, —4) 
Increasing: (— 00, 0), (2, co) 
Decreasing: (0, 2) 

25. 2 


4 
Relative maxima: (— 154, 329 ), (095, 377 ) 
Relative minimum: (—034, 114 ) 
Increasing: (—oo, — 154), (— 034, 095 ) 
Decreasing: (— 154, — 034), (095, 00) 

27. Even 29. Odd 31. Odd 

33. (a) 2. (b)2 (c) -3 (d) -4 

35. (a) 2. (b) 1 (c) —8 (d) -9 
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37. 39. 7 57. i 59. 
4+ 
at 
ce 
| ca a a oe 
-it 
= a ; a ay 
z i 61. ; 63. y 
Even Neither even nor odd —o 3+ at —o 
43. ; oo 2+ i+ — 
—- t+— mo 
34+ =2 <1 1 2 3 4 
t t 1 ——$——— ——} +> x -le—o 
=a 2 =I 1 2 3: 
-l1- eo oO 
> s 2+ o—o om—o-3+ 
65. Maximum: $4453 per ounce 
at 
Decreasing: 19952000 
Neither even nor odd Increasing: 20002005 
47. i It is not realistic to assume that the price of gold will 
continue to follow this model, because the function 
decreases after the year 2005, and eventually yields negative 
values. 
67. 600 
334 ),iae3 
is at 
1 2 3: 4 
Neither even nor odd Neither even nor odd 0 4 
0 
49. i 51.” 


Increasing: 0 seconds to 2 seconds 
Decreasing: 2 seconds to 4 seconds 
Maximum change in volume: ~ 5019 milliliters 


69. Maximum or minimum values may occur at endpoints. 


15,000,000 -- 


10,000,000 -- 


53. 


5,000,000 


Profit (in dollars) 


n 
-— 
ak 200,000 


+ 
600,000 
Number of units 


Approximately 350,000 units 


73: 


75. 


77. 


79. 


81. 


83. 


SECTION 2.6 


c 
A 
25 + 
a 
a 
3 20+ — 
a —o 
Sst —o 
3 — 
qz oeo 
& 
s+ 
+ + + + +—> x 
1 2 3 4 5 
Weight (in pounds) 
v 
® 800 
E 700 
2 600 
a5 —— 
2 2 500 
og 
> 2 400 Pa 
2 300 
£ 200 
t 
5 7 9 HW 13°15 
Year (5 © 1995) 
(a) y = 25215t2 — 30704 + 62638, 5<r< 11 


(b) y = —301450r? + 876399 t — 56,4903, 
12<t< 15 
(c) 
S<t<ll 
12<t<15 


_ 25215t* — 30704t + 62638, 
»* ) —301450r7 + 8763991 — 56,4903, 


(a) Even;The graph is a reflection in the xaxis. 


(b) Even;The graph is a reflection in the yaxis. 

(c) Even;The graph is a vertical translation of f. 

(d) Neither;The graph is a horizontal translation of f. 
(a) (3, -7) 

(b) (3.7) 

a) (=3,=1) 

(6) (— 3,1) 


(page 225) 


Skills Review (page 225) 


—— 3. e0 


Le to 
6. f(x) = —x 


4 
4. -,-2 
3 


5. f(x) = -2 


Answers to Odd—Numbered Exercises and Tests 


7. f(x) =x4+5 


t t t t t 
(-5,0) -3 -2 -1 1 
ait. 


9. f(x) = 3x —4 


AAI 


=2-x 


8. f(x) 


1. Shifted four units 
downward 


fp» x 


5. Shifted two units upward 
and two units to the right 


3. Shifted two units to the 
left 


7. Reflected about the x-axis 
and shifted one unit 
upward 
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9, Shifted two units 
upward 


y 


rN 


at 


Nv 
1 
t 


13. Reflected about the x-axis 


and shifted three units 
upward 


17. Shifted three units to 
the right 


21. Vertically stretched by 
a factor of =f, 


y 
A 
or 


4+ 


Answers to Odd—Numbered Exercises and Tests 


11. Shifted one unit to the 


15. 


19. 


23. 


right 


Shifted one unit to the 
left and three units 
downward 


Shifted three units to the 
right and one unit upward 


eS 
SS aa 
St 


Reflected about the x-axis 
and shifted four units to 
the right and two units 
upward 


A 


6+ 


4+ 


25. Reflected about the 


29. 


33. 


35. 


37. 


39. 


27. Shifted one unit downward 


y-axis y 


Reflected about the x-axis, 31. Shifted one unit to the left 
shifted one unit to the left, 
and two units upward 


and one unit downward 


2+ 


Common function: y = x3 
Transformation: shifted two units to the right 


Equation: y = (x — 2)3 


Common function: y = x? 
Transformation: reflected about the x*axis 
Equation: y = —x? 

Common function: y = /x 


Transformation: reflected about the xaxis and shifted one 
unit upward 


Equation: y = —/x + 1 


Copyright 2009 Cengage Learning. All Rights Reserved. 
May not be copied, scanned, or duplicated, in whole or in part. 


Answers to Odd—Numbered Exercises and Tests A51 


41. (a) Vertical shift of two units (e) (f) 


47. (a) (b) 
10 + 
al. 
(-4, 6) T (6, 6) 
6t 
ral 
2,2)" To, 2) 
(c) (d) 
A n 
6+ 6t 
(-4, 4) zi (6,4) rol 
43. (a) g(x) = (x - 1)? + 1 i pL O24. 
(b) g(x) = —(x an 1)? [ b> x | { + b> x 
45. (a) ~ fo, -2) (10, -2) 
1 wal 
il (4,4) “y 
fx (e) (f) 
5 y y 
A A 
rail 4 
i al 
7 > x 
(©) . (d) , (-2,-5)"7@ 1(0,-5) 
A A gilt 
4+ 4t ii + 
34 -10+ -6+ 
ale 
1 49. y=x-2 51. y = 4 
=) ‘ 53. g(x) = |x — 3) +2 55. g(x) = —4|x| 
2 57. A(x) = /x-4-3 59. W(x) =5 Vx —3 
-3+ ~ st 
cat gl 61. g(x) = —x39 + 3x7 4+:1 


63. Shifted one unit to the right and two units downward 


g(x) = (x- 1P —2 
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5. (a) 2x (b)2 (c) 2-1 


+1 
(d) : =p Domain: (—©9, 1) U (1, 00) 
T(ayxr—-x+1 (b *P4+x-1 () P-# 
2 
= (d) 7 Domain: (—oo, 1) U (1, 00) 
(b) P(x) = 80 + 20x — 05x? — 25 9 (a) 2+ J7T—xt+5 (b+) C- VI—-x4+5 
P(x) = 55 + 20x — 05x2, O0< x < 20 (ce) P= e+ Syl x 
Shifted 25 units down eas 
(d) —= ==; Domain: (— co, 1) 
(c) (=) = 80+ — 000005x 2, vi-x 
xt+1 xo 1 1 
0 <x < 2000 (xin dollars) ll @—s Oa Og 
Horizontal stretch (d) x, x # 0; Domain: (— co, 0) U (0, co) 


13.14 15. -42+4¢+3 17. -6 
19.4% 21.3 23. -6 

25. (a) 6x + 15 (b) 6x +5 (Cc) Ox 

27. (a) 92 + 6x+1  (b) 3x274+1° (c) x4 


29. (a) Vx? +4 (bb) x + 4,x 2-4 
28 = 4 4 
(a), (c), and (e) are odd functions;(b), (d), and (f) are even. 31. (a)x— 3 (b)x— 8 33. (a) Vx (b) Vx 
Also, (a), (c), and (e) are increasing for all real numbers; 35. (a) |x + 6| — (b) |x| + 6 
(b), (d), and (f) are decreasing for all x < O and increasing 37. (a) All real numbers, or (— 00, 00) 


for all x > 0. 
(b) x = 0, or[0,00)  (c) x = 0, or [0, 00) 


SECTION 2.7 (page 234) 39. (a) All real numbers except x = 0, or (—o9, 0) U (0, c0) 


(b) All real numbers, or (— 00, 00) 


Skills Review (page 234) (c) All real numbers except x = 2, or (—0, 2) U (2, 00) 
; a Sess 41. (a) 3 (b)0 43. (a) 0 (6) 4 
x(1 — x) “(x + 3)(x — 3) * x(x — 2) 45. Answers will vary. 
_ —_ Sample answer: f(x) = x, g(x) = 2x + 1 
Pa § eae 2) 
3(x — 5) x+1 47. Answers will vary. 
Paro | Sample answer: f(x) = <x, g(x) = 2? — 4 
6. ———., x #2 7. Me = 2); x =2 : 
x(x + 2) 49. Answers will vary. 
1 
xt] Sampl (f@) == 8G) = 242 
. : -=1,0 ample answer: f(x ~, B(x) =x 
'[aGeg 7 Z 
51. Answers will vary. 
1+ +4 
9. a gh 10. ~ ~ x #4 Sampl > f(x) = 22 + 2x, ex) =x +4 
3x —1 Ax ple answer: f(x) = x x, g(x) =x 
53. T=jx+ hx 
1 1 3; 1 = 30 T 
le 74 Sa 
: (1, 3) 26) ot — € a B 
*y @,2) s+ 200 
24 wh Z 160 
1 I 2 120 
0,1) (23! eB ai ‘s 
2 aie © a | Fw 
a + + + + + + je 10 20 30 40 50 60 
-24 aie mee Bee 8 Miles per hour 


(C ox)(t) = 1500t + 495 


Cex x t 
R, + R, = 917 — 671, 
t= 
[—1, 00) 
x = 0,2 
y, = 495t + 16, y, = 372t — 09 P 
x= -3 x 
100 ~ 
Xx x x x= dyt 3 
3 
y" 
=—+ 
x 5) 2, 


f-' = {(4, 1), GS, 2), (6, 3), (7, 4) 
f SG =1)2--2) 82) aa 


y3 = 123¢ + 25; 


: f'Q) = ax fa) =xt5 
y 5{2— 1 4 gg DEENA 
100 + ay, OY, 5 5 


Revenue 
(in thousands of dollars) 
an 
o 


8 9 1011 12 13 14.15 16 17 18 
Year (8 © 1998) 


N(T(t)) = 10022 + 275 


R(p) = p — 2000 S(p) = 09p 
(R ° S)(p) = 09p — 2000; (R ° S)(p) 


(S °R)(p) = 09 (p — 2000); (S ° R)(p) 


(R © S)(20,500) = $6,450 
(S © R)(20,500) = $6,650 


(Fe glx) = 6x + 1 (gy of)(x) = 6x + 6 
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1 (3 1 x) =x, Y1-Q-—2x)=x fo) = Sx 
n 6 
fx) 
f@) 
6 F 
6 
12 
Hime) 
SF) 
0 18 
0 
f@) = J16 — x2, O<x<4 
6 
fix) $ x) 
oO 9 
0 
f f 
x- 
y- 
i g h 
ea) = Bx | | 
‘ ra ai 
f'@) = J/x — 3, x20 
1 ee 
W(x) =~ pay === x20 
§ 
f@) = -V25 —x, x < 25 a 
- all 


f f(x). 


Answers to Odd—Numbered Exercises and Tests A55 


57. f doesn’t have an inverse function. 5. x = —10 or 30 7. (a) & (b) & 
i f 
27 5 
| al _ —2 | 3 4 
i 1 2 a 
a 0 2 
2 1 
—4 fa) =-V9-x2 
54 3 : 
al 
4 0 
59. 32 61. 600 
Sie x1 _ xt+ 1 11. y 
63. (g-! FN) = =F 65. (Fog) = 45 
= mx 
67. C(x) = ame C~! computes the number of T-shirts 
that can be made for a cost of x. 
Domain of C: [0, co) 2+ 
Domain of C~!: [1500, 0) ai 
69. (a) 2 34s I 2 
y-intercept: (0, 3) x-intercept: (4, 0) 
Symmetry: yaxis y-intercept: (0, —4) 
Symmetry:none 
7 16 
3 15. : 
(b) y = 0235t + 295 
t — 295 
as ee ees ; : 
(c) y 0235 >) represents the year in which the 
average admission price is ¢ dollars. 


(d) 2012 

71. After graphing f(x) = x?+ 1, x = 0,and f-'(x) = /x — 1, 
it is observed that f(x) and f~'(x) are reflections of each 
other about the line y = x. Because of this reflection, inter- x-intercept: (—1, 0) 
changing the roles of x and y seems reasonable. y-intercept: (0, 1) 


[Ge = 
2. fo) = 3 — 340 Symmetry: none 
1 1 2) 


17. (x T 1)? T (y 36 
REVIEW EXERCISES (page 250) 19. (x — 2)? + (y + 3P = 25 
1. (a) 3. (a) aT 
4 i | 
(3, 2) 8+ 
gel: » (3.45, 6.55) 
ie il ;, 
-4 2 oi ; 4 at ie : 
“At (0,-3) cal Jf c.195, 1.34) 
re Peewee oe 
(3,5) sal (1.06, -3.87) 2 
(b) 85 =~ 922 (b) 41289165 =~ 1135 


(c) (0, -3) (c) (1195, 134 ) 
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21. : 23. 
a4 
6 
5 
a 
a4 
7 
aa [id ; 
m=8 
25. 3x — 2y — 10 = 0 27. 
29. Slope: 3; 31. 


33. 
37. 
39. 
41. 


47. 
53. 
55. 
59. 


61. 
63. 


67 


Answers to Odd—Numbered Exercises and Tests 


(3, 4) 


m is undefined. 


y=6 


(-2, 6) 


t +t +> 3 


t t t 
-4 -3 -2 -1 1 2 


Slope: undefined; 


y-intercept: none 


y 


Parallel 35. Neither 

(a) 5x — 4y —- 23 =0 (b) 4x + 5y-2=0 

(a) y=-2 (b)x=-I 

y=ix 43. y=348x 45.A=5r 

a=ib 49. y = 00365x; $723 51. $36,000 
V = —12,950t + 135,000, 0 < ¢ < 10 

y is a function of x. 57. y is a function of x. 
Function;Every element of Ais assigned to an element 
of B. 

@-2 © -3 ©-5 @wv*x+7-5 
All real numbers x 65. x => —5 


~-l<t<4, 


t>4 


69. 


71. 


73. 


75. 


77. 
81. 


The domain of h(x) is all real numbers except x = 0, 
because division by zero is undefined.The domain of k(x) 
is all real numbers except x = —2 and x = 2, because if 
x = 2orx = —2, then x* — 4 equals zero, and division by 
zero is undefined. When a graphing utility and the table 
feature are used, h(0) results in an error and k(—2) or k(2) 
also result in an error. 


00685 


(a) B= 6500( 1 + y" (b) r= 0 


(a) Domain: all real numbers 
Range: [1, co) 

(b) Decreasing: (— oo, 0) 
Increasing: (0, 00) 

(c) Even (d) Minimum: (0, 1) 


(a) Domain: all real numbers 
Range: all real numbers 

(b) Decreasing: (0, ) 
Increasing: (—oo, 0) U (& oo) 

(c) Neither 

(d) Relative minimum: (8 — 338) 
Relative maximum: (0, 0) 

y is a function of x. 79. y is not a function of x. 

y is a function of x. 


» 85. ; 


91. 


93. 


97. 


99. 


101. 


103. 
107. 


Reflected about the 95. 
x-axis and shifted two 

units downward and 

one unit to the right 


Reflected about the 
x-axis and shifted two 
units to the right 


1 
we 

1 
N 

i 
pt 
w 
S 
w 


Shifted two units to the left 


y 


Common function: y = Jx 
Transformation: reflected about the yaxis and shifted 
three units to the right 


Equation: y = /3 — xory = /—(x — 3) 
Lr gyi) =a Se 
P= gy) = =e +21 
(fg)(x) = 3x3 + 5x? — 2x 


3x1 

(f/g)(x) — SiO it 9x 
Domain of f/g: x < —2, -2 <x < 0,x > 0,or 
(—co, —2) U(—2, 0) U (0, co) 
9 105. 18 
(a) x7 + 6x + 9 

Domain: All real numbers 
(b) x7 + 3 

Domain: All real numbers 


— 


x 
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109. 


111. 


113. 


115. 


117. 


119. 


121. 


123. 


A57 


(@) 3x + x? 


Domain: All real numbers except x = Oand x = —3 


Domain: All real numbers except x = 0 
Answers will vary. 


Sample answer: f(x) = x, g(x) = 6x — 5 


Answers will vary. 
1 
Sample answer: f(x) =, g(x) =x —- 1 
x 
R, + R, = 8005 092t + 02r7,¢ = 0,1,2,...,8 
R 
® 900 OR, OR, 
= 800 
S 700 
an © 600 
3 3 500 L] 
2 & 400 
B 300 
= 200 
= 100 
epg a a a aa a ac eer aa 


Year (0 < 2000) 


Total sales are increasing. 


g( f(x)); The bonus is based on sales over $00,000, and 
is calculated by multiplying x — 500,000 by 003. 
led) = 3252) +5 =x 

Se = 35 
(fo) = 738 = 5 


f(g(x)) = x = g(f(x)), so fand g are inverse functions 
of each other. 


f(x) does not have an inverse function. 


fiQ) = + 


(f is its own inverse function) 
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125. (a) f(x) = 2(x + 3) = 2x + 6 6. (x — 3)? + (y + 2)? = 16 
(b) i 


() f°) 2( 3) +6 7. True.Each value of xcorresponds to exactly one value of y. 
= 25x - 
8. False.The element —9is not included in set B. 
9. (a) Domain: All real numbers 
“I(x)) = 4(2x + 6) — 3 
Fa) = 3 ) Pate 


(b) Decreasing: (0, 00) 


ll 
2 
* 

V 
>) 


127. (a) f-'(@) Increasing: (—©o, 0) 


(b) (c) Even 
i (d) Maximum: (0, 2) 
10. (a) Domain: (—oo, —2] U[2, co) 
Range: [0, oo) 
(b) Decreasing: (— oo, — 2) 


Increasing: (2, co) 
(c) Even 
(d) Minima: (—2, 0), (2, 0) 
12. : 


(c) ff) = V2 =x,x20 
f0°@) = (2) Haz 20 
129. (a) _2600 


2800 


(b) A = 1035t + 2899 
= 13. (f — g(x) = x? — 2x +3 
(gy Aah 8 200 
1035 14. (fg)(x) = 2x3 — x? + 4x -2 
15. (f° g(x) = 4x? — 4x + 3 
16. g(x) = 5x + 5 
1. Distance: 4/5 2. Distance: ~ 781 17. V = 30,000 — 5200t 
Midpoint: (1, 0) Midpoint: (044, 4335 ) 18. % 
3. x-intercepts: (—5, 0), (3, 0) 


CHAPTER TEST = (page 255) 


y-intercept: (0, — 15) 
4. Symmetric with respect to the origin 


5. 2x —3y + 21 =0 


P=0171t+ 196 


CHAPTER 3 
SECTION 3.1 (page 265) 


Skills Review (page 265) 
1.4,-6 2-23 3.4-1 4-10 


5.34/55 6-24 V3 744214 


-g 2. e 32°C 4. f 


5. b 6. a 7h 8. d 


%y=—-(x+2)? Ih y=@- 3-9 
13. y = —2(x + 3)? + 3 
15. Compared with the graph of y = x’, each output of 


17. 


19. 


23. 


f(x) = 5x? vertically stretches the graph by a factor of 5. 


The graph of f is the graph of y = x? reflected in the x-axis, 
shifted to the left 1 unit and shifted upward 1 unit. 


Intercept: (0, 0) 21. Intercepts: (+4, 0), (0, 16) 
Vertex: (0, 0) Vertex: (0, 16) 
y 
4 t+ x fl n xX 
2 2 “8 8 
Intercepts: 25. Intercepts: (— 1, 0), (0, 1) 
(-5 + V6, 0), (0, 19) Vertex: (—1, 0) 


Vertex: (—5, —6) 


Answers to Odd—Numbered Exercises and Tests 


27. 


31. 


35. 


37. 
41. 


45. 


47. 


Intercepts: 
(1, 0), (—3, 0), (0, 3) 
Vertex: (—1, 4) 


y 


A 


Intercepts: 
(1 + ¥6,0), (0, 5) 
Vertex: (1, 6) 


29. Intercept: (0, 3) 


Vertex: (5, 1) 


A59 


33. Intercept: (0, 21) 


Vertex: 6, 20) 


t t t t 
2, Sl 1 2 3 


Intercepts: (8 + 4,/2, 0), (0, 8) 


Vertex: (8, —8) 


y=-3(4- 2-1 
Answers will vary. 
Sample answer: 

f(x) =x? -—x-2 
g(x) = —x?7 +x4+2 


Answers will vary. 
Sample answer: 


f(x) = 2x? + 7x + 3 
g(x) = —2x2 — Tx — 3 


39. y =3(x- 5)? + 12 


43. Answers will vary. 
Sample answer: 


f(x) = x? — 10x 
g(x) = —x? + 10x 


A = 100x — x?; (50, 2500); The rectangle has the greatest 


area (A = 2500 square feet) when its width is 50 feet. 
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49. x = 150 feet, y = 200 feet; 300 feet x 200 feet 


51. 25,000 units 53. 20 fixtures 55. 14 feet 
57. (a) 8 
4 16 
58 
(b) S = —0.132 + 3.09t + 48.5 


58 


(d) 2002(t ~ 11.70); No, according to the actual data, the 
year in which the number of basic cable subscribers 
was the greatest was 2001. 


59. (a) 3800 


5 16 
2000 


(b) F 


(c) 3800 


19.537 — 264.5t + 3149 


5 |e | 1G 
2000 


(d) $4715.72 
61. (a) 40 


(b) p(x) = —1.276x2 + 21.63x + 236.5 
(c) 400 
0 20 


Answers to Odd—Numbered Exercises and Tests 


63. f(x) = a(x 


SECTION 3.2 


(d) ~ (8.5, 328.2); 


Producing about 85,000 units yields 


the maximum profit, about $32,820,000. 


(e) Sample answer: Production costs may be growing 
faster than revenue, so profit decreases. 


b 


2 4ac — b° 


2a 


4a 


(page 276) 


13. 


17. 


21. 


25. 


27. 
31. 
39. 


Skills Review 


1. (3x — 2)(4x + 5) 
3. 22(12z + 5)(z + 1) 
5. (x + 3)(x + 2)(x — 2) 


7. No real solution 


9. 5+ V3 


10. +3 


(page 276) 
2. x(5x — 6)? 
4. (y + 5)(y? — 5y + 25) 
6. (x + 2)(x? + 3) 
83+ /5 


y 15. y 
A A 
54 44 
va 
34 
* +—> x 
it s 
— — > x 
2 oe ee ee | 
Rises to the left 19. Rises to the left 


Falls to the right 


Rises to the left 
Rises to the right 


Falls to the left 
Falls to the right 


Falls to the right 


23. Rises to the left 
Rises to the right 


(a) 1 (b) 2 29. (a) 4 (b) 5 
ae 33. —4 35.1552 37. No real zeros 
2,0 4141 4324/5 45.3 


Answers to Odd—Numbered Exercises and Tests A61 


(d) & 


40 
2007(t ~ 17.03); The prediction does not seem reason- 
able. Through 2006, the number increased by at most 


7 million in a year. To reach 92 million in 2007, the num- 
ber would have had to increase by 14 million from 2006. 


65. (200, 320) 


67. Answers will vary; Domain: 0 < x < 6 


vo 


t—+—_+—+ 
-4 -3 -2 -1 1 


51. ‘A 


69. Z 


59. Answers will vary. Sample answers: 

-2 

a, < 0 a, > 9 
y y The functions have a common shape because their degrees 

are odd, but their graphs are not identical because they have 


different degrees. 


SECTION 3.3 = (page 286) 


Skills Review (page 286) 


1 x8 — x27 4+2x+3 2. 2x3 + 4x? — 6x — 4 


61. f(x) = 3(x4 — 11x3 + 28x?) 3. x4 — 2x3 + 4x2 — 2x —7 
63. (a) & (b) Positive 4. 2x4 + 12x} — 3x? — 18x — 5 
5. (x = 3)le = 1) 6. 8(x + 2)(x — 5) 
7. (3x + 5)(x — 1) 8. (3x — 4)? 
9. 2x(x = 1)@x — 3) 10. x(3x + 2)(2x + 1) 
6 17 


40 


1. 3x -4 3. 2x + 4 5.x +3 
(c) C = 0.020251* — 0.910373 + 15.1241? 


— 106.31t + 309.0 Ts 0 + 3x? = 1 9.7 = = 
The model agrees with the prediction from part (b). : 
Hwts=-—- tiaee— 


2x2 + 1 ° - ] 
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43. 


45. 
47. 
49. 
51. 


53. 


Answers to Odd—Numbered Exercises and Tests 


36 
x? — 6x + 17 rear 
| 10x — 7 
» 2x? 4x? = 2x — 8 ay 
an 2d = 3x ED: 21. 4x? — 9 23. —x? + 10x — 25 
. x3 — 7x? + 14x 20 + 
. 10x37 + 10x? + 60x + 360 4 fe 
2x4 + 8x3 + 2x? + Bx u 
x-4 
3x3 — 6x? — 12x — 24 = 
RSL 
x? + 3x—-64 m 35. 4x2 + 14x — 30 
Ke 1 
. f(x) = (x — 3)02 + 4x) + 20; f(3) = 20 
. f(x) = (x 4)(3x2 + 3x + 6); f(3) =0 
« f(x) = (x - V3) [x2 + (2 | J3)x | 2/3] 6; 
f(V3) = -6 
f(x) =(x — 1 — Y3)[2x2 + (3 + 2V3)x 
+ (-5 +5¥3)| fl + V3) =0 
(a) —69 (b) —2081 (c) —6 = (d) 446 
(a) 6 (b) —27. (c) —6.168 (d) 37 
@1 ©) -27 @-F @-38 
(a) Proof (b) x +2 
(c) f(x) = (x -— 4)(v + 2)? (d) 4, -2 
(e) ie 
_4 6 
—35 
(a) Proof (b) x +5 
(©) fe) = Bx + NG —-2@~+5) Wd -3,2,-5 
(e) = 
6 6 


55. 


S75 
59. e; 3 


63. 
65. 


67. 
13% 
77. 
79. 


SECTION 3.4 


(a) Proof (b) x + V3 

(c) fx) = (x — V3) + (x 4 
@) V3, -2, - V3 

(e) = 


-10 


The second polynomial is a factor of the first polynomial. 
gles 
™ 2 

b; =33,e J5 
Answers will vary. Sample answer: 

f(x) = 3x3 — 13x? + 4x + 20 

f(x) = —3x3 + 13x? — 4x — 20 

Infinitely many polynomial functions 

x? — 7x + 10 69. 3x7 — x — 10 71. x? — 6x 
x? + 4x + 3 75. x? + 10x + 24 square feet 

(a) $199,978  (b) Proof 

The remainder is 0. 81. c = —210 


61. a; -1,-2+ /2 


(page 298) 


Skills Review (page 298) 


1. f(x) = 3x3 — 8x? 
2. f(x) = 4x4 — 3x3 


5x + 6 
16x? + 12x 


3. x4 — 3x9 +54 


. Possible: +1, +2, +4 


Actual: —1,+2 


19. 
21. 


23. 
27. 
31. 
37. 
41. 
45. 
49. 


51. 
53. 


55. 
57. 


3,44 5.43,42 7.1,2,3. 9% —-1,-10 
5-1 0613. 43,4/2 15. -1,2 17. -6,5,1 
—2,0,1 
(a) £1,+3,+3,+3, 4443 45,4344,43,45,434 
(b) , () 13-8 
fl) =-2,f2)=7 25. f(2) = —6, f(3) = 44 


29. Real zero ~ 3.3 

33. d; 0.206 35. f; 2.769 
39. 0.900, 1.100, 1.900 

— 1.453, 1.164 43. —2.177, 1.563 

d 46. a 47. b 48. c 

(a) V = x(18 — 2x)(15 — 2x) 


Real zero ~ 0.7 
e; — 1.769 
— 1.164, 1.453 


Domain: 0 < x < 7.5 


(b) 


Approximate measurements: 
2.72 inches x 12.56 inches x 9.56 inches 


(c) x ~ 0.448, 6, ~ 10.052 


A value of x ~ 10.052 inches is impossible because it 


would yield a negative length and width. 
(d) x =6 
18 inches x 18 inches x 36 inches 
(a) V= x3 + 9x? + 26x + 24 = 120 
(b) 4 feet by 5 feet by 6 feet 
4.49 hours 


(a) 2 


Answers to Odd—Numbered Exercises and Tests 


(b) 


(c) 


(d) 


59. (a) 


(b) 


A63 


Linear: R = 2.255t — 15.27 
Quadratic: R = 0.12957 — 0.464t — 2.06 
Cubic: R = 0.01105r7 — 0.21841? + 3.027¢ — 13.15 
Quartic: R = 0.00872414 — 0.355358 + 5.3735 
— 33.612t + 73.59 


Quadratic 
22 


Linear 


Quartic 
22 


All four models fit the data well. The nonlinear models 
seem to fit a little better than the linear model because 
the curve of each graph tends to fit the points at the far 
left and far right better. 


Linear: 2013 (t ~ 23.18) 
Quadratic: 2009 (t ~ 19.25) 
Cubic: 2008 (t ~ 18.33) 
Quartic: 2007 (t ~ 16.92) 


Answers will vary. Sample answer: The higher the 
degree of the model, the faster the graph climbs after 
2005, so the quartic model makes the earliest predic- 
tion of when the revenue per share will reach $37. 
Based on the increasing trend of the last few data 
points, the year (2013) predicted by the linear model 
seems too late. 


h 
340 + 
3204 a 
300 . : 
280 5 e 
260 + e ° 
240 5 e ° 
aot, ° 

fs ; z : i i. 6 is a i 

Linear: y = 11.65¢ + 143.5 
Quadratic: y = 0.3287 + 4.76t + 177.0 
Cubic: y = 0.04798 — 1.18077 + 19.89¢ + 128.9 


Quartic: y = 0.0121974 — 0.4643 + 6.63677 
— 31.32t + 250.1 
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A64 


(c) 


Answers to Odd—Numbered Exercises and Tests 


Linear: 2012 (t ~ 22.02) 
Quadratic: 2010 (t ~ 19.81) 
Cubic: 2009 (t ~ 18.64) 
Quartic: 2008 (t ~ 17.79) 


Answers will vary. Sample answer: The long-term trend 
of the data points appears to be nearly linear, although 
there is an upward trend in the last three data points. If 
prices change according to the long-term trend, then the 
linear or quadratic model will give good predictions. If 
prices start rising more quickly as reflected in the last 
three data points, however, the cubic or quartic model 
may give better future predictions. 


61. ~ $399,890 or $744,400 


63. 


65. 


67. 
69. 


(a) 


(b) 


16,000 


10 50 
0 
30 and ~ 38.91 
You can solve —x? + 54x? — 140x — 3000 = 14,400 
by rewriting the equation as y = —x? + 54x? — 


140x — 17,400. Using the table feature of a graphing 
utility, you can approximate the solutions to be 
x ~ —14.91, x = 30, and x ~ 38.91. The company 
should charge $38.91 to generate greater revenue. 


No; setting h = 64 and solving the resulting equation 
yields imaginary roots. 


No 


(a) 
(b) 


x=-2,1,4 


It touches the x-axis at x = | but does not cross the 
X-axis. 


(c) fis at least fourth degree. The degree cannot be less 


(d) 
(e) 


(f) 


than 3, because there are three zeros. The degree of f 
cannot be odd because its left-hand behavior matches 
its right-hand behavior. So, its degree cannot be 3. 


It is positive because f increases to the right and left. 


Answers will vary. 
Sample answer: f(x) = (x + 2)(x 


1)?(x — 4) 


. 


71. Answers will vary. 


MID-CHAPTER QUIZ 


1. Vertex: (—1, —2) 
Intercepts: (-1 + /2, 0), (0, —1) 


(page 303) 


(-1, -2) 


2. Vertex: (0, 25) 
Intercepts: (+5, 0), (0, 25) 


3. Rises to the left 4. Rises to the left 
Falls to the right Rises to the right 

5. 293 

6. f(x) = (« — 103 + x7 — 4x — 4) + 0; f(1) = 0 

7. f(x) = (x + 3)? + 2x — 8) + 0; f(-—3) = 0 

8.22 +5x-12 9 4/5,-3 10. £3, 45 

11. 1, 2,534,375; $337,600 

14, (a) 


(b) Linear: A(t) = 9.52 — 52.3 
Quadratic: A(t) 0.052r7 + 10.67 — 58.1 
Cubic: A(t) = 0.10147 — 3.400? + 45.69¢ 
— 173.3 
Quartic: A(t) = —0.0049574 + 0.319417 — 6.8727 
+ 69.34¢ — 231.2 


(c) Linear Quadratic 


110 


Quartic 
110 


Each model could be considered a good fit, but the 
cubic and quartic models appear to fit the data a little 
better than the linear and quadratic models. 


Linear: 2011 (¢ ~ 21.25) 
Quadratic: 2012 (t ~ 21.82) 
Cubic: 2008 (¢ ~ 18.49) 
Quartic: 2009 (t ~ 18.94) 


(d) 


Answers will vary. Sample answer: The linear and 
quadratic predictions are close to each other and the 
cubic and quartic predictions are close to each other. 
The cubic and quartic models give earlier predictions 
because their graphs rise faster in the years after 2006 
than the graphs of the linear and quadratic models. 


SECTION 3.5 = (page 312) 
Skills Review (page 312) 
1.2/3 2210/5 375 4-6/3 
5.12 6.48 7. 2 8. /2 
1 5 
We . =e 
i= 525 10. -1+4 /2 
1.3, = 1,.—%). 1,4, =1,.—1,.1, = 1, —4 1, = 1, 4,1 
jan = 1, pant — i, jant2 = 1, jant3 = i, 


3. a= 7,b = 12 
7.9 + 4i;9 — 47 9. —3 
11. 


n is an integer. 

5.a=4,b= —3 
2./3i,=3 4 
13. =L— 6 =—1 +61 


= 221 


Answers to Odd—Numbered Exercises and Tests 


15 
21 


27. 
35. 
43. 
47. 
53. 
D7: 


59. 


63. 


67. 


69. x = 


71. 


75. 


77. 


A65 


. —5i; Si 19.243 
54+ 6i 
—14 
25 
(16 4 
1+3i 
44 


17. —3; -3 
23.3-3/2i 25.2¢+2i 
29.-2,/6 31.-10 33. 
37. 30+ 201 39. —11 + 60i 
4/3) +(-16/2+2/6)i 45. $-33 
49.10-7i 51. 4i 
ts igh SS ag Sy? 


ag t 
Error: (3 — 2i)(3 + 2i) = 9 
(not 9 — 4 = 5) 


61. —2 +33 


1+i 


The graph has no x-intercepts, 
so the solutions must be 
complex conjugate pairs. 


The x-intercepts of the graph 
correspond to the zeros of 
the function. 


-10 


Imaginary 
A 


73. 


Imaginary 


27 2 


> Real 


Imaginary 


A 


a+ 


i+ 


The complex number 0 is in the Mandelbrot Set because, 
for c = 0, the corresponding Mandelbrot sequence is 
0, 0, 0, 0, 0, 0, which is bounded. 
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A66 


79. 


81. 


83. 
85. 


SECTION 3.6 


The complex number | is not in the Mandelbrot Set because, 
for c = 1, the corresponding Mandelbrot sequence is 1, 2, 5, 
26, 677, 458,330, . . . , which is unbounded. 


The complex number at is in the Mandelbrot Set because, 
for c = ah the corresponding Mandelbrot sequence is Si, 


Uh ap: ts 3° 4. le WS seh 10,767, 1957. 
41 24 ~16 © 4b, 956 © 32! ~ 65,536 7 40964 
864,513,055 46,037,845. . aa 

— 4.204,967,296 + 134,217,728!» Which is bounded. 


False. If the complex number is real, it equals its conjugate. 


Answers will vary. 


(page 320) 


Skills Review (page 320) 


1.4— /291,4 + /29i 
3. -14+4/2i,-1-4/2i 


2. —5 — 12i,-5 + 12i 
4.6+ 41,6 —45i 


5. —13 + 9 6. 12 + 16: 7. 26 + 22i 

8. 29 i 10. —9 + 46: 
16030306 «5400 7. £4 (x + 4x — 40) 
MEE: 4, 5+ 8), 5- 4) 

a? 2 2 

11. +3, +3i; (x — 3)(x + 3)(x — 3a)(x + 3i) 
13. 0,4 /5i; x(x = J5i)(x + J5i) 
15. —5,8 + i; (x + 5)\(x —8 + D(x — 8 — i) 
17. 2,2 +i;(x —2)(x-2+i/)(x%-2-) 
19. —5,4 + 37; (t + 5)(t — 4 + 3i)(t — 4 — 3’) 
21. —10, —7 + 5i; (x + 10)(x + 7 — S5i)(x + 7 + 5i) 
23, —5,-2+ J3i;(x + S\(x+2— V3i)(x+2+ V3i) 
25. —3,1 +45; (4x + 3)(Qx —2+ )(2x-2-/ 
27. -4,1 4 J5i; (5x + I(x -—14+ JV5i(x — 1 — J5i) 
29. 2,+2i; (x — 2)?(x + 2i)(x — 2i) 
31. +7, +3i; (x + D(x — D(x + 3i)(x — 3’) 
33. —4,3, 476 (¢ + 4)2(¢ -— 3) + Dt - 1 
35. Answers will vary. 


43. 


. Answers will vary. 


Sample answer: x? + 2x? + 9x + 18 


. Answers will vary. Sample answer: x7 — 5x7 + 9x — 5 


. Answers will vary. 


36x + 144 


Sample answer: x° + 4x+ + 13x3 4 


Sample answer: x* + 8x3 + 9x? — 10x + 100 
Answers will vary. 


17x} 4 


Sample answer: 3x+ 
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45. 


47. 


49. 


55. 


59. 


61. 


63. 


(a) (x? — 8)(x? + 1) 
(b) (x — 2V2)(x + 2,/2)(2 + 1) 
(c) (x — 2V2)\(x + 2/2) — D(x + 3) 
(a) (x? — 2x + 3)(x? — 3x — 5) 
3+ /29 a= 29 
fe 


(b) (x? — 2x 5 


(c) (x -— 1+ J2i)(x — 1 -— V2i) 
(sh ) 
2 3 


+2i,4 51.4611 53. -3+i,3 


+1,+2. The x-intercepts occur at the solutions of the 
equation. 


3 

Answers will vary. Sample answer: 

(a) f(x) = x4 — 7x3 + 17x? — 17x + 6 
Zeros: 1, 1, 2,3 

(b) g(x) = x4 — 3x3 + 3x? — 3x +2 
Zeros: 1, 2, +i 

(c) h(x) = x4 + 5x? +4 
Zeros: +i, +2i 


7 


= 
Similarities: f, g, and / all rise to the left and rise to the 
right. 


Differences: f, g, and / have different numbers of 
x-intercepts. 


There is no price p that would yield a profit of $9 million. 


The graph of y = P — 9,000,000 has no intercepts, so 
there is no solution. 


1,000,000 


0 550,000 


—1,000,000 
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65. No. The conjugate pairs statement specifies polynomials 9. (a) None 11. (a) x= -1 
with real coefficients. f(x) has imaginary coefficients. (b) None (b) None 
67. The imaginary zeros of fcan only occur in conjugate pairs. (c) None ()y=x-1 


f has only one unknown zero and no unpaired complex 
zeros, so the unknown zero must be real. 


69. Imaginary zeros can only occur in conjugate pairs. Because 
f has three zeros, one or all of them must be real numbers. 


71. Polynomials of odd degree eventually rise to one side and 
fall to the other side. So, f must cross the x-axis, which 
means f must have a real zero. You can show this by 
graphing several third-degree polynomials. 


SECTION 3.7 (page 330) 13.f dae 15.a 16b 17.c 18d 


19. g(x) shifts downward two units. 


Skills Review 330, ; ; 
pene 230) 21. g(x) is a reflection about the x-axis. 


1. x(x — 4) 2. 2x(x? — 3) 3. (x — 5) + 2) 23. g(x) shifts upward three units. 
4. (x — 5)(x — 2) 5. x(x + I)(x + 3) 25. g(x) is a reflection about the x-axis. 
6. (x? — 2)(x — 4) 27. g(x) shifts upward five units. 
7. 8. i 29. g(x) is a reflection about the x-axis. 
4 33.» 
4 
oe ol 
9. 


1. Domain: All x # —1; Horizontal asymptote: y = 3; 
Vertical asymptote: x = —1 


3. Domain: All x # 5; Horizontal asymptote: y = —1; 
Vertical asymptote: x = 5 


5. Domain: All reals; Horizontal asymptote: y = 3; 
Vertical asymptote: None 


7. Domain: All x # —4; Horizontal asymptote: y = 0; 
Vertical asymptote: x = —4 
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p = 100. 
; pat 
ay ie ee 
: 2 ne 
rT -- 2 --- == » 4 y ~ 292.7: 
14 Soa 
-6 -4 "4 6 
J. | ce 
=1- -44 
; 
a 
= + + H : > s 
| 
24 100 
he 
; 0 200,000 
I 0 
! 
+— ey 10,000 | 100,000 | 1,000,000 | 10,000,000 
-2 2 4 
$51 $10.50 | $6.45 $6.05 
f(x) = = 100.97081 + 6083.999 
7 2 4 = —— : <t< 
ss 3.0195 + 251817 ° >=? = 
x3 
f= X= 2D 
1 
(co aac area 
x 
fx) = = 2h 3 
_ Gx" + eo ee + do 
f(x) bx So by 
n>m, n 


m 


50 


(b) 2008: 48.18 seconds; 2012: 48.43 seconds 


(c) This model does not have a horizontal asymptote. A 
model with a horizontal asymptote would be reasonable 
for this type of data because the winning times should 
continue to improve, but it is not humanly possible for 
the winning times to decrease without bound. 


REVIEW EXERCISES (page 336) 
it y 3 3 
ea yo 
ie ram EE 
(-3,-5) 


N73 
2.-1) 


Vertex: (2, —1) 


Vertex: (—3, —5) 


Intercepts: Intercepts: 


(0, 11), (° _ 0) 


(0, 4), (—3 + V5, 0) 


5. f(x) = 5x + 5)? - 1 


7. 


9, (a) 50,000 


11. 


A(x) = 250x — x?; 125 feet x 125 feet 
(b) About 385 units 


0 1200 
0 


(c) Write the equation of the quadratic function in standard 
form. The vertex is the minimum cost. 


(a) 150 


(b) d(x) = 


0.077x? 4 


6.59x + 2.4 
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13. 


17. 
21. 


25. 
29. 


31. 


33. 


35. 
41. 
47. 


A69 


(c) 


(d) (42.8, 143.4); The vertex gives the angle 42.8° which 
results in the greatest distance of 143.4 meters. 


Falls to the left 15. Falls to the left 
Rises to the right Falls to the right 


+4 19. 0,2, 5 


1 
2 2 ‘ 
x 3x ed 23. x° + llx + 24 
x — 3x + 3 27. (a) -—10 (b) 11 
(a) Proof (b) x—2 
(c) @-5)@+3)e—-2) dd —3,2,5 
(e) 40 
—15 
(a) 2,500,000 (b) Answers will vary. 


0 
~ $325,167 


lh 3%, 559 
+1, 43, +5, +15, +5, +5, + 


From the graph: x ~ 2.357, so the zero is not rational. 
—3,-1,2 37. 2,45 5 


39. —3,3,2 
-1,2 43.x~-2.3 45. —1.321, —0.283, 1.604 
(a) 60,000 


€ WHALdVHO 


A70 Answers to Odd—Numbered Exercises and Tests 


(b) Linear: R(t) = 3708.4t — 4690 81. Answers will vary. Sample answer: x? — x? + 9x — 9 
Quadratic: R(t) = 157.78P + 395.0r + 11,403 83. (a) (x2 + 8)(x? — 3) 
Cubic: R(t) = 2.427P + 81.33P + 1162.2t + 8967 (b) (x2 + 8)(x = J3)(x 4: V3) 
Quartic: R(t) = 4.882974 — 202.6538 + 3211.25 (c) (x a3 2/2i)(x _ 2./2i)(x _ V3)(x is 3) 
— 19,345.98 + 57,518 85. +4i,4 87. -—1+ 3i,-1,-4 
(c) Linear Quadratic 89. Domain: All x # —2 
60,000 60,000 A 
Vertical asymptote: x = —2 


Horizontal asymptote: y = 0 


91. Domain: All x # +3 


Vertical asymptotes: x = —3,x = 3 
. - oe 5 oe Horizontal asymptote: y = 2 
Cubic Quartic 
60,000 60,000 
(0) 16 0 16 
0 0 
Each model could be considered a good fit for the data. 


(d 


YS 


Linear: 2009 (t ~ 18.79) 

Quadratic: 2007 (t ~ 17.22) 

Cubic: 2007 (t ~ 17.14) 

Quartic: 2007 (t ~ 16.59) 

Answers will vary. Sample answer: The quadratic, 
cubic, and quartic predictions are all around 2007. It 
appears that the curves of the graphs of these models fit 
the data points of the last few years better than the 


graph of the linear model. So, the linear prediction 
(2009) may not be as good. 


49. 4.,/2i;-4/2i 51. -3 + 4i;-3 - 43 
53.5+i 55.11+9/3i 57.89 59. —10—8i 


E25 
6742 63.10. 653-9) ae 2 
5g 1s 
+ /23i -llt VJ BE 
wm—a=0. go .? 
4 8 4s 
73. Imaginary + + + + +> x 
A 200,000 800,000, 
e —34+2i at Number of charcoal grills 
“Tl (b) x 1000 10,000 | 100,000 | 1,000,000 
4 > Real Cc | $134.65 | $22.15 | $10.90 $9.78 
ad 
Eventually, the average cost per charcoal grill will 
74 approach the horizontal asymptote of $9.65. 
75, +3, +31: (x — 3)(x + 3)(x — 3i)(x + 3’) 101. (a) 430,769 fish; 662,500 fish; 1,024,000 fish 
77. —5,£V3i; (t + S(t — V3i)(t + V3i) (b) 1,666,667 fish 
3; 103. (a) $35,000 = (b) $157,500 = (c) $10,395,000 
TP ry Smee lee ae (d) No. The model has a vertical asymptote at p = 100. 


CHAPTER TEST 
1. 


. (a) Falls to the left 


(page 340) 


Vertex: (1, —5) 
Intercept: (0, -}) 


(b) Rises to the left 


Rises to the right Rises to the right 


3. x2 + 7x + 12 


3 
A. 1,43, 29,997,487 4537 4 


Fe) 


#6) = 0 _ 
f(-3) = 0 
1) =e - Ble + ee 


1) — 3) 


0 


(b) Linear: S = 3836t — 1379 
Quadratic: § = 014151? + 0864t + 065 
Cubic: S = —003857t? + 13564t? — 11327t 


+ 3936 
(c) Linear Quadratic 

50 50 

0 16 0 16 
0 0 

Cubic 
50 

0 16 


0 


Each model could be considered a good fit for the data. 


Answers to Odd—Numbered Exercises and Tests 


A71 


(d) Linear: 2007 (t ~ 1663 ) 
Quadratic: 2006 (t ~ 1587 ) 
Cubic: 2008 (t ~ 1791 ) 


Answers will vary. Sample answer: All three models 

give predictions that reflect the increasing data.Beyond 
2008, however, the sales per share predicted by the 
cubic model begin to decrease, so the cubic model is 
probably not appropriate for future predictions. The 
linear and quadratic models show increases beyond 
2008, but neither is certain to be a good predictor far 
into the future, because the data do not show a steady 


trend. 
6. 16-3) 77-9 827-473 
9, 23 — 147 10. 7 
uxr- stig pS BB V7 
2 4 
13. x4 — 703 + 1927 - 63x +90 914. + /5i, -2 
té8bD 
Domain: All x # 2 
CHAPTER 4 
SECTION 4.1 (page 350) 
Skills Review (page 350) 
1.5 2. 32% 3. 4% 4. 10* 5. 42x 
3 1 3 
10x raat 3x rs, a 
6. 4 q. ( ;) 8. 4 5, Ie 
11. 2* 12. 3° 
1. 3463 3. 95946 5. 0079 7. 54598 
9, 1948 11. g 12. e 13. b 
14. h 15. d 16. a 17. f 18. c 
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39. 


41. 


43. 


45. The account paying 5%nterest compounded quarterly 
earns more money.Even though the interest is compound- 
ed less frequently, the higher interest rate yields a higher 

_ return. 


47. df should choose the account with the online access fee 
because it yields a higher return. 


49. $9,69117 51. $47,68376 
53. %0,70076 55. $55,25566 
57. (a) $8291 
(b) $958 
rer (c) 600 (d) $1719 
35. 
- 350 
59. (a) 100 (b) ~ 110 (c) ~ 121 (d) ~ 158 
cl rT. © 61. $42470 63. $2,43443 
. 65. (a) 5907 (b) 6237. (c) 6767_— (d):7753 
‘| a 67. ~ 3042 kilograms 
37, 69. (a) 5 (b) ~ 111 pounds 


0 10 


° 


(c) On the graph, when P = 25, t ~ 46 months. 


71. 


qs 
75. 


The 


79. 


SECTION 4.2 


(a) $10 million, 650 million, $100 million 
(b) $0821 million, 64949 million, 307390 million 
(a) 22, 24, 25, 255 (b) 221, 240, 251, 254 


Women tend to marry about 2 years younger than men do. 


The median ages of both have been rising, and the age 
difference is decreasing. 


(a) 3800 


3 ie 

2400 

(b) 2696 billion prescriptions, 3127 billion prescriptions, 
3363 billion prescriptions 


Answers will vary. 


(page 361) 


Skills Review (page 367) 


1. 3 2. 0 3. 


5. 7389 6. 0368 


7. The graph of g is the graph of f shifted two units 
to the left. 


=] 4. 1 5. 7389 


8. The graph of g is the graph of f reflected about 
the x-axis. 


9. The graph of g is the graph of f shifted downward 
one unit. 


10. The graph of g is the graph of f reflected about the 


y-axis. 
1. 2. f 3. b 4.d 5. a 6. e 
7. log,256=4 9 log.,3 =4 
ll. logy =—-2 13.Ine=1 15. In4=x 
1.4=16 1927°=} We =e 
3.57202 W.28=3 27,3 
29.-4 313 33.1 35-4 37.1 
39.-4 41.5 43.2538 45. —0097 
47. 0452 49. 1946 = 51. 2913S 53. 0896 
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8 (x) 


59. d 
65. 


Domain: (0, co) 
Asymptote: x = 0 
x-intercept: (1, 0) 


60. e 61. a 


A73 


B(x) 


. Domain: (—4, co) 


Asymptote: x = —4 
x-intercept: (—3, 0) 


69. Domain: (0, co) 
Asymptote: x = 0 
x-intercept: (1, 0) 


71. 


73. Domain: (—1, 00) 
Asymptote: x = —1 
x-intercept: (0, 0) 


y 


Domain: (— oo, 0) 
Asymptote: x = 0 
x-intercept: (—1, 0) 
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79. 


81. 
83. 
85. 


89. 


Answers to Odd—Numbered Exercises and Tests 


2 77, 3 
-1 5 0 9 
=! 3 
5 
0 9 
1 
years 
(a) 78  (b) 682 = (c) In3 months 
(a) 


75 


The domain 0 < ¢ < 12 covers the period of 12 months or 
1 year.The scores range from the average score on the orig- 
inal exam to the average score after 12 months, so the range 
is 8240 < f(t) < 98 


40 


0 


The domain | < ¢ < 15 represents the time period of 1 
day to 15 days.The range 2 < g(t) < 345 represents the 
possible units produced by the employees over the given 
time period. 


91. (a) ~ 294 years (b) ~ 333 years 


103. 


107. 
1. % 


(c) ~ 6 years (d) ~ 102 years 
93. (a) False (b) True (c) True  (d) False 
SECTION 4.3 (page 369) 
Skills Review (page 369) 
1. 2 23. =5 35°=2 4. —3 5. & 
1 
6. > 7. &€ 8. 1 9 y=x? 
y=? 14=64 12. 161? =4 
1 logio8 3 logo 30 logign logio x 
* logyo 5 * logige * logig 3 ; logio 5 
logy io logiox In8 In 5 
2 logyy x i» logy) 26 1 In 5 “In 10 
Inn Inx Inj Inx 
pail Fama = 10 
Bg In 5 “Inx in 26 
25. 2585 27. 1079 29. 2633 31. —0683 
33. — 1661 35. 2322 37. 11833 39. —02084 
41. 10686 43. 01781 45. 18957 47. —27124 
49. 05708 51% 53. -5 55. -3 
57. -1—log,2 59. 5 +4log, 10 
61. —3 — log; 2 63. 6+ In5 65. 6 + 5 log, 3 
67. log, 4 + log,n 69. log; x — 2 71. 4 log, x 
73.$Inz 75. Inx+Iny+Inz 77. $In(a — 1) 


81. Inz — $In(z + 3) 
85. 3 Inx + $In(2 + 3) 


79, 21In(z — 1) — Inz 
83. 4(In x — Iny) 


87. log, 5x 89. log, 91. log, (x + 4)? 


3/ = 
ip ay dpe 2 
KE xe 


93. 1 5) 


” 3 16x 

_ 9. 
Jx2 + 1 
Iny = 4Inx 


In y = $Inx + In 0070 


99. In 101. In 


x 
(x + 2)(x — 2) 

105. Iny = —}Inx + In3 
109. ~ 26 decibels 


0 50 
0 


The two graphs are the same.The property is 
log (uv) = log, u + log, v. 
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113. Choose a value for y and graph log, x/log,y and 
log, x — log, y. Notice that the graphs are different. To 
demonstrate the correct property, graph log ,(x/y) and 
log, x — log, y, choosing a value for y. 


2 xy 1 
» In(x? + 3) — . In : Ss 
17. In@? + 3) — 3Inx 18. In 3 19. logio ban 


20. Iny = Inx 


115. Let log, wu = x and log, v = y. SECTION 4.4 = (page 380) 
a“ =uanda’ =y 
urv=at:ay=ar*ty Skills Review (page 380) 
log, a**? =xt+y 
a 7 In 3 2 e 
log, uv = log, u + log, v 1. In2 2-1 oe nad 3. 2 4. 2e 
117. Answers will vary. 5.241 6.41 1. %& 8. 2x 


9, 2x 10. —x? 


MID-CHAPTER QUIZ (page 372) 
1. 


1.3 3-2 5.2 7.64 %7% =U 
13. x7 +1 15. 8-7 17. 3 — 8 19. x +5 
21.x2 23. In3 ~ 1099 —.25. log, 8 ~ 1893 
27. In28 ~ 3332-29. }log,80~ 1994-31. 2 
33. log, 28 + 1 ~ 4033-35. 3 — log, 565 ~ —6142 
37. ¢ logy ~ 0059 39. log, 7 + 1 ~ 2209 
41. In 12 ~ 0828 43. In} ~ 0511 
A ~ 45. Int ~ —0693 47. + + + log, § ~ 0805 
49. In6 ~ 1792, n2~0693 51. In4 ~ 1386 
53. 21In75 ~ 8635 55. 5 1n 1498 ~ 3656 


an 57. ms wee 
+ prea ieTy 
al 365 | (1 ae ) 
gil 
59. — Pt ~ 6960 
5. (a) Monthly: $5,08504 12 In(1 + a) 


(b) Continuously: $5,09834 


. 10,000 .e 3 = 00 
6. (a) 2000: 779 million (b) 2009: 1108 million oi Gee cs 


: ta : saa 24 
2005: 947 million 2010: 1153 million 65. — ~ 5512 67. 5,000,000 
7. (a) 100 =(b) = 364 (c) ~ 1326 , 
= 12/5 1710/3 
8. $084 92 104 .-2 12.0 at 1296771. se 5606 


2 = —2/3 =~ 
amano pce (25,68) 73. e* — 2 ~ 5389 75. é 0513 


Homutnat ela (Lee) 77. No solution 79, 1+ /1 +e = 2928 
: -1+VJ17 
The graphs are reflections 81. No solution 83. 7 85. —3.° = 1562 
of each other about the 
3 i =x. 725 + 125 
“14 mee 87.2 89. mere ~ 180384 
ad 15S Sh 5="=! 
ue 7 ne CD 
3 6 1 1 1 
14.5 15.5 16. 3 logig x + 3 logigy — 3 logioz 95. 2807 97. 20086 99. ~ 1109 years 


101. ~ 1515 years 103. 26 months 
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105. (a) ~ 210 coin sets 


(c) 200 


(b) ~ 588 coin sets 


0 1500 
0 


107. (a) ~ 293 years (b) 
109. (a) 800 


=~ 398 years 
(b) and (c) 2001 


111. (a) 
02 1626 
04 785 
06 525 
08 405 
10 339 
(b) 1% 


0 1 
0 


The model is a good fit for the data. 
(c) 1197 meters 


(d) No. To reduce the g’s to fewer than 23 requires a 
crumple zone of more than 227 meters, a length that 
exceeds the front width of most cars. 

113. log, uv = log, u + log, v 

True by the Product Rule in Section 43. 
115. log,(u — v) = log, u — log, v 

False. 

195 ~ log(100 — 10) # log 100 — log 10 = 1 
117. &.See Exercise 81. 
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SECTION 4.5 


(page 391) 


Skills Review 


(page 391) 


7 5Inj 8 5e7/2 9, = 34539 10. ~ 3695 
Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 

1. $000 1% 990 years $0,06876 
3. $00 693% 10 years $00000 
5. $000 825% 840 years 928188 
7. 639279 11% 630 years $9,20500 
9. $000 8% 866 years $1,12770 
Half-Life Initial Amount After 
Isotope (Years) Quantity 1000 Years 
11. 7°Ra 1599 4g 259 g 
13. 4C 5715 395 g 39:2 
15. "Pu 24,100 165 g 16g 
17. Exponential growth 19. Exponential decay 


21 


.C=1,k =41n10 


23, CH 1. = Fie 


L 
4 


25. 


27. 


29. 
33. 
35. 


37. 


39. 


41. 


P 
A 
200,000 ~- 
& 150,000 =- 
S 100,000 + 
& 
50,000 -- 
t 
10 20 30 40 
air (0 < 2000) 
2025 
= 1236 hours to double 
=~ 1959 hours to triple 
12,180 years 31. ~ 992% 
(a) N = 40(1 — e949") (b) = 42 days 
(a) 20 


(b) S changed from a logarithmic function to a quadratic 


function. 


0.2 


0 


649 inches 
(a) 12,000 (b) ~ 1252 fish 
(c) ~ 78 months 
0 50 
0 
(a) 24,000 (b) P = 397282e 003281 
3000 


3000 


(d) 2022: ~ 8,174,963 people 
2042: ~ 15,753,714 people 
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43. (a) ; (b) R = 1658e 989% 

1807 

1604 sd 

1405 o 

1207 

1007 

807) ‘4 

607 

° 

or 4 

207 

+ +—+—+—_+—}—_}_> 
“55g 5 10 15 20 25 30 

() 8 


t t t + + +> t 
5 10 15 20 25 30 


(d) 2009: ~ $248 million 
2010: ~ $460 million 


300,000 


45. (a) 


245,000 


(b) P = 251,37202e 114" 
(c) Linear model: P = 31109t + 250,815 


Quadratic model: 
P = —2055t? + 341927 + 


Exponential model 
300,000 


250,096 
(d 


~ 


245,000 


Linear model 
300,000 


245,000 


Quadratic model 
300,000 


245,000 
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47. 
49. 
51. 
57. 
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(e) Exponential model 
2008: 308,627,174 people 
2009: 312,165,655 people 
2010: 315,744,706 people 
Linear model 
2008: 306,811,200 people 
2009: 309,922,100 people 
2010: 313,033,000 people 
Quadratic model 
2008: 304,983,400 people 
2009: 307,642,250 people 
2010: 310,260,000 people 
Answers will vary. Sample answer: The predictions 


given by all three models are relatively close to each 
other and seem reasonable. 


(a) ~ 7906 (b) ~ 7684 

(a) 20 decibels (b) 70 decibels 

=~ 1585 x 10-6 53. ~ 31,623 55. 300 A.M. 
60 


0) 


The data fit an exponential model. 
010861 


Exponential model: n = 39405e 
A logistic growth model would be more appropriate for this 
data because after the initial rapid growth in productivity, 
the worker’s production rate will eventually level off. 


REVIEW EXERCISES (page 398) 
1. d 2. f 3. a 4.b 
5. 6. e 7h 8. g 
9, 11. 


17. 


19. 


21. 
27. 


39. 


fam 1 2 4 

A | $13,681.11 | $13,972.87 | $14,127.43 

n 12 365 Continuous 

A | $14,233.93 | $14,286.46 | $14,288.26 

t 1 10 20 

P | $185,548.70 | $94,473.31 | $44,626.03 

t 30 40 50 

P | $21,079.84 | $9957.41 | $4703.55 
847194 23. log, 64 = 3 25. In 73890 ... 
34 = 81 29. e = 1 31.5 33. 7 


Domain: (3, 00) 


Vertical asymptote: x = 3 


x-intercept: (4, 0) 


y 


41. Domain: (0, co) 
Vertical asymptote: x = 0 


x-intercept: (1, 0) 


43. The average score decreased from 82 to about 68. 


45. (a) 5342 inches 


(b) 60 
0 60 
0 
47. 2096 49. 2132 51. 09208 53. 02823 
55. 2 57. 32 59. logy x — logy y 
61. Inx+35In(x—3) 63. 4log.(y — 3) 65. log,6 
x 
67. InJ/x 69. = ae = fh 
71. Iny = $1n x 73. In8 ~ 2079 75. 1 
77. In4 ~ 1386 79. 3 = 1213650 
81. $e2~ 1478 83. 3e2 ~ 22167 S85. 7 
87. (a) ~ 197 desks  (b) = 257 desks 
89. 1063 g 


91. (a) 300,000 (b) 2016 (t ~ 1673 ) 


0 |e 
150,000 


93. ~ 993 hours to double 
=~ 1574 hours to triple 


95. (a) N = 50(1 — e7 904838" ) 
97. (a) k ~ 02121 

(b) ~ 196 deer; ~ 294deer; ~ 384leer 
99. & 


(b) 48 days 
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CHAPTER TEST 
1. 


5. 87; = 798; 
. After 12 months: ~ 703 


A79 


(page 402) 


= 765 


After 18 months: ~ 678 


Human memory diminishes slowly over time. 


7. 2iInx + 3Iny —Inz 


8. log.) 3 + logjgx + logig y + 2 logy) z 


9. log, x + 4 log,(x — 2) 
11. 
14. 


15. 
18. 


19. 
21. 


10. £ log,(x? + 1) 


243 log, 21 
nz 12, log, Ye? 13. = 
z 
In 6 =~ 1792 
In 2 ~ 0693 
127 16. e® — 2 ~ 401429 17. ~ 163 years 
About 2015 (t ~ 154). Because the exponent on e is 


positive, the population of the city is growing. 
=~ 99 hours 20. ~ 297 grams; ~ 088 gram 
Answers will vary.Sample answer: 


The growth of the bear population will slow down as the 
population approaches the carrying capacity of the island. 
So, the population will grow logistically. 


CUMULATIVE TEST: CHAPTERS 2-4 


(page 403) 
1.3? + 3x-4 2.x? — 3x + 6 

24 
3.33-S24+3x-5 4 axe? 
5. 9x? — 30x + 26 6. 3x2 — 2 


¢ WHLdVHO 


11. 


12. 


15. 


17. 


18. 


19. 


8. 


Nv 
1 
t 


Domain: (—oo, 3) U (3, 00) 
Range: (—oo, 0) U (0, co) 


Domain: (— oo, co) 


Range: [3, co) 


Domain: (— oo, co) Domain: (— 1, co) 


Range: (0, oo) Range: (—00, 00) 


Domain: (— oo, 00) 


Range: (— 00, 00) 


75,000 units 13. 45 — 7i 14. —9 + 40: 
1 17. 5+ JS59i 
=— = i 16. —————_ 
29 29 6 
—4i, 4i, i, —i. Because a given zero is 4i and f(x) is a 


polynomial with real coefficients, — 4 is also a zero.Using 
these two zeros, you can form the factors (x + 4i) and 
(x — 4i). Multiplying these two factors produces x? + 16. 
Using long division to divide x7 + 16 into f produces 
x? + 1. Then, factoring x? + 1 gives the zeros i and —i. 


2 3X 
@ 24 IFT 
25 
3 2 i 
(b) 2x? — x* + 2x 10+ 5 
In 6 ~ 1792 20. 3 + e” = 162,757791 
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21. 


0 


100 


CHAPTER 5 


SECTION 5.1 


(page 412) 


Skills Review (page 412) 


: 
3: ) 4, ( 
zl 
5 t + >x 
5.0.x 6. —37v 7. 2x2 +9 8. -1 
9.x =6 10. y=1 
1. (a) No (b) & 3. (a) &  (b) No 
5. (a) No (b) No 7. (2,-3) = (—1,2), (2,5) 
11. (—2, —2), 0,0), (2,2) 13. (0, sa (2, -+8) 
15. (—1,0),(1,0) 17. (1,1) 9. (5,3) 
21. (10,3) 23. (15,03) 25. ee 3 
27. No solution 
29. (1 + 72,2 + 2/2), (1 — V2,2 - 2V2) 
31. (2, 31), (-2,0) 33. Nosolution 35. (0, 1), (+1, 0) 
37. (2,1) 39. (4,3) 44. (3,3) 43. (2,2), (4, 0) 
45. (1,4),(4,7) 47. (4,-3) 49. No solution 


51. 
57. 
63. 
67. 
73. 
77. 
79. 


SECTION 5.2 


3.x-yt+t4=0 
5. -+ 6.4 
8. Parallel 

10. 


53. Two solutions 55. No solution 
59. (1, 4), (4, 7) 61. (0, 1) 
65. 192 units 


One solution 
G.ah(=3,=1) 


No points of intersection 


233,333 units 69. 1500 CDs 71. 1996 (t ~ 570) 
&, at age 15. 75. $5,000 at 85980,000 at 12% 
$50,000 

According to the graphs, Federal Perkins Loan awards will 


exceed Federal Pell Grant awards.Both models eventually 
decrease and become negative.So, it is unlikely that these 
models will continue to be accurate. 


(page 423) 


Skills Review (page 423) 


v4 


4. 5x + 3y — 28 =0 
7. Perpendicular 
9. Neither parallel nor perpendicular 


Perpendicular 


«(2,22) 

. (2a, 3a — 
9. (-3, —3) 
. (—7, — 13); consistent 
. (4, — 1); consistent 

. (-4, 3). consistent 
. (8, 3). consistent 


B} 
. (a, ga 


3. (2, 0) 


3), where a is any real number 


5. Inconsistent 


11. (2, 5); consistent 

15. (4, —5); consistent 
19. (40, 40); consistent 
23. No solution;inconsistent 
27. (2, —2). consistent 


1 . . 
_ 5), where a is any real number;consistent 


90 _ 67). : 
. (37, —37)5 Consistent 


. No.The solution of the system is (79,400, 398). 


~ixtry= 
LPS 


. 550 miles per hour;50 miles per hour 


1 a (2r+ gs = 
Eo 3 i aoe 
3 r-s=7 
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41. 


45. 


47. 
49. 
51. 


53. 
57: 
61. 


63. 


65. 


A81 


65 gallons of 20% 43. $0,000 at 95% 
3} gallons of 50% $5,000 at 14% 


&;Let the number of adult tickets | =and the number of 
children’s tickets = c. By solving the system of equations 
a+c= 740, 4688 = 85a + 4c, you obtain a = 384, 
c = 356. 

x =~ 309,091 units; p ~ $509 

x = 2,000,000 units; p = $0000 


(a) Fast-food Full-service 


y y 


A A 
175+ 175 
e 
1504 150 . 
e e*° 
125 4 - 125 4 e 
ee 
100 + id 100 + 
7+ 15 
50+ 30 
25+ 25 
t +—_+—_+—_+—_ +++ > * + t—_+—_+—_+—_ ++ > x 
a3 3.6 9 12 15 18 =) 3.6 9 12 15 18 
“254 =a 4 
y = 540x + 526 y = 619x + 702 
(b) No 


1380 units at 81060 
y = 0318x + 4061 
(a) y = 161t + 605 
(b) 1600 


55. y = 097x + 21 
59. y= —2x +4 


600 
1571 cars 


(c) df obtain the same model: y = 161¢ + 605. 


Answers will vary.Sample answer: 


{er y= 6 


G=tya0) re 


6), a is any real number. 

Using the method of elimination, you obtain the statement 
0 = 0, which is true for all values of the variables.So, the 
system has infinitely many solutions. 


(a) Any valueofk #3 (b) k=3 


For the system to be inconsistent, the lines must have the 
same slope and different y-intercepts.So, any value of k 
except for k = 3 will produce an inconsistent system. For 
the system to be consistent (dependent), the lines must 
have the same slope and the same y-intercept.So, k = 3 
will produce a consistent (dependent) system. 


§ WHLdVHO 


A82 Answers to Odd—Numbered Exercises and Tests 


SECTION 5.3 (page 435) 59. Invest $3,33333 + 08a in certificates of deposit, 
$41,66667 — 08a in municipal bonds, $25,00000 — a 


in blue-chip stocks, and a in growth or speculative stocks, 
Skills Review (page 435) where 0 < a < 125,000. 
1. (15, 10) 2. (-2, —8) 3. (28, 4) 61. y = 0079x?2 + 063x + 29 
4. (4, 3) 5. Not a solution 6. Not a solution 63. y 0207x* — 089x + 51 
7. Solution 8. Solution 9. 5a +2 65. (a) y = 0421x7 — 099x + 148 — (b) Same model 
10. a+ 13 67. (a) y = —0371x* + 252x + 601 
(b) Same model (c) ~ 634% 
lec %wa 3b Ad 69. (a) y = 0125x* — 255x + 18 
5. &. The system has a Stair-step”pattern with leading (b) y = 0125x? — 255x +18  (c) No 
coefficients of 1. 71. &.A system of linear equations can have three possible 
7. No.The system has a Stair-step’pattern, but not all of its types of solutions: exactly one solution, infinitely many 
leading coefficients are 1. solutions, or no solution. 
9. (4, —2, —2) 11. (2, —3, —2) 13. (—1, —6, 8) 73. The solution (—a, 2a — 1, a) is generated by solving for x 


iS teenie "7 (1 3 1) and y in terms of z. The solution (b, —2b — 1, —b) is 
° i eae, i i generated by solving for y and z in terms of x. Both methods 
19. (—3a + 10, 5a — 7, a) 21. ( 4a +13,- zat 5, a) yield equivalent solutions. 


23. Inconsistent 25. (—3, 4, 2) 27. (3,,= 1,2) 75. Answers will vary. 
29. (a, —2a, a) 31. (—5a + 3, -a — 5,a) 
33. Inconsistent 35. (1, 1, 1, 1) 


MID-CHAPTER QUIZ (page 440) 


37. Answers will vary.Sample answer: 1. (2,5) 2. No solution 4, (13) 
2x-y+tz=9 x+2y —4z= -13 2 2/11 4/11 
ytz=1, xt yt z= 4 a. ( 5+ 5 5t 5 5. 1500 units 
Z=2 Xe z= 5 


6. 500,000 units 7. (2,-1) 8. (1,3) 


39. Answers will vary.Sample answer: ; 
9. x = 5000 units 


SH yrz=—] 3 | x+ 3yr4z = —26 


p = 40 
yog 2, 4x y—5z= 24 
z=-3 | x+2y ee: 10. y = 062x + 400 11. (1, —2, 3) 
41. Answers will vary. 43. Answers will vary. 12. Answers will vary. 

Sample answer: Sample answer: Sample answer: (a + 6,a + 6, a), a is any real number. 
a = 3: (3, —2, 3) a = 2: (1,6,5) 13. Inconsistent 14. y = —05829x? + 3782x + 5985 
a= 6: (6, 1,5) a= 4: (2, 12,5) SECTION 5.4 

. 448, 
a= —3: (-3,-8,-1) a = 0: (0,0, 5) eee 


45.y=2P4+3x-4 42 y= 424241 


49.2+y—-4r=0 SL e+ —-6rt+6y+9=0 PRIS REVIEM: age?)) 


53. 900,000 at 7% 55. 15,000 units of $5 candles 1. Line = 2. Parabola 3. Circle — 4, Parabola 
$00,000 at 8% 30,000 units of $0 candles 5. Line 6. Circle 7. (1, 1) 8. (2, 0) 
5 5 
$00,000 at 10% 5000 units of $ candles 9. (2, 1), (-3, —3) 10. (2, 3), (3, 2) 


57. 18 gallons of spray X 


1 gallon of spray Y 1. d 2. b 3. a 4.c 5. f 6. e€ 


6 gallons of spray Z 
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45 


47. 
49. 
51. 


53. 


55. 


57. 


59. 


61 


~-O<x<80<y<6 (c) Answers will vary. Sample answer: The nutritionist 
y< 4y, y2O,y< —4x + 16 could give 10 ounces of food Xind 15 ounces of food.Y 
e+y<16x>0,y 20 63. (a) y = 05 (220 — x) 
3 3 3 y < 075 (220 — x) 
(a) 2x +5y < 18,5x +5y < 15,x 20,920 x> 20 
(b) f x < 70 
bee, (b) 
aa 3 10 
sae 
Sz 6 
B2 , : 
BE : 
x a 
2 4 6 8 10 12 = 
Number of tables 
produced per day 
Consumer surplus: $,777,00141 2 #50 «75~—«100 
Producer surplus: $77,54560 ow 
Consumer surplus: $0,000,000 (c) Answers will vary. 
Producer surplus: $0,000,000 65. (a) * 


The consumer surplus and producer surplus are equal when 
the slope of the demand equation is the negative of the slope 
of the supply equation. 


(a) x+y < 30,000 
x > 6000 : 
y > 6000 (b) $0835 billion 
ez dy >0 67. Answers will vary.Sample answer: 
(b) ys ax +4 
ey ys —4x +4 
8 y20 
3 69. (a) | wy? — mx? = 10 
= y> x 
20,000 : x> 0 
Investment account x (b) 4 
. (a) 20x + 15y = 400 
10x + 20y = 250 6 
15x + 20y = 220 
x20 ya 
y20 ai 
(b) 5 (c) The line is an asymptote to the boundary.The larger the 
A circles, the closer the radii can be and the constraint 


will still be satisfied. 


Amount of food Y 
(in ounces) 


5S 10 15 20 25 30 
Amount of food X 
(in ounces) 


SECTION 5.5 = (page 457) 
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9. 


Skills Review (page 457) 
1.2? 2% 


+ t t 
-2 -1 1 


5. (0, 4) 6. (12, 0) 7. (3, 1) 8. (2, 5) 
O79 10. } 


nt 


1. Minimum value at (0, 0):0 
Maximum value at (6, 0):36 
3. Minimum value at (0, 0):0 
Maximum value at (6, 0):48 
5. Minimum value at (0, 0):0 
Maximum value at (3, 4):17 


7. Minimum value at (0, 0):0 
Maximum value at (4, 0):20 


19. 


11. 


13. 


15. 


17. 


Minimum value at (0, 0):0 
Maximum value at any point on the line segment 
connecting the points (5, 0) and (0, 3):30 


Minimum value at (0, 0):0 
Maximum value at (5, 0):45 
Same graph as in Answer 9 


Minimum value at (5, 3):35 
No maximum value 


Minimum value at (10, 0):20 
No maximum value 
Same graph as in Answer 13 


Minimum value at (0, 0):0 
Maximum value at any point on the line segment connecting 
the points (0, 20) and (10, 15):40 


y 


(0, 20) Ni 15) 


Ss 


OOF 5 10 15 


20 25 30 


Minimum value at (0, 0):0 


Maximum value at any point on the line segment connecting 
the points (25, 5) and (30, 0):30 
Same graph as in Answer 17 


§ WALdVHO 


A86 


21. 
23. 


25. 
27. 
29. 
31. 
33. 
35. 
37. 


41. 


43. 
45. 


49. 


51. 


53. 


Maximum value at (3, 6):12 


Maximum value at any point on the line segment connecting 


the points (0, 10) and (3, 6):30 
Maximum value at (4, 4):28 
Maximum value at (7, 0): 84 
Answers will vary.Sample answer: z = 2x + lly 
Answers will vary. Sample answer: z = —x 


Answers will vary.Sample answer: z = 2x + Sy 


Answers will vary.Sample answer: z = 5x + 3y 


Crop A: 60 acres 39. Brand 38 bags 
Crop B: 90 acres Brand %6 bags 
$3,150 340 

Model A: 0 bicycles 


Model B: 1600 bicycles 


$20,000 

12 audits and 0 tax returns 

Television: None 47. Type A: 62,500 
Newspaper: $,000,000 Type B: $87,500 
250 million people $6,875 


Model A: 929 units 
Model B: 77 units 
99,445 


zis maximum at any point on the line segment 
: : 5 
connecting the vertices (2, 0) and (78, #3). 


The constraint x < 10 is extraneous.The maximum value 


of z occurs at (0, 7). 
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55 


57 


59 


. The constraint 2x + y < 4 is extraneous.The maximum 
value of z occurs at (0, 1). 


+ 


. (a) &. The point (1, 12)ies on the line segment 
connecting (0, 14) and (3, 8). 
(b) No. The point (4, 6) lies outside the line segment 
connecting (0, 14) and (3, 8). 
(c) (2, 10) 
. &;The objective function also has the maximum value at 
any point on the line segment connecting the two vertices, 


so there are an infinite number of points that produce the 
maximum value. 


REVIEW EXERCISES = (page 462) 


1 
7 


. (—2,4) 3. (8,-10) 5. (8,6), (0, 10) 
. (9). (15. B54 


10 


0 : a o 3 
9. 800 plants 
11. During the fourth month of the new format 
13. (3, —5) 
15. (a, ta = »), where a is any real number 
17. (a, 2a _ t), where a is any real number 
19. (8, 9) 21. The graph is a point.Solution: (—1, 1) 


23. 


. (a) [Olx + O5y = 025 (12) 
x+ y=12 


10 


0 10 
0 


(b) 75 gallons of 10%olution 
45 gallons of 50%olution 


25. 


27. 
31. 
33. 
37. 
39. 


41. 
43. 


45. 


x = 71,429 units 
p = $271 
(3,5,2) 29, (2, —1, 3) 
(ta a g —£a = 2 a), a is any real number 
Inconsistent 35. y= 2x7 +x — 6 
r+y—4x+ 2y-4=0 
400,000 in certificates of deposit 
$00,000 in municipal bonds 
$5,000 in blue-chip stocks 
$85,000 in growth or speculative stocks 
y= 101x + 154 
(a) 22 
12 

(b) y = 149 + 159 
(c) y = 0150r? + 119¢ + 158 
(d) y = 149t + 159 

y = 0150r7 + 119t + 158 

They are the same as the regression models found in 

parts (b) and (c). 
(e) Linear Quadratic 

22 22 

2006: $186 billion 2006: $296 billion 
2007: $335 billion 2007: $550 billion 
The predictions given by the quadratic model are greater 
than the predictions given by the linear model. 

i 47. i 
7+ all 
6+ 

See ee! sale ee ea 45 
at 
cai : 
il 
as 
poesia oir aes aes -44 
Bone 64 
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y y 
49. i Sl. 7 
1 ‘ 
4- 674 17 
1/ 
a 
34 
44 i 
at a 
2 3 a 
= rl 
feb oo 
_ ~— _ - 
a + 2/416 8 10 
=3 =f =I 1 2 3 n d 
——————— 
endl ; 
24 =4-- 7 1 
a 1 
y y 
53. ‘ 55. i" 
35 7 47 
30 4 34 
25 
20 7 
15 + t ‘ f+» x 
-4 -3 3°44 
10 7 
05 7 ' 1 
, Se es a re Ge i es 
05 10 15202530 4 H ° : 
T ‘ 1 ‘ 
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. Consumer surplus: $,000,000 
Producer surplus: 6,000,000 


63. | 30x + 50y = 550,000 y 
x+ y2 _ 15,000 aan 
x= 8000 ¢- 
av 
y= 4000 = = 1000 
g 5,000 
5,000 10,000 15,000 
$0 concert tickets 
65. Minimum value at (0, 0):0 


67 


Maximum value at (3, 3):81 


. Minimum value at (0, 300):18,000 
Maximum value at any point on the line segment connecting 
(0, 500) and (600, 0):30,000 
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69. Minimum value at (0, 0): 0 
Maximum value at (2, 5): 50 


(0, 0) 


71. Minimum value at (3, 0): 30 
Maximum value at (5, 4): 94 


y 


15. Minimum value at (0, 0): 0 
Maximum value at (3, 3): 39 


16. Model A: 297 units; model B: 570 units 


$216,150; The profit model is P = 200x + 275y with the 
constraints 


73. 700 units of the basic model 


3.5x + 8y < 5600 
300 units of the deluxe model 


2.5x + 2y < 2000 


$124,000 1.3x + 0.9y < 900 
75. $270 model: 50 units x20 
: y20 
$455 model: 50 units 
$3750 and the maximum profit occurs at (297, 570). 
CHAPTER TEST (page 466) 
CHAPTER 6 
1. (2, 4) 2. (—2, 5), (3, 0) 
3. (1.68, 2.38), (—4.18, -26.88) 4. (3.36, - 1.32) SECTION 6.1 (page 478) 
5. (2,-1,3) 6. (2, —3, 4) 
7. $60,000 at 9% 8. (50,000, 34) Skills Review (page 478) 
$20,000 at 9.5% 1.-3 2.30 3.6 4 -% — 5. Solution 
9. y = 0.4507 + 0.51t + 36.8; 42.38 million 6. Notasolution 7. (5,2) 8. (2, -3) 
10. 11. ; 9. (40, 14,2) 10. (4,4, 1) 
3 s+ 
2: ae 


1.2x3 3.4x3 5.4x2 7.2x4 


+ ————, gal 1 1 1 1 0 14-11 
. ne aaa ae 11./0 1-2 2 
0 oO 1 -7 


13. Add 5 times R, to R,. 
15. Interchange R, and R,. Add 4 times R, to R3. 


17. 
19. 


23. 


25. 


29. 


33. 


35. 


39. 


43. 


45. 


49. 
53. 
59. 
65. 
69. 
73. 
75. 
81. 
83. 


Reduced row-echelon form 


Not in row-echelon form 


1 1 2 1 1 2 
(a) | 0 1 -9 (b) | 0 I. 9 
2-1 1 03 3 
1 1 2 1 1 2 
(c)}O 1 —9 (d) | 0 1 -9 
0 0 —30 0 0 1 
1 2. =i 5 | =i, =] 1 
0 i i | 1 27. |0 1 6 3 
0 0 1 -2 0 0 0 0 
1 
a) en ee 
0 1 0 31 
0 0 1 0 (0) 1 0 
0 0 0 1 
1 0 
0 1 
0 0 
2x+ 4y= 6 37. | x dg == 10 
= Sy = 8 3y-> 2= 5 
4x + 2y = 3 
1 10 3 2 
F we | 41.]/5 -3 4 : 0 
2 4 0 6 
9 -3 20 1 13 
12 0 —-8 0 5 
1 2 3 -4 —2 
= 1 1 1 1 
x-Sy= 6 47. |x+3y- z= 15 
y=-2 y+ 4z = -12 
(9) aa 
(—14, 8, —5) 
(—4, 6) 51. (—4, —8, 2) 
(-2a-4,-a+6,a) 55. (3,2) 57. (4, -2) 
G, —3) 61. Inconsistent 63. (—6, 8, 2) 
(-3a + 3, fa ca - a) 67. Inconsistent 
(5a+4,-3a+2,a) 71. (0,2 — 4a,a) 


(—3b + 96a + 100, b, 52a + 54, a) 


(0, 0) 77. (—2a, a, a) 79. Yes; (—1, 1, —3) 
No 
$1,200,000 was borrowed at 8%, $200,000 was borrowed 


at 9%, and $600,000 was borrowed at 12%. 


21. Not in row-echelon form 


Answers to Odd—Numbered Exercises and Tests 
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85. Both are correct. Because there are infinitely many ordered 
triples that are solutions to this system, a solution can be 
written in many different ways. If a = 3, the ordered triple is 


SECTION 6.2 


(3, —3, 5). You obtain the same triple when b = 5. 


~ y = 7.5t + 28 


133 new cases; Because the data values increased in a linear 


pattern, this estimate seems reasonable. 


(page 492) 


Skills Review (page 492) 
1. =5 


3. Not in reduced row-echelon form 


2-7 


4. Not in reduced row-echelon form 


-5 1 : 12 
=" -3 3: | 


6.["0 1s =9" 3 al 
“L6 —5 O : O 


7. (0, 2) 8. (2 + a,3 —a,a) 
6 (i=—ta4,=1) 10, 0,—1,—4) 
lLx=-3,y= 3.x =-2,y= 
8 —-1 2 3 
5. (a) i ,| (b) E ;| 
15 —6 9 —-8 
() 9 | @) fe | 
7 3 Ss =) 
7. (a) 1 9 (b) 3 =I] 
=2 15 —-4 -5 
18 —3 16 —I1 
(c) 6 12 (d) 8 2 
-9 15 =11 = 
3 3 =2 1 1 0 
oi (2 S Fl wi —3 11 
1 —8 11 1 G =5 
6 6 —3 4 4 —1 
(c) |3 3-6 (d)|}9 —5 —24 
a) =3 9 3 Il = 
—-8 —-7 —24 -4 12 
ot | 15 2 as ee 32 | 
10 8 — 17.143 2.143 
- ee | 17. | 11.571 ee 
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—1.581  —3.739 -6 -9 57. (a) B=[2 0.5 3] 
19. | —4.252 —13.249 21; =1 0 (b) Calories burned 
9.713 — 0.362 17-10 — 
120-Ib 150-Ib 
3 3 —-7 10 ~-12 17 person person 
23.) -2 0] 25.) 6 21 7 15 BA = [473.5 588.5] 
ee =3 3 =5 6 
2 2 BA represents the total calories burned by each person. 
= 19 1 0 0 59. Cannot perform operation. 
at e al 29. |0 : ? 61. Cannot perform operation. 63. 2 x 2 65. 2 x 3 
0 14 0 0 3 
67. (a) xX YY Z 
31. Not possible 3 1 21 Sacks 
41 a 7 151 25 48 D=10 2 3 | Interceptions 
33. 42 5 25 35. |516 279 387 4 5 3 | Key tackles 
=i = 25 a0 af 20) 87 Each entry d;; represents the number of each type of 
37. Not possible defensive play made by each player. 
0 15 —2 2 9 6 (b) Sacks Interceptions Tackles 
9, b 
a7 Xa i + ) | 31 a ©) ie i] B=[$2000 $1000 ~— $800] 
3 5 11 5 0 Each entry b,, represents the bonus received for each 
41. (a) i; | (b)|}—-7 -4 -1 type of play. 
14 8 2 (c) X Y Z 
a BD = [$9200 $8000 $9400] 
4 2 3 Each entry represents the bonus each player will 
43. (a) [11] (b) 0 oO 0 (c) Not possible receives 
oe (d) Player Z 
45. (a) [= : le | = A (b) 8 0.40 O15 0.15 
= y : 69. |0.28 0.53 0.17 
47. (a) E al _ H (b) H 0.32 0.32 0.68 
3. —-I1JLy 2 1 =) 3 
1 —2 3 || x 9 1 it | il || 
49. (a) | -1 3 —-1]|/y| =| -6 (b) | -1 Matrix is unique. 
2 -5 5 || z 17 2 12-6 9 
4 110 132 66 44 73. AC=|16 —8 12]=BC, butA # B. 
: lise 176 220 a 4-2 3 
53. Hotelx Hotel Hotel z 2|;1 0 2 
3 sabi ee oe 75. True. |} || |-[ | ona 
97.75 105.80 126.50] Single 1 ~4JL0 It Ll ~4 
115.00 138.00 149.50} Double} Occupancy E | I; | s F a 
126.50 149.50 161.00 | Triple O Ill —4 1-4 
126.50 161.00 178.25 | Quadruple 77. (a) Gold subscribers: 28,750 
55. (a) $19,550 (b) $21,450 Galaxy subscribers: 35,750 
(c) Wholesale Retail Nonsubscribers: 35,500 


$15,850 $19,550} I 
ST = | $26,350 $30,975 | 27 Outlet 75.000 
$21,450 $25,850 | 3 , 
30,000 
ST represents the wholesale and retail prices of the 45.000 
computer inventories at the three outlets. 


Multiply the original matrix by the 3 x 1 matrix 


which represents the current numbers of subscribers 
for each company and the number of nonsubscribers. 


(b) Gold subscribers: 30,813 
Galaxy subscribers: 39,675 
Nonsubscribers: 29,513 


(c) 


(d) 


Multiply the original matrix by the 3 x 1 matrix 
28,750 
35,750 
35,500 
which represents the numbers of subscribers for each 
company and the number of nonsubscribers after 1 year. 
Gold subscribers: 31,947 
Galaxy subscribers: 42,330 
Nonsubscribers: 25,724 
Multiply the original matrix by the 3 x 1 matrix 
30,813 
39,675 
29,513 
which represents the numbers of subscribers for each 


company and the number of nonsubscribers after 
2 years. 


The number of subscribers to each company is increas- 
ing each year. The number of nonsubscribers is 
decreasing each year. 


=13. 11 
- ia a 


1 0 0 


j=) 
j=) 
— 


SECTION 6.3 = (page 503) 

Skills Review (page 503) 
4 24 q 5 24 

1.| 0 -16 Ae Ts 
48 8 Oo 1 4 
-5 -2 -13 

3.| 4 -13 i 
1 0 6 5 

a 6.|' 3 7./0 1 O 
1 0 0 

ajo 1 of aft 9 f 3 
0 oOo 1 
100 -6 -4 3 

10./0 1 0 ll 6 -5 
001 —2 -1 #1 


1-9. AB = J and BA = 1 11. | 


0 
13. b 


7 
=3 


_— 
_ 
x 
| 
re NN 
oss 


BIR NIE 
| 

CO we 

(es 


1 1 

ma 4 2 
15.| ¢ 

ial E -1 
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19. Does not exist 


21. 


31. 


35. 


69. 


73. 
75. 


77. 


79. 


1 1 -Il 1 =3 3 2, 
=3 2 -l 23. 3 9 -7T —-6 
3 = 3. 2 =) 2 2 
; 0 O 1 0 0 
0 -+ O 27.|-} § 0 
1 1 I 1 
0 O 4 2 74 5 
Does not exist 
—175 37 -13 1 0 —20 
95 —20 33. Ti —110 55 
14 -3 110 —30 
Does not exist 
—24 7 1 =-2 
—10 3 0 -1 39 4| 8 ;| 
—29 7 3. =2 19, -2 5 
12> -=3:. = 1 


. Does not exist 


1/ 16 15 

alsa | 45. (—2,1) 47. (4,2) 
93) 4G): 53 6.19 
. (2, 1, 0, 0) 57. (2, —2) 59. Inconsistent 
C48) 6. (1,32) 65, 60, —2,3) 

2x+ y+3z= 16 

4x — 2z= -2 

3y+2z= 1 
AAA bonds: $20,000 71. AAA bonds: $21,000 


A bonds: $5000 A bonds: $5000 
B bonds: $10,000 B bonds: $10,000 
I, = 4 amperes, /, = 1 ampere, J, = 5 amperes 
100 bags of potting soil for seedlings 

100 bags of potting soil for general potting 

100 bags of potting soil for hardwood plants 

5 bags of potting soil for seedlings 

100 bags of potting soil for general potting 

120 bags of potting soil for hardwood plants 


99.28 —17.66 0.76 
(a) | — 17.66 3.17 —0.14 
0.76 —0.14 0.006 


y = —0.087 + 3.1t-—5 
(b) 24.58 billion 


A91 


(c) The estimates are close and both seem reasonable. 
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81. 


83. 


85. 
87. 


MID-CHAPTER QUIZ 


1. 
2. 


Bi 
"114 


13 4 8 1 
ap =|") 3s} aa= (4 i3| 


Row | of AB is Row 2 of BA with reversed entries. 
Row 2 of AB is Row 1 of BA with reversed entries. 


Answers will vary. Sample answer: 


If k = 3, then 
4 i _ f s| 
= |1 2|: 
-2 3 5 9 
Ifk = 3, the matrix is singular. 


True. The inverse of J, is J,,. 


Answers will vary. 


(page 507) 
Any matrix with four rows and three columns 


Any matrix with three rows and one column 


2274) ages 
= =) "= 30 4 0 
(2.769, -5.154) 6. (4,-2,-3) 7 es ‘| 
. (2.769, —5. aos bce. te 


=2 | 9 at | 
—-4 36 “{-11 3 


3° =2 ; 
: ; 1 | 12. Not possible 
a) 


=3 16 2. =10 
° ie iel “ B il 


15. 
18. 


$22.80 16. $41.40 17. $59.60 
Plant | Plant 2 
$22.80 $20.20 | A 

LW = | $47.80 $41.40 | B ¢ Model 
$66.50 $59.60 | C 


LW represents the total labor costs for each model at each 
plant. 


19. (4,-2) 20. (4, 2, —3) 
SECTION 6.4 = (page 575) 
Skills Review (page 515) 
3. 5 -2 8 
1. i; | a ; {| 
9-12 6 Oo 8 12 
3.1/3 O -3 4.}-4 8 12 
0 3 -6 -8 4 -8 
5.-22 635 7-15 8& -% 
9. -45 10. -16 


Answers to Odd—Numbered Exercises and Tests 


25. 


27. 


29. 
33. 
41. 
51. 
61. 
71. 


75. 


77. 


79. 


81. 


83. 


85. 


87. 
89. 
91. 


oo=3 3. 1 5. 3 7. 0 9. 5 11. 4 
.% 15.014 17. -0.838 19. 248 
. (a) M,, 5,M,, = 2,M,, =4,M,, = 3 
(b) Cy = -5, Cy = -2, Cy, = -4, Cy = 3 
. (a) M,, 4,M,> > Me =A Meg = 3 
(b) C,, = —4,C,, = 2, Cy 1,C,, = 3 
(a) My, = 3,My = —4,My3 = 1, Mp, = 2, Mo = 2, 
M,, = —4,M,, 4, M,, = 10,M,, = 8 
6) Cy = 3,0 = 40, = 1G, = 3G, = 2, 
Cn = 4 Cy = 4. Cg S10 = 8 
(a) M,, = 30, M,, = 12,M,, = 11, M,, = —36, 
M,, = 26, M,, = 7, M3, = —4, 
M;, = —42, M3, = 12 
OC) = 10,05—=12.0,,= 1, = 36, 
Cop = 26, Coy = -7, Cy, = 4, 
C= 52,0, = 12 
(a) -—99  (b) —99 31. (a) —145 (b) — 145 
(a) 170 =(b) 170 35.58 37. —30 39. 0 
0 43. —0.002 45. 0 47. —108 49. 0 
412 53. —126 55. 0 57. —336 59. 410 
=6 63. —16 65. 120 67. 40 69. — 168 
—20 73. —18 
-2 0 
(a) —3 (b) —2) (©) 0 | (d) 6 
(a) -8 (b)0 ©) i {| (d) 0 
7 1 4 
(a) —21 (b) -19 (c)|-8 9° =3 (d) 399 
7-3 9 
1 4 3 
(a) 2 (b) -6 (c)}]-1 0 3 (d) —12 
0 2 0 


Matrices will vary. The determinant of each matrix is the 
product of the entries on the main diagonal, which in this 
case equals — 18. 

Matrices will vary. The determinant of each matrix is the 
product of the entries on the main diagonal, which in this 
case equals 28. 

Rows 2 and 4 are identical. 

Row 4 is a multiple of Row 2. 


True. If an entire row is zeros, then each cofactor in the 
expansion is multiplied by zero. 


93-95. Answers will vary. 


SECTION 6.5 = (page 524) 
Skills Review (page 524) 
1. 1 2. 0 3. —8 4, x? 5. 8 6. 60 
1 2 -1 
7. ee oi 8 |-1 -2 2 
2 5 0 
0.14 
a ee OC 
Lil 3.28 52 7.2 9.28 
11. y= ory =0 13. y= —-30ry=—ll 
15. 307.5 square miles 17. Collinear 
19. Not collinear 21. Collinear 23. Not collinear 
25. y= —-4 27. x = 3 29. x — by + 13 = 0 
31. x+3y-5=0 33. x = —4 
35. 2x + 3y —-8 =0 
37. [3 15][13 5][0 8][15 13][5 O][19 15][15 14] 
48, 81, 28, 51, 24, 40, 54, 95, 5, 10, 64, 113, 57, 100 
39. [3 1 12][12 0 13][5 0 20][15 13 15] 
[18 18 15][23 0 0} 
— 68, 21, 35, — 66, 14, 39, — 115, 35, 60, — 62, 15, 32, 
— 54, 12, 27, 23, —23, 0 
41). 1, =—25,—6);.17;.15; = 9,12; —62;-— 19; 
27, 51, 48, 43, 67, 48, 57, 111, 117 
43. —5, —41, —87, 91, 207, 257, 11, —5, —41, 
40, 80, 84, 76, 177, 227 
45. 34, 55, 43, 20, 35, 28, 19, 36, 33, 16, 24, 12, 56, 107, 111 
47. HAPPY NEW YEAR 49. SOUND ALL CLEAR 
51. SEND MORE MONEY 
53. MEET ME TONIGHT RON 
55. Because [45 -35]|" "| =[10 15] 
and [38 -30]|" | =[8 14], 
45 —35||w x 10. 15 
you can solve ie Ee ‘ = | 8 I 
JOHN RETURN TO BASE 
57. Answers will vary. 


Answers to Odd—Numbered Exercises and Tests 


A93 


REVIEW EXERCISES (page 529) 
1 3 0 2 1 0 0 
1.62x4 3. | 0 1 1 2 5. | 0 1 0 
0 0 1 2 0 0 1 
7. (3, —2) 9. (3, 2, -1) 11. (10 — 4a, a, a) 
13. Inconsistent 
15. $40,000 was borrowed at 8%, $120,000 was borrowed at 
10%, and $40,000 was borrowed at 12%. 
3 7 = 3 
17. (a) |i ‘| (b) | g 3 
—-4 20 —-16 14 
(©) | 8 “| @) | 26 a 
3 4 2 1 -1 2 -6 11 
Aa 3 -5 6 ‘| (0) fe 7 0 ‘| 
4 12 -8 24 —-2 9 —20 39 
(©) ls 4 12 @) Io a 3 a 
4 —-11 1 3 =5 8 
21,. ||=3 1 23. 3 1 4 25 5 
= -3 9 14 —6 
1 0 0 
27. 1 0 29. Not possible 
0 0 1 
2 -6 8 
31. (a) [4] (b) | -2 6 -8 (c) Not possible 
-1 3. -4 
96 «144 24 «48 
33. | 48 72 96 24 
168 72 120 96 
35. (a) $8325 (b) $5200 
(c) Wholesale Retail 
$5200 $8265 | 1 
ST = | $5075 $7985 | 2 7 Outlet 
$5125 $8325 | 3 
ST represents the wholesale and retail values of the car 
sound system inventory at each outlet. 
37. AB =I and BA = 1 
= 0 0 
39.} 0 5 O 41. | ° j| 43. (3, 4) 
0 o 4} 
45. (2,3,3)  47.(-6,-1) 49. (2,-1, -2) 
51. 10 units of fluid X 


8 units of fluid Y 
5 units of fluid Z 


9 WHLdVHO 


A94 


55. 
59. 


61. 


63. 
67. 
73. 
77. 
81. 


83. 


85. 


~~ 

fab 

Rar 

| 

= 

S ¢ 
= | 
Bl- Nw Nie 


y = 0.1292 
(b) 4.4% 
4 57.0 
(a) M,, = 4,M, = 7,M,, = -1,M,, = 2 
io. =4.67==70,— 1 =2 
(a) M,, = 30, M,, = —12, M,, = —21, 
M,, = 20, M,, = 19, M,, = 22, 
M3, = 5, My = —2, My, = 19 
ib) C7 = 30, C= 12. C, = = 21, 
C-type, = 19 Cy = =22, 
6 35,6,52 0.515 


44; Answers will vary 


1.297 + 4.4 


(c) The estimate is too high. 


65. — 12; Answers will vary. 
69. 10 71. 10 

75. Collinear 

x + I5y — 38 =0 79. x=2 

[20 18][1 14][19 13][9 20][0 14][15 23] 

94, 132, 44, 59, 77, 109, 78, 107, 42, 56, 99, 137 

SEIZE THE DAY 


— 39; Answers will vary. 


Not collinear 


(a) Because [—57 -13]" ‘| = [23 5]and 
[91 26]|" ‘| =[0 13], you can solve 
y z 


ie e |" ‘| = les ;| 
91 26/Ly z O 137 


(b) WE MISS YOU BIG BOB 


CHAPTER TEST = (page 533) 
2 1 4 2 
1. 14 -1 0 
= “3 3 =1 
3 4 2 4 
2.)2 3 0 =2 
0: 2. -=3 =13 


5. 


& (=12,=16,-6) 


2 4 -4 -8 
baa) ef | ay. 


Answers to Odd—Numbered Exercises and Tests 


11. 


14. 
17. 


18. 
20. 
21. 


-9 16 -6 

E “| 2. = 6 -9 4 13. —17 
4-6 1 

—23 15.—-20 16. (2,—2,3) 


Matrices will vary. Sample answer: 


[2 al*[s al-[o ol 
= 2 2 3 3 0 0 
a square units 19. Collinear 
—-xty+3=0 

BA = [$384,000 $631,000] 


BA represents the total value of each product at each 
warehouse. 


CHAPTER 7 


SECTION 7.1 


(page 542) 


Skills Review (page 542) 


.20024 3. Qn + 1Qn-1) 
. (2n — 1)(2n-3) 5. (n — 1)(n — 2) 


1 
4 
6. (n + 1)(n + 2) 
9 


75 8 24 
13 3 
4 10. 7 
1. —5,-3,-1,1,3 3. 2,4,8, 16,32 
tet 1 3 3°33. 1 1 1d 1 
5.3431632 721552 9% —19,73.4.75 
132288 1333328 15. 0,1,2,3,4 
17. -l,4,.-5 36-5 19. 3, 6,9, 12, 15 
19 43 77 121 4 
21. 5,255 > [eos 23-738. ae 
44 
27.535 2% a 30d Ble 32. b 
33.56 35. 19656 37.n+4+1;1,2 
1 og I 7 
39. 2n(2n + 1)’ undefined, 6 41. a, = 3n 2 
2 +1 
43.a,=(-1)"*"(2n) 45.a,=—  47.4,=" 
n n+2 
= n+l 
ges ol et ei a sai ee 
we 2” i n ni 
55.72 57.-84 59.48 61.30 63.2 
65 205,771 
65.14 67.4 69.5771. 54964 
1 8 i 6 ae 
73. SN — 75. a) +3 77, — 1)i* 13% 
23 7S ZG) +3] m™ Reo 


79. 


4 6 
83. Sij? = 30 = Si (k — 2); No 
j=0 k=2 


85. (a) A, = $25,145.83 
A, = $25,292.52 
A, = $25,440.06 
A, = $25,588.46 
As = $25,737.72 
Ag = $25,887.86 
(b) $35,440.63 (c) No; Ay) = $50,241.53 


87. (a) a, = 19.94, a, = 16.56, a; = 13.86, a, = 11.84, 
as = 10.50, ag = 9.84, a, = 9.86, ag = 10.56 


Each term represents the number of alligators divided 
by the number of pythons in the marshland for the 


corresponding year. 


(b) ® 


Ratio 


12345 67 8 
Year ( 1 < 2001) 


The ratio decreased until 2006, and increased there- 


after. 
(c) 731 alligators, 69 pythons 
89. $11.318 billion 


10 


ae 3,628,800 


2°24’ 720° 40,320’ 


SECTION 7.2 (page 551) 


91. True by the properties of sums 


Skills Review (page 557) 


136 2240 34 449 5.18 


6. 4 7. 143 8. 160 9. 430 


10. 256 


. Arithmetic sequence; d = 4 


. Not an arithmetic sequence 


. Arithmetic sequence; d = -3 


Nu Ww = 


. Not an arithmetic sequence 


Answers to Odd—Numbered Exercises and Tests 


9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
27. 
33. 
37. 
41. 
43. 
47. 


51. 
59. 
65. 


71. 


73. 


75. 
77. 
81. 


83. 1024 feet 


Arithmetic sequence; d = 1 

Arithmetic sequence; d = 0.4 

8, 11, 14, 17, 20; Arithmetic sequence, d = 3 
2, 8, 24, 64, 160; Not an arithmetic sequence 
1, 1, 1, 1, 1; Arithmetic sequence, d = 0 


a 2; ‘ * 
Undefined, 2, 1, 3, 3 Not an arithmetic sequence 


—1,1, —1, 1, —1; Not an arithmetic sequence 
4,;= in = 1 25. a, = —12n + 62 

a, = Sn + 2 29. a, =4n—4 
a,=int+? 35. 10,6,2,-2, -6 


5, 14, 23, 32, 41 
54, 50, 46, 42, 38 


39. 2, 6, 10, 14, 18 


216 53. 12 


55...23 57. 4000 
61. 1275 63. 22,770 
67. 670 69. 2725 


10,000 
44,625 


100 
Answers will vary. Sample answer: y 3n 
n=1 


wnt 1 
Answers will vary. Sample answer: S A 
n=1 


(a) $43,750  (b) $236,250 

2625 seats 79. 405 bricks 
(a) a, 
A 
Zs 1400 +- 
& 1200-4 
2 s 1000 5 
q soo 4 
a s 600 + 
<2 4004 
= 2004 

do12345 
Year (0 < 2001) 


(b) $5427 million 
85. $350,000; Answers will vary. 


87. Yes; a, =a, —d+dn 


A95 


31. a, = 6n — 4 


L WaLdVHO 


A96 


89. 


me 
@ 4 


25 + 


Annual revenue 
(in billions of dollars) 
a 
i 


ot cn 
o 1 2 3 4 ~=°5 
Year (0 <> 2000) 


(b) a, = 1.2973n + 13.621,n = 0,1,.. 


5) 
(c) ¥ (1.2973n + 13.621) 


n=0 


Total revenue: $101.1855 billion 


Answers to Odd—Numbered Exercises and Tests 


“2 


SECTION 7.3 (page 560) 
Skills Review (page 560) 
Mite ae Sige. 40d 
5. 6n? 6. 27n* 7. 4n3 8. 1? 
4 4 
§, + 204 10. S) 3(2)""! 
n=1 n=1 
1.5 3. r 5. Geometric sequence; r = 4,4, = 4"~! 
7. Geometric sequence; r = —3; a, = 4(—3)"7! 
9. Geometric sequence; r = 3; a= ee 


11. 
13. 
15. 
19. 


23. 


27. 
31. 
35. 


Not a geometric sequence 
Not a geometric sequence 


4,8,16,32,64 17 Lb bana 


Poli oi 1 
2> 69 18> ~ 54> 162 


1\* 1 
16(;) 16 


100e8 —-29, 500(1.02)39 ~ 1082.37 
40(3) = —20 or —40(—3) = 20 
a 36. c 37. b 38. d 


41, 2 


—20 


21. 1, e, e?, e3, e+ 


1\!! 2 
25. o(-4) = ~ 310 


0 


33. 54(-3) = -3 


349,525 


45. | 47.511 49. ~ 10.67 
6,368 5 30,768 ~ 10-6 
51.43 53.5 55. ~ 29,921.31 
ws 
51.2 =95%10% 59, 5 53) 


n=1 


Z 1\2= 1 6 
61. ¥ 2(-4) 63. 5'0.1(4)""! 

n=1 n=1 
65.2 67.5 69. Sum does not exist; |r| > 1 
n12 #234 75.5 


77. (a) No, Sig = $16,310.50. (b) Yes, Syg = $17,385.63. 
79. $18,416.57; $18,444.46 81. $3984.05 million 
83. (a) 4, (b) $26.050 billion 


6000 


5000 


4000 


3000 
2000 
1000 
0123456. 
Year (0 <— 2000) 

85. $5,368,709.11 for 29 days 

$10,737,418.23 for 30 days 

$21,474,836.47 for 31 days 

The job for which the wage doubles daily pays more. 


Sales 
(in millions of dollars) 


87. 126 square inches 


SECTION 7.4 (page 568) 


Skills Review (page 568) 


1. 5x5 + 15x? Qo 5x = Bx = 15 


. 3x3 
3. x7 + 8x + 16 4. 4x2 — 12x + 9 ay. 
6. —32z5 7. 120 8. 336 9, 720 10. 20 
1. 15 3. 210 5. 792 7. 15,504 9. 1 
11. 4950 13. 6 15. 35 17. 56 


19. x4 + 4x3 + 6x7 + 4x4 1 21. x3 + 6x? + 12x + 8 


23. x4 — 8x3 + 24x? — 32x + 16 
25. x9 + Sx4ty + 10x3y? + 10x?y3 + S5xy4 + y> 
27. 8154 + 21657 + 216s? + 96s + 16 
29. 645° — 576s° + 2160s* — 432057 + 4860s? 
— 2916s + 729 
31. x° — S5x4y + 10x3y? — 10x?y3 + 5xy4 — y? 
33. 1 — 6x + 12x? — 8x3 
35. x!0 — 5x8y? + 10x%y4 — 10x4y® + 5x2y8 — y!0 
2 3 4 
a7 ge ys 
ee % oi x x 
39. The absolute values of corresponding numerical coefficients 
are the same. The terms of (x — y)” alternate in sign. 
41. —4 43. —2035 + 828i 45. 1 
47, 321° — 80r4 + 80r3 — 40r7 + 10t — 1 
49. 81 + 216z + 2167? + 9623 + 1624 
51. 120x’y? 53. 360x7y? 55. 1,259,712xy’ 
4 ee 10,-4y8 
57. Fail lOx) (—3y) 3.248 x 10 
59. 8064 61. 180 63. 489,888 65. —56 
Vg SE, ye OU yg. 35 BS OE Sy 
67. ixg + Tos + tog + Tog + Tos + tog + Tos + Tos 
69. 0.07776 + 0.2592 + 0.3456 + 0.2304 + 0.0768 
+ 0.01024 
71. Fibonacci sequence 
73. (a) g(t) 0.01177 + 1.99t + 108 
(b) 180 
2425 
75. Answers will vary. 
MID-CHAPTER QUIZ (page 570) 
1. -1,1,3,5,7 242244 3.20 
3 1 
4. 24,360 5. a, = 2 6. a, = rar 
7. a, = 3n-— 3 8. a, = 3n + 4 
9. a, = 103)""! 10. a, = 4(-5)"' 
11. Arithmetic; Common difference is 3. 


12. 


Neither; No common ratio, no common difference 


Answers to Odd—Numbered Exercises and Tests 


13. 
14. 
15. 
19. 
22. 
23. 
24. 
26. 


SECTION 7.5 


A97 


Geometric; Common ratio is 3. 
Geometric; Common ratio is 2. 
45 16. 60 17. 1225 

5 20. 2 21. (a) 28 
x* — 20x? + 150x? — 500x 4 
32x 4 
45x48 
$59,294.72 


18. 126 
(b) 1 
625 


25. (a) $38,750 = (b) $213,750 


(page 578) 


Skills Review (page 578) 


1. 6656 2. 291,600 


5. 792 6. 2300 
8. n(n — 1)(2n — 1) 


3. 7920 4. 13,800 
7. n(n — 1)(n — 2)(n — 3) 
9. n! 10. n! 


13. 


15. 
19. 
21. 
27. 
35. 
43. 
51. 
59. 
63. 
65. 
67. 
73. 


75. 


11. 15 


Permutations of 
seating positions 


c 


eo a 


ee 
2: 5 4 


6,760,000 17. 1024 

(a) 900 =(b) 648 ~— (c) 180 

A: 1800; B: 1575; A 23. 64,000 25. 120 

(a) 40,320 (b) 384 29. 24 31. 4 33. 336 
56 37. 11,880 39. 495 41. n(n — 1)(n — 2) 
n! 45. 32,760 47. 142,506 49. 7,059,052 
120 53. 1260 55. 2520 57. 3,921,225 

70 61. 3744 

Because order matters, use permutations. 

Because order does not matter, use combinations. 
292,600 69. 5 71. 20 


10P6 > 1oCe. Changing the order of any of the six elements 
selected results in a different permutation but the same 
combination. 


Answers will vary. 


L WaLdVHO 
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SECTION 7.6 


Answers to Odd—Numbered Exercises and Tests 


73. 


SECTION 7.7 


(page 589) 
Skills Review (page 589) 
9 8 1 1 
Mag. Fag. 8 —@ Fg 750 
1 1 I 135 
5+ 304,722,688000 "24 "qn ® 353 
9. 0.366 10. 0.997 
. S = {H1, Tl, H2, T2, H3, T3, H4, T4, H5, T5, H6, T6} 
. S = {ABC, ACB, BAC, BCA, CAB, CBA} 
. S = {AB, AC, AD, AE, BC, BD, BE, CD, CE, DE} 
3 3 1 
s Say Te 22 5 17.3 
1 10 6 5 1 
a M5  Oiqe 2 qe 27.2 2og, 
S 33.07 35.09 37. 0.22 
@ is Ois Ox 
-@+ 64 OF OF 43 
OF OF OF 4.0m Ou OF 
3 19 6 
Mg O39 5) aes 
. (a) ~ 0.922 (b) ~ 0.078 55. 0.82 
-@7r OF OF %@a On OF 
7 76,545 _ 
+39 83. Sogagg ~ 0-1459980011 
. Answers will vary. 67. 0.0121 
. 0.6561 71. : 0.226981 


n!} 
No. ,C. < ,P, < n! but 7) may be greater than , P,.. 


(page 602) 
Skills Review (page 602) 
1.24 2.40 3.2 42 Ae 
6. aS : 7, 8+ 22k = 22k+3 8. 5 
9+ 10.2 


1 5 3 (k + 1)? kb? 
“ (k + I(k + 2) , 4 
5-17. Answers will vary. 19. 210 
21. 91 23. 979 25. 70 27. —3402 


29. S,=n(2n-1) 31. S, = 10 — 10(3)" 


n 
33. S, = m+) 

35. n= 1: No,n = 2: Yes,n = 3: Yes,n = 4: Yes 
37. n= 1: No,n = 2: No,n = 3: Yes, n = 4: Yes 
39. n = 1: No,n = 2: Yes,n = 3: Yes,n = 4: Yes 


41-51. Answers will vary. 
53. Answers will vary. See page 594. 
55. Linear model: a, = 8n — 3 
57. Quadratic model: a, = 3n? + 3 
59. Quadratic model: a, = n? — 3 
61. 0, 3, 6,9, 12 
First differences: 3, 3, 3, 3 
Second differences: 0, 0, 0 
Linear model: a, = 3n — 3 
63. 3,1, —2, -6, -11 
First differences: —2, —3, —4, —5 
S11 
Quadratic model: a, = —3n? — 3n + 4 
65. 0, 1, 3, 6, 10 
First differences: 1, 2, 3,4 


Second differences: — 1, 


Second differences: 1, 1, 1 
Quadratic model: a, = jn + jn 
67. 2,4, 6, 8, 10 
First differences: 2, 2, 2, 2 
Second differences: 0, 0, 0 
Linear model: a, = 2n 
69. 1,2, 6, 15, 31 
First differences: 1, 4, 9, 16 
Second differences: 3, 5, 7 
Neither linear nor quadratic 
71. a, = 


73. a, =n? + 5n— 6 


w—-nt+3 


75. (a) First differences: 32, 44, 57, 69 
Second differences: 12, 13, 12 


(b) Quadratic model: d, = dn? + $n — 3 


(c) d, = 0.06n? + 0.1n — 1 
(d) Model from part (b) 


250 


Model from part (c) 


250 


Both models are good fits for the actual data. 


(e) No. For there to be an equal risk for each 10 mile-per- 
hour increase in speed, the data would have to follow a 
linear pattern. 


REVIEW EXERCISES (page 606) 
1. 5,9,13,17,21 3.4,32332 5.1,-%2,-8+4 


aoa 9a = 11. a, = (—1)"* 13" 
n 


13. 43,680 15.7; 17.51 19. 100 


IA 3 13 pias 
21. XT+E 2 1)*-12 
25. (a) A, = $4060.00, A, = $4120.90, A; = $4182.71, 


A, = $4245.45, A; = $4309.14, A, = $4373.77, 
A, = $4439.38, Ag = $4505.97 


(b) Ao = $7256.07 
(c) A120 aa $23,877.29 


27. Arithmetic; d = 5 29. Arithmetic; d = —} 


31. 9, 14, 19,24,29 33. -6, -1, 4,9, 14 
35. 24,17,10,3,-4  37.4,=3n-1 
39..a,=5n-3 41.192 43. 765 


45. (a) Company A: $40,500 
Company B: $40,500 


a, = (=a 


(b) $219,000 = (c) $205,500 


47. Geometric; r = —3; 
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49. Geometric; r = 334, a, = oo 
51. 3,6,12,24,48 53. 10,-2,2,-2,% 


1 25 
55. diy = 55 ST yo =~, 59. 8184 
61. ~ 22.2 63. 1.5 
65. q| > 1 


67. (a) $16,469.87 


(b) No; it will be more because the interest is com- 
pounded. 


69. (a) i 


Profits 
(in millions of dollars) 
a 
Ss 
+t 


T T rn 
0123 45 67 8 9 101112131415 161718 


Year (0 © 1990) 


(b) $16,636.59 million 

71. 35 73. 1 75. 792 
77. x® + 6x° + 15x4 + 20x97 + 15x? + 6x + 1 
79, 243x° + 405x*y + 270x7y? + 90x7y? + 15xy4 + y9 
81. x8 — 16x’y + 112x%y? — 448° y? + 1120x4y4 

— 1792x3y° + 1792x?y® — 1024xy’ + 256y8 
83. 90a*b? 85. 25,344 87. 210 89. 120 
91. (a) 7000 (b) 3528 (c) 4500 
93. 504 95. 40,320 97. 1,663,200 
99. (a) 42,504 (b) 1,961,256 (c) 134,596 
101. S = {0,1,2,3,4,5,6,7,8,9} 103.4 
105. (a) 3b) 
107. (a) pb) G 
Wp OG © ie 
115-117. Answers will vary. 
123. s, = 3[1 - (3)"] 
127. 2, 3,5, 8, 12 


(c) 36 
109. Ae 

113. 0.43 
119. 465 
125. Neither 


121. 1296 


n 0 1 2 3 4 


AV V V \/ 
V7 VV VV 


Ist differences: 


2nd differences: 


Quadratic model: a, = = tn? “b $n Pd 
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CHAPTER TEST (page 610) 19. 2, 4,7, 11, 16 
1... 3,5, 7; 9,11 2. —1,4, —9, 16, —25 ae ne a a 
it 1 4 ay 2 4 7 11 16 
3, 2,6,24,120,720 43.5, jee WT 
5. Arithmetic; d = 5 6. Neither 1st differences: ~ Ip 
7. Geometric; r = 2 8. Neither 9. 2600 2nudadiffere 1 1 1 


10. ~ 29,918.311 11. 5 12. $13,176.08 
13. 32x5 — 240x4 + 720x? — 1080x? + 810x — 243 


Quadratic model a, = $n? + $n + 1 


14. —192,456 15. (a) 72 (b) 328,440 
oe CHECKPOINTS 
16. (a) 330 (b) 8,936,928 17. 120 
18. 16,777,216 19. 45,000 20. 40,320 
; CHAPTER O 
$1 990° Masts 8 5% 
24. Answers will vary. SECTION 0.1 (page 5) 


1. x = 7 denotes all real numbers greater than or equal to 7. 
2.(a)x=5 (b)4<y<ill 

3. 12 4. (a) —|-6| = —|6| = (b) —|5| < |-5| 

5. 8 6. No 


CUMULATIVE TEST: CHAPTERS 5-7 
(page 611) 


1Lx=2,y=-3,z2=5 2..% 2,y=4,z 5 


SECTION 0.2 = (page 10) 
1. (a) 8,-—15x = (b) 4x?, -3y, -7 2.29 3. 10 


4. (a) Multiplicative Identity Property 
(b) Commutative Property of Addition 


11x 11 
5; 72 6. 2 
1 4 8 16 9 > 2 7. Scientific calculator: 6 (x) (0 8 W) 3 ©) 481 0) ©) 
5.|-1 4 3 6.| 8 7 7; |=5 =3 Graphing calculator: 6 (Q 8 (*) 3 ©) 481 0) (ENTER 
0 1 5 7 2 1 9 8. 5.87 
2-2 0 
8 1 es | SECTION 0.3 = (page 21) 
| 4 4 
tl L 1 zi2 7 
2 Z 1. 1024 2. 76 3. 5 4. 3.45 x 10-3 
9. |A| = 4, |B| does not exist, |C| = 17, |D| = 6 : 
10. x = 3000 5. 428,000 6. 2000 Te 8. $7021.36 
p = 68 9. 3.8% 
11. BA =[170,000 230,000 237,000] SECTION 0.4 (page 3a) 


$170,000 is the value of the inventory in warehouse 1. 


j j j 3 
ee be oe Gee 
12,.4,19,18,25,32 182350551 14.5 5.3+/3 69 7.4 8 6/x 9 2.621 
15. 64x® + S76x5y + 2160x4y2 + 4320x3)3 + 4860x2y4 10. 0.388 11. No 
+ 296 xy + 729y6 
16.720 17. ~ 0.9762 18. SECTION 0.5 (page 40) 


1. —9x? + 3x + 7; degree 2 2. Not a polynomial 


3. 2x7 + 5x +4 4. 3x? —2x-1 

5. x* = 2x? + 2x? = 11x +4 6. —x7 +9 
7. x7 — 8x + 16 8. x? — 9x? + 27x — 27 
9. x2 + 10x — y* + 25 10. $12,282.98 


11. Volume = 4x? — 44x? + 120x 
x = 2 inches: V = 96 cubic inches 


x = 3 inches: V = 72 cubic inches 


SECTION 0.6 = (page 48) 
. (x + 1)(3x + 1) 2. x(x + I)(x — 1) 
. 4(5 + y)(5 — y) 4. (x — 6)? 


6. (x + 3)(x — 2) 
. (2x — 3)(x — 1) 8. (x + 1)(x? + 5) 


1 
3. 
5. (y-— DG? +y 41) 
7 
9. (2x — 3)(x + 4) 


SECTION 0.7 = (page 55) 

1. All real numbers except x = 5 2. os xF1 

34+x 1 
ae a aks 4. pt 2 
8 _ 2(6 — x?) 9 

53 5 #—y 6. 3x 7.—x #1 

8. 5.2 %3 

CHAPTER 1 
SECTION 1.1 (page 69) 


1. Identity 22 3.4 


5. No solution 6. 4 
9. 0.794 10. 2004 (t = 4) 


4. Infinitely many solutions 


7. No solution 8. 6 


SECTION 1.2 (page 79) 


. $692.31 2. S = 0.05(40,000) + 40,000 

. 20% 4. 1.5% 5. 15 feet x 45 feet 

7. 32 feet 

. $200 was invested at 4% and $800 was invested at 5% 
. About 1.27 feet 


. 1.1 hours 


SCS mr HR WwW = 


SECTION 1.3 (page 93) 
1. —3,4 2. 0,2 3. =2 4, +2 5. =3;5 
6. 6 feet x 14 feet 8. = 8.5 feet 
9. 2011 (t ~ 10.82) 


7. 3 seconds 
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SECTION 1.4 


1. One real solution 
4. —0.831, 1.511 


6. ~ 5.1 seconds 


(page 105) 


2-14+J/3 3.3 
5. 2:00 pM. (t ~ 1.91) 


SECTION 1.5 (page 115) 

1041 21,4/2 342,41 412 5.81 
6. 1,3 Ts 13D 8. 20 ski club members 

9. =~ 4.5% 10. 4,010,025 copies 


SECTION 1.6 (page 127) 


1. (a) 2 < x < 7; bounded 


(b) —oo < x < 3; unbounded 


2.x<1 
x>-6 4.-l1<x<2 
oH tt 
-8 -7 -6 -5 -4 —2 -l1 0 1 2 3 

5. -9<x<5 6.x < —4orx > 2 
tt tt 


-12 -9 -6 -3 0 3 6 =j -4-3 -2-1 0 1 2 3 


7. More than 560 miles 


9. Undercharged by as much as $0.08 or overcharged by as 
much as $0.08 


8. At most 125 weeks 


SECTION 1.7 


1. (—2, 1) 
3. (a) The solution set is empty. 


(page 139) 


2. (—o0, 1) U (2, 00) 


(b) The solution set consists of all real numbers except 1. 
4. (—oo, 2] U[3, 00) 5. At least $35 and at most $75 
6. fay [=2,2]  (b) (26,08) 


CHAPTER 2 


SECTION 2.1 
1. 


(page 158) 
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2. (a) 10 (b) (2,-1) 3. Yes 
4. 7 5, 
iL 
++ ++ t—+—_+_1+++ > x 
-5-4-3-2-1 | 12 3 4 5 


6. (-3, 0), (0, 2) 7. y-axis symmetry 
8.x? + (y — 1)? = 25 


9. i‘ 

SECTION 2.2 (page 172) 

5) 2a) y=-2x+8 (b) y=3x+9 
3. y=0.2x + 1 

5. y= 3x = 2 6 y= —-4x4+4 
SECTION 2.3 = (page 182) 


1. The model approximates the weight of the puppy best for 
t = 2 months and worst for t = 10 months. 


2. y = 0.06x 3. y = 33.84615x 4. 5 hours 
5. 235,826 people 6. V = —195t + 2300 
7. (a) y = 17.11x + 518.2 


(b) 800 (c) ~ 809,000 employees 


675 


10.6 Z 
@ 1044 7 
> 1024 co 
23 00+ ° 
82 os] 
ag 
E964 ° 
~ 94+ 
01112213 14151617 
Year (11 < 2001) 
p = 0.156t + 8.037 
SECTION 2.4 (page 195) 
1. Yes 2. Yes 3. =3 4. 10,2 
5. All real numbers 6. V = 40h 7. No 


8. 534 cat cadavers 


SECTION 2.5 (page 208) 
1. Domain: (—00, 00) 
Range: [—3, co) 
2. Yes 
: 3 ; ‘ 3 
3. Decreasing on (- 00, —3) and increasing on (-3, oo) 
4. (2, 2) 
5: c 
h 
lat 
12+ 
z -o 
Sot i. 
S 08+ = 
z 0.6 + = 
So o4t = 
O2tes” 


2 4 6 8 10 12 14 16 
Time (in minutes) 


Less than 13 minutes 


6. Neither 
SECTION 2.6 (page 220) 
1. i 
34+ 
it ~~ - 
+ : 
-1 1 2 3 4 
. eo =ayFaIH 1 
agll 


2. (a) The graph of g is a reflection of the graph of f in the 
X-axis. 


(b) The graph of / is a reflection of the graph of f in the 
y-axis. 


3. (a) . (b) 


LZ. 


h(x) = =x —3 


1 1 1 1 
t t t HG 
-8 -6 -4 -2 


g(x) =—(e +2)" 


fa)=x}/ 


aw 


4, h(x) = —(x — 2) -1 


5. (a) The graph of g is a vertical stretch of the graph of fby a 
factor of 4. 


(b) The graph of h is a vertical shrink of the graph of f by a 


factor of i. 


SECTION 2.7 
1. 2x7+x- 1 2. -—x — 7;-10 


(page 228) 
3. Domain of f, All real numbers except x = 3 


h 


Domain of _ All real numbers except x = 1 


Sf = ea a) 


6. Answers will vary. 


4.x7+2x-1 


Sample answer: f(x) = x? + 2, g(x) =x-1 


AX) = (« — 1? +2 = fle — 1) = fle) 


7. f represents the number of Independent senators. 


8. About | hour and 18 minutes 


SECTION 2.8 
1. f(x) = 6x 2. f(x) =x — 10 
3. (/x — 6)) + 6 =x; Ye + 6)-6=x 


§. f'G)=7 > 2 


(page 238) 


4. g(x) 


A103 
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8. (a) f does not have an inverse function. 


(b) fhas an inverse function. 


CHAPTER 3 


SECTION 3.1 
1. 


(page 259) 


Compared with the graph of y = x?, each output of 
f(x) = 4x? vertically stretches the graph by a factor of 4. 


2. ; 3. ; 


(2, 13) 


G3, 2) 


-+++> x 
6 8 10 12 


1 4 4 1 1 
+ t t t +t +t +t 
-1 tT 2 2 4 5 6 
abet 


Vertex: (3, 2) 
4. f(x) =x? — 6x + 13 


Vertex: (2, 13) 


5. ~ 39.7 feet 6. ~ 342 sparrows 7. 30 units 
SECTION 3.2 (page 270) 
1. ; 
‘3: 
4 
3 
: 
am 343678 
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2. Falls to the left 
Falls to the right 
4. +2 5. 0, +1 


3. Rises to the left 
Rises to the right 


+—_+—__+—_+—_+—_ + > 
5 10 15 20 25 30 


The median price was about $195,000 in 2004. 


SECTION 3.3 (page 279) 
1. (x — 4)(x — 3)(x + 1) 2.x7-2x+4 
2x + 13 5 
2 of i 2 4 1 
3. 5x? + 134 x2 4 Op A 4 2x7 + 3x + 15 Beis 
5. 3 


6. —2 1 6 7 -6 -8 


1 0 -i1 0 
F(x) = (& + 2) + 4)(x? — 1) 
(x + 2)(x + 4)(x + 1)(x - 1) 


7. ~ 10.8% 

SECTION 3.4 (page 289) 

1. No rational zeros 2;.=-2;.1 3. —2, -1,4 

4. -—2 5. The function has a zero between 1.3 and 1.4. 
6. — 1.290 7. —0.247, 1.445, 2.802 8. x ~ 1.89 
9. ~ $289,000 


SECTION 3.5 (page 305) 
l(a) 5+7 (b) -5i 
2. (a) —8 + 12i  (b) 16 — 30: 3.447 
Sere! 
4+ 3i =p ti 
4.4 + 31 5 5) 7! 
6. Imaginary 
A 
if 
t > Real 
=2 =1 1 
4 
3-31 
7. The complex number —3 is not in the Mandelbrot Set 
because for c = —3, the corresponding Mandelbrot 
sequence is —3, 6, 33, 1086, 1, 179, 393,. . ., which is 
unbounded. 
SECTION 3.6 = (page 315) 


. Four zeros: +/6,+ 61 
. (a) +1, +3i; f(x) = (x 


1)(x + 1)(x — 3a)(x + 3i) 
(b) 3,.3;,—1,.4,-%& 
gi) =e = 3x 


Nxt Ie -det+d 


3. Answers will vary. Sample answer: f(x) = x+ — 5x? — 36 


4. (a) (x2 + 4)(x? - 3) 


(b) (x2 + 4)(x — V3)(x + V3) 
(c) (x + 2i)(x 2i)(x V3) (x V3) 


(d) Two irrational zeros and two imaginary zeros. 
5 


5. 3, £47 
SECTION 3.7 (page 322) 
1. The domain of f is all real numbers except x = 1. As x 


approaches 1 from the left, f(x) decreases without bound. As 
x approaches 1 from the right, f(x) increases without bound. 


. Horizontal asymptote: y = 1 


No vertical asymptotes. 


H—++-++++> x 


7. $1,066,667 8. ~ 6.9 acres per person 


CHAPTER 4 


SECTION 4.1 = (page 342) 


1. 4.134 
2. i 3. i 


5. 403.4287935 


7. $7938.78 8. ~ 9.971 pounds 


SECTION 4.2 (page 354) 
1, —2 2. 2.301 3. 0 
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8. —2.303 9. (—5, 00) 
10. 103.0 in., 114.0 in., 128.2 in., 132.8 in., 141.7 in. 


SECTION 4.3 = (page 364) 
1. 1.936 2. 1.936 3. 2 log,) 5 — logy, 3 


4. -in= = —(In2 — Ine) 


= —In2+ Ine 
=1=1n2 
aon hy 
5. In2 + Inm+ 2Inn 6. logo ye 


7. Iny=4Inx 8. 30 decibels 


SECTION 4.4 (page 373) 


1. (a) 4 (b) 216 ~—2. log, 84 ~ 2.473 
3. log) 38 ~ 1.580 4. 3(7 + log, 24) = 4.646 
5. In3 ~ 1.099,In4~ 1.386 6% 7.3 
8. ct = 54.598 9. 4 10. ~ 2.70 years 


11. 2004 (t ~ 14.03) 


SECTION 4.5 (page 384) 


1. 2015 (t ~ 24.83) 2. y = 3e0-19617x 
3. ~ 7681 years 
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Distribution 


x 
200 400 600 800 1000 
SAT reading score 


Average score: 503 
6. ~ 2,511,886 
7. 1 x 10~> mole of hydrogen per liter 


5. 9 days 


8. Logistic growth model 


CHAPTER 5 


SECTION 5.1 
1. (5, 1) 

2. $11,500 is invested at 9% and $3500 is invested at 11%. 
3. (—4, —7), (2, 5) 5. (4, 0) 

6. ~ 5455 pairs of shoes 


(page 406) 


4. No solution 


7. Plan A 


SECTION 5.2 
1.(2,-3;) 2 (3,2) 3. (-3, -3) 
5. No solution 6. (a, —a — 5) 


7. Speed of plane: ~ 471.18 miles per hour 
Speed of wind: ~ 16.63 miles per hour 


8. (130,000, 22) 


(page 415) 
4. (1, —4) 


SECTION 5.3 = (page 427) 


.(7,2,2) 2(-44) 3. (12,3) 


1 

4. No solution 5. (-2a op 4, —2a oe 2 a) 

6. (fa, ta = 1, a) 

7. Answers will vary. Sample answer: $55,000 in certificates of 
deposit, $185,000 in municipal bonds, $105,000 in blue- 


chip stocks, and $15,000 in growth or speculative stocks 
8. y = 2x7 — 2x + 3 


SECTION 5.4 = (page 441) 
y y 
a 2, ; 
\ 74 1 ae 
q lk , dl 
\ t 
y 54 t 2+ 
\ ‘ 
\ 44 1 1+ 
. d 
bf pe (38 
uP 
ioe 
= a_i” * 
-4 -3 -2 =i a. 22) Se 


6. Consumer surplus: $845,000 
Producer surplus: $845,000 


7. No. The combination of 4 cups of dietary drink X and 1 cup 
of dietary drink Y does not meet all the minimum daily 
requirements. 


SECTION 5.5 

1. Maximum value at (0, 3): 9 

2. (a) Maximum value at (27, 0): 135 
(b) Minimum value at (0, 0): 0 


(page 452) 


3. No maximum value 

4. The maximum profit would be $2925, and it would occur at 
monthly production levels of 1050 units of product I and 150 
units of product II. 

5. The minimum cost would be $0.56 per day, and it would 
occur when | cup of drink X and 4 cups of drink Y were con- 
sumed each day. 


CHAPTER 6 


SECTION 6.1 = (page 468) 


1.2x3 2. Multiply the second row by a 
3. |x — 2y + Sz 
yt+4z= —-3 


(—29, —11, 2) 
5. (—1,0, —1,3) 
7. (6, 5,5) 


8. It is not the same row-echelon form, but it does yield the 
same solution found in Example 8. 


9. (—9a — 10, —5a — 2, a) 


4. Row-echelon form 


6. No solution 


SECTION 6.2 = (page 482) 
1. ay, = 5, ayy = 2,a,, = —lay = 3 
6 =2 
| | 
4 8 -2 4 2 =§ 
3. (a) 0 2 6 (b) |-7 6 2) 
—6 4 10 —8 4 12 
5 1 8 —-8 
4 Be 4 si ] 6.| 4 —16 
- = -10 4 
=3 =22 
7 S) 10 8. Not possible 
=5 10 


‘Se 


. AB = [6], BA = ks | 
an el ed 


11. Company B 


SECTION 6.3 


1. AB = Jand BA = 1 


(page 497) 


4 <3. % 
a 4 3.(/=2 <1 2 
1 0 1 
Tt a 
10 10 
|" | 5. (-1,2, 1) 
5 5 
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SECTION 6.4 (page 509) 
1. —7 
2. Minors: M,, = —9, M,, 10, M,3 = 2, M,, = 5, 
My = —2, Mo; 3, M3, = 13, My = 5, 
M,, = —1 
Cofactors: C), 9, Cyn = 10, Cy, = 2, Cry 5, 
Cy 2, Cox = 3, Cay = 13, Coy 5, 
Cy3 = -1 
32. =32 4. =133 5. 27 6. —30 
SECTION 6.5 = (page 578) 
1. 14 2. Not collinear 3.x-y+2=0 
4. [15 23 12][19 0 118 5. Of 
[14 15 3][20 21 18][14 1 12] 
5:. 1105-39; =—$9):25,-—21, —3; 23, = 18; = 5,47, =20; 
— 24, 149, —56, —75, 87, —38, —37 


6. OWLS ARE NOCTURNAL 


CHAPTER 7 

SECTION 7.1 (page 535) 

1.3,5,7,9 2 —+}-p4 363,145 
4.3,32,3,36 5.4(n+1) 6.44 

7 Sy as Laat ue 

. 2 7 q' 


= 
8. 340 million; The prediction is 4 million greater than the 
projection. 


SECTION 7.2 


1. (a) Arithmetic sequence; d = 2 


(page 545) 


(b) Not an arithmetic sequence 


(c) Arithmetic sequence; d = -} 
2. a, = 2n+ 3 3. 28 4. 43 
5. 6,9, 12, 15,18,... 6. 175 7. 6275 
8. 30,100 9. 1470 seats 10. $147,500 


SECTION 7.3 


1. Geometric; a, = 2(4)"~! 


(page 554) 


2. 2, 6, 18, 54, 162 


5. 2187 


3. ~ 104.021 4. 7,812,500 32 


6. 59,048 


7.2 8. Yes, S54 = $1733.52. 
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SECTION 7.4 = (page 564) 9. Vertex: (0, 0) 11. Vertex: (0, 0) 


atin (3 
1.(a)10 (b)1 2 (a) 36 (b) 15 Focus: (0, 7) Focus: (—3, 0) 


3. 84, 126, 36 A A 
4. x° + 10x* + 40x37 + 80x? + 80x + 32 it 
5. 243x° + 405x+ + 270x? + 90x? + 15x + 1 
6. (a) 12ab> —(b)_:1500ab? } }—> x 


SECTION 7.5 (page 571) sie 
1. 3 2.2 3. 17,576 4. 2,600,000 


5. 24 6. 120 7. 1260 8. 10 
9, 22,100 10. Permutations 


SECTION 7.6 = (page 581) 
1. S = {AA, AB, AC, BA, BB, BC, CA, CB, CC} 


131 1 1 1 
- 52 4 a 12 ss 6 a 575,757 
6. ~ 0.493 7, ae 0.308 8. Os 0.125 

13 529 13. Vertex: (0, 0) 15. Vertex: (0, 0) 

9.1 10. 0.000293 ‘11. 0.139 Focus: (0, —2) Focus: (—;, 0) 
SECTION 7.7 (page 594) Fi 
Le Py, = Spay = (kK + IW(2k + 3) 
2. Answers will vary. 3. Answers will vary. eee 
4. Answers will vary. 5. 385 $$ 4-3 1A 
6. S,=(n+ 1)? -1 54 
7. Quadratic model: a, = 2n? —n + 2 al 
8. Linear model: a, = 4n + 2 


17. x? = —6y 19. y? = —8x 21. x? = 4y 
23. y? = —12x 25. y? = 9x 


APPENDIX B 27. Center: (0, 0) 29. Center: (0, 0) 


APPENDIX B.1 (page A717) Vertices: (+5, 0) Vertices: (+3, 0) 


y y 


N 
n 
t 


Skills Review (page A17) 


1. 9x? =e l6y? = 144 2. x2 + 4y? = 32 


3. lox? -y2=4 9 4, 2433? + 4y? = 3 : 
§c=2/2 6c= JB 1c =2/3 
8. c= J/5 94 10.2 ot 

la 3. d 
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31. Center: (0, 0) 33. Center: (0, 0) 51 a 1 53 a 1 
Vertices: (+3, 0) Vertices: (0, + /5) oe 1 9 
. , y x2 y x 
55. -_= 57, —*_=1 
i 16/5 64/5 9 9/4 
3+ 34 
59. x7 = 12y 


61. The tacks should be placed 3 feet to the left and right of the 
center along the base. The string should be 5 feet long. 


x 63. 


PPE <s SSN 
EE SoS 


4 J ge es 
35. i + 4 1 37. 5 + 1 1 ey 

ae y = 21x? y _ 4 VR) 3 
Ot al abate (-3.¥5) ‘V) 
43. Center: (0, 0) 45. Center: (0, 0) 


Vertices: (+1, 0) Vertices: (0, +1) 


7 
v8) 
69. x ~ 110.3 


APPENDIX B.2 (page A26) 
47. Center: (0, 0) 


Vertices: (0, +5) Skills Review (page A26) 
> ot x 1. Hyperbola 2. Ellipse 3. Parabola 
es Ge ode 4. Hyperbola 5. Ellipse — 6. Circle 
seca Ee ‘ice si 7. Hyperbola 8. Parabola_ 9. Parabola 
ee 10. Ellipse 11. Hyperbola 12. Ellipse 
49. Center: (0, 0) 1. Shifted one unit up and two units to the left 
Vertices: : la 0) 3. Shifted three units down and one unit to the right 


5. Shifted two units down and one unit to the right 
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7. Vertex: (1, —2) 
Focus: (1, —4) 
Directrix: y = 0 


11. Vertex: (1, 1) 
Focus: (1, 2) 
Directrix: y = 0 


-2 3 4 ete 
15. Vertex: (—2, —3) 
Focus: (—4, —3) 
Directrix: x = 0 
i 
af ; : 


17. (y — 2)? = 4(-2)(x — 3) 


. Vertex: (5, -5) 
1 
2 


u 
Focus: (4, = 


Directrix: x = 


. Vertex: (8, —1) 


Focus: (9, — 1) 


Directrix: x = 7 


19. x? = 4(2)(y — 4) 


21. (y — 2)2 = 4(2)x —- 23. x2 = 4(-3)(y — 4) 


25. Center: (1, 5) 
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Aphelion: ~ 9.454 x 107 miles 
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Index 


A 


Absolute value, 5 

function, graph of, 214 

inequality, solving, 131 

properties of, 6 
Adding fractions 

with like denominators, 14 

with unlike denominators, 14 
Addition, 11 

of complex numbers, 305 

of a constant in an inequality, 128 

of inequalities, 128 

of matrices, 483 

properties of, 485 

of polynomials, 41 
Additive identity 

for complex numbers, 305 

for matrices, 486 

for real numbers, 12 
Additive inverse 

for complex numbers, 305 

for real numbers, 12 
Adjoining matrices, 499 
Algebra, basic rules of, 12 
Algebraic equation, 79 
Algebraic expression(s), 10 

constant, 10 

domain, 55 

equivalent, 55 

evaluating, 11 

terms of, 10 

variable, 10 
Algebraic function, 342 
Approximately equal to, 3 
Area 

common formulas for, 85 

of a triangle, 518 
Arithmetic sequence, 545 

common difference of, 545 

finite, sum of, 548 

nth partial sum, 549 

nth term of, 546 
Associative Property of Addition 

for complex numbers, 306 

for matrices, 485 

for real numbers, 12 
Associative Property of Multiplication 

for complex numbers, 306 

for matrices, 489 

for real numbers, 12 


Associative Property of Scalar 
Multiplication, 485, 489 

Asymptote(s) 

horizontal, 323, 324 

of a hyperbola, A15 

oblique, 327 

slant, 327 

vertical, 323, 324 
Augmented matrix, 469 
Average value of a population, 387 
Axis 

imaginary, 309 

of a parabola, 258, A9 

real, 309 

of symmetry, 258 


Back-substitution, 406 
Balance in an account, 25 
Base, 20 
of an exponential function, 342 
natural, 346 
Bell-shaped curve, 387 
Binomial, 40 
cube of, 43 
expanding, 566 
square of, 43 
Binomial coefficient, 563 
Binomial Theorem, 563 
Bounded, 309 
interval(s), 126 
on the real number line, 126 
sequence, 309 
Branches of a hyperbola, Al4 
Break-even point, 410 


C 


Cartesian plane, 157 
Center 
of a circle, 165 
of an ellipse, Al1 
of a hyperbola, Al4 
Certain event, 582 
Change-of-base formula, 364 
Characteristics of exponential 
functions, 344 
Characteristics of logarithmic 
functions, 357 
Checking a solution, 71 


Index 11 


Circle, 164 
area of, 85 
center of, 165 
general form of the equation of, 165 
perimeter of, 85 
radius of, 165 
standard form of the equation of, 
164, 165, A20 
Circular cylinder 
volume of, 85 
Closed interval, 126 
Coded row matrices, 521 
Coefficient 
binomial, 563 
leading, 40 
of a term, 40 
of a variable term, 10 
Coefficient matrix, 469 
Cofactors of a square matrix, 510 
expanding by, 511 
Collinear points, test for, 519 
Column matrix, 468 
Column of a matrix, 468 
Combinations of n elements taken r at 
a time, 576 
Common difference, 545 
Common formulas 
for area, 85 
miscellaneous, 85 
for perimeter, 85 
for volume, 85 
Common graphs of functions, 214 
Common logarithmic function, 355 
Common ratio, 554 
Commutative Property of Addition 
for complex numbers, 306 
for matrices, 485 
for real numbers, 12 
Commutative Property of Multiplication 
for complex numbers, 306 
for real numbers, 12 
Complement of an event, 588 
probability of, 588 
Completely factored, 48 
Completing the square, 104, 165 
Complex conjugate, 307 
Complex fraction, 59 
Complex number(s), 304 
addition of, 305 
additive identity, 305 
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additive inverse, 305 
Associative Property of Addition, 
306 
Associative Property of 
Multiplication, 306 
Commutative Property of Addition, 
306 
Commutative Property of 
Multiplication, 306 
Distributive Property, 306 
equality of, 304 
imaginary number, 304 
pure imaginary number, 304 
standard form of, 304 
subtraction of, 305 
Complex plane, 309 
imaginary axis, 309 
real axis, 309 
Complex zeros occur in conjugate 
pairs, 317 
Composite number, 15 
Composition of two functions, 230 
Compound interest, 121, 347 
formulas for, 25, 121, 348 
Condensing a logarithmic expression, 
366 
Conditional equation, 69 
Conic(s) (conic section(s)), A8 
degenerate, A8 
ellipse, All 
hyperbola, 323, A1l3, Al4 
parabola, 257, A9 
standard forms of equations of, A20, 
A21 
standard position, A20 
Conjugate, 317 
complex, 307 
of a radical expression, 32 
Conjugate axis of a hyperbola, A15 
Consistent system, 419 
Constant(s), 10 
addition of, 128 
function, 210, 214, 257 
multiplication by, 128 
of proportionality, 183 
term, 10 
of a polynomial, 40 
of variation, 183 
Constraints, 451 
Consumer surplus, 446 
Continuous, 269 
Continuous compounding, 347 
Continuously compounded interest, 347 


Coordinate(s), 157 
axes, reflection in, 221 
of a point on the real number line, 
4, 157 
x-coordinate, 157 
y-coordinate, 157 
Critical numbers 
of a polynomial inequality, 138 
of a rational inequality, 142 
Cross-multiplying, 74 
Cryptogram, 521 
decode, 521 
encode, 521 
Cube(s) 
of a binomial, 43 
difference of two, 49 
perfect, 30 
root, 29 
sum of two, 49 
volume of, 85 
Cubing function, graph of, 214 
Curve 
bell-shaped, 387 
logistic, 388 
sigmoidal, 388 
Cylinder 
volume of, 85 


D 


Decimal 

repeating, 3 

rounded, 3 

terminating, 3 
Decoding messages, 521 
Decreasing function, 210 
Defined function, 201 
Degenerate conic, A8 
Degree 

of a polynomial, 40, 41 

of a term, 40, 41 
Denominator, 12 

least common, 15 

rationalizing the, 31, 32 
Dependent system, 419 
Dependent variable, 195, 201 
Determinant 

of a2 x 2 matrix, 501, 508 

area of a triangle, 518 

of a matrix, 511 

of a square matrix, 501, 508, 511 

test for collinear points, 519 

two-point form of the equation of a 

line, 520 


Diagonal matrix, 514 
Difference 

of two cubes, factoring, 49 

of two functions, 228 

of two squares, factoring, 49 
Differences 

first, 600 

second, 600 
Diminishing returns, point of, 278 
Direct variation, 182, 183 
Directed distance, A23 
Directly proportional, 183 
Directrix of a parabola, A9 
Discriminant, 105 
Distance 

between two numbers, 6 

directed, A23 

traveled, formula for, 85 
Distance Formula, 158 
Distinguishable permutations, 575 
Distributive Property 

for complex numbers, 306 

for matrices, 489 

for real numbers, 12 
Divides evenly, 280 
Dividing fractions, 14 
Division, 11 

Algorithm, 280 

long, 279 

Remainder Theorem, 283 

synthetic, 282 

uses of the remainder in, 284 

Divisors, 15 
Domain 

of an expression, 55 

of a function, 194, 201 

implied, 198, 201 

of a rational function, 322 
Double inequality, 5, 130 
Double solution, 94 
Double subscript, 468 


E 


e, natural base, 346 
Eccentricity of an ellipse, A28 
Elementary row operations, 469 
Elimination 

Gaussian, 428 

with back-substitution, 474 

Gauss-Jordan, 475 

method of, 415, 417 
Ellipse, Al1 

center of, All 


eccentricity of, A28 
foci of, All 

latus rectum of, A19 
major axis of, All 
minor axis of, All 


standard form of the equation of, 


Al2, A21 

vertices of, All 
Encoding messages, 521 
Endpoints of an interval, 126 
Entry of a matrix, 468 

main diagonal, 468 
Equal matrices, 482 
Equality 

of complex numbers, 304 

hidden, 79 

properties of, 16 
Equation(s), 16, 69 

algebraic, 79 

checking a solution, 71 


circle, standard form, 164, 165, A20 


conditional, 69 


conics, standard form, A20, A21 
ellipse, standard form, A12, A21 


equivalent, 70 
general form, circle, 165 
graph of, 160 


hyperbola, standard form, A1l4, A21 


identity, 69 

of a line 
general form, 176 
horizontal, 176 
intercept form, 180 
point-slope form, 173, 176 


slope-intercept form, 175, 176 


summary of, 176 
two-point form, 174, 520 
vertical, 176 

linear, 70 


parabola, standard form, A9, A20 


polynomial 
second-degree, 93 
solution of, 273 
position, 97 
quadratic, 93 
quadratic type, 116 
recognition, 164 
solution(s) of, 69, 160 
solving, 69 
system of, 405 
solution of, 405 
true, 69 
Equation editor, Al 
Equilibrium, point of, 422, 446 


Equivalent 
equations, 70 
forming, 70 


expressions, 55 
fractions, 14 
generating, 14 
inequalities, 128 
systems of equations, 416, 428 
operations that produce, 428 
Escape velocity, 35 


Evaluating an algebraic expression, 11 


Even function, 213 
test for, 213 
Event(s), 581 
certain, 582 
complement of, 588 
impossible, 582 
independent, 586 
mutually exclusive, 585 
probability of, 582 
Existence theorem, 314 
Expanding 
a binomial, 566 
by cofactors, 511 
a logarithmic expression, 366 
Experiment, 581 
Exponent(s), 20 
properties of, 21, 33 
rational, 32, 33 
Exponential 
decay model, 383 
equation 
Inverse Property, 373 
One-to-One Property, 373 
solving, 373 
strategies for solving, 373 
form, 20 
function 
with base a, 342 
characteristics of, 344 
natural, 346 
growth 
model, 383 
notation, 20 
Exponentiating, 376 
Expression(s) 
algebraic, 10 
domain of, 55 
equivalent, 55 
fractional, 56 
radical, simplest form of, 31 
rational, 56 


Extended Principle of Mathematical 


Induction, 595 


Index 


Extracting square roots, 95 
Extraneous solution, 73, 117 
Extrapolation, linear, 174 


F 


f of x, 196 
Factor(s), 15 
of a polynomial, 273, 318 
Factor Theorem, 283 
Factorial, 537 
Factoring, 48 
difference of two cubes, 49 
difference of two squares, 49 
by grouping, 52 
perfect square trinomial, 49 
special polynomial forms, 49 
sum of two cubes, 49 
Falling object 
position equation for, 97, 109 
Family of functions, 220 
Feasible solutions, 451 
Finding a determinant 
expanding by cofactors, 511 


13 


Finding a formula for the nth term of a 


sequence, 598 
Finding inverse functions, 241 
Finding an inverse matrix, 499 


Finding test intervals for a polynomial, 


138 
Finding zeros of a polynomial 


Intermediate Value Theorem, 292 


Rational Zero Test, 289 
zoom-and-trace technique, 293 
Finite 
sequence, 535 
series, 539 
First differences, 600 
Focus (foci) 
of an ellipse, Al1 
of a hyperbola, Al4 
of a parabola, A9 
FOIL Method, 42 
Forming equivalent equations, 70 
Formula(s), 85 
change-of-base, 364 
common 
area, 85 
miscellaneous, 85 
perimeter, 85 
volume, 85 
for compound interest, 348 
Distance, 158 
for distance traveled, 85 
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Midpoint, 159 
Pythagorean Theorem, 98 
Quadratic, 93, 104 
recursion, 547 
simple interest, 85 
temperature, 85 
Fractal, 309 
Fractal geometry, 309 
Fraction(s), 3 
adding 
like denominators, 14 
unlike denominators, 14 
complex, 59 
denominator, 12 
dividing, 14 
equivalent, 14 
generating, 14 
least common denominator, 15 
multiplying, 14 
numerator, 12 
properties of, 14 
rules of signs, 14 
subtracting 
like denominators, 14 
unlike denominators, 14 
Fractional expression, 56 
Function(s), 194, 201 
absolute value, graph of, 214 
algebraic, 342 
common graphs of, 214 
composition of, 230 
constant, 210, 214, 257 
continuous, 269 
cubing, graph of, 214 
decreasing, 210 
defined, 201 
dependent variable, 195, 201 
difference of, 228 
domain of, 194, 198, 201 
even, 213 
exponential, 342 
characteristics of, 344 
natural, 346 
family of, 220 
graph of, 208 
greatest integer, 212 
identity, graph of, 214 
implied domain, 198, 201 
increasing, 210 
independent variable, 195, 201 
inverse, 238, 239 
finding, 241 
linear, 257 
logarithmic, 354 
characteristics of, 357 


common, 355 
natural, 358 
properties of, 355, 358, 365 
name of, 201 
notation, 196 
objective, 451 
odd, 213 
piecewise-defined, 197 
polynomial, 257 
product of, 228 
quadratic, 257 
quotient of, 228 
range of, 194, 201, 208 
rational, 322 
guidelines for graphing, 325 
relative maximum of, 210, 211 
relative minimum of, 210, 211 
square root, graph of, 214 
squaring, graph of, 214 
step, 212 
sum of, 228 
terminology, summary of, 201 
test for even and odd, 213 
transcendental, 342 
undefined, 201 
value at x, 196, 201 
Vertical Line Test for, 209 
zero of, 208, 273 
Fundamental Counting Principle, 572 
Fundamental Theorem of Algebra, 314 
Fundamental Theorem of Arithmetic, 15 


G 


Gaussian elimination for a system of 
linear equations, 428 
with back-substitution, 474 
Gaussian model, 383, 387 
Gauss-Jordan elimination, 475 
General form of the equation 
of a circle, 165 
of a line, 176 
General problem-solving strategy, 81 
Generating equivalent fractions, 14 
Geometric sequence, 554 
common ratio of, 554 
finite, sum of, 557 
nth term of, 555 
Geometric series, 558 
sum of, 558 
Graph 
of absolute value function, 214 
of cubing function, 214 
of an equation, 160 
intercept of, 162 
symmetry of, 163 


of an exponential function, 343 
of a function, 208 
horizontal shift of, 219 
of identity function, 214 
of an inequality, 126 
in two variables, 441 
of a logarithmic function, 356 
nonrigid transformation of, 223 
of a rational function, 325 
reflection of, 221 
rigid transformation of, 223 
of square root function, 214 
of squaring function, 214 
turning points of, 273 
vertical shift of, 219 
vertical shrink of, 223 
vertical stretch of, 223 
Graphical interpretation of solutions of 
systems of linear equations, 419 
Graphing, point-plotting method, 160 
Graphing utility 
equation editor, Al 
features 
intersect, A5 
maximum, A7 
minimum, A7 
regression, A6 
root, A4 
table, A2 
trace, A3 
zero, A4 
zoom, A3 
uses of, Al 
viewing window, A2 
square setting, A3 
Greater than, 4 
or equal to, 4 
Greatest integer function, 212 


H 
Half-life, 349 
Hidden 
equality, 79 
product, 84 
Horizontal asymptote, 323 
of a rational function, 324 
Horizontal line, 176 
Horizontal Line Test, 243 
Horizontal shift, 219 
Human memory model, 360 
Hyperbola, 323, A13, Al4 
asymptotes of, A15 
branches of, Al4 
center of, Al4 
conjugate axis of, A15 


foci of, Al4 

standard form of the equation of, 
Al4, A21 

transverse axis of, Al4 

vertices of, Al4 


Identity, 69 
function, graph of, 214 
matrix, 489 
Imaginary axis, 309 
Imaginary number, 304 
pure, 304 
Imaginary unit i, 304 
Implied domain, 198, 201 
Impossible event, 582 
Improper rational expression, 280 
Inclusive or, 14 
Inconsistent system, 419 
Increasing function, 210 
Independent events, 586 
probability of, 587 
Independent system, 419 
Independent variable, 195, 201 
Index 
of a radical, 29 
of summation, 539 
Induction, mathematical, 593 
Inductive, 511 
Inequalities 
absolute value, solving, 131 
double, 5, 130 
equivalent, 128 
graph of, 126 
linear, 129 
in two variables, 442 
properties of, 128 
satisfying, 126 
solution set of, 126 
solutions of, 126 
solving, 126 
symbols, 5 
in two variables 
graph of, 441 
sketching the graph of, 441 
solution of, 441 
Infinite 
geometric series, 558 
sum of, 558 
sequence, 535 
series, 539 
wedge, 445 
Infinity 
negative, 127 
positive, 127 


Integer(s), 2 
irreducible over, 48 
negative, 2 
positive, 2 
Intercept 
of a graph, 162 
x-intercept, 162 
y-intercept, 162 
Intercept form of the equation of a line, 
180 
Interest 
compound, 347, 348 
continuously compounded, 347, 348 
simple, 85 
Intermediate Value Theorem, 292 
Interpolation, linear, 174 
Intersect feature, A5 
Intersection 
of A and B, 585 
point of, 409 
Interval 
bounded, 126 
closed, 126 
endpoints of, 126 
open, 126 
unbounded, 127 
Inverse 
for a real number 
additive, 12 
multiplicative, 12 
of a square matrix, 497 
finding, 499 
Inverse function, 238, 239 
finding, 241 
Horizontal Line Test for, 243 
Inverse Property 
of exponential equations, 373 
of logarithmic equations, 373 
Invertible matrix, 498 
Irrational, 3 
Irreducible 
over the integers, 48 
over the rationals, 318 
over the reals, 318 


L 


Latus rectum of an ellipse, A19 
Law of Trichotomy, 5 
Leading coefficient of a polynomial, 40 
Leading Coefficient Test, 271 
Leading 1, 472 
Least common denominator, 15 
Less than, 4 
or equal to, 4 
Like radicals, 34 


Index 


Like terms of a polynomial, 41 
Line(s) 
equation of 
general form, 176 
intercept form, 180 
point-slope form, 173, 176 
slope-intercept form, 175, 176 
summary of, 176 
two-point form, 174, 520 
horizontal, 176 
parallel, 177 
perpendicular, 177, 178 
slope of, 171, 173 
vertical, 176 
Linear equation, 70 
Linear extrapolation, 174 
Linear Factorization Theorem, 314 
Linear function, 257 
Linear inequality, 129 
in two variables, 442 
system of, 443 
Linear interpolation, 174 
Linear programming, 451 
Linear programming problem 
optimal solution of, 451 
solving, 453 
unbounded, 454 
Linear regression, 182, 187 
Locus, A8& 
Logarithmic equation 
Inverse Property, 373 
One-to-One Property, 373 
solving, 373 
exponentiating, 376 
strategies for solving, 373 
Logarithmic expression 
condensing, 366 
expanding, 366 
Logarithmic function 
with base a, 354 
change-of-base formula, 364 
characteristics of, 357 
common, 355 
natural, 358 
properties of, 358, 365 
properties of, 355, 365 
Logarithmic model, 383, 389 
Logistic curve, 388 
Logistic growth model, 383, 388 
Long division of polynomials, 279 
Lower limit of summation, 539 
Lower triangular matrix, 514 


M 


Main diagonal entries, 468 


I5 
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Major axis of an ellipse, Al1 
Mandelbrot Set, 309 
Mathematical induction, 593 
Mathematical model, 79, 182 
Mathematical modeling, 79 


translating key words and phrases, 80 


Matrix (matrices), 468 
addition, 483 
properties of, 485 
additive identity, 486 
adjoining, 499 
augmented, 469 
coefficient, 469 
column, 468 
column of, 468 
determinant of, 501, 508, 511 
diagonal, 514 
Distributive Property, 489 
elementary row operations, 469 
entry of, 468 
main diagonal, 468 
equal, 482 
finding an inverse, 499 
identity, 489 
invertible, 498 
multiplication, 487 
properties of, 489 
nonsingular, 498 
order of, 468 
product of two, 487 
row, 468 
coded and uncoded, 521 
row-echelon form, 472 
reduced, 472 
row-equivalent, 469 
row of, 468 
scalar, 483 
scalar multiple, 483 
scalar multiplication, 483 
properties of, 485 
singular, 498 
square, 468 
cofactors of, 510 


determinant of, 501, 508, 511 


inverse of, 497 
minors of, 510 
stochastic, 496 
sum of, 483 
triangular, 514 
lower and upper, 514 
zero, 486 
Maximum feature, A7 
Method of elimination, 415, 417 
Method of substitution, 405 
Midpoint Formula, 159 


Midpoint of a line segment, 159 
Minimum feature, A7 
Minor axis of an ellipse, Al1 
Minors of a square matrix, 510 
Miscellaneous common formulas, 85 
Mixture problem, 84 
Model 
mathematical, 79, 182 
verbal, 79 
Monomial, 40 
Multiplication, 11 
by a constant in an inequality, 128 
matrix, 487 
scalar, 483 
Multiplicative Identity Property for real 
numbers, 12 
Multiplicative Inverse Property for real 
numbers, 12 
Multiplicity, 274 
Multiplying fractions, 14 
Mutually exclusive events, 585 
probability of, 585 


N 


n factorial, 537 
Name of a function, 201 
Natural base, 346 
Natural exponential function, 346 
Natural logarithmic function, 358 

properties of, 358, 365 
Natural number, 2 
Negation, properties of, 13 
Negative 

infinity, 127 

integers, 2 

number, 4 
Nonnegative real numbers, 4 
Nonrigid transformation of a graph, 223 
Nonsingular matrix, 498 
Nonsquare system, 432 
Normally distributed population, 387 
Not equal to, 3 
Notation 

exponential, 20 

function, 196 

scientific, 23 

sigma, 539 

summation, 539 
nth partial sum, 539 

of an arithmetic sequence, 549 
nth root of a number, 29 

principal, 29 
nth term 

of an arithmetic sequence, 546 


of a geometric sequence, 555 
Number(s) 

of combinations of n elements taken 
rat atime, 576 

complex, 304 

composite, 15 

imaginary, 304 
pure, 304 

irrational, 3 

natural, 2 

negative, 4 

nth root of, 29 

of permutations of n elements, 573 
taken r at a time, 574 

positive, 4 

prime, 15 

principal nth root of, 29 

rational, 3 

real, 2 
nonnegative, 4 

of solutions of a linear system, 430 

Numerator, 12 


O 


Objective function, 451 
Oblique asymptote, 327 
Odd function, 213 
test for, 213 
One-to-One Property 
of exponential equations, 373 
of logarithmic equations, 373 
Open interval, 126 
Operations that produce equivalent 
systems, 428 
Optimal solution of a linear 
programming problem, 451 
Optimization, 451 
Order of a matrix, 468 
Order on the real number line, 4 
Ordered pair, 157 
Ordered triple, 427 
Origin 
of the real number line, 4 
of the rectangular coordinate 
system, 157 
symmetry, 163 
Outcomes, 581 


P 


Parabola, 257, A9 
axis of, 258 
axis of symmetry, 258 
directrix of, A9 
focus of, A9 


standard form of the equation of, 
A9, A20 
vertex of, 258, A9 
Parallel lines, 177 
Pascal’s Triangle, 565 
Perfect 
cubes, 30 
square trinomial, factoring, 49 
squares, 30 
Perimeter, common formulas for, 85 
Permutation(s), 573 
distinguishable, 575 
of n elements, 573 
taken r at a time, 574 
Perpendicular lines, 177, 178 
Piecewise-defined function, 197 
Point of diminishing returns, 278 
Point of equilibrium, 422, 446 
Point of intersection, 409 


Point-plotting method of graphing, 160 


Point-slope form of the equation of a 
line, 173, 176 
Polynomial(s), 40 
addition of, 41 
complex zeros, 317 
constant term, 40 
degree of, 40, 41 
division 
long, 279 
synthetic, 282 
equation 
second-degree, 93 
solution of, 273 
factor(s) of, 273, 318 
Factor Theorem, 283 
finding test intervals for, 138 
finding zeros of 


Intermediate Value Theorem, 292 


Rational Zero Test, 289 
zoom-and-trace technique, 293 
function, 257 
real zeros of, 273 
of x with degree n, 257 
inequality 
critical numbers of, 138 
test intervals of, 138 
Intermediate Value Theorem, 292 
irreducible over the integers, 48 
leading coefficient of, 40 
like terms of, 41 
prime, 48 
product of, 42 
special products of, 43 
standard form of, 40 
subtraction of, 41 


term 
coefficient of, 40 
degree of, 40, 41 
in x, 40 
x-intercept of, 273 
zero, 41 
zeros of, 138 
Position equation, 97, 109 
Positive 
infinity, 127 
integers, 2 
number, 4 
Power, 20 
reciprocal, 117 
Powers of integers, sums of, 597 
Prime 
factorization, 15 
number, 15 
polynomial, 48 
Principal nth root of a number, 29 
Principal square root of a negative 
number, 308 
Principle of Mathematical Induction, 
594 
Extended, 595 
Probability, 581 
of a complement, 588 
of an event, 582 
properties of, 582 
of independent events, 587 
of mutually exclusive events, 585 
of the union of two events, 585 
Producer surplus, 446 
Product 
of polynomials, 42 
of two functions, 228 
of two matrices, 487 
Proper rational expression, 280 
Properties 
of absolute value, 6 
of Equality, 16 
Reflexive, 16 
Symmetric, 16 
Transitive, 16 
of exponents, 21, 33 
of fractions, 14 
of inequalities, 128 
Inverse, 373 
of logarithms, 355, 365 
of matrix addition, 485 
of matrix multiplication, 489 
of natural logarithms, 358, 365 
of negation, 13 
One-to-One, 373 
of probability of an event, 582 
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of radicals, 30 

of scalar multiplication, 485 

of sums, 540 

of zero, 14 

Zero-Factor, 14, 93 
Proportion, 83 
Proportionality, constant of, 183 
Pure imaginary number, 304 
Pythagorean Theorem, 98 


Q 


Quadrants, 157 
Quadratic equation, 93 
double solution, 94 
repeated solution, 94 
solutions of, 105 
solving 
by extracting square roots, 95 
by factoring, 93 
using Quadratic Formula, 104 
Quadratic Formula, 93, 104 
discriminant, 105 
Quadratic function, 257 
standard form of, 260 
Quadratic type, 116 
Quotient of two functions, 228 


R 

Radical(s) 
conjugate, 32 
index of, 29 
like, 34 


properties of, 30 
simplest form, 31 
symbol, 29 
Radicand, 29 
Radius of a circle, 165 
Range of a function, 194, 201, 208 
Rate, 171 
Rate of change, 171, 182, 185 
Ratio, 83, 171 
Rational 
exponent, 32, 33 
properties of, 33 
expression, 56 
improper, 280 
proper, 280 
undefined values of, 142 
zeros of, 142 
function, 322 
domain of, 322 
guidelines for graphing, 325 


horizontal asymptote of, 323, 324 


slant asymptote of, 327 


18 Index 


vertical asymptote of, 323, 324 
inequality, critical numbers of, 142 
number, 3 

irreducible over, 318 

Rational Zero Test, 289 

Rationalizing the denominator, 31, 32 

Real axis, 309 

Real number(s), 2 
Additive Identity Property, 12 
Additive Inverse Property, 12 
Associative Property of Addition, 12 
Associative Property of 

Multiplication, 12 
Commutative Property of Addition, 

12 
Commutative Property of 

Multiplication, 12 
Distributive Property, 12 
irreducible over, 318 
Multiplicative Identity Property, 12 
Multiplicative Inverse Property, 12 
nonnegative, 4 

Real number line, 4 
bounded intervals on, 126 
coordinate, 4 
order on, 4 
origin of, 4 
unbounded intervals on, 127 
Real zeros of polynomial functions, 
273 
Reciprocal, 12 
Reciprocal power, 117 
Rectangle 
area of, 85 
perimeter of, 85 
Rectangular coordinate system, 157 
origin of, 157 
quadrants, 157 
x-axis, 157 
y-axis, 157 
Rectangular solid 
volume of, 85 
Recursion formula, 547 
Red herring, 92 
Reduced row-echelon form, 472 
Reflection, 221 
in the x-axis, 221 
in the y-axis, 221 
Reflexive Property of Equality, 16 
Regression feature, A6 
Relative maximum, 210, 211 
Relative minimum, 210, 211 
Remainder Theorem, 283 
Repeated solution, 94 
Repeated zero, 274 


Repeating decimal, 3 
Rigid transformation of a graph, 223 
Root 

cube, 29 

nth, 29 

principal, 29 
square, 29 
principal, 308 

Root feature, A4 
Rounded, 3 
Rounding decimals, 17 
Row-echelon form, 472 

reduced, 472 

of a system of linear equations, 427 
Row-equivalent matrices, 469 
Row matrix, 468 

coded, 521 

uncoded, 521 
Row of a matrix, 468 
Row operations, 428 
Rules of signs for fractions, 14 


Ss 


Sample space, 581 
Satisfying an inequality, 126 
Scalar, 483 
Identity Property, 485 
multiple, 483 
multiplication, 483 
properties of, 485 
Scatter plot, 187 
Scientific notation, 23 
Second-degree polynomial equation in 
x, 93 
Second differences, 600 
Sequence, 535 
arithmetic, 545 
common difference of, 545 
nth term of, 546 
bounded, 309 
finite, 535 
geometric, 554 
common ratio of, 554 
nth term of, 555 
infinite, 535 
terms of, 535 
unbounded, 309 
Series 
finite, 539 
geometric, 558 
infinite, 558 
infinite, 539 
Set, 2 
of real numbers, 2 


Shift 
horizontal, 219 
vertical, 219 
Sigma notation, 539 
Sigmoidal curve, 388 
Simple interest formula, 25, 85 
Simplest form of a radical, 31 
Singular matrix, 498 
Slant asymptote, 327 
Slope-intercept form of the equation of 
a line, 175, 176 
Slope of a line, 171, 173 
Solution(s) 
double, 94 
of an equation, 69, 160 
checking, 71 
extraneous, 73, 117 
feasible, 451 
of an inequality, 126, 441 
of a polynomial equation, 273 
of a quadratic equation, 105 
repeated, 94 
set of an inequality, 126 
of a system of equations, 405 
of a system of linear inequalities, 443 
Solving 
an absolute value equality, 119 
an absolute value inequality, 131 
an equation, 69 
an equation with fractions, 118 
an equation of quadratic type, 116 
an equation with radicals, 117 
an equation with rational exponents, 
117 
an exponential equation, 373 
an inequality, 126 
a linear programming problem, 453 
a logarithmic equation, 373 
exponentiating, 376 
a quadratic equation 
by extracting square roots, 95 
by factoring, 93 
using the Quadratic Formula, 104 
a system of equations, 405 
by Gaussian elimination, 428 
by Gaussian elimination with 
back-substitution, 474 
by method of elimination, 415, 417 
by method of substitution, 405 
Special products of polynomials, 43 
cube of a binomial, 43 
square of a binomial, 43 
sum and difference of two terms, 43 
Sphere 
volume of, 85 


Square(s) 
area of, 85 
of a binomial, 43 
completing the, 104 
factoring the difference of two, 49 
perfect, 30 
perimeter of, 85 
Square matrix, 468 
cofactors of, 510 
determinant of, 501, 508, 511 
inverse of, 497 
minors of, 510 
Square root, 29 
extracting, 95 
function, graph of, 214 
principal, 308 
Square setting, A3 
Square system, 432 
Squaring function, graph of, 214 
Stacked bar graph, 235, 236 
Standard form 
of a complex number, 304 
of the equation of a circle, 164, 165, 
A20 
of the equation of an ellipse, A12, 
A21 
of the equation of a hyperbola, A14, 
A21 
of the equation of a parabola, A9, 
A20 
of the equations of conics, A20, A21 
of a polynomial, 40 
of a quadratic function, 260 
Standard position of conics, A20 
Step function, 212 
Stochastic matrix, 496 
Strategies for solving exponential and 
logarithmic equations, 373 
Strategy for solving word problems, 86 
Subset, 2 
Substitution, method of, 405 
Substitution Principle, 11 
Subtracting fractions 
with like denominators, 14 
with unlike denominators, 14 
Subtraction, 11 
of complex numbers, 305 
of polynomials, 41 
Sum(s) 
of a finite arithmetic sequence, 548 
of a finite geometric sequence, 557 
of a geometric series, 558 
of an infinite geometric series, 558 
of matrices, 483 
nth partial, 539 


of an arithmetic sequence, 549 
of powers of integers, 597 
properties of, 540 
of two cubes, factoring, 49 
of two functions, 228 
Sum and difference of two terms, 43 
Summation 
index of, 539 
lower limit of, 539 
notation, 539 
upper limit of, 539 
Surplus 
consumer, 446 
producer, 446 
Symmetric Property of Equality, 16 
Symmetry, 163 
axis of, 258 
tests for, 164 
with respect to origin, 163 
with respect to x-axis, 163 
with respect to y-axis, 163 
Synthetic division, 282 
for a cubic polynomial, 282 
uses of the remainder, 284 
System of equations, 405 
equivalent, 416, 428 
point of intersection, 409 
solution of, 405 
solving, 405 
Gaussian elimination with back- 
substitution, 474 
by method of elimination, 415, 417 
by method of substitution, 405 
with a unique solution, 502 
System of linear equations 
consistent system, 419 
dependent system, 419 
graphical interpretation of solutions, 
419 
inconsistent system, 419 
independent system, 419 
nonsquare, 432 
number of solutions of, 430 
row-echelon form, 427 
row operations, 428 
solving 
by Gaussian elimination, 428 
square, 432 
System of linear inequalities, 443 
solution of, 443 


T 


Table feature, A2 
Temperature formula, 85 
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Term(s) 
of an algebraic expression, 10 
constant, 10 
of a sequence, 535 
sum and difference of two, 43 
variable, 10 
Terminating decimal, 3 
Test(s) 
for collinear points, 519 
for even and odd functions, 213 
for symmetry, 164 
Test intervals of a polynomial 
inequality, 138 
Trace feature, A3 
Transcendental function, 342 
Transformations of graphs 
horizontal shift, 219 
nonrigid, 223 
reflection, 221 
rigid, 223 
vertical shift, 219 
vertical shrink, 223 
vertical stretch, 223 
Transitive Property of Equality, 16 
Transitive Property of Inequalities, 128 
Translating key words and phrases, 80 
Transverse axis of a hyperbola, Al4 
Triangle 
area of, 85, 518 
perimeter of, 85 
Triangular matrix, 514 
lower, 514 
upper, 514 
Trinomial, 40 
perfect square, factoring, 49 
True equation, 69 
Turning points of a graph, 273 
Two-point form of the equation of a 
line, 174, 520 


U 


Uncoded row matrices, 521 

Undefined function, 201 

Union of two events, probability of, 585 

Upper limit of summation, 539 

Upper triangular matrix, 514 

Uses of a graphing utility, Al 

Uses of the remainder in synthetic 
division, 284 


V 


Value of f at x, 196, 201 
Variable, 10 
dependent, 195, 201 
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independent, 195, 201 
term(s), 10 
coefficient of, 10 

Variation 

constant of, 183 

direct, 182, 183 
Verbal model, 79 
Vertex (vertices) 

of an ellipse, A11 

of a hyperbola, Al4 

of a parabola, 258, A9 
Vertical asymptote, 323 

of a rational function, 324 
Vertical line, 176 
Vertical Line Test, 209 
Vertical shift, 219 
Vertical shrink, 223 
Vertical stretch, 223 
Viewing window, A2 

square setting, A3 
Volume 

common formulas for, 85 


Ww 
With replacement, 571 


Without replacement, 571 
Word problems, strategy for solving, 86 


X 


x-axis, 157 

reflection in, 221 

symmetry, 163 
x-coordinate, 157 
x-intercept, 162 

of a polynomial, 273 


Y 


y-axis, 157 
reflection in, 221 
symmetry, 163 

y-coordinate, 157 

y-intercept, 162 


Z 


Zero(s), 2 
of a function, 208, 273 
multiplicity of, 274 
of a polynomial, 138 
properties of, 14 
of a rational expression, 142 
repeated, 274 
Zero-Factor Property, 14, 93 
Zero feature, A4 
Zero matrix, 486 
Zero polynomial, 41 
Zoom feature, A3 
Zoom-and-trace technique, 293 


Applications 


Biology and Life Sciences 


Air pollution 

smokestack emissions, 328, 339 
Antler spread of an elk, 399 
Average recycling cost, 333, 339 
Bacteria count, 233, 236, 237, 254 
Bacteria growth, 351, 372, 392, 400, 401, 402 
Blood oxygen level, 108, 113 
Blue oak, height of, 103 
Body mass index (BMI), 414 
Body temperature, 137 
Bone graft procedures, 379 
Botany, 525 
Calories burned by exercise, 495 
Carbon dating, 386, 392 
Carbon dioxide in the atmosphere, 426 
Carbon dioxide emissions, 99 
Cardiovascular device sales, 562 
Carnivorous plants, 531 
Clinical trial, 19 
Cricket chirps, 569 
Crop spraying mixture, 437 
Diet supplement, 450 
Dissections, 578 
Endangered species, 393 
Erosion, 38 
Forest yield, 381 
Galloping speeds of animals, 370 
Genders of children, 591, 609 
Genetically modified soybeans, 438 
Genetics, 608 
Gypsy moths, 525 
Healing rate of a wound, 353 
Health and wellness, 481 
Heart rate, 450 
Human height, 78, 137 
Human memory model, 332, 333, 339, 360, 362, 381, 

399, 400, 402 

Hydroflourocarbon emissions, 103 
Kidney donation, 574 
Lab practical, 579 
Lead concentration in human bones, 247 
Learning curve, 392, 401 
Liver transplants, 268 
Lung volume, 217 
Metabolic rate, 113 
Native prairie grasses, 381 
Nutrition, 447 
Optimal area of an archaeological dig site, 336 
Orthopedic implant sales, 562 
Oxygen level, 61 
Path of a salmon, 205 
Peregrine falcons, 450 
Pest management in a forest, 191 
Plant biology lab, 579 
Population 

of bears, 402 


of deer, 191, 332, 390 

of elk, 332 

of fish, 339 

of sparrows, 263 
Radioactive decay, 349, 352, 392, 400, 402 
Ratio of reptiles, 544 
Recycling plan, 589 
Research study, 19 
Respiratory diseases, 584 
Skill retention model, 363 
Spread of a virus, 388 
Stocking a lake with fish, 392 
Suburban wildlife, 381 
Water pollution, 332 
Weight of a puppy, 182, 189 
Wildlife management, 401 
Wind chill, 38 
Zebrafish embryos, 608 


Business 


Advertising, 192 
expenses, 278, 297, 301, 303 
Annual 
operating cost, 136 
payroll of new car dealerships, 544 
sales 
Abercrombie & Fitch Company, 414 
Dell, Inc., 450 
Guitar Center, Inc., 352 
Intuit Corporation, 251 
Microsoft Corporation, 78 
St. Jude Medical, Inc., 562 
Steve Madden, 338 
Stryker Corporation, 562 
Timberland Company, 414 
Average cost, 205, 206, 332, 339 
Book value per share 
Analog Devices, 205 
Wells Fargo, 217 


Break-even analysis, 136, 152, 410, 414, 440, 462 


Budget variance, 7, 9 
Company profits, 146, 153 
Comparing profits, 235 
Comparing sales, 236, 254 
Competing restaurants, 579 
Consumer Price Index, 189 


Consumer and producer surplus, 446, 449, 464 


Contract bonuses, 495 

Cost, 235, 247 

Cost-benefit model, 328 

Cost equation, 111 

Cost, revenue, and profit, 204, 236 

Daily sales, 136 

Declining balances depreciation, 37 
Defective units, 588, 591, 609, 611 
Demand function, 302, 351, 372, 381, 400 


Dividends for Coca-Cola, 206 
Dollar value, 251 
Earnings-dividend ratio 
Wal-Mart Stores, 247 
Earnings per share 
Dollar Tree Stores, 170 
Paychex, Inc., 170 
Factory production, 494, 530 
Furniture production, 449 
Gold prices, 169, 217, 267 
Hotel pricing, 494 
Increasing profit, 143 
Inventory, 611 
of kayaks, 449 
levels, 494, 530, 533 
of movie players, 464 
Job applicants, 578, 580, 608 
Labor/wage requirements, 495, 507, 530 
Making a sale, 589, 591, 592 
Market research, 122, 125, 152 
Media selection for advertising, 459 
Monthly 
cost, 103, 114 
profit, 87 
sales, 92 
New vehicle sales, 89 
Optimal 
cost, 267, 336, 456, 459 
profit, 267, 336, 455, 458, 459, 460, 465, 466 
revenue, 266, 336, 459, 465 
Patents issued, 200 
Payroll mix-up, 591, 609 
Point of equilibrium, 422, 425, 440, 462, 466, 611 
Prescription drug expenditures, 113 
Present value, 352 
Price 
of brand name drugs, 137 
of generic drugs, 137 
of a product, 153 
Price-earnings (P/E) ratio 
Cheesecake Factory, 237 
Jack in the Box, 237 
Production 
cost, 102 
limit, 91 
Productivity 
of a new employee, 363 
Profit, 154, 155, 227, 247, 268, 288, 297, 303, 321, 337, 
403, 607 
from Alaskan fishing, 506 
Harley-Davidson, Inc., 562 
Home Depot, Inc., 562 
maximum, 218 
UnitedHealth Group, 170 
Projected 
expenses, 90 


profit, 151 
revenue, 90, 151 
Property tax, 190, 251 
Purchasing power, 193 
Quality control, 9 
Raw materials, 505, 531 
Reimbursed expenses, 191 
Retail trade sales, 382 
Revenue, 181, 253, 321 
Applebee’s, 181 
Costco Wholesale, 338, 401 
McDonald’s Corporation, 463, 553 
Outback Steakhouse, Inc., 553 
Sonic Corporation, 192 
Symantec Corporation, 218 
UPS, 189 
Yahoo!, 181 
Revenue per share 
Amazon.com, 300 
Panera Bread Company, 438 
Sonic Corporation, 153, 192 
Sales, 174, 607 
of concert tickets, 449, 464 
fourth quarter, 181, 251 
of movie tickets, 425 
of shoes, 425 
Sales commission, 351 
Sales per share 
Best Buy, 302 
Cost Plus, Inc., 340 
Intel, 392 
Motorola, 392 
Wal-Mart, 439 
Sales price and list price, 191 
Sporting goods sales, 88 
State income tax, 183 
State sales tax, 190 
Straight-line depreciation, 186, 190, 191, 251, 255 
Supply and demand, 425, 462 
Tax liability, 285 


Total 
cost, 87 
profit, 553 


revenue, 87, 102, 113, 114, 151, 154 
sales, 550, 553 
Cheesecake Factory, Inc., 205, 553 
Starbucks Corporation, 112, 553 
Univision Communications, 147 
Transportation costs, 300 
Worker’s productivity, 395 
Years of service for employees, 586 


Chemistry and Physics 


Acid mixture, 462 
Acid solution, 87 
Automobile aerodynamics, 227 


Automobile crumple zones, 382 
Chemical reaction, 395 
Chemistry experiment, 608 
Comet orbit, A25, A28 
Diesel mechanics, 247 
Distance between sun and planets, 367 
Earthquake magnitudes, 389, 395, 401 
Electron microscopes, 28 
Escape velocity, 35, 38 
Estimating speed, 38 
Estimating time of death, 395 
Falling object, 97, 101, 112, 114, 553 
Grand Canyon, 151 
on the moon, 151 
owl and the mouse, 101 
Fluid flow, A28 
Height 
of a baseball, 302 
of a flare, 153 
of a projectile, 146, 153 
Hot air balloon, 112 
Hyperbolic mirror, A19 
Ideal Gas Law, 91 
Kinetic energy, 91 
Lensmaker’s equation, 92 
Maximum height 
of a baseball, 262 
of a diver, 267 
of a shot put, 267 
Medicine concentration, 300, 333 
Mixture, 91, 151, 578 
acid, 424, 437 
fuel, 424 
Oxidation-reduction reactions, 579 
Parabolic reflector, Al1 
Path 
of a baseball, 199, 205 
of a salmon, 205 
of a soccer ball, 153 
Period of a pendulum, 38 
PH levels, 389, 395 
Planetary motion, A28 
Power line, 125 
Pressure on a scuba diver, 181 
Radio waves, 90 
Refrigeration, 61 
Resistors, 147 
Satellite antenna, A18 
Satellite orbit, A27, A28 
Solar energy, 301 
Sound intensity, 368, 370, 371, 395 
Speed 
of a baseball, 205 
of light, 24 
Temperature, 181 
Thawing a package of steaks, 395, 401 


Throwing an object, 109, 111, 112, 252 
on the moon, 109, 111 
sports, 111 

Wind resistance, 101 

Windshield washer fluid, 531 

Work, 362 


Construction 


Architecture, A18 
Brick pattern, 552 
Mountain tunnel, Al9 
Nail length, 370 
Suspension bridge, A18 
Wheelchair ramp, 181 


Consumer 


American Express credit cards, 277 
Annual salary, 79, 181 
Average price of prescription drugs, 440 
Cable television, 496 
Charitable contributions, 264, 275 
Charter bus fares, 206 
Choice of two camping outfitters, 414 
Choice of two jobs, 414 
College costs, 102 
Comparative shopping, 132, 135 
Computer systems, 578, 608 
Consumer awareness, 237 
Cost 

of dental care, 301 

of overnight delivery, 218, 253 
Discount, 87, 91 
Discount rate, 89, 150 
Home mortgage 

monthly payment, 363 
Hourly wages, 191 
Job offer, 552, 607 
List price, 89, 150 
Long distance phone plans, 411, 491, 496 
Markup, 91 
Movie theater admission price, 247 
Original price, 80 
Percent of a raise, 81 
Percent of a salary, 81 
Pet spending, 19 
Price of a telephone call, 212 
Reduced rates, 120 
Repaying a loan, 191 
Sailboats purchased, 438 
Salary, 88, 562, 570 

and bonus, 254 

increase, 80, 135, 150 
Sales commission, 191 
Sales tax and selling price, 206 
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Sharing the cost, 124, 152 of the sides of an equilateral triangle, 102 
Sound recordings purchased, 439 of the sides of an isosceles right triangle, 102 
Sound system, 610 Liters and gallons, 190 
Vacation packages, 494 Maximum width, 136 
Weekly Perimeter of a rectangle, 87, 91 

paycheck, 87 Ripples in a pond, 206, 237 

salary, 90 Square pattern, 562 
Wholesale price, 89 Surface area of a cone, 92 

Volume 

Geometry of a box, 45, 47, 111, 152, 204, 252, 278 
Area, 254 of a rectangular prism, 91 

of a forest region, 525 of a right circular cylinder, 91 

optimal, 266 and surface area of a sphere, 22 

of a room, 288 Water depth, 91 

of a sector of a circle, 91 Weather balloon, 22 

of a shaded region, 47, 562 Width 

of a square, 137 of a deck, 101 

of a tract of land, 525 of a path, 101 

of a trapezoid, 91 

of a triangle, 87, 91 Interest Rates 
Area and circumference of a circle, 207 Balance in an account, 25, 28, 39, 65, 67, 252, 372, 390, 
Base and height of a sign, 101 402, 570, 610 
Centimeters and inches, 190 Becoming a millionaire, 28 
Cutting across the lawn, 98 Bond investment, 505 
Depth Borrowing money, 124, 436, 481, 529 

of an underwater cable, 151 Cash advance, 124, 152 

of a whale, 102 Cash settlement, 351 

of a whale shark, 102 Comparing investment returns, 90 
Diagonals of a polygon, 580 Compound interest, 26, 47, 91, 121, 124, 146, 153, 347, 348, 
Dimensions 351, 381, 398, 544, 559, 561, 606, 607, 610 

of a billboard, 101, 151 Doubling and tripling an investment, 378 

of a box, 299, 300 Investment, 382, 449, 463, 466 

of a building, 101 mix, 90, 414 

of a corral, 111, 300 plan, 398 

of a cube, 37, 39 portfolio, 424, 425, 433, 437, 460, 463 

of a cylindrical container, 199 time, 362, 399 

of a lot, 101 Monthly payment, 61 

of a picture frame, 89 Rate of inflation, 26 

of a room, 82, 89, 96, 150 Savings plan, 44, 47 

of a square base, 111, 114 Simple interest, 84, 89, 91, 135, 150, 181, 190, 407, 466 

of a square classroom, 37 Stock mix, 90 

of a storage bin, 300 

of a terrarium, 300 Miscellaneous 

of a volleyball court, 150 100-meter freestyle winning times, 333 
English and metric systems, 184 3000-meter speed skating winning times, 333 
Feet and meters, 251 Accuracy of a measurement, 133, 137, 152 
Floor plan, 47 Agriculture, 495 
Geometric modeling, 54 Aircraft boarding, 608 
Height Airline passengers, 124 

of a balloon, 204 Alumni association, 590 

of a can, 86 Analyzing airline routes, 496 
Lateral surface area of a cylinder, 92 Australian football, A28 
Length Baking as a leisure activity, 466 

of a field, 146, 153 Baseball player getting a hit, 591, 592 

of a room, 54, 146, 153 Baseball salaries, 136 


of a tank, 91 Bike race, 579 


Birthday problem, 588 
Blogging, 592 
Breeding facility, 481 
Cable TV subscribers, 267 
Candles, 437 
Cash scholarship, 591 
Catalog number, 572 
Choice of newscasts, 462 
Choosing officers, 579 
Circuit analysis, 505 
Classic cars, 426 
College bound, 590, 609 
College enrollment, 181 
Combination lock, 579 
Community service, 125 
Comparing calories, 88 
Computer filename extension, 572 
Concert seating arrangement, 579 
Concert ticket line, 580 
Counting card hands, 577 
Course grade, 89 
Course schedule, 578 
Cryptography, 521, 522, 523, 525, 526, 532 
Digital cinema screens, 352 
Doctorates in science, 336 
Drawing a card, 582, 585, 589, 590, 609 
Drawing marbles, 589 
Drawing pieces of paper, 571 
Eiffel Tower, 111 
Exercise program, 132 
Fatal crashes, 181 
Ferris wheel 

London Eye, 170 

Star of Nanchang, 170 
Fitness, 150 
Flour production, 125 
Flower arrangements, 577 
Forming a committee, 580 
Forming an experimental group, 579 
Game show, 580, 590, 591, 609, 611 
Hair products, 437 
Heads or tails?, 581, 582, 589 
Humidity control, 137 
IQ scores, 136, 403 
Jury selection, 580 
Land area of crops, 303 
Law enforcement, 580 
Letter mix-up, 591 
Letter pairs, 572 
License plate numbers, 578 
Lottery, 579, 584 
Lunch drinks, 581 
Media usage, 89 
Movie sequels, 88 
Multiple choice quiz, 610 
Museum, 481 


Notes on a musical scale, 38 
Olympic diver, 101 
Pin numbers, 577 
Pizza toppings, 580, 610 
Play auditions, 580 
Poker hand, 580, 591, 609 
Population, 207 
of a city, 391, 392, 400, 402 
growth, 352, 362 
of Japan, 192 
of North America, 170 
of a town, 398 
of the world, 147 
Preparing for a test, 590, 609 
Prescriptions filled, 425 
Prize money at the Indy 500, 188 
Random number generator, 587, 589, 590 
Red herring, 92 
Research, 19, 237, 313, 371, 439, 526, 580 
Royal Gorge Bridge, 101 
Sailboat stays, 125 
Salary and savings account, 206 
Science news, 592 
Scientific discoveries, 592 
Seating capacity, 111, 549, 552, 607 
Seizure of illegal drugs, 332 
Single file, 579 
Size inflation, 88 
Snow removal, 399 
Social security numbers, 577 
Stone cutting, 181 
Sugar production, 125 
Super Bowl ad cost, 393 
Super Bowl ad revenue, 393 
Taste testing, 589 
Telephone numbers, 572, 608 
Temperature, 9, 103 
Test scores, 206, 401 
Time study, 137 
Toboggan ride, 578 
Tossing 
a coin, 591, 608 
a coin and a die, 589 
a die, 589 
three dice, 610 
two dice, 583 
True-false exam, 578 
Van seating arrangement, 610 
Voting preference, 496 
Weather report, 610 
Weight loss program, 135 
Weightlifting, 136 
Winning an election, 590 
Work rate, 125 
World Internet users, 88 
World population increase, 384 


Time and Distance Pell Grants, 47, 414 


Airplane speed, 421, 424 Perkins Loans, 414 
Braking distance, 603 School Breakfast Program, 372 


Catch-up time, 90 usamecane 

Diameter of the sun, 65 Female labor force, 236 

Distance, 82 Grade level salaries for federal employees, 218 
from adock, 112 Health care expenditures, 193, 333 
of a hit baseball, 268, 336 Health services industry employees, 193 

Home prices, 65, 66 

Hospital employment, 353 

Hourly earnings, 75 

Houses for sale by region, 591 


to a star, 90 

traveled, 87 

traveled by a car, 190 
Exercise, 150 


Flying distance, 102, 112 Insect control sales, 544 
Flying speed, 113 Life expectancy, 124, 125 
Hei Mail order sales of prescription drugs, 153 
eight : 
of a building, 90 Medicare enrollees, 440 


Men’s heights, 392 

Miles traveled by vehicles, 169 
Minimum wage, 78 

Mobile homes manufactured, 205 
Length of an E. coli bacterium, 65 Movie price, 67 

Navigation, A19 National defense budget, 205 
New York City Marathon, 91 National defense outlays, 332 
Number of meters in one foot, 65 New homes, 125 

Stopping distance, 235, 439 Nonfarm employees, 569 

Travel, 9 Non-wage earners, 189 

Travel time, 87, 90, 150 Onl ; 

domestic demand, 137, 333, 394 
imported, 137, 150 

strategic reserve, 218 


of a mountain climber, 185 
of a parachutist, 190 

of Petronas Tower, 83 

of a tree, 90 


U.S. Demographics 


Age at first marriage, 353 Per capita 
Air travel, 218 gross domestic product, 155 
Average heights, 382 income, 112 
Average monthly retail sales, 155 land area, 329 
Cell phone subscribers, 66 Personal income, 78 
Cell sites, 66 Political makeup of the U.S. Senate, 232 
Child support collections, 506 Population 
Comparing populations immigrant, 278 
Alaska and Vermont, 462 median age of U.S., 363 
Arizona and Maryland, 414 of Orlando, Florida, 186 
Colorado and Kentucky, 414 of people age 18 and over, 301 
Computer science field of study, 531 projection for children under five, 255 
Consumer credit, 78 projection for people 85 and older, 393 
Cost of U.S., 47, 65, 103, 394, 541, 587 
of college, 28 Prescriptions filled, 353 
of private higher education, 147 Public college enrollment, 136 
of public higher education, 147 Ratio of males to females, 544 
to stay in college dormitory, 154 Restaurant sales, 425 
Dentist office employees, 187 Retail sales of health and personal care stores, A6 
Early childhood development, 103 Sales of petroleum and coal products, 217 
Energy imports, 481 SAT and ACT participants, 414 
Federal SAT scores, 387 
cost of food stamps, 207 Tuition and fees for in-state students at public institutions 
debt, 438 of higher education, 268 
financial aid awarded, 254 USS. currency, 381 


government expenses, 19 Women’s heights, 392 
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Algebra 


Factors and Zeros of Polynomials 


Given the polynomial p(x) = a,x" + a,_,;x""1 +>: - 


(oil 


- + a,x + dy. If p(b) = 0, then b is a zero of the polynomial and a 


solution of the equation p(x) = 0. Furthermore, (x — b) is a factor of the polynomial. 


Fundamental Theorem of Algebra 


An nth degree polynomial has n (not necessarily distinct) zeros. 


Quadratic Formula 


If p(x) = ax? + bx + c, a # O and b? — 4ac = 0, then 
the real zeros of p are x = (-b fl = 4ac)/2a. 


Special Factors 
x2 — q? = (x — a\(x + a) 

3 = (x — a)(x2 + ax + a?) 
a> = (x + a)(x? — ax + a?) 
x4 — at = (x — a)(x + a(x? + a?) 
xt tat = (x2 + J2ax + a2)(x2 
x” — a” = (x — a)(x"—! + ax"? 
gee se ai? = (re te ager! 


x2" azn (x” a) (Oc n a") 


J/2ax + a?) 
-+ ++ q@"~!), for n odd 
a"~'), for n odd 


ax" 2 


Binomial Theorem 


(Ge sb a = 3? ab Dane sb a? 
(x — a)? = x? — 2ax + a? 
(x + a)? = x3 + 3ax? + 3a2x + a? 
(x — a)? = x3 — 3ax? + 3a2x — a3 
(x + a)* = x* + 4ax3 + 6a2x2 + 4a3x + at 
(x — a)* = x* — 4ax3 + 6a?x? — 4a3x + at 
= || 
(Ge ae Sr sb ame" + ue Pee t---+na"—!y+ a” 
Ge = @P = 7" =pane—" 4 me l) ye? ab (les a9 ae Oi 


Rational Zero Test 


If p(x) = a,x" + a,_,x"~1 ++ - - + a,x + a, has integer 
coefficients, then every rational zero of p(x) = 0 is of the 
form x = r/s, where r is a factor of a, and s is a factor of a,,. 


Factoring by Grouping 
acx? + adx2 + bex + bd = ax*(cx + d) + b(cx + d) 
= (ax? + b)(cx + d) 


Example 
If p(x) = x? + 3x — 1, then p(x) = 0 if 


= 8) 28 3/18) 
= se 


Examples 

=O =(e — De 3) 

ge = 3 = (Ge = DYle? 4+ De ab 4) 
B+4=(x4+ ¥A)(x2 - 4x + 3/16) 
ge = a (x J/2)(x J2)(x? + 2D) 
x* + 4 = (x2 + 2x + 2)(x? — 2x + 2) 
w—1l=(x- Itt x3 +22 4x4 1) 

x7’ +1=(x4+ 1)@® — x5 4+ x4 - x3 4+ x2? —x + 1) 
x® — 1 = @? — 1)? + 1) 


Examples 

(Gee BP = 3? sh Gap se D 

G2 = SF = 2 = 102 4b DS 
ge? 4b Gre SE Dy se 
ie = Br + Bir = Il 


) 
) 
) 
(x + 2) =x44+4/2x3 + 12x74 8/2x+4 
) 
) 


4 = x4 — 16x? + 96x? — 256x + 256 


5 = x9 + 5x4 + 10x? + 10x? + 5x 4+ 1 


6x° + 15x* — 20x3 + 15x? — 6x +1 


Example 

If p(x) = 2x* — 7x° + 5x? — 7x + 3, then the only 
possible rational zeros are x = +1, +5, +3, and +3. 
By testing, you find the two rational zeros to be 5 and 3. 


Example 
Bi = Di = Gye sb al 


eA Be = 2D) = BGxr = Q) 
= (2 = De = 2) 


Algebra 


Arithmetic Operations 


Pere =a a) Tet ue RUE ay ale \b/ _ ad 
ite aR Ne bd bd ea eres 
d 
(2) =% @=) _b=@ ab + ac ee ees 
a c e=ad Wd—e a 
) 
Rae es 
b 


Exponents and Radicals 


0 — a = qrx-y ig @ = a ine = puis = {le Ke 
a l,a#0 Fae (<) = “/a a (xa) 
1 
—— a (GAY = @® Ja = a'/? t/ab = V/arwb 
va 
ata’ = a**Y ab)* = a*b* n/a = qi/n n (<) = 
a b} wb 


Algebraic Errors to Avoid 
a 


a a 
peer aa 


Jr tae #=xta 


@ = Woe = 1) 32 @ = ae = ib 
‘) 
a bx 
b re a 
x? + a? x2 — a? 
ap ip 
ee ieee 
a 
! -1/2 =i 
PD = ale #X me 
(s4P = x 


Conversion Table 


1 centimeter ~ 0.394 inch 
1 meter ~ 39.370 inches 
= 3.281 feet 
1 kilometer ~ 0.621 mile 
1 liter ~ 0.264 gallon 
1 newton ~ 0.225 pound 


(To see this error, let a = b = x = 1.) 


(To see this error, let x = 3 and a = 4.) 


{Remember to distribute negative signs. The equation should be 
a= Wee = I) =a = ae 


[To divide fractions, invert and multiply. The equation should be 
ale 
*) *) (2 ( 1 i 
b (2) a)\b} ab" 
1 


(The negative sign cannot be factored out of the square root.) 


(This is one of many examples of incorrect cancellation. The equation should be 


at bx es Ses 
a a @ 


) 


(This error is a more complex version of the first error.) 


[This equation should be (x7)? = x?x?x? = x°.] 


1 joule ~ 0.738 foot-pound 1 mile ~ 1.609 kilometers 


1 gram ~ 0.035 ounce 
1 kilogram ~ 2.205 pounds 
1 inch ~ 2.540 centimeters 
1 foot ~ 30.480 centimeters 
= 0.305 meter 


1 gallon ~ 3.785 liters 

1 pound ~ 4.448 newtons 
1 foot-lb ~ 1.356 joules 

1 ounce ~ 28.350 grams 
1 pound ~ 0.454 kilogram 
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Formulas from Geometry 


Triangle e . 
h=asin@ 
il b 
Area = =bh 
rea 7? 
(Law of Cosines) 
©? = a + ib? = Dal eos @) 


Right Triangle 


(Pythagorean Theorem) 
c? =a? + b? 


Equilateral Triangle 


/ 38 


t= 


Parallelogram 
Area = bh 


Trapezoid 


Area = F(a + b) 


Circle 
Area = mr? 


Circumference = 27r 


Sector of Circle 
(@ in radians) 
6r2 


Area = —— 
rea 2 


s=ré 
Circular Ring 


(p = average radius, 
w = width of ring) 


Area = 7(R? — r?) 


= 27pw 


Sector of Circular Ring 


(p = average radius, 
= width of ring, 
6 in radians) 


Area = 6pw 


Ellipse 


Area = arab 


Dp Jy 2; 
Circumference ~ eee 


Cone 


(A = area of base) 


Volume = x 


Right Circular Cone 
2 
Volume = = 
Lateral Surface Area = mr /r2 + h?2 


Frustum of Right Circular Cone 


a(r2 + rR + R2)h 
3 
Lateral Surface Area = 7s(R + r) 


Volume 


Right Circular Cylinder 
Volume = mr7h 


Lateral Surface Area = 2arh 


Sphere 


Volume = sar 
Surface Area = 47r? Wy 
Wedge 


(A = area of upper face, 
B = area of base) 


A = Bsec 0 


Graphs of Common Functions 


3 pate 
f(x) =e 


| fa)=x 


fx) = || 


Constant Function 


» Koa 


Identity Function 


> Kae 
A 


i 
T 
—2, =i il 2 


Squaring Function 


Symmetry 


Cubing Function 


y-Axis Symmetry 


Absolute Value Function 


Exponential Function 


fo) =Vx 


Square Root Function 


y=log,x 


Logarithmic Function 


x-Axis Symmetry 


Origin Symmetry 
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